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On A System of Rational Difference Equations 

Ali GELISKEN * 

Karamanoglu Mehmetbey University, Kamil Ozdag Science Faculty 
Department of Mathematics, 70100, Karaman, Turkey 


In this paper, we investigate behaviors of well-defined solutions of the fol- 
lowing system 


x n-\-l 


+ J/n-(3fc-l) 

B i + C'ij/„_(3fc_i)a; n _(2fc_i))2/ n _(fe_i) 


T 2 a; n _(3 fc _ 1 ) 

2/n+l T-> . ? 

-D2 + (-'2%n-(3k-l)yn-(2k-l)) x n-(k-l) 

where n € No , k G Z + the coefficients A\, A 2 , B\, B- 2 , C\, C 2 and the initial 
conditions are arbitrary real numbers. 

Keywords: System of difference equations, Asymptotic behavior, Periodicity, 
Closed form solution. 

AMS Classification: 39A10 


1 Introduction 

There has been a great effort in studying periodic and asymptotic behaviors of 
solutions of difference equations (see e.g. [3,6,12,15,18,20-23,27,35,45,46]). Also, 
studying in system of difference equations has increased considerably (see, e.g. 
[5,7,8,16,17,19,28-30,32-34,37,38,40,43,47]). 

Ozkan et al. [31] gave the solutions of the systems of the difference equations 


x n-\-l 

2/n+l 

■^n+1 


Vn- 2 

1 “F Vn— 2 x n— lUn 
x n—2 

1 ^ X n —2yn—l%n 


x n - 2 + Vn - 2 
1 ^ X n —2yn—l x n 


> n G No. 


( 1 ) 
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In [39] it was showed that the system of difference equations, which is an 
extension of first and second equations of system (1) with respect to coefficients, 


x n 


Cnyn—3 

H” ^nUn— 1-^n— 22/n— 3 


Vn = 


r Yn%n—3 

“ 1 “ Priori— lUn— 2^n— 3 


,n G N 0 , 


( 2 ) 


where the sequences o„, b n , c n , a n , /?„, 7 „, n G No, and the initial values 
Xi,yi,i G {1,2,3} are real numbers, such that c n 7 ^ 0 , 7 n 7 ^ 0 , n G No, can be 
solved in closed form, and for the case when all sequences a n , b n , c n , a n , /3 n , 7 „, n G 
No are constant it was described the asymptotic behavior of well-defined solu- 
tions of the system. 


In [41] it was showed that an extension of system (2) with respect to indices 


CnUn— {2k— 1 ) 


“ 1 “ bnlJn— (2k— 1 ) Vn— {2i— l)%n— 


Vn = 


r )n x n—{2k—l) 


" h Pn x n—{2k—l) EUl *Tn— (2i— X)Vn— 2i 


(3) 


where a n , b n , c n , a n , (3 n , 7 „, n G No, and the initial conditions Xi,yi,i G 

{1,2, 2fc — 1} are real numbers, is solved in closed form, and the behavior 

of its well-defined solutions when all the sequences a n , b n , c n , a n , /?„ , j n are con- 
stant was described. Related rational difference equations are studied, e.g. in 
[1,2,4,9-11,13,14,24-26,31,36,42,44,48], 


In this paper we consider an other extension of system (2) 


^n+1 


A-lVn-(3k-l) 

B\ + C'iy„_( 3fc _ 1 )a; n _(2fc_i))2/ ri _(fc_i) 


Vn + 1 — 


4l2^n-(3fc-l) 

B 2 + C f 2X n -(3k- 1 )y n -(2k-l)) x n-(k-l) 


(4) 


where n G No, k is a positive integer, the initial conditions and the coefficients 
Ai,A 2 ,Bi , B‘ 2 , C-i , Cb are arbitrary real numbers. We will consider only well- 
defined solutions, that is, B x + C'iy n _( 3fc _i)a; n _( 2 fc_i))y n _(fe_i) ^ 0 and 
B 2 4“ C2X n —{3k—l)yn—{2k—l))X n —{k—l) 7^ 0, 71 0, 1, 2, — 
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2 Special Cases 

2.1 The case Ai = 0 or A 2 = 0 

If Ai = 0, we obtain directly x n = 0 for n > 0. By using this, we get y n = 0 
for n > 3 k. If A 2 = 0, we obtain directly y n = 0 for n > 0. By using this, we 
get x n = 0 for n > 3 k. From now on both of A\ and A 2 will be considered a 
non-zero real numbers. 

System (4) is equivalent to the following system 

Vn—tSk—l) 

x n + 1 = j > 

0\ + Ciy n -(3k-l) x n-(2k-l))yn-(k-l) 

(5) 

%n— (3k— 1) 

j . 5 

^2 ~r C-2%11— (3k— l)2/n— (2k — l))%n— (k — 1) 

where n € No , 6* = ^ and c, = = 1,2. So, we will consider system 

(5) instead of system (4). 

2.2 The case b x = 0 or b 2 = 0 

If bi = 0, from the first equation of system (5), we have x n - 2 kVn-kXn = — , 
n > 0. Using this, we obtain directly y n = ax n - 3 k , n> k, where a = b2C ^Y C2 • 
From this and by the change of variables 

= ,w n = ,n> k, (6) 

%n—3k 

system (5) can be transformed into the system 

W n +1 = c- c6 2 Zn-(fc_i),Zn+i = a,n > fe - 1, (7) 

where c = ^ . The solutions are obtained easily as z n = w n = a, n > k. This 
means every solution of system (5) is periodic with 6 k periods, not necessarily 
prime period, such that x n = x n - 6k , Vn = y n -6k, n > 4 k. 

If b 2 = 0, we get immediately y n - 2 kX n -kyn = jy, n > 0. From the first 
equation in system (5) and using this, we obtain x n = (3y n -3k, n > k, where 
/3 = blC c 2 2 +Cl ■ The change of variables 

u n = ^^,tu= X ^,n>k, (8) 

Vn—3k Vn 

reduces system (5) to the system 

tn + 1 = C- c&iu n _( fe _i),u„ + i = P,n > 2k - 1, (9) 

where c = The solutions of this system t n = u n = f3, n > 2k — 1, are 
obtained easily. So, every solution of system (5) is periodic with 6 k periods, not 
necessarily prime period, such that x n = x n _Q k , y n = y n -e k i n > 4 k. 

Assume that &i = 0 and b 2 = 0. We have x n - 2k y n -kXn = T-, y n - 2k x n - k y n = 
T, n > 0. Then, we get immediately x n = ^y n - 3 k, y n = %y n - 3 k, n > k. Thus, 
we can write x n = x n - ek , y n = y n -6k , n > 4 k. 
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2.3 The case ci = 0 or c 2 = 0 

If ci = 0, we have x n = y n - 3 k, n > 0. From this and using the change of 
variables 

v n = , n > 0, (10) 

3'n-\-3kyn—k%n 

the second equation of system (5) implies the linear equation 

v n+ i = bib 2 v n -( 2 k-i) + bi 2 c 2 , n = 0, 1, 2, .... (11) 

We can rewrite the equation (11) in the form of 

v 2 kn+m = &l&2'l , 2k(n-l)+ m + b\c 2 , (12) 

where n £ No, m= 1,2, ..., k. Considering the solution of a nonhomogeneous 
first order difference equation, we can give the solution of the equation (12) such 
that 


_ a, u \ n„. , r2„ 1 — (bib 2 ) n+1 

^2 fen+m — \P 1^2 ) ^m—2k H - ^1^2 , , ,77-^0. (13) 

1 — O 1 O 2 

when bib 2 7^ 1. If bib 2 — 1, the solution of the equation (12) can be written as 
v 2 kn+m = V m - 2fe + (n + 1) bjc 2 , 71 > 0. (14) 

From (10), we have 

41 2 k(n— l) + m. 

%2kn+3k+m = V2 kn+m 3/c+ra* 

Considering x n = ^Un-zk, we obtain the solutions of system (5) as 


3'6kn-\-3k-\-m 


n 

3k-\-m | 

r—0 


'^6kr-2k-\-m 
V 6kr-\-m 


y6kn-\-m — b\X— 3k-\-m | 


r—0 


^6kr— 2k-\-m 
V 6kr-\-m 

(15) 


•^6fcn+5fe+m — *£— k-\-m 


n 

r—0 


^6kr-\-m 

^6/cr+2fc+ra 


j y 6 kn-\-+ 2 k-\-m 




r—0 


^6/cr+m 

^6/cr+2fc+ra 


(16) 


3'6kn-\-7k-\-m *£fc+ra 


n 

r—0 


^6/cr+2fc+ra 

^6fcr+4fc+ra 


" ? y6kn+4k-\-m 


— b\Xk-\-ni J”J 


V 6kr-\-2k-\-m 


i q ^6kr-\-4k-\-m 


, (17) 


n > 0 and m = 1, 2, ..., 2k. 


Suppose that c 2 = 0. Then, we have y n = x n - 3 k , n > 0. From this and 
using the change of variable 
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u n = , n>0, (18) 

2/n+3A;2/n+fc2/n — k 

the first equation of system (5) implies the linear equation 

U n + 1 = &l&2«n-(2fc— 1) + &2 C 1> n > (19) 

By similar processes just as we did, we can rewrite the equation (19) as 


172 kn+m ^ 1 ^ 2 ^ 2 /c(n— l)+m “f 

where to = 1, 2, k. We obtain the solution of the equation (20) 

^2 fcn+m — (0102 ) Urn— 2k H” 02^1 -< 77 , 71 U, 

1 - 6162 

when &162 7^ 1- When bib -2 = 1, the solution of the equation (20) 


( 20 ) 


( 21 ) 


U2kn+m = U m -2k + (n + 1) 6|ci, Tl > 0. 


From (18), we have 


and 


2/n+3fc — 


iVn+kyn-k 


,n> 0, 


^2fc(n — l)+m 

2/2fcn+3fc+m — 'W 2 fcn.+m 2/2/cn— 3fc+m* 


( 22 ) 


Considering ^ x n - 2 ,k , n > 0, we obtain the solutions of system (5) as 


_ , TT U&kr—2k+m TT 

^6/cn+m — 022/— 3fc+ra ? 2/6fcn+3fc+ra — 2/— 3fc+m 


r— 0 


^6/cr+m 


r=0 


Uftkr— 2k-\-m 
UQkr-\-m 


(23) 


^6fcn++2fe+m 


— ^22/— k+m 


r— 0 


^6/cr+m 

UQkr-\-2k-\-m 


j 2/6fcn+5fc+m — 2/— fc+m 


n 

r— 0 


UQkr-\-m 

UQkr-\-2k-\-m 

(24) 


*^6/cn+4fc+m — 


n 

7 TT w 6/cr+2/c+m 

022/fc+m II 5 2/6/cn+7fc+ra 

7 q '^'6fcr+4/c+m 


n 

Vk+m 

r — 0 


u 6kr-\-2k+m ^25) 

U6kr+4k+m 


n > 0 and m = 1, 2, 2k. 

Suppose that both C\ and C2 are equal to zero. We get immediately x n +i = 
^-y n _( 3fc _ 1), 2/n+ 1 = ^#n-(3/c-i), n > 0. From this result, we obtain x n+ i = 

6 1 6 2 *^n— (6fc— 1) 5 2/n+l ^ 1 5 2 2/n— (6fc— 1) 5 U — 3/c. So, we have #6fcn+3fc+ra 6162^ 

( \ 71+1 

/ . \"+l 

*T— 3 k+m-> U^kn+Sk+m = ( b±b 2 ) U—Sk+nm 77 ^ 0, TO = 1,2, 
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3 Main Case 


In this section, we will need the following results, given in the reference [16], in 
the proofs of our results. 

Consider the first order Riccati difference equation 


1 


a + bx n 
c + dx n 


n = 0,1,..., 


(26) 


where the parameters and the initial condition xq are arbitrary real numbers. 


Theorem 1 The followings are true: 


1) Eq.( 26) has a prime period-2 solution if and only if b + c = 0. 

2) Suppose b + c = 0. Then every solution {x n } of Eq. (26) with Xo ^ 0 is 

periodic with period 2. 


Theorem 2 Assume that d ^ 0, 6c — ad ^ 0, b + c ^ 0 and R = < \- 

Then the forbidden set F of Eq.( 26) is given as follows: 


F = 



Ai A2 — A2 A ^ 1 
A? — A? 


2 :n >l} ■ 


For any well-defined solution {x n } of Eq. (26), we have 


. _ t+c / c 1 A"+ 1 -c 2 A” + 1 \ 

n d y ciA^ — C2A2 J 


c 



for n = 0, 1, ..., where Ai 


_ (cfap+c) — Ai(h+c) 
^ (A 2 — Ai)(6+c) 


9 > A 2 


l+y'1-4 R _ \ 2 (b+c)~(dx 0 +c) , 

2 ; C 1 — (A 2 -A!)(6+c) a,lU 


Corollary 1 Assume that the conditions in Theorem2 hold. Let {x n } be a 
well-defined solution of Eq. (26). Then 


lim. 


n—^oo^n 


A2 (b+c)-c 
d 


Theorem 3 Assume that d 0, be — ad ^ 0, 6 + c / 0 and R = = \ 

Then the forbidden set F of Eq.( 26) is given as follows: 


F = 


( n(b—c) — (b+c) 
2 dn 


: n > 1 


}■ 


For any well-defined solution {x n } of Eq. (26), we have 

_ _ b+c ( (b+c) + (n+l)(2dxo + (c-b)) \ _ c 

Xn ~ d y 2(b+c)+2n{2dx 0 + (c-b)) J d' 

for n = 0,1,.... 


Corollary 2 Assume that the conditions in Theorems hold. Let {x n } be a 
well-defined solution of Eq. (26). Then 
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tiffin— }oo%n — 2d ' 

Now we consider the system (5) with b±, 62, Ci, C2 parameters and the initial 
conditions are non-zero real numbers. By the change of variables (6), the system 
(5) reduces to 

W n _(k— 1) 1 

Zn +1 = 1 ,w n +! = - 5 - Ti^n-O-i)) n > k, (27) 

-tw n _(fe_l) - 72 P 

where 71 = ^T’ 72 = 9 £ L , « = b 2 cT+c 2 > P = bj^+c, • We can rewrite the system 
(27) such that 


1 / 1 - 1 ^2 
0 ~ 7l^n-(2fc-l) ~ 7l J W n -(2k-i) ~ T /00 , 

•2-n+l — / \ 7 ^n+1 — ]_ 5 

~ 72) - ^ n _ (2 fc_ 1) «®"-<2‘-i) _ 72 

n > 2fc. Each of the equation in (28)is a 2fcth order Riccati difference equation. 
Furthermore, the equations in (28) can be rewritten such that 


^ ~ 7l' 2 2fc(ra— l) + l+i 

^2/cn+l+i — ~7 \ ? 

(a/3 ~ 72 J ~ 77 2 2fc(n-l)+l+* 

(29) 

— 7l ) W 2fc(n-l) + l+i — y 
^2/cn+l+i — | 5 

a w 2k(n- l) + l+i — 72 

n > 0, * = 0, 1, ..., (2k— 1). Note that the equations in (29) are first order Riccati 
difference equation in variables Z 2 kn+i > u> 2 kn+i, for i = 1,2, ..., 2fc. 

Theorem 4 Assume that &1&2 = —1 and {x n ,y n } is a well-defined solution of 
system (5). Then, 

%2k(n— 2)-\-l-\-i%2k(n— 3)+l+i 
%2kn-\-l-\-i = ? 

^2/c(n-5)+l+i 

2/2/c(n-2) + l+i2/2/c(n-3) + l+i 
2/2/cn+l+i — 5 

2/2/c (n— 5) + l+i 

/or n > 4, i = 0, 1, ..., (2/c — 1). 

Proof 1 Consider system (29) and suppose that &1&2 = — 1. Then, we have 


afi 


■71-72 


1 ci 6 2 c 2 6i 

62C1+C2 1>lC2 + Ci ^ 2 ^1 

6162C1C2 + C1&2 + c|6i + C1C2 — cf&2 — C2&I 
C1C2 

ClC 2 (M 2 + 1) 

C1C2 

0. 
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So, from Theoreml(2) we conclude that every solution of each equation in system 
(29) is periodic with period 4 k, that is, 

z 2kn+l+i = z 2k(n-2)+l+i> w 2kn+l+i = w 2k(n-2)+l+ii (30) 

for n > 2 , i = 0 , 1 , ( 2 k — 1 ). 

From (6), we have 


x n — Wri x n-6ki Vn — Wn " 3fc Vn— 6k > (31) 

for n > 4k. System (31) can be written such that 


Z 2 kn + l+i-3k „ n . Z 2 kn+l+i n . /QQ\ 

%2kn-\-l-\-i ~ w 2 kn+i+i Xt2 kn+l+i— 6k, V2kn+l+i — w 2kn +i+i- 3 k y^kn+l+i— 6k \y*) 


for n > 2, i = 0, 1, (2k — 1). From (6), (30) and (32), we get 


%2kn-\-l-\-i 


%2kn-\-l-\-i 


z 2k(n-2)+l+i-3k 

%2kn-\-l-\-i— 6k 

w 2k(n-2) + l+i 
y2k(n-2) + l + i-3k 

x 2k(n-2) + l + i-6k ^ 

V 2 k(r,- 2 ) + i+i- 3 k x 2kn+l+i-6k 

x 2k(n-2) + l + i 

%2k{n— 2)-\-l-\-i%2k(n— 3) + l+i 
%2k(n— 5) + l+i 


(33) 


and similarly 


V2kn+l+i — 


y2k(n-2)+l+iy2k(n-3)+l+i 
J/2fc(n-5) + l + i 


(34) 


for n > 4, i = 0, 1, (2k — 1). 


Theorem 5 Assume that {x n ,y n } is a well-defined solution of system (5). 
Then the followings are true: 

i) Assume that 6162 = 1. Then every solution converges to a periodic solution 

with period 6k. 

ii) Assume that b \ &2 7^ 1. Then, 
a) Ifhh < —1 or &1&2 > 1 , then 


lim 


n—to o 


Xn 

x n-6k 


lim 


n—t 00 


Vn 

Vn-6 k 


b 2 ci+c 2 


b 2 c 2 (b 1 b 2 c 1 +c 2 b 1 +c 1 ) ' 
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b) If -l < hb 2 < 1 , then every solution converges to a periodic solution with 
period 6k. 


Proof 2 

i) Consider system (29) with 71 = 7^,72 = ^,a = b J ^ +C2 , / 
Suppose that 6162 = 1. Then, we have 


— 02 

^l c 2+ c l 


-7i -72) ~ g(-£) 

(“7i + 7^ - 7a ) 2 


7i72 


(-7i + 7^-72) 


Cib2 C2bi 
C2 Cl 


Cl b 2 

c 2 

&i6 2 


b 2 c l+ c 2 b l c 2+ c l 


C2 b\ 
Cl 


(6162 + 1) 
1 

4' 


Similarly, it can be seen that 

(^-7i) (- 72 )- (-f) 5 

(^-71-72) 

So, from (31), (32) and Theorems, we obtain 


7i72 


(«/3 — 7i ~ 72 ) 2 4' 


(35) 


(36) 


v %2kn-\-l-\-i ^2/cn+l+i— 3fc 

lim = lim 

n-)-oo X2fcn+l+i-6fc n-)-oo lt7 2 fcn+l+i 

-Ti~( jg-72) 

2 (-^) 


2 U) 


= 1 


and 


lim 


y- 2 kn+l+i 


= lim 


Z2kn+l-\-i 


n ^oo 2/2fen+l+i-6fc n-)-oo W2kn+l+i-3k 
-Ti~( jg-72) 
2 (-^) 


(^3-7i)~(-72) 

2 (i) 


= 1 . 


* = 0,1, (2fc— 1). T/uis, we /iave lim „_ > , 00 x n = lim n _,. (X) 
linin^oo y n -ek- So, theproof of (i) is finished. 


%n—6k and lim n _^ 00 y n — 
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ii)a) Assume that b\b 2 < —1 or b\b 2 > 1- From (35) and (36), we get that 


-71 (^- 72 ) - l (-f)) 


(36) 


( -)i I . 7:*)' 


< 


and 

(^~7i) (-72)- (-f) 5 ) 


(^5-Ti-72)" 


<i 


So, from (31), (32) and Theorem2, we obtain that 


1 . %2kn+l+i v Z2kn+l+i—3k 

Iim = lim 

n— ^°° %2kn-\-l+i—6k n— ^°° W2kn-\-l-\-i 


( — a + 77/5 -72> 2 


-(-7i+^-72)-(^-72) 


( » 




( jp-7l-72)-(-0 


1 + 


b l b 2 + 1 
2 


(M 2 + l) - + 1 + ^) 


c 1 b 2 

C2 


1 + 


b 1 b 2 — 1 

b!b 2 + l 
2 


(M 2 + 1) + ^) 


(37) 


Ml + C 2 


b 2 c 2 (b 1 b 2 c 1 + c 2 6 i + ci) 


and 


lim n _^oo 


y2kn+l + i 

2 /2fcn + l + i — 6fc 


— lim n _ >.00 


z 2kn + l + i 
W2kn+l+i-3k 


(p2 c l ~\~ C 2 ) 6202 ( 616201 + 0261 + 01 )’ 

i = 0, 1, (2/c — 1). Thus, we have lim n ^.oo 

62 Cl +02 

62 C 2 ( 6 l 62 Cl+C 26 l+Cl) ’ 


X n 

■En — Qk 


lining 00 


Vn 

Vn-6k 


b) Assume that — 1 < 6162 < 1. From (35) and (36), we get that 

( 

-71 -72) ~ a>) (- 7,: ^- 72)3 < I 

and 
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(^-7i) (-72) - (-f ) 
and Theorem2, we obtain 

%2kn+l+i 


<\. So, from (31), (32), (37) 


lim 

n-s-oo X2kn+l+i-6k 
1 + ' ‘ 


= lim 


V2kn+l+i 


n—toc y2kn+l+i-6k 


I '' l ('2 ■ | 


(bib 2 + 1) - (6i6 2 + 1 + ^) 


cib 2 

C2 


1 + 


b l b 2 + 1 


(6162 + 1) + ^ 


W>2+^ 


cib 2 

C2 


( 1 +^) 


b\b 2 C2 + Ci 6 2 
&1&2C2 + Cl 62 


= 1, 


* = 0, 1, (2 k — 1). So, we get immediately lin^^oo x n = linin^oo x n -Qk 
and linin^oo y n = linin^oo y n -6k and then the proof of is finished. 


Acknowledgement 1 The author is grateful to Karamanoglu Mehmetbey Uni- 
versity Scientific Research Council (BAP No: BAP-01-M-1 )). 
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Abstract 

This paper presents an iterative collocation numerical approach based on interpolating subdivi- 
sion schemes for the solution of non-linear fourth order boundary value problems involving ordinary 
differential equations. Numerical evidence suggests that the scheme converges to a smooth approxi- 
mate solution of non-linear fourth order boundary value problem. The convergence of the approach 
is also discussed. Main purpose of this article is to explore and seek the applications of subdivision 
schemes in the field of physics and engineering. 

Keywords: Boundary value problem, Subdivision schemes, Collocation algorithm, Approximation, in- 
terpolation 

AMS Classification: 30E25; 65D07; 97N50 

1 Introduction 

Boundary value problems arise in several branches of physics and engineering. In recent years, there 
has been significant progress in solving problems associated with system of linear and nonlinear partial 
and ordinary differential equations involving boundary conditions. Two point nonlinear boundary value 
problems often cannot be solved by analytical methods. With increasing interest in finding solutions to 
nonlinear boundary value problems has come an increasing need for solution techniques. 

In this paper, we consider the following type of nonlinear boundary value problem 

y (w) = f(x,y,y) 

with the boundary conditions 

f y(a) = ai, y'(a) = a 2 , 

\ y(b) = a 3 , y'(b) = a 4 , 

where a*,* = 1,2, 3,4 are constants. We assume that the problem is well-posed. 

A variety of methods have been introduced to solve these problem e.g., shooting methods, splines 
methods [2, 3, 4, 5, 6], finite difference methods, finite element methods, the collocation methods and 
other approximation methods. For discrete methods, like shooting and finite differences methods, only 
discrete approximate values of the unknown y(x) can be obtained. For fitting curve to data we need 
further data processing techniques. For the case of spline interpolation or approximation methods the 
unknown function y(x) is assumed to be piecewise polynomial which requires at least piecewise higher 
order differentiability of the function f(x,y,y ). To overcome these disadvantages, Qu and Agarwal 

* Corresponding authors: m.abbas@uos.edu.pk 
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[8, 9, 10] introduced the subdivision based algorithm for the solution of two point second order boundary 
value problems. Mustafa and Ejaz [14] solved third order boundary value problem by using subdivision 
technique. Higher order nonlinear problems have not been solved by subdivision techniques. This moti- 
vates us to solve fourth order boundary value problems by subdivision schemes based collocation iterative 
method. This paper introduces a numerical method based on subdivision technique for the solution of 
fourth order nonlinear boundary value problem. 

In Section 2, some results about subdivision algorithms and basis function are given. In Section 
3, a numerical method to solve (1.1) using refinable basis functions is formulated and its convergence 
properties studied. Error properties are given in Section 4. Numerical examples illustrating the feasibility 
of our proposed algorithm are given in Section 5. 


2 Basis Functions and their Derivatives 

Some useful results for the solution of non-linear boundary value problem are discussed in this section. 
Introduction to the basis functions of subdivision schemes that are used to construct the approximate 
solutions of proposed problem (1.1) is also part of this section. 


2.1 Interpolating subdivision scheme 


A mathematical formulation of binary subdivision scheme is defined as: 


p/c+1 

r 2i 


E a-2 iPkj 

je z 


pfc+1 

r 2i+l ~ 



r>k 

i-2j^i+j 


(2.1) 


The scheme is a stepwise interpolatory scheme if and only if the coefficient iq satisfy a^i = Si 
We consider the following binary interpolating subdivision scheme [7, 12, 13]. 


pH 1 =Pt 


< 


P k 2i+i 


35 

65536 


(Pi-4 


k \_ 405 ( k 

Pi+5) 65536 \Pi-3 


k \ i 567 ( k 

Pi+A) ' 16384 \Pi- 2 


Pi+s) 


2205 

16384 


(Pi - 3 + Pi+ 4 ) + 


19845 

32768 


(ltf+P? + 1)- 


Viez. 


(2.2) 


The scheme (2.2) is C 4 -continuous, having support length (—9, 9) and approximation order is ten. 


2.2 Basis functions 


The basis functions is the limit function resulting from cardinal data, where all vertices of the polygon 
have value zero except for one. Let lERbe the fundamental solution of (2.2) and satisfies the two 
scale equations 

<t>(x) = M2x) + — — [39690{</>(2ai - 1) + <f>(2x + 1)1 - 8820U(2x - 3) 

65536 

+4>{ 2x + 3)} + 22&8{4>(2x - 5) + <j)(2x + 5)} - m{(/){2x - 7) 

+c/)(2x + 7)} + 35{(j>(2x — 9) + <j){2x + 9)}] , itl (2.3) 

and 


4>(x)gC 4 , 4>(x) = 0, iE]-8,8[, (j>(i) = 8q, iEZ. 


Furthermore, first derivatives of at i € [—8, 8] are 

' ^(0) =0, ^(±1) = T». 

< ^ (i) (±3) = T^H, ^)(±4)= ±T i|», 

. ^ ) (±6) = T 10 agg 53 , ^ ) (±7) = T8TriiiT9- 


0b) 


(± 2 ) = ± 


530452796 

1159104017’ 


0b) 


(±5) = T 


2772992 
5795520085 ’ 


0b) (±8) = =f 


5 

9272832136 ‘ 


(2.4) 


(2.5) 
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Second derivatives of <j>(i) at i £ [—8, 8] are 


' ^«)(0) = - 

2370618501415 
309077185968 ’ 

(/>(”) (±1) 

_ 3265310153216 
676106344305 ’ 

0 (”)(±2) = 

878265102572 

676106344305 

<^(”)(±3) = 

734063059456 

0(")(±4) 

80883901277 

<f>W{±5) = 

214899200 

2028319032915 ’ 

1352212688610’ 

135221268861 ’ 

0 («)(±6) = 

297875188 

0<">(±7) 

64000 

<j>( u \± 8) = 

4375 

405663806583 ’ 

19317324123’ 

618154371936’ 


Third derivatives of <j>(i) at i £ [—8, 8] are 


A(«*)('0') — 0 .£(***) (-LI') — + 43317515008 ,*(***) (-LOl — =C 121530512357 

v u > Y l 1111 ; - n 15295995855’ Y + 61183983420’ 

< Aiii)(± 3 ~v — + 240606976 a(M) ( i gl 5285889107 d)( iu )(+5) = 3 = 374141 44 ('2 7') 

Y I 3101 — 566518365 ’ Y K 111 *) r 244735933680 ’ v +3059199171’ ‘ ) 

\ 1 1090169 d)( iu ) ( 4- 7) — =r 21760 

Y ^ 453214692’ Y r 437028453 ’ 

Fourth derivatives of <j>(i ) at i e [—8, 8] are 

i/roUrq — 33869667 ifiri)(-Li)_ 5295054752 

Y \ v ) ~ 457408 ’ Y V 1111 ! 89730585 ’ 

< A(+)(+ 3 ) _ _ 74879584 ±{iv) / 1 4 ) 295020869 jMv) / 1 r\ _ 9238624 (9 S') 

Y V =co i 9970065 ’ Y i 3 - 40 2871378720’ ™ 17946117’ ' Z ’V 

Aiv)( + 6 ) — — 900187 (h( iv )(±7) — 71840 A™) (+ 8 ) — 11225 

Y 7976052’ Y y^‘ ) 17946117’ Y ~~ 328157568 ’ 


(±8) = T 


2975 

13984910496 ' 


_ 10404741119 
Y \ 358922340 ’ 


The above derivative values are found by using the left eigenvectors of the subdivision process (2.2). 
The detailed description about these left eigenvectors and derivatives can be found in [8, 11, 14]. The 
graphical representations of above mentioned derivatives are shown in Figure 1. 


3 Description of Iterative Numerical Method 

This section describes the method for the numerical solution of nonlinear boundary value problem (1.1). 
The detail of the method is given below: 


3.1 The collocation method 

In this subsection, the collocation method is constructed based on the interpolating subdivision scheme 
(2.2). Our numerical approach for nonlinear fourth order boundary value problem using collocation 
method based on subdivision scheme is to seek an approximate solution as 


N -\-8 / \ 

Z(x) = ^2 Zi(j) ( Xl j , 0 ^ X ^ 1 (3.1) 

i=-8 ' ' 

where N is the positive integer N ^ 8, h = 1/N and Xi = i/N = ih and {z,} are the unknowns to 
be determined for the solution of (1.1). In order to solve the problem, a collocation method Z(x) is 
considered to be the solution of the above differential equation at x = Xj and we substitute equation 
(3.1) into equation (1.1). This leads to 


ZW( Xj ) = f(x j ,Z( Xj ),Z'(x j )), i = 0,1,2,..- ,N 
and boundary conditions 

Z( 0) = ai, Z (0) = £*2, Z(N) = «3, Z ( N ) = aq 


From (3.1), we get 


N+8 


z'-’M = F E 


i=—8 


X — Xj 


0 < X < 1 


(3.2) 


(3.3) 


(3.4) 
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Substituting (3.4) into (3.2), we obtain 
N-\- 8 / \ 

^2 Zi ( t> {lv) h X J = h 4 f(x j ,Z(x j ),z\xj)), j = 0,1,2, •• • ,7V. 

This can be written as: 

N+8 

^2 Zi< ^. 7 -i = hi f{ x h z (xj), Z (Xj)), j = 0, 1, 2, • • • , N 

i=—8 

Since <f>f v ' > = 0^”' ) > the above system of equations becomes 
N+8 

^2 z i$-j = h4 f( x j’ Z ( x j)’ Z ( x j))i j = °, 1, 2, • • • , N. (3.5) 

i=- 8 

The nonlinear system of equations (3.5) can be simply in following Theorems 1 and 2. 

Theorem 1. The nonlinear system of equations (3.5) for j = 0 becomes 

8 

Y, z i4>i V) = h 4 f(x 0 ,Z(xo),Z (x 0 )). (3.6) 

z =-8 

Proof. By expanding (3.5) for j = 0, we obtain 

1V+8 

Zi<t>i v) = h A f(x 0 ,Z(x 0 ),Z (x 0 )) 

i=—8 


z- 8<j>% + Z- 7 <j>% + Z- 6 <j>% + • • • + Z 7 <j>™ + Z 8 <j>™ + Z 9 <t>™ + • • • + Z N+7 <j>™ +7 
+ZN+80N+8 = h 4 f{x 0 ,Z(x 0 ),Z' (x 0 )). 

Since 4> tv (i) exists only for the interval for i £ [—8, 8] and outside the interval it will be zero. Then above 
equation can be written as 

2-80-8 + 2-70-7 + 2-60-6 d b 270” + 280” = h 4 f( X q, Z(x 0 ), Z (x 0 )). 


Theorem 2. For j — 1,2, ••• ,N, the nonlinear system of equations (3.5) becomes 

s+j 

y Z i<t>i-j = hi fi x ii Z ( X j )> z \ x i))- 

i=-8+j 

Proof. By expanding (3.5), for j = 1, 2, 3, • • • ,N, we get 

2 — 80 - 8 — j + 2 _ T 0 — V— J + Z-e^-e-j H + Z 7 (j)™_j + z 8 (fi + Zq + 2 io 0 io_j 

H + 2;v+60JV+6-j + 2iV+70JV+7-j + 2jV+80AT+8-;/ = ^ 4 f (Xj , Z (Xj), Z ( Xj )). 
Substituting j = 1 in (3.8), it becomes 

2-80’Vr + 2— 70— V— 1 + 2—60—6—1 + ' ' • + 270?- 1 + 280^, + Z 9 0tl + 21O0&-! 

4 + 2jv+60)v+6-1 + 2at+70)v+7-1 + 2at+80)v+8-1 = h 4 f(xi, Z(xi), Z (xi)). 

This implies 

2— 80” 9 + 2_ 7 0% + 0- 6 0” 7 + ' ' • + 2701" + 2 8 0? + 290” + *io0? + "‘ 

+2jv+60)v+5 + 2jv+70jv+ 6 + 2]V+80)v+7 = h 4 f (x i, .Z(xi), iv (xi)). 


□ 


(3.7) 


(3.8) 
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Since fa v [i ) is non-zero only for the interval for i £ [—8,8] and outside the interval it will be zero. Then 
above equation becomes 

Z-7<j>% + z- 6 <j>% + • • • + z 7 <j>i v + z»4 v + Zgffi = h 4 f(x i, Z( Xl ), Z (3.9) 

For j=2, (3.8) becomes 

2-804- 2 + *- 70*7-2 + Z- 604-2 + ' ' ' + ^4-2 + ^4-2 + ^4-2 + 21O0&-2 

+ ' ‘ ' + 2jV+60jV+6-2 + ■ 2 Af+7 ( / > iV+7-2 + 22V_|_80)v+8-2 = h 4 f{x 2, ^(^ 2 ), -Z (^ 2 ))- 

This implies 

2-8^10 + Z— 70 — 9 + 2-60*4 + • • • + Z 7 0“ + Zs^ + 290? + 21007 

H + 2jv+60)v+4 + 2jV+70JV+5 + 2 1V+80iV+6 = h 4 f (x 2 , Z(x 2 ), Z (x 2 )). 

By using the definition of 0™ given in (2.8), above equation yields 

2_60!! 8 + 2_ 50“ 7 H h 2705 W + -280“ + 2907’ + 21008’' = h 4 f(x 2 , Z(aJ 2 ), Z^)). 

(3.10) 


By using the similar pattern for j = 1, 2, we can find the expression for j = 3, 4, • • • IV 

Z-S+j^S-j + Z-7+A-7-J + 2-6+204-2 + ‘ ‘ + 27+207-2 + 28+201-2 + Wtj 
-I + Zjv+6+j 07+6-2 + 2JV+7+2 0JV+7-2 + 2 jv+8+2 0JV+8-2 = h 4 f (Xj , Z (Xj) , Z (Xj)). 

(3.11) 

□ 


The nonlinear system of equations (3.5) is equivalent to the following non-linear system of IV + 1 
equations with (N+17) unknowns {z.i}. 

AZ = F(z) (3.12) 

where A is banded matrix of order (TV + 1) x (TV + 17), Z is the unknown vector of order TV+ 17 and F(z) 
is the vector of order TV + 1 depends on z. The matrix A, vectors Z and F(z) are given explicitly by 

A = [4>™ q {q ~ P~ 8 )]( jv + i ) x ( jv + 17 ) ( 3 . 13 ) 

where p = 1, 2, 3 • • • , TV + 1 and q = 1, 2, 3, ■ • • , TV + 17 represent the row and column respectively. 

F{z) = ( 'h 4 f{x 0 , Z(x 0 ),Z (x 0 )),- ■ ■ , h 4 f(x N , Z(x N ),Z (x N ))^ (3.14) 

Z = (z-s, Z- 7 , 2 - 6 , • • • , Z N+ 6 , Z N+ 7 , z n+ s) T (3.15) 


JV+8 

z '( x j) = 

i =- 8 

where fa(i) is already defined in (2.5) with fai) = fa. 

3.2 Boundary conditions at end points 

For unique solution of the nonlinear system (3.5), we need sixteen more conditions. Four conditions can be 
attained from given boundary conditions for the nonlinear system of equations and remaining conditions 
are attained by using some extrapolation method. The details of the given boundary conditions and 
extrapolation method are given below: 
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3.2.1 Boundary Conditions 

The given boundary conditions are 

Z( 0) = ol\ , Z (0) = 02 , Z(N ) = « 3 , Z (TV) = «4 
The approximation of derivative conditions at ends point is defined as: 

{—738l2o + 25200^1 - 567002 2 + IOO 8 OO 23 - 132300 24 + 1270082 5 
-8820026 + 4320027 - 141752s + 288 OO 29 - 252z 10 } + 0{h 10 ) (3.16) 

{73812AT - 252002iv-i + 567002 jv- 2 - 1008002jv_ 3 + 1323002 jv- 4 

— 1270082jv_ 5 + 882002at_ 6 - 43200 2jv- 7 + 141752^.8 - 28800z N _ g 
+252z N - 10 } + O(h w ). (3.17) 

3.2.2 Extrapolation Method 

The remaining twelve conditions for the nonlinear systems (3.5) to obtain stable systems for the solution 
of (1.1) are obtained by using the following extrapolation method. 

We define six conditions at left end points and six conditions at the right end points. Since subdivision 
scheme (2.2) reproduces nine degree (i.e. tenth order) polynomials, so we define boundary conditions 
of order ten for the solution of (3.5). For simplicity only left end points 2 _ 7 , 2 _ 6 , 2 _s, 2 _ 4 , 2 - 3 , 2 _ 2 are 
discussed and the values of right end points 2 jv+ 2 , 2 jv+ 3 , Zn+a, Zn+ 5 > z n+6, zn +7 can be treated similarly. 

The values 2 _ 7 , 2 _ 6 , 2 _s, 2 _ 4 , 2 - 3 , 2_ 2 can be determined by the polynomial q{x) interpolating ( Xi , Zi), 2 < 
i < 7. Precisely, we have 


Z'(N) = ( 


TV 

2520 



Z-i = q(-Xi), i = 2,3, 4, 5, 6, 7 


where 


q(xi) = 


From (3.1), Z\{xi) = 2 j, i = 2, 3, 4, 5, 6, 7 and replacing Xi by — Xi, we have 


= X) ( j 0 ) (- 1 ) J ’ +1 *-<+j- 


3 = 1 

Hence the following boundary conditions can be employed at the left end 

10 


10 ) (-lYz-i+j = 0, * = 7 , 6, 5, 4, 3, 2 . 

i=o ^ J s 


(3.18) 


Similarly for the right end, we can define 2 » = q(—Xi), i = N + 2, N + 3, N + 4, N + 5, N + 6, N + 7 and 

10 


q(xi) = £ ( j 3 ) (- 1 ) j+1 ^-T 


So we have the following boundary conditions at the right end 

(-1 ) j Zi-j =0, i = N + 2, TV + 3, TV + 4, TV + 5, TV + 6, TV + 7. 


10 

E 

1=0 


10 

j 


(3.19) 
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Finally, we obtain a new system of (N + 17) linear equations with (N + 17) unknowns {zi}. The 
N T 1 equations are obtained from (3.5), four equations from boundary conditions (3.3) and twelve from 
boundary conditions (3.18) and (3.19) for the numerical solution of proposed problem. 

Hence the stable nonlinear system of equations is defined as: 

BZ = R{z) (3.20) 


where the matrix B is given by 


B = {C^A T ,Cl) T 


(3.21) 


A is defined in (3.13), Co, Ci and the vector R(z) is defined as 
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Q 
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0 

0 

0 

0 

0 

0 

0 

... 0 

0 / 


The first six rows of Co are obtained from (3.18), second last row is obtained from (3.16) and last row is 
taken from given boundary conditions Zi(0) which is defined in (3.3) and 


/ 

0 

0 ■ 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 ■ 

N 

10 

101V 

9 

45 N 
8 

1201V 

7 

35 W 

252 N 
5 

105 N 
2 

— 401 V 

45 N 
2 

— 1077 


0 

0 ■ 

0 

0 

1 

-10 

45 

-120 

210 

—252 

210 

-120 


0 

0 ■ 

■ 0 

0 

0 

1 

-10 

45 

-120 

210 

-252 

210 


0 

0 ■ 

■ 0 

0 

0 

0 

1 

-10 

45 

-120 

210 

-252 


0 

0 ■ 

■ 0 

0 

0 

0 

0 

1 

-10 

45 

-120 

210 


0 

0 ■ 

■ 0 

0 

0 

0 

0 

0 

1 

-10 

45 

-120 

V 

0 

0 ■ 

■ 0 

0 

0 

0 

0 

0 

0 

1 

-10 

45 


1 

0 

0 

0 

0 

0 

0 

0 

0 

\ 

7381AT 

2520 

0 

0 

0 

0 

0 

0 

0 

0 


45 

-10 

1 

0 

0 

0 

0 

0 

0 


-120 

45 

-10 

1 

0 

0 

0 

0 

0 


210 

-120 

45 

-10 

1 

0 

0 

0 

0 


-252 

210 

-120 

45 

-10 

1 

0 

0 

0 

/ 

-120 

210 

-252 

210 

-120 

45 

-10 

1 

0 


First row of Cl is obtained from Z\{N) which is defined in (3.3), second row is obtained from (3.17) and 
the last six rows are obtained from (3.19), Z which is defined in (3.15) and R\ is defined as 


R{z) 


(0, 0, 0, 0, 0, 0, Z'( 0), Z( 1), F t {z ), Z( 1), Z\ 1), 0, 0, 0, 0, 0, 0) 1 


(3.24) 


where F(z) is defined by (3.14). 
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3.2.3 Non-singularity of a matrix 

We can check the non-singularity of coefficient matrix B defined in (3.21) by different methods. We 
observe that the determinant of matrix B is non-zero for N < 500. Hence the non linear system of 
equations have a solution for N < 500. We also check the non singularity of matrix by finding eigenvalues 
up to N < 500 and we observe that all the eigenvalues are non-zero. Hence by [15] we conclude that the 
B is non-singular. For large N > 500 the matrix may or may not be singular. 

3.3 Iterative algorithm and its convergence 

An iterative algorithm and its convergence are described in this section. 


3.3.1 Iterative algorithm based on basis function 

The iterative algorithm based on basis function of the subdivision scheme (2.2) are as defined in the 
following three steps. 

First step: Initial approximation 

The initial approximation is important because the numerical solution depends on the initial approx- 
imation. We define the process for finding the initial approximation as follows: 

Let initial approximate solution Z 0 be the solution of the following linear system 

BZ° = F° (3.25) 

where 

r F° = (0, 0, 0, 0, 0, 0, y'(a), y(a),f 0 , /i, f 2 , ■ ■ • , f N , y(b), y'(b ), 0, 0, 0, 0, 0, 0) T , 
fi = h 4 f(xi, L t , D), i = 0,1,2, - ■■ N 

| T i = 2/(0)+i/i(^Ef M ) (3 ' 26) 

{ D = y(h) — y(a). 

F° is the initial linear approximation of the non-linear vector R(z). 

Second step: Numerical solution 

The numerical solutions Z* of the nonlinear system are obtained by using the simple iterative scheme 

BZ (m+ i) = R(Z m ), m = 0, 1,2,3, - - - (3.27) 

Third step: Stopping condition 


The above iterative processes will terminate when the following condition is satisfied 

||^( m ) — 2 ;( m -i)|| < tol (3.28) 

where tolerance is supposed value i.e. tol = 10~ 6 . The convergence of the above iterative algorithm is 
guaranteed by the following proposition. 

Theorem 3. The successive solutions {Z^} generated by the iterative algorithm (3.27) linearly con- 
verges to the solution Z* of the non-linear solution of the system (3.20) provided that the Mq and 
are Lipschitz constants and step size h is small. 

i.e. 




4994220330463 , f , 

Mi/r 

1460471061420 


(3.29) 
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Proof. Let Z* and Z ^ be the solutions of the nonlinear system (3.20). Then by definition, for small h 
we have 

BZ*=R(Z*), (3.30) 

BZ m+1 = R{Z m ). (3.31) 

Let the error vector be defined as e ^ = Z k — Z* at kth iteration which satisfies 

5Z (m+ i) - BZ* = R(Z k ) - R(Z*), 

B(Z {m+1) - Z*) = R(Z k ) - R(Z*), 

Be {k+1) = R{Z k ) - R{Z*). (3.32) 

For i = 0, 1, 2, • ■ • ,7V 

H 4 ef +1) = ( F(Z k ) - F(Z*))i. 

By mean value theorem, which is stated as “If a function f(x,y,z) is continuously differentiable in an 
open set of K 3 containing points {x\,y\,z\) and ( £ 2 , 2 / 2 , 22 ) and the line segment connecting them, then 
an equation 

f{x 2 ,y 2 ,z 2 ) - f{xi,yi,zi) = f x (r,s,t)(x 2 - xi) + f y (r,s,t)(y 2 - yi) + f z (r,s,t)(z 2 - 21 ) 
is valid for the interior point (a, b, c) of the segment.”, we have 

Di ef +1) = f(x h zf\z'W) - f( Xi , zj*\ Z'W). 

The above equation can be written as (by using mean value theorem) 

£ 4 ef +1) = fAxi - xO + r y {Z {k) - Z^) + fr(Z'W - Z '«) 

by using the definition of error vector, we have 

Dj k+l) = f*e w + /;,e'W, 

Dj k+1) = f*e w + f* y ,D ie W 

where D 4 and D 1 are the derivative difference operators defined as 

°' f ‘ = 29209421228401, ' 1575W -» - + 14745£ W« " 7m) 

+315738080(/,:_6 - / i+6 ) + 1397587968(/ i _ 5 - fi+n) 

— 43588613880(/i_ 4 - f i+i ) + 311679549440(/ I _ 3 - f i+3 ) 

— 1336741045920(/,;_2 - f l+2 ) + 4824847319040(/. J _ 1 - f i+1 )] 


° ^ = 183768238080/^ [3928?5(/ - “ « + 459776 °°^ 7 " /<-*) 
— 1296269280(/,; +6 - /,_ 6 ) + 5912719360(/ J+5 - /<_ 6 ) 

+1 180083476 (/,; + 4 - /*_ 4 ) - 86261280768 (f i+3 - h - 3 ) 
+332951715808(/ i+2 - / 4 _ 2 ) - 677767008256(/ i+1 - f^) 
+850467338370 /;] . 

This implies 

D 4 ef +1) = /i 4 /;e (fe) +h 3 f;,D ie ( k) . 


616 


Ghulam Mustafa et al 607-623 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Since e, = eN—i =0, i = 0,-1, —2, • • • , —8, we have 

Bef +1) = h A f* y e {k) + h 3 f;,D ie {k) 

This can be written as 

e (k+l) = £- 1(^4 f* e (k) + h 3f* /Die (k)y 
By taking norm on both sides, we get 

l|ef +1) || = \\B-\h 4 f;e^ +h 3 r y ,D 1 eW)\\. 

This implies 

l| e f +1) || = ll^“ 1 |lll(^ 4 /*e (fe) +h 3 r y/ D ie ^)\\. 

By using the definition of Lipschitz condition, we get 

|| e (fe+ 1) || < ft 4 M 0 (6-a)||B- 1 ||||e fc || + ft 3 Mi||T»i||||e w ||. 


This implies 


llef +1) || 

||e«|| 


< US" 1 1| (h 4 M 0 (b 


a) + h 3 M 1 \\D 1 \\), 


which is equivalent to 


l|ef +1) || 

||eW|| 


h 3 M 1 \\B- 1 \\\\D 1 \\<hM 1 \\B 


-ii 


Pill, 


i-e 


l|ef +1) || 

|| e W|| 


hMA\B~ 


\D i 


The results follows immediately from this inequality and the following fact 

4994220330463 
^ ^ “ 1460471061420' 

A simple approximation of condition by omitting the quatric term is 

, 1460471061420 , , ,, , M -i 

h < Mr 1 Lb - 

- 4994220330463 1 11 11 


This complete the proof. 


(3.33) 


(3.34) 

□ 


4 Error Estimation 

From the approximation properties of the basis function <f>(x), it is shown that the collocation method 
(3.1) with nonic precision treatments at the end points has at least power of approximation 0(h 3 ). 
Here we present our main results for error estimation. Proof of these results are similar to the proof of 
Proposition [14, 8]. 

Theorem 4. Suppose the exact solution y(x) £ C 4 [0, 1] and {zi} are obtained by (3.20) then absolute 
error by interpolating collocation algorithm is 

1 1 err (a;) | |oo = || Z {l) (x) - y (l \x) ||oo = 0(h 3 ~ l ), l = 0, 1,2,3. 

where l denotes the order of derivative. 
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Proof. Since the order of approximation of subdivision scheme (2.2) is ten so by direct calculation (fourth 
left eigenvector), we can find derivative of smooth function y(x ) as 

= 183768238080/e- < 39287 «*/ “ “ > + 45977600,+, - 
— 1296269280y(a;j - 6 h) + 5912719360?/(a; j - 5 h) + 11 80083476?/ (xj - 4 h) 

-86261280786 y(xj - 3 h) + 332951715808y(x j - 2 h) - 677767008256 y(xj - h) 

+850467338370y(+,-) - 677767008256y(a; i + h) + 332951715808y(x j + 2 h) 

—86261280786 y(xj + 3 h) + 1180083476t/(x i + Ah) + 5912719360y(a; J + 5 h) 

-1296269280 y(xj + 6 h) + 45977600y(x i + 7 h) + 392875 y( Xj + 8 h)} + 0{h 10 ). 

This can be written as 

«? = 183768238080/,- t 392875 ^- + 46977600 9 ,_ 7 - 1296269280„,_ 6 

+5912719360 % _5 + 1180083476 % _ 4 - 86261280786 % _ 3 + 332951715808 % _ 2 

—677767008256^-1 + 850467338370% - 677767008256%+i + 332951715808%+ 2 

-86261280786%+s + 1180083476%+ 4 + 5912719360%+ 5 - 1296269280%+ 6 

+45977600^+7 + 392875%+ 8 } + 0{h w ). (4.1) 

Similarly, we have 

+ = 183768238080/,- f 392875 --- + 48977600 2j _, - 1296269280., _ s 
+5912719360^-5 + 1180083476^ - 862612807862^-3 + 332951715808^_ 2 
-677767008256^-1 + 8504673383702^ - 6777670082562 i+ i + 3329517158082 j+2 


-862612807862 j+3 + 11800834762 i+4 + 59127193602 i+5 - 1296269280 z j+6 


+459776002^+7 + 3928752 j+8 } + 0(h w ). 

If we define error function e(x) = Z(x) — y{x) and error vectors at the nodes by 

e{xj) = Z(xj) - y(xj + jh), -8 < j < N + 8, 
or equivalently ej = Zj — yj, —8 < j < N + 8, This implies 



(4.2) 


(4.3) 
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By subtracting (4.2) from (4.1), we get 

»" - ~ ismaLw -*>-•> + - «J-’> 

— 1296269280(2/^-6 — Zj-6) + 5912719360(j/j _ 5 — z-j-s) + 1180083476(2/2-4 — Zj- 4 ) 
-86261280786(2/^-3 - Zj_ 3 ) + 332951715808(2/^-2 - z,-- 2 ) - 677767008256(2/^-1 - z,-_i) 
+850467338370(2// - z/) - 677767008256(2 //+ 1 - z/+i) + 332951715808(2/^+2 - Z/+ 2 ) 

— 86261280786(2/j+3 — 21 + 3 ) + 1180083476(2/^+4 — z/+ 4 ) + 5912719360(2/^+5 — Z/+ 5 ) 
-1296269280(2/^+6 - z J+6 ) + 45977600(2//+ 7 - z j+7 ) + 392875(2//+ 8 - z/+ 8 )} + 0(/i 10 ). 

This implies 

4” = 183768238080^ < 3!l2875 '>-» + «977600e,_ 7 - 1296269280^* 
+5912719360ej_5 + 1180083476e,_ 4 - 86261280786e/_ 3 + 332951715808e./_ 2 

—6777670082566^-1 + 850467338370e, - 677767008256e i+ i + 332951715808e i+2 


— 86261280786e J+3 + 1180083476e i+4 + 5912719360e i+5 - 1296269280e i+6 


+45977600ej+r + 392875e j+8 } + 0(h w ). 


(4.4) 


From (1.1), (3.1), (4.3) and by assuming the tenth order boundary treatments at the end points, we have 


and 


e“ = ajej + 6/e./, 0 < i < N 


e-i = 


max {lefcl }0(h 10 ), — 8 < * < 0 

0<k<7 

max {lefcl }0(h 10 ), N<i<N- 

N-3<k<N 


where j = 0, 1, • • • IV 

a j = fv {tj , y*j , y'j * ) , bj = fy, ( tj , y * , y* ) , 

and 

y*j=yj + 0jCj, y 0 * = y'j + d o e j’ o<Oj<i. 

Using the results (4.4) and 


(4.5) 


(4.6) 


[1575(^-8 - z i+8 ) + 1474560(^-7 - z i+ 7) + 315738080(^-6 - z i+6 ) + 1397587968 

(zi- 5 - z i+ 5) - 43588613880(22-4 - 22+4) + 311679549440(2i_ 3 - z i+3 ) - 1336741045920 

( 22-2 - 22 + 2 ) + 4824847319040(2i_i - z i+1 )\ = 29209421228406Z + 0(h 10 ), (4.7) 


It can be conclude that relation (4.5)and (4.6) is equivalent to 


(B + 0{h 8 ) - 0(h 4 ) - D\0{h 3 ))E = 0{h w )\\E\\, 


where E = (e_ 8 , e_ 7 , • • • , e 7 , e 8 ). 

Hence for small h, the coefficient matrix B + 0(6), will be invertible, thus using the standard result 
from algebra and effect of ||H _1 || , we have the following estimate 

\\E\\ < } B ^ h) 0{h w ) = 0(h 3 ). (4.8) 

□ 


619 


Ghulam Mustafa et al 607-623 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


5 Results and Discussions 

In this section, we test the proposed method on some nonlinear problems. Numerical results for each of 
the problems are presented in the tables. These values are very close to the true solutions and the values 
of the errors are also given in the table. 

Example 1. Consider the following non-linear boundary value problem [1] 

y lv — 6exp(— Ay) = — 12(1 + a;) -4 , (5.1) 


with boundary conditions 

2/(0) = 0, 2 /( 0 ) = 1, y(l) = ln( 2) = 2 /'(l) = 0.5. 

The exact solution of the problem (5.1) is y = ln(l + x). Using the collocation method described in 
Section 3 for N = 10, h = 10“ 1 and tol = 10“ 6 with tenth order boundary treatment at end points. The 
numerical residts are obtained after third iteration with the condition (3.28). The obtained numerical 
results for this problem are presented in Table 1. The maximum absolute error obtained by the proposed 
method is 1.78 x 10“ 3 . The graphical comparison between exact and approximate solutions is shown in 
Figure 2. 


Table 1: Numerical results of Example 1 


Xi 

Analytic solution 
Yi 

Approximate solution 
Zi 

Error 

= ||li -Zi\ loo 

0.0 

0 

0 

0 

0.1 

0.0953101798 

0.0950147533 

0.0002954265 

0.2 

0.1823215568 

0.1814496227 

0.0008719341 

0.3 

0.2623642645 

0.2609546573 

0.0014096072 

0.4 

0.3364722366 

0.3347370220 

0.0017352146 

0.5 

0.4054651081 

0.4036840381 

0.0017810699 

0.6 

0.4700036292 

0.4684459279 

0.0015577013 

0.7 

0.5306282511 

0.5294932609 

0.0011349902 

0.8 

0.5877866649 

0.5871580370 

0.0006286279 

0.9 

0.6418538862 

0.6416636708 

0.0001902154 

1.0 

0.6931471806 

0.6931471806 

0 


Example 2. Consider the non-linear boundary value problem [1] 

y {iv } = y 2 - x 10 + 4a; 9 - 4a: 8 - 4a; 7 + 8a; 6 - 4a; 4 + 120a; - 48 (5.2) 

subject to the boundary conditions 

2/(0) = 2/(0) = 0, y(l) = ?/(l) = 1. 

Using the collocation method described in Section 3 for N = 10, h = 10“ 1 and tol = 10“ 6 with tenth 
order boundary treatment at end points. The numerical results are obtained after third iteration with the 
condition (3.28). The obtained numerical results for this problem are presented in Table 2. The maximum 
absolute error obtained by the proposed method is 1.73 x 10“ 2 . The graphical comparison between exact 
and approximate solutions is shown in Figure 3. 

6 Conclusion 

This study has presented a numerical approach based on subdivision collocation algorithm for solving the 
numerical solution of nonlinear fourth order boundary value problems. The proposed iterative method 
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Figure 2: Comparison of the analytic and approximate solution of Example 1. 


Table 2: Numerical results of Example 2 


Xi 

Analytic solution 
Yi 

Approximate solution 
Zi 

Error 

— IIV- 7. II 

II 1 l 1 1 oo 

0.0 

0 

0 

0 

0.1 

0.01981 

0.0202195 

0.0004095 

0.2 

0.07712 

0.0796952 

0.0025752 

0.3 

0.16623 

0.1728732 

0.0066432 

0.4 

0.27904 

0.2905995 

0.0115595 

0.5 

0.40625 

0.4219208 

0.0156708 

0.6 

0.53856 

0.5558846 

0.0173246 

0.7 

0.66787 

0.6833406 

0.0154706 

0.8 

0.78848 

0.7987412 

0.0102612 

0.9 

0.89829 

0.9019417 

0.0036517 

1.0 

1.00000 

1.0000000 

0 


has been applied on different nonlinear fourth order boundary value problems. Numerical results show 
that the accuracy of the approximate solution is 0(h 3 ). We have also observed that the accuracy of 
the solution can be improved by choosing different subdivision schemes with the proper adjustment of 
boundary conditions. 
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Figure 3: Comparison of the analytic and approximate solution of Example 2. 
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Abstract. In this paper, using the direct and fixed point methods, we investigate the generalized 
Hyers-Ulam stability of the quintic functional equation: 

2f(2x + y) + 2f(2x - y) + /( x + 2 y) + f(x - 2 y) = 20 [f(x + y) + f(x - y)] + 90/ (a:) 
in random normed spaces under the minimum t-norm. 

1. Introduction 

A classical question in stability of functional equations is as follows: 

Under what conditions, is it true that a mapping which approximately satisfies a functional 
equation (£) must be somehow close to an exact solution of (£)? 

We say the functional equation (£) is stable if any approximate solution of (£) is near to a true 
solution of (£). 

The study of stability problem for functional equations is related to a question of Ulam [15] 
concerning the stability of group homomorphisms. The famous Ulam stability problem was par- 
tially solved by Hyers [9] for linear functional equation of Banach spaces. Subsequently, the result 
of Hyers theorem was generalized by Aoki [2] for additive mappings and by Rassias [12] for linear 
mappings by considering an unbounded Cauchy difference. Cadariu and Radu [3] applied the fixed 
point method to investigation of the Jensen functional equation. They could present a short and 
a simple proof (different from the direct method initiated by Hyers in 1941) for the generalized 
Hyers-Ulam stability of Jensen functional equation and for quadratic functional equation. Their 
methods are a powerful tool for studying the stability of several functional equations. 


°2000 Mathematics Subject Classification: 39B52, 39B72, 47H09, 47H47. 

°Keywords: Generalized Hyers-Ulam stability, quintic functional equation, random normed 
spaces, fixed point theorem. 

°*The corresponding author. 
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On Stability of Quintic Functional Equations 


On the other hand, the theory of random normed spaces (briefly, RN-spaces) is important as a 
generalization of deterministic result of normed spaces and also in the study of random operator 
equations. The notion of an RN- space corresponds to the situations when we do not know exactly 
the norm of the point and we know only probabilities of passible values of this norm. The RN- 
spaces may provide us the appropriate tools to study the geometry of nuclear physics and have 
usefully application in quantum particle physics. A number of papers and research monographs 
have been published on generalizations of the stability of different functional equations in RN- 
spaces [5, 6, 10, 11, 16]. 


In the sequel, we use the definitions and notations of a random normed space as in [1, 13, 14]. 


A function F : RU {— oo, +oo} — > [0, 1] is called a distribution function if it is nondecreasing and 
left-continuous, with F( 0) = 0 and F(+ oo) = 1. The class of all probability distribution functions 
F with F( 0) =0 is denoted by A. D + is a subset of A consisting of all functions F £ A for which 
F(+ oo) = 1, where l~F(x ) = lim^^,- F(t). For any a > 0, e a is the element of D + , which is 
defined by 


£a(t) 


0, if t < a, 

1, if t > a. 


Definition 1.1. ([13]) A function T : [0, 1] x [0, 1] —> [0, 1] is a continuous triangular norm (briefly, 
a f-norm) if T satisfies the following conditions: 

(1) T is commutative and associative; 

(2) T is continuous; 

(3) T(a, 1) = a for all a £ [0, 1]; 

(4) T(a, b) < T(c, d) whenever a < c and b < d for all a , b,c,d £ [0, 1]. 


Three typical examples of continuous f-norms are as follows: 

Tjif(a, b) = min{a, b}, Tp(a,b) = ab, T^(a, b) = max{a + b — 1, 0}. 

Recall that, if T is a f-norm and {x n } is a sequence of numbers in [0, 1], then TfL-^Xi is defined 
recurrently by T^ =1 Xi = Xi and TfL x Xi = T(T™_FfXi, x n ) = T(x i,--- ,x n ) for each n > 2 and 
T°ft n x n is defined as T£ 1 x n+i ([8]). 

Definition 1.2. ([14]) Let X be a real linear space, p be a mapping from X into D + (for any 

x £ X, /j,(x) is denoted by p, x ) and T be a continuous f-norm. The triple ( X,p,T ) is called a 

random normed space (briefly RN-space) if p satisfies the following conditions: 

(RN1) p x (t) = e 0 (f) for allt > 0 if and only if x = 0; 

(RN2) p, ax {t) = f° r x £ X,a jtz 0 and all t > 0; 

(RN3) pL x+y {t + s) > T(fi x (t), tiy(s)) for all x, y £ X and all t,s> 0. 


Example 1.1. Every normed space (X, || • ||) defines a RN- space (X,p,Tm), where 




t 

t + INI 


for all t > 0 and Tm is the minimum f-norm. This space is called the induced random normed 
space. 
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Definition 1.3. Let (X,y,T) be a RN-spa.ce. 

(1) A sequence {*„} in X is said to be convergent to a point * £ A if, for all t > 0 and A > 0, 
there exists a positive integer N such that 

k'X n —x(f') A 1 A 

whenever n > N . In this case, x is called the limit of the sequence {x n } and we denote it by 
linin-^oo t^x n —x — 1* 

(2) A sequence {*„} in X is called a Cauchy sequence if, for all t > 0 and A > 0, there exists a 
positive integer N such that 

t^X n — (f) A 

whenever n > m > N . 

(3) The RN-space ( X , y, T) is said to be complete if every Cauchy sequence in X is convergent 
to a point in X. 

Theorem 1.4. ([13]) If (A, y,T) is a RN-space and {x n } is a sequence of X such that x n —> x, 
then linin^oo y Xn (t) = y x (t) almost everywhere. 

Recently, Cho et. al. [4] was introduced and proved the Hyers-Ulam-Rassias stability of the 
following quintic functional equations 

2/(2* + y) + 2/(2* - y) + /( x + 2 y) + /(* - 2 y) = 20[/(* + y) + /(* - y)\ + 90 /(*) (1.1) 

for fixed k £ Z + with k > 3 in quasi- /3-normed spaces. 

Remark 1.1. (1) If we put x = y = 0 in the equation (1.1), then /( 0) = 0. 

(2) /( 2 n x) = 2 5n f(x) for all x £ X and n £ Z + . 

(3) f is an odd mapping. 

Throughout this paper, let A be a real linear space, ( Z , y ,' , Tm ) be an RN- space and ( Y , /i, Tm) 
be a complete RN- space. For any mapping / : X — > Y, we define 

Df(x,y) 

= 2f(2x + y) + 2f(2x - y) + f(x + 2 y) + /( x - 2 y) - 20 [f(x + y) + f(x - y)} - 90/(x) 

for all x,y £ X. In this paper, using the direct and fixed point methods, we investigate the 
generalized Hyers-Ulam stability of the quintic functional equation: 

2/(2* + y) + 2/(2* -y) + f(x + 2 y) + f(x - 2 y) = 20 [/(* + y) + f{x - y)] + 90/(*) 

in random normed spaces under the minimum f-norm. 

2. Random stability of the functional equation (1.1) 

In this section, we investigate the generalized Hyers-Ulam stability problem of the quintic func- 
tional equation (1.1) in RA-spaces in the sense of Scherstnev under the minimum f-norm Tm- 

Theorem 2.1. Let cj> : X 2 Z be a function such that, for some 0 < a < 2 5 , 

t l <t>(2x,2y)(.t) — (2-1) 
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and liuin^aa /j,' ( p^ 2nx 2rly ^{2 5n t) = 1 for all x, y £ X and t > 0. If f : X — > Y is a mapping with 
/( 0) = 0 such that 

pDf(x,y)(f) fd P<j>(x,y)(t) ( 2 - 2 ) 

for all x, y £ X and t > 0, then there exists a unique quintic mapping Q : X — » Y such that 

Pf{x)—Q(x)if) — ^2 (2’ — ajt'j (2-3) 

for all x £ X and t > 0. 


Proof. Letting y = 0 in (2.2), we get 

for all x £ X and t > 0. Replacing x by 2 n x in (2.4), we get 

- ^>°)((a) 128 0 

for all x £ X and t > 0. Since - f{x) = YJjZo (wn °r ~ % ’ ) > 




-/(* 


n — 1 

'y —(-Y: 

, ^ 128 V2 5 / 
l=o 


f] > Im" = o (a^Cx, o) W) — M^>( x,o)(^) 


(2.4) 


(2.5) 


for all x £ X and t, > 0. Substituting x by 2 m a; in (2.5), we get 


P f( 2 n. + rti$) 

2 5(n + m) 


/ (2 m x) 
2 5m 



E n+m-l/_Q w 

j =m v 2 5 / 


(2.6) 


for all x £ X and m,n £ Z with n > m > 0. Since a < k 3 , the sequence is a Cauchy 

sequence in the complete RN - space (Y. //, Tm) and so it converges to some point Q(x) £ Y. Fix 
x £ X and put m = 0 in (2.6). Then we get 




128f 


and so, for any <5 > 0, 


pQ(x) — f(x ){3 + A) 

for all x £ X and t > 0. Taking the limit as n — > oo in (2.7), we get 

PQ(x)-f(x) (^ + t) ^ P(j>(x, 0 ) (2 (2 ~ a )t) 

Since 6 is arbitrary, by taking S — > 0 in (2.8), we have 

A t Q(x)-/(x)(f) > AL^XjO) (2 (2 — a)t) 

for all x £ X and t > 0. Therefore, we conclude that the condition (2.3) holds. 
Also, replacing x and y by 2 n x and 2 n y in (2.2), respectively, we have 

p p f (, 2"x,2 ,, 1< ) (t) > M^(2>»x,2'*j/)(2 5n i) 


(2.7) 


(2.8) 

(2.9) 
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for all x,y £ X and t > 0. It follows from \xm n ^,oo 2 n y) (2 5n t) = 1 that Q satisfies the 

equation (1.1), which implies that Q is a quintic mapping. 


To prove the uniqueness of the quintic mapping Q, let us assume that there exists another 
mapping Q : X — > Y which satisfies (2.3). Fix x £ X. Then Q(2 n x) = 2 5n Q(x) and Q(2 n x) = 
2 5n Q(x) for all n £ Z + . Thus it follows from (2.3) that 


VQ(x)-Q(x) W 
= 2»x) Q(2».) jt) 

2 5 n 2 5n 

^ Tm ( M Q (2 n x ) /(2 n ») ^ , /i f( 2 n x) Q( 2 n x 

\ 2 5n 2 5n V Z / 2 5n 2 5n 

Since lim^^ (2 2 (2 5 - = °°, we have H Q{x) _Q {x) (t) = 

mapping Q is unique. This completes the proof. 



( 2 . 10 ) 


1 for all t > 0. Thus the quintic 

□ 


Theorem 2.2. Let <f> : X 2 Z be a function such that, for some 2 5 < a, 

/4(§,f)(*) > ^(x, y )( at ) ( 2 - n ) 

and lim n _ j . (X) ix' 25n ^, _^(t) = 1 for all x,y £ X and t > 0. If f : X — » Y is a mapping with 
/( 0) = 0 which satisfies (2.2), then there exists a unique cubic mapping Q : X — >■ Y such that 

H f{x)-Q(x) (f) — (ck — 2 )t) (2-12) 

for all x £ X and t > 0. 

Proof. It follows from (2.2) that 

M/(x)-25/(f)(t) ^ M^( X) o) ( 2 2 «0 (2-13) 

for all x £ X. Applying the triangle inequality and (2.13), we have 

2 2 at 

n+m— 1 / 2 5 
j=m ^ <* 

for all x £ X and m, n £ Z with n > m > 0. Then the sequence {2 5n /(^-)} is a Cauchy sequence 
in the complete RN-spa.ce ( Y,/j,Tm ) and so it converges to some point Q(x) £ Y. We can define 
a mapping Q : X — > Y by 

0 W = ii ii i »2-/(|r) 

for all x £ X. Then the mapping Q satisfies (1.1) and (2.12). The remaining assertion follows the 
similar proof method in Theorem 2.1. This complete the proof. □ 


/ 


M/(z)-2 5 "/(#r)W > /4(*,0) 





Corollary 2.3. Let 6 be a nonnegative real number and Zq be a fixed unit point of Z . If f : X — >• Y 
is a mapping with /( 0) =0 which satisfies 

HDf(x,y){t) Zl h'Bzo^f) (2-15) 

for all x, y £ X and t > 0, then there exists a unique quintic mapping C : X — >■ Y such that 

»f(x)-Q(x)(t) > n' 6zo ( 124i) (2.16) 
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for all x € X and t > 0. 

Proof. Let (j> : X 2 — > Z be defined by cf>(x,y) = Ozq. Then, the proof follows from Theorem 2.1 by 
a = 1. This completes the proof. □ 

Corollary 2.4. Let p,q £ R be positive real numbers with p,q < 5 and zq be a fixed unit point of 
Z. If f : X — » Y is a mapping with /( 0) = 0 which satisfies 

hDf(x,y)(t ) > ^(IMIp + Hi/II^zo W (2-17) 

for all x, y € X and t > 0, then there exists a unique quintic mapping Q : X — » Y such that 

C/W-OwW > (2 2 (2 5 - 2 *)i) (2.18) 

for all x € X and t > 0. 


Proof. Let <j> : X 2 — > Z be defined by <j>(x ,y) = (||x|| p + ||y|| 9 ),2o- Then the proof follows from 


Theorem 2.1 by a = 2 P . This completes the proof. 


□ 


Now, we give an example to illustrate that the quintic functional equation (1.1) is not stable for 
r = 5 in Corollary 2.4 


Example 2.1. Let 


Consider the function / 


be defined by 
</>(x) = | 
R defined by 


x 5 , for |x| < 1, 
1, otherwise. 


/(*> = E ^ 

n = 0 

for all iff. Then / satisfies the functional inequality 

1 2/(2# + y) + 2f(2x - y) + f(x + 2 y) + f{x - 2 y) - 20 [f(x + y) + f(x - y)] - 90/(x)| 

136 -32 2 /. , c . ,r\ ( 2 - 19 ) 


< 


31 


Isl 5 ) 


and a constant d > 0 such 


for all x,y £ X, but there do not exist a quintic mapping Q : R - 
that 

1/0*0 - Q{x ) | < d\x\ 5 

for all x € R. In fact, it is clear that / is bounded by || on R. If |x| 5 + |y| 5 = 0, then (2.19) is 
trivial. If |x| 5 + \y \ 5 > i, then 


136-32 136 -32 2 

\Df(x,y)\ < < 


31 


31 


l*/| ! 


Now, suppose that 0 < |x| 5 + |y| 5 < Then there exists a positive integer k € Z + such that 


1 <M 5 + M 5 < 1 


32 fc+ 2 


32 k+1 


and so 


32 fc M 5 <^, 32 fc | 2/ | 5 <l, 

2"(2x + y), 2 n (2x - y), 2 n (x + 2 y), 2 n (x - 2 y), 2 n (x - y), 2 n x e (-1, 1) 
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and 

<K 2 n (2x + y)) + 2<t>(2 n (2x - y)) + </>( 2 n (x + 2y)) 

+ </>( 2 n (x - 2 y)) - 20[cj)(2 n (x + y)) + </,( 2 n (x - y))] - 9O0(2"x) 
= 0 


for all n = 0, 1, • • • , k — 1. Thus we obtain 
\Df(x,y) | 

oo 1 

— E o 5 n l^(2 n (2x + y)) + 2(j)(2 n (2x — y)) + <j>( 2 n (x + 2 y)) 

n = 0 

+ 0(2"(a: - 2y)) - 2O[0(2”(a; + y)) + </»(2 II ( a; - y))] - 9O0(2"a:)| 

OO 

— ^ 5 ^|<^( 2 n ( 2 x + y)) + 2(j){2 n {2x — 2/)) + (f>(2 n (x + 2i /)) 

n=k 

+ </>(2 n (x - 2y)) - 2O[0(2”(a; + 2/)) + 0(2 n (a - 2/))] - 90#2"*)| 

^ 136 -32 2 / l5 . l5 \ 

S -3i-( W +W )- 

Therefore, / satisfies (2.19). 

Now, we claim that the quintic functional equation (1.1) is not stable for r = 5 in Corollary 2.4. 
Suppose on the contrary that there exists a quintic mapping Q : R. — > R. and constant d > 0 such 
that 

|/0r) - Q(x)\ < d\x\ 5 

for all x £ R. Since / is bounded and continuous for all x € R, Q is bounded on any open 
interval containing the origin and continuous at the origin. In view of Theorem 2.1, Q must have 
Q(x) = cx 5 for all ieR. So, we obtain 

\f(x)\<(d+\c\)\x\ 5 (2.20) 


for all x £ R. Let m € Z + such that m + 1 > d + |c|. 

If x is in (0, 2~ m ), then 2 n x € (0, 1) for n = 0, 1, • • • , nn. For this x, we have 


f{x) = 


OO 

E 

n= 0 


2 5n 


> ( 2n x) 


n — 0 


2 5r ‘ 


(m + l)x h > (d + |c|)|:r| 5 , 


which contradiction (2.20). 

Remark 2.1. In Corollary 2.4, if we assume that 


<Kx,y) = M r \\y\\ r z 0 


or 

^,2/) = (iNini2/ii s + ikir s + ii2/ir + > 0 , 

then we have Ulam-Gavuta-Rassias product stability and JMRassias mixed product-sum stability, 
respectively. 

Next, we apply a fixed point method for the generalized Hyer-Ulam stability of the functional 
equation (1.1) in RN- spaces. The following Theorem will be used in the proof of Theorem 2.6. 
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Theorem 2.5. ([7]) Suppose that (f t,d) is a complete generalized metric space and J : O — > fl 
is a strictly contractive mapping with Lipshitz constant L < 1. Then, for each x € fl, either 
d(J n x, J n+1 x) = oo for all nonnegative integers n > 0 or there exists a natural number no such 
that 

(1) d(J n x , J n+1 x ) < oo for all n > no; 

(2) the sequence { J n x} is convergent to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set A = {y £ fl : d{J n °x, y) < oo}; 

( 4 ) d(y, y*) < jbzd(y, Jy) for all y £ A. 

Theorem 2.6. Let <f> : X 2 D + be a function such that, for some 0 < a < 2 5 , 

/4(*. !/)(*) < 2x,2y )( at ) ( 2 - 21 ) 

for all x, y G X and t > 0. If f : X Y is a mapping with /( 0) = 0 such that 

hD(x,y){t) Zl T(j>{x,y)^) (2.22) 

for all x, y £ X and t > 0, then there exists a unique quintic mapping Q : X — » Y such that 

df(x) — Q(x) {t) Ik. ( 2 ( 2 — ot)t) (2.23) 

for all x € X and t > 0. 


Proof. It follows from (2.22) that 

h f(x) _ngl{t) > ^ {Xl0) (128i) (2.24) 

for all x £ X and t > 0. Let O = {g : X — > Y, g{x) = 0} and the mapping d defined on by 

d(g, h) = inf{c G [0, oo) : p g ( x )- h (x)(ct) > Vx G X} 

where, as usual, inf0 = — oo. Then (fi, d) is a generalized complete metric space (see [10]). Now, 
let us consider the mapping J : LI — > defined by 

Jg(x) = 7^g{ 2x ) 

for all g G and x G X. Let g, h in fl and c G [0, oo) be an arbitrary constant with d(g, h) < c. 
Then y g ( x )-h(x){ c t) k o) W f° r x £ X and t > 0 and so 

d’Jg(x) — Jh(x){^^£^j — Tg(2x)-h(2x){ ac t) — l l !/>(x,0)(t) (2.25) 

for all x £ X and t > 0. Hence we have 

OiC (X. 

d{Jg,Jh) < ^5 < ^5 d(g,h) 

for all g,h £ H. Then J is a contractive mapping on Q with the Lipschitz constant L = ^ < 1. 
Thus it follows from Theorem 2.5 that there exists a mapping Q : X — > Y, which is a unique fixed 
point of J in the set fii = {g £ fl : d(f , g ) < oo}, such that 

f(2 n x) 


Q{x) = lim 


2 5ri 


for all x £ X since lim^oo d{ J n f, Q) = 0. Also, from f&x) (t) > M^( x0 )(128 t), it follows 

that d(f, J f) < Therefore, using Theorem 2.5 again, we get 
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This means that 

t 1 f(x)-Q(x){t ) > ( 2 ( 2 — a)t) 

for all x £ X and t > 0. 

Also, replacing x and y by 2 n x and 2 n y in (2.22), respectively, we have 

l*DQ(x,y)(t) > Vm o Mi ( 2-x,2» w) (2 5 "t) = ^ ^(*,„) ( (^) *) = 1 

for all x,y £ X and t > 0. By (RN1), the mapping Q is quintic. 

To prove the uniqueness, let us assume that there exists a quintic mapping Q' : X — > Y which 
satisfies (2.23). Then Q' is a fixed point of J in f^. However, it follows from Theorem 2.5 that J 
has only one fixed point in £~2i . Hence Q = Q' . This completes the proof. □ 

Theorem 2.7. Let <j> : X 2 D + be a function such that, for some 0 < 2 5 < a, 

< /4 ( f> | )( at ) ( 2 - 26 ) 

for all x,y £ X and t > 0. If f : X — » Y is a mapping with /( 0) = 0 which satisfies (2.22), then 
there exists a unique quintic mapping Q : X — > Y such that 

hf{x)-Q(x){t] > P-0(x,O) ( 2 ( a — 2 )t) (2.27) 

for all x £ X and t > 0. 


Proof. By a modification in the proofs of Theorem 2.2 and 2.6, we can easily obtain the desired 
results. This completes the proof. □ 

Now, we present a corollary that is an application of Theorem 2.6 and 2.7 in the classical case. 

Corollary 2.8. Let X be a Banach space, e and p be positive real numbers with p 5. Assume 
that f : X — > X is a mapping with /(0) = 0 which satisfies 

\\Df(x,y)\\<e(\\xr + \\y\n 

for all x,y £ X. Then there exists a unique quintic mapping Q : X — > Y such that 

e\\x\\ p 


||Q(x) - /(x)|| < 


2 2 | 2 5 - 2p\ 


for all x £ X and t > 0. 


Proof. Define p : X x 


by 


( 0, otherwis 


otherwise 

for all x £ X and tgl. Then ( X,h,Tm ) is a complete RN- space. Denote <f> : X x X 

<t>{x,y) = e(ii*r+Nn 

for all x,y £ X and t > 0. It follows from \\Df(x,y)\\ < 0(||a;|| p + ||y|| p ) that 

hDf(x,y)(t ) ^ T(j>( x ,y)(t) 


R by 
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for all x, y £ X and t > 0, where fi' : 1 x 


/4 (*) = 


t+\x\ 

o, 


given by 

if t > 0, 
otherwise, 


is a random norm on R. Then all the conditions of Theorems 2.6 and 2.7 hold and so there exists 
a unique quintic mapping Q : X — > X such that 


t + \\Q(x)-f(x)\\ 

>^(*,o)(2 2 |2 5 -a|f) 


2 2 1 2 5 — a\t 


2 2 |2 5 — a\t + e||a;||P 

Therefore, we obtain the desired result, where a = 2 P . This completes the proof. 


□ 


Acknowledgments 

This project was funded by the Deanship of Scientific Research (DSR), King Abdulaziz Uni- 
versity, under grant no. (18-130-36-HiCi). The authors, therefore, acknowledge with thanks DSR 
technical and financial support. Also, Yeol Je Cho was supported by Basic Science Research 
Program through the National Research Foundation of Korea (NRF) funded by the Ministry of 
Science, ICT and future Planning (2014R1A2A2A01002100). 

References 

[1] C. Alsina, B. Schweizer, A. Sklar, On the definition of a probability normed spaces, Equal. 
Math. 46(1993), 91-98. 

[2] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan. 
2 (1950), 64-66. 

[3] L. Cadariu, V. Radu, Fixed points and the stability of Jensen’s functional equation, J. Inequal. 
Pure Appl. Math. 4 (2003), No. 1, Art. 4. 

[4] I.G. Cho, D.S. Kang, H.J. Koh, Stability problems of quintic mappings in quasi- /3 -normed 
spaces, J. Ineq. Appl. 2010, Art. ID 368981, 9 pp. 

[5] Y.J. Cho, C. Park, TM. Rassias, R. Saadati, Stability of Functional Equations in Banach 
Alegbras, Springer Optimization and Its Application, Springer New York, 2015. 

[6] Y.J. Cho, TM. Rassias, R. Saadati, Stability of Functional Equations in Random Normed 
Spaces, Springer Optimization and Its Application 86, Springer New York, 2013. 

[7] J.B. Dias, B. Margolis, A fixed point theorem of the alternative for contrations on a generalized 
complete metric space, Bull. Amer. Math. Soc. 74 (1968), 305-309. 

[8] O. Hadzic, E. Pap, M. Budincevic, Countable extension of triangular norms and their appli- 
cations to the fixed point theory in probabilistic metric spaces, Kybernetika 38(2002), 363-381. 

[9] D.H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. USA 27 
(1941), 222-224. 

[10] D. Mihet;, V. Radu, On the stability of the additive Cauchy functional equation in random 
normed spaces, J. Math. Anal. Appl. 343(2008), 567 572. 

[11] J.M. Rassias, R. Saadati, G. Sadeghi, J. Vahidi, On nonlinear stability in various random 
normed spaces, J. Inequal. Appl. 2011, 2011:62. 


633 


ABDOU ET AL 624-634 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Afrah A.N. Abdou, Y. J. Cho, Liaqat A. Khan and S. S. Kim 11 

[12] Th.M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. 
Soc. 72 (1978), 297-300. 

[13] B. Schweizer, A. Skar, Probability Metric Spaces, North-Holland Series in Probability and 
Applied Math. New York, USA 1983. 

[14] A.N. Sherstnev, On the notion of s random normed spaces , Dokl. Akad. Nauk SSSR 149, 
280-283 (in Russian). 

[15] S.M. Ulam, Problems in Modern Mathematics, Science Editions, John Wiley & Sons, New 
York, USA, 1940. 

[16] T.Z. Xu, J.M. Rassias, W.X. Xu, On stability of a general mixed additive-cubic functional 
equation in random normed spaces, J. Inequal. Appl. 2010, Art. ID 328473, 16 pp. 

[17] T.Z. Xu, J.M. Rassias, M.J. Rassias, W.X. Xu, A fixed point approach to the stability of 
quintic and sextic functional equations in quasi- (3 -normed spaces, J. Inequal. Appl. 2010, Art. 
ID 423231, 23 pp. 


634 


ABDOU ET AL 624-634 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Generalized composition operators on Zygmund 
type spaces and Bloch type spaces 

Juntao Du and Xiangling Zhu* 

Abstract. In this paper, we investigate the boundedness and compactness of gen- 
eralized composition operators on Zygmund type spaces and Bloch type spaces with 
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1 Introduction 

Let A: be a positive continuous function on [0, 1). A: is called normal, if there exist 
positive numbers a and b, 0 < a < b, and 6 e [0, 1) such that(see [12]), 

is decreasing on [5,1) and lint = 0; (1) 

r— > l (1 - r) a 

is increasing on [5,1) and lim = oo. (2) 

r-> t (1 - r) b 

Let D be the open unit disk in the complex plane C and //(D) the space of all 
analytic functions on D. Let a> be normal on [0, 1). An / e //(D) is said to belong to 
the Bloch type space, denoted by 'B (in if 

ll/Ik = l/(0)l + sup cu(\z\)\f(z)\<™. 

zeB 

It is easy to see that B u is a Banach space with the norm || • Ik- When u>(t) — 1 - t 2 , 
we get the Bloch space, denoted by B - S(B). See [19] for more information of the 
Bloch space. 

Suppose // is normal on [0, 1). The Zygmund type space, denoted by is the 
space of all f e //(D) such that 

ll/lk = l/(0)l + l/'(0)l + sup/z(k|)|/"(z)| < 

zeD 

It is also easy to see that ^ is a Banach space with the norm || • ||«. When /j(t) - 1 -t 2 , 
we get the Zygmund space (see [2, 8]). 


k(r) 

(1 — r) a 

m 

(1 - r) b 
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Throughout the paper, S (D) denotes the set of analytic self-map of D. Associat- 
ed with <f e S (D) is the composition operator C v , which is defined by (Cff)(z) = 
f e //(D). We refer the books [1, 19] for the theory of composition operators. 
Composition operators mapping into the Bloch space on D were studied in, for exam- 
ple, [1,4, 11, 14, 15, 18]. See [5, 6, 9, 10] for some results of the composition operator 
mapping into the Zygmund space. 

Motivated by the fact that weighted composition operators naturally come from 
isometries of some function spaces, for ip e S (D) and g e //(D), Li and Stevie [9] 
defined the generalized composition operator, denoted by C^, as follows. 


They characterized the boundedness and compactness of O'! on the Zygmund space 
and the Bloch space in [9]. See, for example, [7, 13, 16] for the study of the operator 


In this paper, motivated by [9], we investigate the boundedness and compactness 
of the generalized composition operator C* on Zygmund type spaces and Bloch type 
spaces with normal weight. 

In this paper, constants are denoted by C, they are positive and may differ from one 
occurrence to the next. We say that A < B if there exists a constant C such that A <CB. 
The symbol A » B means that A < B < A. 


In this section, we give some auxiliary results which will be used in proving the main 
results of this paper. They are incorporated in the lemmas which follow. 

Lemma 1. [3] Suppose p is normal on [0, 1). Then there exists p* e //(D), such that 

(i) For any t 6 [0, 1), p*(t) e R + , p*(t) is increasing on [0, 1); 

(ii) inf p(t)p*(t) > 0; supyu(|z|)|yL/*(z)| < oo. 

f£ [o,i) zeD 

In the rest of the paper, we will always use p « to denote the analytic function related 
to p in Lemma 1. By a calculation, we get the following lemma. 

Lemma 2. Suppose p is normal on [0, 1). Then the following statements hold. 

(i) There exists a 6 e (0, 1), such that p is decreasing on [<5, 1), lim p(t) = 0. 

r-»i 

(ii) For all a > 1 ,j3 e (0, 1), when t e (0, 1), s e (J3, 1), 




2 Proof of main results 
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Proof. ( i ). By the definition of normal function, there exist positive numbers a and b, 
0 < a < b, and 6 e [0, 1) such that (1) and (2) hold. Since y u(t) = - t) a , we see 

that p is decreasing on [5, 1) and lim pit) = 0. 

r-» 1 

(ii). From lim jfL = £ > 0, for any t e [6«, 1), 


1 > 


fl(t) , , 

(FvF (1-0* : d - 0* : c 


pit) 

pUP) ~ ^' a) (1 - f*) b ' (1 - t°) 
(1 -Pf 


So when t e (0, 1), pit) » pi t a ). By Lemma 1, when t e (0, 1), pit) ~ is obvious. 


When s € (J3, 1), 
1 




r i n i r s 1 r 

I ~r~A t = — r-c/f + ——dt = C + 

Jo Pit) Jo pit) Jm nit) J p 


' s at a 1 


Pit) 

* j 


pin 


-dt 


f -L*+ f’-L*= f-L* 

Jo Pit) Ja Pit) Jo Pit) 


iiii). Since /./, is analytic, we see that iiii) holds. The proof is completed. 
Lemma 3. [17] Suppose p is normal on [0, 1). Then for all z eD and f e Bp 

Hd j 


1/(01 < Gpiz) ||/|| S „, where Gpiz) = 1 + 


r> 


Remark 1. From the definitions of .2]] and for all z e D and / 6 , 

ircoi < Gpiziwrws, < g^zwh- 

/ i i 

Lemma 4. [17] Suppose that p is normal on [0, 1) such that J () j^dt < oo. If {f,} is 
bounded in Bp and converges to 0 uniformly on compact subsets of D, then 

lim sup |/„(OI = 0. 

n ^°° zeD 


The relationship between Zygmund type spaces and Bloch type spaces was estab- 
lished as follows. 

Lemma 5. Suppose that p is normal on [0, 1). Let p+it) = (1 - t)pit). Then 


(i) p+ is normal on [0, 1), lim Gpfz) - oo. 

Izl— >1 


(ii) Bp = f?p + and || • \\ Sjl * || • ||^, + . 

Proof, (i) Obviously, p + is normal on [0, 1). Since p is normal,there exist positive 
numbers a and b, 0 < a < b, and 6 e [0, 1) such that (1) and (2) holds. Then 


f-w*> r 

Jo M+(0 Js 


0 - ty 


a + 1 


(i-0“ (i - O' 

■dt > 


Pit) 


piS) 


r 


(i-o 


1+a 


dt — +oo, 
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as desired. 

(ii) First we prove that c For all / e we have 

f lzl Mkl) ^ 

< ll/lljr„ + -dt. 

Jo 




I 


f"(Jl)drj 


if kl ^ 6 > fd' 1 < c - If kl > 6, 


f 


'o nm-ty 

1:1 A^(kl) 
Kt)(. i - 0 


dt = 


- (X 


Mkl) 


MO (1 - 0 

/ |,| Mhl) 

s hi if 

< I c + 


dt + 


* + ' 0 M0d-0 

Mkl) 


f; 


id A (i _ k | )a 


I 


« (B? (1 "' ) 

Id 


« MOd -0 

dt 


dt 


,fl+ 1 


(i - kl)“ 


. tf +1 


</f < C. 


( 1 - 0 ' 

From Lemma 2, MO is bounded on [0, 1). By (3), 

Mkl)l/'(z)l < CH/H^ +Mkl)l/'(0)| < \\f\\^ + |/'(0)| < 2 ||/||^ + . 

Therefore ||/||s„ < ||/||^ + and c 

Next we prove that B fl c j^, + . For any / € by Cauchy’s formula, 

\f(z)\ < — tt max |/'(??)| < -J— max \f{rf)\ < — 3^ . 

i-kli^i=idd 1-klhNMf 1 M^Xi-kl) 

If kl ^ d, < C is obvious. When 5 < |z| < 1, 

M-r 1 ) 

/i(|z|) 

Mkl) 2b (HdF ; 




M^) 


So Il/H % < 1 1/| I® and hence c 3? The proof is completed. 


(3) 


To study the compactness, we need the following lemma, which can be proved in a 
standard way (see, for example. Proposition 3.11 in [1]). 

Lemma 6. Suppose that g e //(D), ip e S (D), X, Y are Bloch type spaces or Zygmund 
type spaces. If : X — » Y is bounded, then Cj : X — > Y is a compact operator if and 
only if whenever {/,} is bounded in X and /„ — » 0 uniformly on compact subsets o/D , 
lim ||C*/J y = 0. 

n—>oo 


3 The boundness and compactness of 


Theorem 1 . Suppose g e //(D), <p e 5(D) , to and p are normal on [0, 1). Then 
: 3^ —> 3foj is bounded if and only if 


supMkDIg'WIGMMk)) < 00 

zeO 


and 


u(\z\)\ip'(,z)g(z)\ 

sup 

zgD MlMdl) 


(4) 


4 
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Proof. Suppose that (4) holds. For any / e .S'), , by Lemma 3 and Remark 1, we have 
sup w(|z|)|(C®/)"(z)| < supw(kl) |/"fa(z)V(z)g(z)| + suptu(lzl) \f'(w(z))g(,z)\ 


zeB 


zeB 


zeD 


<sup — \\f\\ar„ + sup co(|z|)l4(z)|G^(y>(z))||/|| jr 

zeD PW.Z)\) zeD 

<oo, 

and |(4/)(0)| + |(C*/)'(0)| = |/'(y>(0))s(0)| < |^(0)|G /J (^(0))||/||^ < oo. Hence C* : 
^ — > .SL is bounded. 

Conversely, suppose : .S), — > .S',', is bounded. From z, z 1 e .S),, we see that 

sup tij(|z|)|g'(z)| < 00 and sup w(|z|)l4(z)g(z)| < oo. (5) 

zeB zeB 

Therefore 


sup mf|z|)L? , (z)|G / ,(^(z)) < oo and sup 


u{\zW(z)g{z)\ 


Wz)l<5 

For any f e D, if \ip(f)\ > j, let a - and 


I^(z)i<i MWOD 


< CO . 


- / ,2 \2 - / f 3 

r : f r r r fl ' ri? 

Pa(z) = p*{ri)drj dt- p*{rf)dr] 

Jo Jo Jo Jo 


dt. 


(6) 


q a (z) 


Pa(z ) 


J, P*(r/)drj 


Then 



' oG:) 2 

2 

f rH- \ 

I |fl| 2 

Pa(z) = a 

p t (ri)dri 

— a 

t**(ri)dTi 


[Jo J 


Jo 

\ / 


„ 3 2 2 \ f r w 6 flV /(az ) 3 

P a (z) = 4 a zp*(a Z ) n*V))dr] — — /./ 

Jo |ar 


M 2 


f 


MV )drj. 


By Lemmas 1 and 2, 

MkDIPa (z)l ^ 

So 


rfflZ) 1 

/J*07)*7 + 

Jo 


(71zy 

n lop r 

P*(p)dr/ < 
o Jo 


< n*(r[)di) 

'o 


IMIiSf,, = ?a(0) + 4,(0) + SUpjU(|z|)|4'(z)| < C. 

zeD 


Hence, when \<p{f)\ > 

u>m)Wif)gm 

p(i^)i) 


(7) 


( 8 ) 


(o{mKq a )"{f)\ < ||C*?J*, < || 9a ||ar ||C»|| < oo. (9) 
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From (6) and (9), we see that the second inequality in (4) holds. 

Let f a (z) = £ Z £ pfwjdwdr], Then 

f a (z) = a f p„(w)dw, f"(z) = a 2 pfdz), WfaW.^ < C. 

Jo 

By Lemma 2, when \tp(f)\ > 

umg'w r -\-dt * W (ifi) \{cif a y\t) - f a 'MZ))y\md\ 

Jo MV) 


<\Kfa\\^ + SUp to(\f\)pd\<p(f)\ 2 )\<fi'(f)g(f)\ 




<II/Jidic*|| + sup 


omwiQgm 


(10) 


feB MI(P(£)I) 

From (6) and (10), we see that the first inequality in (4) holds. The proof is completed. 

□ 


Theorem 2. Suppose g e H( D), ip e S (D) , to and p are normal on [0, 1) such that 
: <2^, — > is bounded. Then the following statements hold: 

(i) When lim G^(z) < : <2^, — » is compact if and only if 

lz|— »1 


lim uX|z|)|y/(z)g(z)| _ o 

lvfe)l->i n(\<P(z)\) 


( 11 ) 


(ii) When lim G^(z) — °o, — > 3^ is compact if and only if 


lim tu(|z|)|g'(z)|G jU (^(z)) = 0 and 


IvOI-i 


hm = o. ,i2) 

lvfe)Hi A'd^(z)l) 


Proof. Because C® : 3f^ — > .2^ is bounded, (5) holds. 

(i). Suppose (11) holds. For any e > 0, there is a 6 e (0, 1), such that 


frXkl)l<y'(T)g(z)l 

Mlv(z)l) 


< s, when |i/>(z)| > 6. 


(13) 


Let {f,} c 3T\, be bounded and converge to 0 uniformly on compact subsets of D. 
By Lemma 4 and Cauchy estimate, 

lim sup |/„'(z)l = 0, and lim sup |/"(z)| = 0. (14) 

IH “ zeD n ^°° | z|<<5 

From Remark 1, (5) and sup \\f,\\^ < °o, 

ne N 

\\Clf„\W m = |(C*/„)'(0)| + sup cu(lzl) | /"(y(z)V (z)g(z) + flMzWiz) | 

zeD 

- | rt / /a\\i | rH ( / \\i ^XI^DI^ OO&GOI j rf / \i 

^ \f,M0))\ + sup \f„(ip(z))\+ sup — — + sup|./; i (T)l- 

lv >( z)|<<5 l »>( z ) l><5 P \ W \ Z )\) zeB 


6 
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By (13) and (14), lim \\Clf n \\%- = 0. Using Lemma 6, we see that Ci : 33 — > 3f w is 
compact. 

Conversely, assume that C* : 3?^ — > is compact. Suppose {z„} c D is a 

sequence such that lim \ip(z n )\ = 1. Let a n — <p(z n ) and 


r n (z) = MKI) 



ulirDdrjdt. 


From Lemma 2, { r n ) is bounded in .2J) and r„(z) — > 0 uniformly on compact subsets of 
D when n — * oo. By Lemmas 4 and 6, we have 



(15) 


Using Lemma 2, (5) and (15), 
lim ^(\Zn\)W{Z n )g(Zn)\ 

n ~*°° Ml Mz«)l) 

< 


lim «(|z„|) |(C®r„)"(z«) - r;(a„)g'(z„)| 

72 — >00 1 r 1 

lim ||C*r„|| ir<u + lim w(|z„|) k(a„)g'(z n )| = 0, 

n — »oo n — >oo 


which implies that lim ^41)1^ L)gL.)| _ q 

(ii). Suppose (12) holds. For any s > 0, there is a 5 e (0, 1), such that 


M|z|)|g'(z)|GMMz)) < s and 


Mkl)IM(z)g(z)l 

MIMz)l) 


(16) 


when |^(z)j > 6. Let {/„} be a bounded sequence in 3C fl and converges to 0 uniformly 
on compact subsets of D. By Cauchy estimate. 


lim sup |/>(w))| = 0, lim sup \f”(ip(w))\ = 0. (17) 

n ~ ,oa \<p(w)\<8 n-> “ \tp{w)\<8 


From Lemma 3, Remark 1 and (5), 

\Kf n \\^ = \Kf n ym + su P Mizi) | /„Xz)V(z)g(z) + fMzW® I 

zsB 

< l/„'(M0))l+ sup |/„Xz))l+ sup \f'Mz))\ + 

|(o(z)|<5 Iv4z)l<<5 

Mlz|)IM(z)gfe)l ,, , M , ,, ,,, 

SU P ,, , ,,, — ll/Jtr„ + sup «(lz|)|g (z)|GM^(z))ll/ n |lx 

|(0fe)l>4 MIMol) k»(z)|>tf 


By (16) and (17), we see that lim ||C^_/j 1 ||^’ = 0. From Lemma 6 , Ci : 33 —> 33^ is 

n— »oo y t 1 t 

compact. 

Conversely, suppose that : 33^ — > is compact. Let {z,J c D be a sequence 
such that lim |<^?(z„)| = 1. Let a„ = tp(z n ) and q n = q a , where q a is defined in (7). By 

n — >oo 

(8), \q n ) is bounded in 33^. Obviously, q n (z) —* 0 uniformly on compact subsets of D. 
By Lemma 6, lim \\C^q„\\ar u = 0. By (9), 


lim M|z„|)IM(Tn)g(z«)l 
' MO ° MWz»)l) 


* lim m(|z, ! |)|(C^„)"(z„)| < lim \\C*q n \\^ = 0, 


1 
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which implies that lim = 0 . 

Wz)Hi / ' (lv( ’ )l) 

Let 


kn(z) = 


Jl"" l / u,(s)ds 


(18) 


Then 



2 (d^) 2 p t (a„z) f“"' p t (s)ds 
ff n»(s)ds 


By Lemma 2, {k„} is bounded in and k n — > 0 uniformly on compact subsets of B. 
From Lemma 6 , lim \\C 8 k n \\f^ = 0. By Lemma 2, 

n — >oo ^ w 


/A<p(z„)\ 

lim w(|z„|)|g'(z«)l p*(s)ds 

«-»°o j 0 

< lim WCpCnWsz, + 2 lim |<^'(z„)g(z„)o>>(|-:„|)//*(lv?(z„)| 2 )| 

n — >00 ft — >oo 1 1 

. w(|z J ,|)|^'(z„)g(z„)| 

~ lim 7i , ' h = °- 

which implies that lim oj(\z\)\g'(z)\G^(<p(z)) = 0. The proof is completed. □ 

|(o(z)H 1 

Theorem 3. Suppose g e H(D),ip G 5(D), to and p are normal on [0, 1). Then the 
following statements are equivalent. 

(i) C 8 : — > Bcj is bounded. 

(ii) sup to(\z\)\g(z)\G^(ip(z)) < oo. 

zsB 

(Hi) supw+(|z|)|g'(z)|G>fa(z)) < oo and sup ^ (l 'nL ( )if (::)l < 

zeB ZGD 

Proof. (ii)=>(i). Suppose that (ii) holds. For any / € using Remark 1, 
l|C*/||s„ = sup <o(|z|)|g(z)/'(ip(z))| < su P £u(|z|)te(z)|G^(<p(z))ll/ll^ £ WfH < “■ 

zeB zeO 


So — > Saj is bounded. 

(ii)=>(i). Suppose C 8 : is bounded. Then 

supw(|z|)|g(z)| = ||C*z||b u < oo- (19) 

zeB 


For all 77 G D, let u a (z ) = J‘ L f Q ' p t (s)dsdt, where a = ip(q). By Lemma 2, sup ^ ||M n ||^ < 
oo. Thus sup 7eD \\C 8 u a \\s„ < When \ip(q)\ > ±, 


w(l? 7 l)l,g 0 /)l 


f 


IvWI i 

p(s) 


ds « af\mcZua)'m < \\C 8 u a \\^ < C. 


( 20 ) 
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By (19) and (20), 

sup aj(\iq\)\g(jl)\G < oo. 

T]eD 

By Lemma 5 and Theorem 1, (i) o (iii). The proof is completed. □ 

Theorem 4. Suppose g e //(D), ip 6 S (D) , to and p are normal on [0, 1) such that 
C* : -» is bounded. Then the following statements hold. 

(i) If lim Gfj(z) < 00 , is compact. 

Id * 1 

(ii) if lim G^(z) = 00, then the following statements are equivalent. 

Izl— »l 

(a) Cy : is compact. 

(b) lim tu(|z|)|g(z)|G /I (^(z)) = 0. 

1 

(c) lim ao+{\z\)\gXz)\Gp{<p(z)) = 0 and lim 

k»(z)l->l M Wz)|->1 WWW 

Proof. Since C® : is bounded, (19) holds. 

(7). Suppose { f n } is bounded in and /„ — > 0 uniformly on compact subsets of D. 
Then {/„') is also bounded in Z>’ ; , and f'—*0 uniformly on compact subsets of D. From 

Lemma 4, lim sup |/,'(z)| = 0. Using (19), 

n-*°° zeD 

lim supw(|z|)|(C*/ n )'(z)| = lim sup w(|z|)|g(z)/,^(z))| < lim sup \f n (cp(z))\ = 0. 

zeD ”-*°° zgD "~ i ° 0 zeD 

Thus lim ||C£/„||s = 0. By Lemma 6, C? : is compact. 

(ii). (b)=>(a). Assume that lim w(|z|)|g(z)|G^(<^(z)) = 0. Then for any s > 0, 

IvCzil— *1 

there exists a 6 e (0, 1), such that 


w(|z|)|g(z)|G^(z)) < £, when 6 < \q>(z)\ < 1. 


Suppose that {/„} is bounded in and converges to 0 uniformly on compact sub- 
sets of D. Then /,( — > 0 uniformly on compact subsets of D. By (19) and Remark 
1, 


\Kfn\h. = 


< 

< 

< 


sup oo(\z\)\g(z)f!Mz))\ 

zsD 


sup cu(|z|)|g(z)/>(z))| + sup oj(\z\Mz)f'Mz))\ 
\f(z)\<5 <5<Mz)l<l 


SU P \fhiip{z))\+ sup w(|z|)L?(z)|G^(^(z))H/„||^ 

|yj(z)|<5 <5<|i/j(z)|<l 


sup \f'Mz))\ + e, 

\<p(z)\<5 


which implies that lim ||C?/,||s = 0. By Lemma 6, Ci : 3?u — * is compact. 

n— >00 T y 


9 
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(a)^(b). Assume that ^ is compact. Let {z„} c D be a sequence such 

that lim \<p(z n )\ = 1. From the proof of Theorem 2, we see that {k n \ is bounded in 

ft— » oo 

and k n — > 0 uniformly on compact subsets of D. By Lemmas 1, 2 and 6, 


lim 

ft— » oo 


Oj(\Zn\MZn)\ (/o' 0 "' Jd dS ) 


-7-T ds 
Jo /j(s) 


* lim oj(Iz„I) |(C*k„)'(z„)| < lim \\C*k n \\ Sa = 0, 

ft — >oo 1 1 ft — >00 


which implies lim co(|z„|)|g(z„)G /( (<p(z„))| = 0. So lim w(|z|)|g(z)|G^(z)) = 0. 
n~* °° Wz)|-»1 

Using Lemma 5 and Theorem 2, we see that (a)<=>(c). The proof is completed. □ 


4 The boundness and compactness of 


From Lemma 5, Theorems 1 and 2, notice that lim G M+ (z) = oo, we have the following 


IzHl 


theorems. 


Theorem 5. Suppose g e //(D), ip e 5(D) , w ant/ p are normal on [0, 1). Then 
Cy : S M — * ^ is bounded if and only if 


supw(|z|)|g'(z)|G^ + (^(z)) < oo and 

zeB 


0 >{\z\)\v'<,z)g(z)\ 

sup — 

zeD d+iWz)]) 


Theorem 6. Suppose g e //(D), <p e 5(D) , w and p are normal on [0, 1) such that 


r 8 

'-'ip 


Su 


is bounded. Then Ci is compact if and only if 


lim w( |z|) |g'(z) |G^ + (p(z)) = 0 and 


lv(z)|— >1 


lim 

IAz)|-»l 


^(kl)|y , (z)g(z)| 

n+{\<p(z)\) 


= 0. 


Theorem 7. Suppose g e //(D), ip e 
following statements are equivalent. 

(i) Cy : -* So, is bounded. 

w <«■ 


a) and p are normal on [0, 1). Then the 


(iii) supw+(|z|)|g'(z)|G> + (v(z)) < oo and 

zeD 


sup < oo. 

zeD 


A4(Wz)|) 


(iv) sup cu(|z|)|g(z)|G jU+ (yi(z)) < oo. 

zeB 

Proof. (ii)<=>(i). By Lemma 3 and taking the function f(z) — f~ p t (f)dq e 2^, we can 
get the desired result. Since the proof is similar to the proof of Theorem 1, we omit the 
details. 

By Lemma 5, Theorems 1 and 3, we see that (i ) o (iii) and (i ) o (iv) hold. The 
proof is completed. □ 
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Theorem 8. Suppose g e //(D), ip 6 S (D) , u> and p are normal on [0, 1) such that 
Cy : Bfi — * So, is bounded. Then the following statements are equivalent. 

(i) C^\ is compact. 


< H) 


lim 


^(LDIg(z)l 

pW.z)\) 


= 0. 


(Hi) lim to + mg\z)\G^z)) = 0, lim - 0. 

Iv(z)|— * 1 Mz)|->1 A+llWJI) 

(iv) lim io(\z\)\g(z)\G^(w(z)) = 0. 

M,z)l->1 

Proof. Since C* : S M — » S u is bounded, we get that sup w(kPlg(tOI = HC^Hs^ < oo. 

zeB 

(ii)=*(i). Suppose ^ lim = 0. For any e > 0, there is a 6 e (0, 1), such that 


uXkPIgkPI 

Mlv(z)P 


when 6 < \ip(z)\ < 1. 


Let {/„} be bounded in B fl and /„ — > 0 uniformly on compact subsets of D. From 
Cauchy estimate, > 0 uniformly on compact subsets of D. By Lemma 3, 




< 


< 

< 


sup a>(\z\)\f'fip(z))g(z)\ 

zeB 


sup w(k|)|/,;((/j(z))g(z)| + sup aj(\z\)\f',((p(z))g(z)\ 

l^(z)l<4 c5<|io(z)|<l 


sup \f'Mz))\ + sup 

|<p(z)|<<5 <S<b>(z)l<l 


uXkPIgkOI 

MWz)P 


ll/nlls. 


sup \f!,(<p(z))\ + e, 

\<f(z)\<5 


which implies that lim ||C5/,||® = 0. By Lemma 6, C5 : 2L — » is compact. 

n — >oo r w Y 

(i)=$(ii). Suppose that is compact. Let {z„} c D be a sequence 

such that lim \p(z n )\ = 1. Let a n = p(z n ) and f„(z) = p(\a n \) C" P*W dr l- Then is 

n — >oo 

bounded in T! ; , and converges to 0 uniformly on compact subsets of D. By Lemma 6, 
lim HCj/nlls^ = 0. Therefore 

ft— >oo Y 


lim tu(k,iPLgfc,)| 

n^oc p(\ip(Zn)\) 


= lim oj(\z n \)\(Clf n )'(z n ))\ = 0, 


which implies that (ii) holds. 

By Lemma 5, Theorems 2 and 4, (i)o(iii) and (i)<=>(iv) hold. The proof is complet- 
ed. □ 
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Abstract 

Little work on the convergence and error estimates of approxi- 
mate series solutions exists in the literature. For general nth-order 
linear differential equations with initial conditions, a rigorous proof of 
convergence for the series solutions given by the homotopy analysis 
method is first presented in this paper. Furthermore, an upper bound 
for the absolute error of these approximations is obtained. 


1 Introduction 


Higher-order differential equations arise in various branches of science and 
engineering. However, unlike numerical solutions, little work on the con- 
vergence and error estimates of the approximate series solutions to these 
equations can be found in the literature. 

Consider general nth-order linear differential equations with initial con- 
ditions 


L[u(x)} = f(x), 

u^\x 0 ) = Ai, i = 0, • • • , n — 1 


( 1 ) 


where 


L := 


dx r 


+ Pn- i(x) 


d 11 - 1 

dx ™- 1 


H \-Pi(x)-^+p 0 (x), 


Pi(x), i = 0. 1 , • • • . n — 1 and f(x) are continuous in some neighborhood 
[xo — 5, Xq + h] of xq. The main purpose of this paper is to present a rigorous 
proof of convergence for the series solutions given by the homotopy analysis 
method and to establish an upper bound for the absolute error of these 
approximations. 


1 
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1 Introduction 


2 


The homotopy analysis method (or HAM) [1, 2] is a popular analytic 
approach for seeking series solutions to differential equations and related 
problems. It has been applied to solve many problems in different fields of 
science and engineering [3, 4, 5, 6, 7, 8, 9, 10]. 

For the sake of easy reference, the homotopy analysis method is briefly 
described as follows. Given a (usually nonlinear) problem 

J\f[u(x)] = 0, i6fl, (2) 

one first constructs a zeroth-order deformation equation 

(1 - q)C[<p(x-,q) -«o(z)] = qc 0 N[<f>(x;q)], (3) 

where C is an auxiliary linear operator, Uq(x) an initial guess satisfying the 
given initial/boundary conditions, and Co ^ 0 the convergence-control pa- 
rameter. At q = 0 and q = 1, one has 


cf)(x] 0) = u 0 (x), <f>[x\ 1) = u(x), 


(4) 


respectively. To seek a series solution, one expands (j>{x\ q) into a Taylor 
series at q = 0 

+oo 

4>(x; q) = u 0 (x ) + ^2 u m(x; c 0 )q m . (5) 

m= 1 

Assuming that Co is properly chosen so that the series (5) converges at 
q = 1, then 

+00 

u(x) = c 1){x ; 1) = ^2 u m(x; c 0 ) (6) 

m = 0 

must be one of the solutions to the given problem as shown in [1], where 
u m (x]Co) is governed by the mth-order deformation equation 


^m(*G Q)) 1 (*^; A))] 


c 0 d m W[0(x; q)] 
(m — 1)! d q m ~ l 


(7) 


Xm 


0, m < 1, 

1, m > 1. 


In practice, one can only calculate an iVth-order approximation 


N 

1pN(x] Co) = ^2 U m(x, Co) 

m = 0 


( 8 ) 
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2 Convergence and error estimates 3 

of which the higher-order terms u m (x]Co),m > 1 are calculated via (7). 

To obtain an accurate approximation (8), the optimal value Cq is deter- 
mined by minimizing the average residual error 

1 M 

E(c°) u X! WM x i> Co )]) 2 , ( 9 ) 

3 = 1 

where Xi, x 2 ■ ■ • , Xm £ Cl are sample points. 

For the problem (1), a rigorous proof of convergence for the series solu- 
tions given by the HAM is presented in Section 2. Moreover, an approach 
is also given for determining the valid region of Co that ensures the conver- 
gence of (6), and for obtaining an upper bound for the absolute error of the 
TVth-order approximation (8). In Section 3, two examples are given to illus- 
trate the procedure and to demonstrate how accurate and convergent series 
solutions can be obtained. Some concluding remarks are given in the last 
section. 

2 Convergence and error estimates 

Let F(x) be continuous on [x 0 — 5, x 0 + 5]. Denote 

||F(-)|| := max \F(x)\ . 

xG[xo—o,xo+o\ 

For the initial value problem (1), it is assumed for the rest of the paper 
that the neighborhood [xq — 5, Xo + 5] of xq is sufficiently small so that 

1 tE(^T)tII!’»-‘(')II >0 - < 10 > 

First, one constructs the zeroth-order deformation equation (3) with an 
initial guess u o(x) satisfying the initial conditions in (1) 

u {l \x 0 ) = A u i = 0, • • • , n — 1. (11) 

The linear operator and nonlinear operator are set out below 

C[(j)(x; g)] = - ^ q \ Af[(j)(x] q)} = L[</>(x; q)] - f(x). 

Following the procedure outlined in Section 1, one obtains a series solution 

+oo 

u(x; c 0 ) = u m (x ; c 0 ) (12) 

m = 0 
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2 Convergence and error estimates 


4 


and an TVth-order approximation 

N 

c 0 ) = ^2 u m(x', c 0 ) (13) 

m = 0 


to the initial value problem (1). For these solutions, one has the following 
convergence theorem: 


Theorem 1. For Cq G 


2— e 


1+ELl 5 ^\\Pn-kC 


\Pn-kC 


, the series 
<5] , where e 


solution (12) converges to the true solution u(x ) on [ x 0 — 5, x 0 
is a small number satisfying 0 < e < i-£Lifillp-*(-)l|. *IIM-;co)|| is 
an upper bound for the absolute error of the Nth-order approximation (13), 

& n 


where K = 


(n-l)l[l— EZ =1 


and E]y(x ; cq) = 


^JV+1 i x i c o) 


Co 


Proof: Let 

N 

u(x ) = ^2 u m(x; Co) + Rn(x; c 0 ). (14) 

m= 0 

Then the series (12) converges to u(x) on [xo — 5,x o + 5] if and only if 

lim \\R n (-; Co) || = 0. (15) 

JV->oo 

To achieve this goal, we substitute (14) into the differential equation in 
(1), which gives a differential equation satisfied by Rn( x ', Co), 

L[R n (x ; c 0 )] = -S N (x; c 0 ) + f(x), (16) 

where 

N 

S N {x] Co) = ^2 L i U m{x] Co)]. 
m= 0 

Since the initial guess u 0 (x ) satisfies the initial conditions in (1), one sets 

Um{xo]c 0 ) = 0,u' m (x o -c o ) = 0, ••• ,n^ _1) (a;o; c 0 ) = 0 for m > 1. (IT) 

Consequently the initial conditions for the remainder Rn(x] Co) are 

Rn(x 0 ] c 0 ) = R' n (x 0 ; c 0 ) = • • • = T?^ _1) (a; 0 ; c 0 ) = 0. (18) 

Next, we want to simplify Sn(x',c 0 ) in (16). Note that the mth-order 
deformation equation (7) becomes 

«L n) (i; C 0 ) - XmUml lOC C o) = C 0 [L(u m _i {x\ C 0 )) - (1 - Xm)f(x)\. (19) 
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2 Convergence and error estimates 


Adding both sides of (19) from m — 1 to N + 1 yields 

—u ( nI Ax; c 0 ) = S N (x; c 0 ) - f(x). 

Co 

Consequently (16) becomes 


( 20 ) 


L\R N (x-,cVj\ = mSJ’. 1 (x;c 0 ). 

Co 

Our next goal is to estimate ||-Rtv(-; c 0 )||. Noticing (18), one has 

px px pt2 

R N (x; Co) = / R , N (t 1 -,co)dt 1 = / / R" N (ti 1 co)dt l dt 2 = ■ ■ 


> xo 

r x rtn-i 


xo J xq 



which implies 

#!?(•; c 0 ) 


< 


X 0 J Xo 


Stn—l—k 


(n — 1 — k)\ 


rt2 


’ x o 


Rn 1 \t 1 ]Co)dt 1 - ■ ■ dtn^dtn-!, 


R ( N 1} (-;co) , A; = 0, 1 , ... ,71-2. (22) 


( 21 ) 


Using the initial condition R^ 1 ' ) (a;o;co) = 0 and integrating (21) from 
xo to x give 

/ px px 

R ( ^~ 1 \x-,c 0 ) = - ( / p n - 1 (t)R ( ] !))~ 1 \t;co)dt-\ b / p 0 (t)R N (t; c 0 )dt 


— / u 


c 0 


(n) 

N + 1 


' x o 


(t; c 0 )dtj . 


Following a similar reasoning as above, one arrives at 


R 


(n~ 1), 

'TV ' 


5 k 


■ c ») nr Up 


In view of (10), one has 


n—k \ * > 


R 


(n-1)/ . 
■TV V) 


Co) 


+ 


"v’ i(-;c 0 ) 


l c o| 


R 


O-i), 

'TV 1 


•; c o) 


< 


Ali(s c «) 


i-E;,i<A>iib”-‘('>ii |co1 


(23) 
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2 Convergence and error estimates 


6 


Combining (22) and (23), one finally achieves 


Rn ( S c 0 ) || < 


5 n 

M Srli (-; co ) 

(n — 1 )! 


| co | 


Consequently 


Rn(-;c 0 )\\ < K ||^iv(-;c 0 )|| , 


(24) 


where 


K = 


("-1)1 1 -£Li (jSji IK-t(')ll 


and E n (x]c 0 ) = 


u 


( n ) 
N + 1 


>;c 0 ) 


c 0 


Therefore, we have proved that K ||-EW(-; Co)|| is an upper bound for the 
absolute error of the iVth-order approximation (13) on [xo — 5, xo + 5]. Our 
next goal is to prove that, if 


Co £ 


2 — e 

1 + EL 1 |[ I \Pn-k{ 


EL 1 M I \Pn-k{ 


then 


lim || i 2 jv (-; c 0 )|| = 0 . 

JV-»oo 


(25) 


First we figure out an expression for E^[x\ Co). The following lemma can 
be proved by mathematical induction. 


Lemma 2. Noticing En(x]Cq) = 


_ L+iC^q) 


Co 

N 


E n (x;c 0 ) = ^ 


k = 0 


N 


one has 




(26) 


where ao(x) = L[uq(x] cq)] — f(x), and for 0 < k < N — 1, 


X rt 2 


a k +i(x) = a k (x) +p n -i(x) / a k (ti)dti + p „_ 2 (( r ) 

J XQ 

rx rt n rt2 





XQ J XQ 


H \-p 0 (x) 



1 * 1 dtf\ 


(27) 


#0 ^0 


’ Xq 
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2 Convergence and error estimates 


Based on Lemma 2, one can determine the relation between Ejy(x] cq) 
and E n+ i(x] c 0 ). In view of (17), (26) and (27), one has 


E n+1 (x-c 0 ) 

— (1 + Co) 


up+ i( x ; c o) 


+ p n -i (x)m^ +1 1} (x; c 0 ) H h Po (x)u N+1 (x; c 0 ) 


co 


=(1 + c 0 )E n (x-,c 0 ) + cop n -i(x) / E N (t 1 ;c 0 )dt 1 + 

J XO 

nt n rt2 

■ E N (ti, c 0 )dti ■ ■ ■ dtn^idtn, 

0 J Xq 


which implies 

||-EV+i(-; c 0 ) || < 
Next, let 


|i + col + |co|£fc[lb‘ 


k = 1 


n—k\') 


\En(", co) || • 


w(5,c 0 ) = |l + c 0 | + |c 0 |^^|-||p n _ fc ( 


k = 1 


(28) 


Case I. If c 0 G 


-1 


’ 1-£2=1&I |P»-k( 


, then (28) becomes 


w(5, Co) = l + c 0 (l-5:^ 1 1 p ' 


k = 1 


n—k\ 


< l-e. 


Case II. If c 0 G 


2— e 


l+£fc=i&HPn-fc( 


, — 1 ) , then (28) becomes 


1 + ^ p 


k = 1 


n—k\) 


< 1 -e. 


One thus concludes that if 

2 — e 


Co G 


then 


i+e;.iSiip»-*(oii’ i - el, S iip»-*(- 

w(5, c 0 ) < 1 — e < 1. 


(29) 
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3 Examples 8 

Thus En(x] Co) is a contraction mapping 
||-EW+i(-; c 0 ) || < w(6,co) 1 1 -Ejv ( • ; c 0 ) || 

Iteration then yields 

IIM-;cd)|| <(1-^1 

Consequently 

lim 1 1 ( - ; c 0 )|| = 0 and lim ||-Rjv(s c 0 ) || = 0, 

N— >oo JV— >- OO 

and the theorem has finally been proved. 4k 


<(l- £ ) ||S f /(-;c 0 )||. 
Eo(-', co) || , 


3 Examples 

In this section, we apply the approach to investigate some initial value prob- 
lems. 


3.1 Buckling of a cantilever bar 


A cantilever bar of length l is free at the upper end and is built-in at the 
bottom. The axial load P is supposed to be uniformly distributed along the 
bar axis. The deflection w satisfies the differential equation 


d 3 w P dw 


0 , 


( 30 ) 


where El is the bending rigidity. The initial conditions are 


»( 0 ) = 0 , E 

dx 


= 0, 


d 2 w 


x=0 


dx 2 


= 1 . 


x=0 


( 31 ) 


A simple way to reduce the order of the equation is to set u(x) = dw/dx , 
but a more interesting way is as follows. 

We make a change of variable 


z = 


2 

3 



( 32 ) 
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3 Examples 


9 


Table 1: Upper bound for the absolute error of the TVth-order approximation. 


N 

2nd order 

3rd order 

4th order 

5th order 

6th order 


1.190E-2 

1.146E-3 

8.188E-5 

5.794E-6 

3.800E-7 


Step by step differentiation yields 


dw dw 3 / 3 P 

dx dz V 2 El 

d 2 w f 3 P \ 5 /I _idw 2 d 2 w\ 
~d^ = \2El) V3 2 3 ~ch +Z * JP 2 ) ’ 
d 3 w 3P / 1 _ 1 dw d 2 w d 3 w\ 

dx 3 2 El \9 dz dz 2 dz 3 ) 


(33) 


Introducing this in (30) and using the notation 


dw 



(34) 


we get 


d 2 u 1 du 

dz 2 z dz 



(35) 


It turns out that (35) is a differential equation of Bessel type. For compu- 
tational purposes, one sets l = l, El = 1, and P = , the buckling 

critical load (see [11]). Then the initial conditions become 


u{z 0 ) = 0, u'(z 0 ) 


1 

p’ 


(36) 


where Zo = qHy 1 - Now let us solve the initial value problem (35)-(36). 

Following the procedure outlined at the beginning of Section 2, one ob- 
tains a series solution (12) and an IVth-order approximation (13) to the 
problem (35)-(36). 

The radius 8 = | of the neighborhood of z 0 = is determined by 

the condition (10). Then a valid region [—1.211828346 + 0.6059141731 e, 
—2.860401756 e] of c 0 is obtained by means of (29), where 0 < e < 0.3496012397. 

It follows from Theorem 1 that, for Co G [—1.211828346 + 0.6059141731 e, 
—2.860401756 e], the series solution (12) converges on [qHy — §, qHjy + §]• 

To get an accurate approximation, the optimal value of Co is determined 
by minimizing the averaged residual error (9) of the 5th-order approxima- 
tion (13). It turns out that cq = —1. Notice that —1 G [—1.211828346 + 


655 


Junchi Ma et al 647-659 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


3 Examples 


10 


u 


-0.08 


-0.04 


- 0.02 


-o.oe 


0.04 


0.02 


o.oe 


c 



Figure 1: The solid line: numerical solution; the dot line: the 5th-order HAM 
approximation. 

0.6059141731 e, —2. 860401756 c]. So the corresponding series solution (12) 
does converge. 

The upper bounds K ||-E7v(-; — 1)|| for the absolute error of the ATli-order 
approximation (13) when N = 2, 3, 4, 5, and 6 on — |, + §] are 

calculated, as shown in Table 1. It is very accurate as shown in Figure 1. 

3.2 Third-order equation with variable coefficients 

Consider the third-order initial value problem (see [12]) 


This initial value problem does not have a closed-form solution. 

Following the procedure outlined at the beginning of Section 2, one ob- 
tains a series solution (12) and an ATli-order approximation (13) to the 
problem (37). 

The radius 5 = ^ of the neighborhood of Xq = 1 is determined by the con- 
dition (10). Then a valid region [-1.111481567+0.5557407833 e, -4.98504640- 
of c 0 is obtained by means of (29), where 0 < e < 0.2005999381. 



(37) 


u(l) = 1, u'(l) = 0, u"{ 1) = 1. 


656 


Junchi Ma et al 647-659 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


4 Conclusion 


11 


Table 2: Upper bound for the absolute error of the TVth-order approximation. 


N 

5th order 

10th order 

15th order 

20th order 


4.000E-4 

1.116E-8 

1.347E-13 

1.017E-18 



X 


Figure 2: The solid line: numerical solution; the dot line: the 5th-order HAM 
approximation. 


It follows from Theorem 1 that, for Co £ [—1.111481567 + 0.5557407833 e, 
—4. 985046404 c], the series solution (12) converges on [41, . 

To get an accurate approximation, the optimal value of c 0 is determined 
by minimizing the averaged residual error (9) of the 5th-order approxima- 
tion (13). It turns out that Co = —1. Notice that —1 £ [—1.111481567 + 
0.5557407833 e, —4. 985046404 c]. So the corresponding series solution (12) 
does converge. 

The upper bounds K ||iUv(-; — 1)|| for the absolute error of the TVth-order 
approximation (13) when N = 5, 10, 15 and 20 on [11, ||] are calculated, as 
shown in Table 2. It is very accurate as shown in Figure 2. 


4 Conclusion 

For general nth-order linear differential equations with initial conditions, we 
have presented a rigorous proof of convergence for the series solutions given 
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by the HAM for the first time. Furthermore, we have proposed an approach 
for seeking convergent series solutions to these problems. Some outstanding 
features of the approach include the determination of a valid region of the 
convergence-control parameter for ensuring convergence, and the calculation 
of an upper bound for the absolute error of an approximation. 

Some issues still deserve further investigations. For example, how can 
one enlarge the neighborhood [x 0 — 5, x 0 + 5] of x 0 so that Theorem 1 is still 
valid? How can one extend the techniques to investigate the convergence of 
nonlinear problems? It is believed that substantial work has to be done for 
dealing with these issues. 
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Abstract. For any d-dimensional neutral stochastic functional differential 
equation with infinite delay and m-dimensional Brownian motion, we introduce 
a sequence of approximate equations and offer sufficient conditions such that 
the approximate solutions converge with probability one to the solution of the 
given equation. This iterative method called the generalized Z-algorithm is a 
generalization to many well-known analytic iterative method. 


1. Introduction 

The neutral stochastic functional differential equation, abbreviated as NSFDE, 
which was introduced by Kolmanovskii and Nosov [5], has been received much more 
attention in recent years. The existence and uniqueness theorems of the solution to 
the NSFDE with finite delay can be seen in Mao’s books [6]. Recently, the existence 
of the solution to NSFDEs with infinite delay has been established in [1, 8, 9] by 
the classic Picard iteration argument. In 2010, S. Jankovic, M. Vasilova and M. 
Krstic [4] utilized successfully a general analytic method called the Z-algorithm to 
verify the existence of the solutions to NSFDEs with finite delay. 

Actually, the Z-algorithm method could be backed to works [10, 11] in which 
Zuber posed an analytic iterative method for solving the Cauchy problem of the 
ordinary differential equation X' = f(t,X) with X(to) = X 0 . In fact, Zuber 
considered the approximate equations X' n+l = f n {t',X n+ i) with X n+ i(t 0 ) = X 0 
for n = 0, 1, • • • . It was showed in [10] that if T^°=i su P|t-t 0 |< e I f(t,X n (t)) - 
f n (t, X n (t )) | < 1, then the sequence of the solutions {X n } converges to the solution 
X of the initial equation, uniformly in an interval around to. Here we remark that, 
by the advantages of the Z-algorithm method, if we choose the functions {/„} 
good enough so that the approximate equations can be effectively solved, then the 
solution X of the initial equation can be effectively approximated. Later, Jankovic 
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[2, 3] applied an analogous analytic method to the following stochastic differential 
equation of the Ito type, 

(1.1) dX(t) = a(t,X(t))dt + b(t,X(t))dB(t), ie[0,T] 

(1.2) X(0) = X 0 , 

by comparing its solution with the solutions to the related equations 

(1.3) dX n+1 (t) = a n (t,X n+1 (t))dt + b n (t,X n+1 (t))dB(t), te[0,T] 

(1.4) X„ +1 (0) = Xq, 

for n = 0, 1, ... and some suitable functions {a n } and {&„}. It was shown in [2] that, 
if 

OO 

T. sup{|a(f, X) - a n (t, X)\ + \ b(t, X) - b n (t , X)]} < oo, 

n=l t’ X 

then the solutions X n+ i(t) of (1.3) converge to the solution X(t) of (1.1) a.s. uni- 
formly in [0, T] as n — > oo. 

Motivated by the works mentioned above, we will discuss in this paper the exis- 
tence of the Z-algorithm approximate solutions to NSFDEs with infinite delay. Our 
main theorem will be stated and shown in the next section, see Theorem 2.4; and 
some comments will be given in section 3. Here we need to give the notations and 
definitions which will be used in the paper. 

Let | • | denote the Euclidean norm in R d . If A is a vector or a matrix, its 
transpose is denoted by A T \ The trace norm of a matrix A is represented by \A\ = 
s/trace(A T A). Let (H,^,P) be a complete probability space with a filtration 
{^t}t>t 0 satisfying the usual conditions, i.e. , it is right continuous and J ^t 0 contains 
all P-null sets. Assume that B(t) is a m-dimensional Brownian motion defined on 
that is B(t) = (Pi(t), B 2 (t ), ..., B m (t)) T and each Bi(t) is a standard 
Brownian motion for i = 1,2,- •• ,n. Let BC{{— oo, 0]; R d ) denote the family of 
bounded continuous Revalue functions tp defined on (— oo, 0] with the norm ||(^|| = 
su P-oo<6»<0 I^WI- 

In this paper, we consider the following d-dimensional NSFDEs with infinite 
delay, 

(1.5) d[X(t)-D(X t )\ = f(t,X t )dt + g(t,X t )dB(t), t 0 <t<T, 
where 

X t = {X(t + 9) : -oo < 9 < 0} 

can be regarded as a BC((— oo, 0]; R d )-valued stochastic process; and we assume 
that D is a vector- value function from BC((— oo, 0]; R d ) to R d , and f is a Borel 
measurable function from [foi? 1 ] x BC((— oo, 0]; R d ) to R d , and g is a matrix- value 
Borel measurable function from [to 7 T] x PC'((— oo, 0]; R d ) to R md . Here one notes 
that the last term, g(t, X t )dB(t), in equation (1.5) can be rewritten as 

<?i(L X t )dBi(t) + g 2 {t, X t )dB 2 (t) + • • • + g m (t, X t )dB m (t). 

The initial value is assumed to be 

(1.6) A* 0 = {£(0) : -oo < 9 < 0} 

where £(0) is an & to -measurable BC{{— oo, 0]; R d )-value random variable such that 
Eiien 2 <oo. 
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Definition 1.1. Revalue stochastic process X(t) defined on (— oo, T] is called the 
solution of (1.5) with initial value (1.6), if X{t) has the following properties: 

(1) X(t) is continuous and {X{t) : — oo < t < T} is ^-adapted; 

(2) f(t, X t ) £ j?\[t 0 , T]-n d ) and g(t, X t ) £ J^ 2 ([f 0 , T]; R dxm ); 

(3) X to = £, and for each to <t <T, 

(1.7) X(t) = £{0) + D(X t ) - D(£) + f f(s,X s )ds+ f g(s,X s )dB{s), a.s. 

Jt 0 Jto 

We say that the solution of (1.5) with initial value (1.6), X(t), is the unique 
solution, if for any other solution X(t) distinguishable with X(t) we have 

P {X(t) = X{t) : -oo < t < T) = 1 

Here we remarked that the existence and uniqueness of the solution to the equa- 
tion (1.5) were established by the well-known Picard iteration in [1, 8, 9] under the 
following assumptions: 

(Ml) There exists a positive constant K such that, for all </?,!/> £ BC((— oo, 0]; R d ) 
and t £ [t 0 , T], 

I + | g(t,<p) - g(t,ip ) | < K\\ip- ip\\ 

(M2) There exists a positive constant I\ such that, for all ip £ BC((— oo, 0]; R d ) 
and t £ [t 0 , T], 

\f{t,p)\ + \g(t, <p)\ < K{ 1 + ||(^||) 

(M3) There exists a constant k £ (0, 1) such that, for all <p, £ BC((— oo, 0] ; R d ), 

I D(ip) - D{ip ) | < k\\ip — ijj\\ 

Recall the stochastic integral equation (1.7), we introduce the following sequence 
of the related equations: 

X n+1 {t)-D n {X? +1 ) = r +1 (0 )-D n (C +1 )+ f fn(s,X” +1 )ds 

Jto 

(1.8) + f g n (s,X: +1 )dB(s ) 

Jto 

for t £ [t 0 ,T] and n = 0, 1, ■ ■ • , where X^ +1 = {X n+1 (t + 9) : — oo < 9 < 0} 
are BC((— oo,0];R d ) -value stochastic processes, £” +1 = X t " +1 are the initial con- 
ditions. The functions D ni f n . g n will be chosen late such that 

Dn{X) D{X), f n (t,X) —> f(t,X), g n {t, X) — >• g(t, X), as n — > oo, 

uniformly in [f 0 ,T] x BC{{— oo, 0];R d ). 

Let X{t) be the unique ^-adapted solution to the equation (1.7) satisfying 
EsuPjWqoji] |X(t)| p < oo. Let X n+1 (t) be the unique ^-adapted solution to the 
equation (1.8) satisfying E sup te (_ 00)T ] \X n+1 (t)\ p < oo for n = 0, 1, • • • . 

We will use the following notations in this paper, 

7n = E||£-fT, 

S n = E sup \D(X?)-D n (X?)\P, 

te[t 0 ,T] 

£n = E sup [\f(t,X?)-f n {t,X?)\P + \g{t,X?)-g n (t,X?)\*]. 
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We take the initial iteration to be X°(t) = £(0) a.s., for t € [to,T], and X t ° o = £. 
We will use the following conditions: 

oo oo oo 

(1.9) E^ <0 °> E S n < OO, £ n < oo 

n = 0 n — 0 n—0 


2. The main theorem and its proof 


At first we give three lemmas, which are useful for our investigation. 
Lemma 2.1. For any X,Y G R d and 6 G (0, 1), we have 

\X\? 


\X + Y\ P < 


\Y\p 

+ 1A, p > i 


(i-ey - 1 ep- 1 ' 

The proof of Lemma 2.1 can be found in [6] 

Lemma 2.2. Let u,v : [a,b] R+ be continuous functions and L be a positive 
constant, if 

u(t) < v(t) + L / u(s)ds , 

J a 

then for all t G [a, b } we have 


i(t) < v(t) + L f e S ^v(s)ds. 
J a 


Especially , if v(t) = M is a constant, then u(t ) < Me L ^ t ~ a \ 

Lemma 2.2 is a special case of the Gronwall lemma, so we omit its proof here. 

Lemma 2.3. Let p >2 , f G [to, T], and let X t ,Xf G BC((— oo, 0]; R d ) be the 
stochastic process mentioned above, then for any r G [to,t\ we have 

\\X r -X?\\P < ||£-fT+ sup | X(u)-X n {u)\P. 

ue[t 0 ,r] 


Proof. From the definition of the norm in BC{{— oo, 0]; R d ), we have 
||*r-*rll P = sup \X{r + 0)- X n (r + e)\ p 

0G(— oo,0] 

sup \X(u)~ X n (u)\ p 

u€(— oo,r] 

< sup |X(u) — X n (u)\ p + sup \X(u) — X n (i 
■u6(— oo,to] 

= ll?-ril p + sup \X(u)-X n (u)\ p . 

u£[t 0 ,r] 

The lemma is proved. 


□ 


Now we state our main theorem. 

Theorem 2.4. Let p > 2 and E||£|| p < oo, E||£"|| p < oo , n = 0,1,.... Assume 
that the functions D, f , g, D n , f n , g n satisfy the Lipschitz conditions (Ml) and 
(M3) with constants K > 0 and k G (o, 1/(3 • 2 4 ( p-1 ))p^ for any n = 0,1,.... 
If the condition (1.9) is vilid. Then, the sequence of solutions { X n+1 (t ) : t G 
(— oo,T],n = 0,1,...} of the equations (1.8) converges uniformly in [t 0 ,T], with 
probability one as n —> oo, to the solution {X(t),t G (— oo, T]} of equation (1.7). 
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Proof. From (1.7) and (1.8), for all r e [to,T], we have 

X(r)-X n+1 (r) = m-C +1 (0)~D^) + D n (C +1 ) 

+D(X r ) - D n (X? +1 ) 

+ [ r [f(s,X s )-f n (s,X2 +1 )}ds 
Jt 0 

(2.1) + [ [g{s,X s ) ~ g n {s,X: +l ) ]d B(s). 

Jt o 

Since k £ ^0, 1/(3 - 2 4 ( p_1 ))7^ and p > 1, we can choose 0 such that 


(2.2) 


(3 /c p ) 4 (p-u < 0 < 


Hence, for to < r < t < T, we see from Lemma 2.1 that 


(2.3) 

E sup 

re[t 0 ,t] 

where 

h 


Mt) 


Mt) 


h 


Mt) 


+ 


Mt) 


(: \-ey - 1 0 2 (p-!) (6>(i - 6»))p- 1 


re[*o,t] 

; sup 
re[to,t] 


/' [f(s,X s )-f n (s,X:+')\ ds 

Jt o 

+ f [g(s,X s )-g n (s,X? +1 )]dB(s) 

Jtn 


Next we will give the estimates for 7 1; J\ and J 2 , respectively. According to the 
condition (M3), we can deduce that 

h < 2 p - 1 [E|^(0) - r +1 (0)| p + E|D(0 - D n (C +1 )\ p ] 

< 2P- 1 7n+1 + S^EpD® - D(C)\ P + I D(C) - D n (C)\ P 

+\Dn(C ) - D n (Z)\v + I D n (0 - D n (C +1 )\ p ] 

< 2 p_ 1 7„ +1 + 8 p_1 /c p E||£ - C\\ p + 8 ^Sn + 8 p - 1 * I, E||e - C\\ p 

+8 p ~ 1 k p E\\f - C +1 \\ P 

(2.4) = 2^ 1 7„ +1 + 8 p_1 (2fc p 7 „ + k p ln+1 + S n ). 

For Ji(f), from Lemma 2.1 and the condition (M3), we get 
\D{X r ) - D n (X? +1 )\ p 

< [ (l-fljp-l lW) - - Dn{Xf)\ P ] 

+ ^ ^ AWr + -^|A,(*r) - D n {xr l )\ p ] 

- kP \i-ey (p- 1 ) + (0(i-0))p-^ + (0(i-0))p-! 

up 

+ 9WUI)II x ^Y" +, II' > . 
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Lemma 2.3 yields that 


E sup \\X r — X"|| p < 7 n + E sup \X(r)~X n (r)\ p 


Therefore, 


•'■«) s t (1 _ D)^!) + (8(1 _ g)),-i l [r- + E r |"P, 1 l*M - x »n 

< 2 ' 5 > + P.+i + E r |up ti l*(r) - X^CT] + W1 ■ 

For T 2 (t) , we can decompose it into two party 
Mt) < 2?- 1 


E sup | [ r [f(s,X s )-f n (s,X: +1 )]d S \ p 

rS[to,i] /to 

+ E sup | [ [g(s,X s ) - g n (s,X^ +1 )]dB(s)\ 
re[to.t] /to 


— : 2 P [J2l(i) + J22(t)\- 

To estimate J 2 i(t), using the Holder inequality and the condition (Ml), we get 
that 

•/ 21 (f) 

< 4 p-1 E 


sup | f [f{s 1 X s )-f{s 1 X:)]ds\ P + sup | [ r [f(s,X:)-f n (s,X:)\ds' P 

E[io,t] Jt 0 r£[to,t] Jt 0 

+ sup | f [f n (s,X™) - f n (s,X s )]ds\ p + sup | f [f n (s, X s ) - /„ (s, X" +1 )]ds 

re\tn,t] Jtn re\to,t] J to 


r£[t 0 ,t] Jt ( 

< 4 p- 1 


[K p (t - tor- 1 J nix* - x:\\ p ds + (t - 1 0 )%„ 

+K p (t-t 0 ) p ~ 1 f E||X g — X™\\ p ds + K p (t — to) p l [ m\X s ^X: +1 \\ p ds 

j to /to 

ft 

< 4 p - 1 (T-t 0 ) p_1 

> t 0 

nt 


2 K p I E\\X s -X^\\ p ds 

J to 

+K p I E||X S — X™ +1 \\ p ds + (t — to)£„ 

Jtn 


Hence by lemma 2.3 we obtain that 

J 2 i(f) < 4 p - 1 (T-to) p ~ 1 \2K p f ( 7n + E sup \X(r)-X n (r)\ p )ds 

L /to r€[t 0 ,s] 

+K P f {ptn+i + E sup \X(r) - X n+1 (r)\ p )ds + (t - f 0 )e„ 

/to re[to,»] 

= 4 p -\T -tor^UxP j E sup |X(r) - X n {r)\ p ds 

L /to re[to,s] 

+K p [ E sup \X(r)-X n+1 (r)\ p ds + (t-t 0 )(2K p ln + K p ln+1 +e n ) 

Jt 0 re[to,«] 
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In order to estimate J 22 W 
<^22 (t) < 4 P 


STOCHASTIC FUNCTIONAL DIFFERENTIAL EQUATIONS 
we use Cauchy inequality to get that 

r r 


P-1 


E sup | 

- re[io,t] Jto 


+E sup | / 
rG[to,t] •'to 


\g{a,X a )-g{a,X^)]dB{s)\ 
[g(s,X^~g n (s,X:)]dB(s)\ P 


[ [g n {s,X™) - g n (s,X s )]dB(s)\ 

Jto 


+E sup : 
r-e[to,t] Jto 

+E sup I [ [g n (s,X s ) - g n (s,X" +1 )]dB(s)\ 
re[t 0 ,t] Jto 

-Gundy inequality and the Holder inequality to the 


Applying the Burkholder-Davis- 
first ltd integral, we obtain that 

- sup | [ r [g(s,X s )-g(s,X2)]dB(s)\ p <c p E[ f \g(s,X s ) - g(s,X?)\ 2 ds] 

re[to,t] J to Jto 


E 


< c p ( 


ITU^j ~ •'U ~ •'U 

-(i-to) 1 " 1 -E\g(s,X s )-g(s,XZ)\ P ds 
Jto 

where c v is a universal constant, more precisely, c p = [p p+1 /2(p — l) p_1 ]§ for p > 2 
and c p = 4 for p = 2. The other Ito integrals can be estimated analogously, Thus 
according to Lemma 2.3 and the condition (Ml), we get that 


J 22 (^) 

<4P- 1 cM-t 0 ) P i- 1 \ I E\g(s,X s )-g(s,X?)\ p ds + f E\g(s, X?) - g n {s, X?)\?ds 
J to Jto 

,)\ P ds + f E\g n (s,X s ) - g n (s,X” +1 )\ p ds 

J to 

B 


; 4 P 1 c p (t 

h/ E| g n (s,x:)-g n {s,x t 

J to 

< 4 p ~ 1 c p (t - 


<4?- 1 c p (t-to)*- 1 [2K p f E||X S — X™\\ p ds + K p f E\\X e - X™ +1 \\ p ds + (t - t 0 )e 

Jto Jto 

<4 p - 1 c p (T-t 0 ) S “ 1 [2i^ p f ( 7 n + E sup \X(r) - X n (r)\ p )ds 
L Jto i-e[to)S] 


ho 

— 4 p ~ 1 c p {T — 


| X(r) - X n+1 (r)\ p )ds + (t - t 0 )e 


+I< P f ( 7 „+i + E sup | 

Jto re[t 0 ,s] 

2K p j E sup \X{r) - X n {r)\ p ds 
Jt 0 i"e[to,s] 

+K p [ E sup \X{r)-X n+ \r)\ p ds + {t-t 0 ){2K p ln + K p ln+l +s n ) 

Jto re[to,s] 


Therefore, 

6K 


c 


2K p [ E sup \X(r)-X n (r)\ p ds 
Jto re[t 0 ,s] 


+K p [ E sup \X(r)-X n+ \r)\ p ds + (t-t 0 ){2K p ln + K p ln+l +e n ) 
Jto re[to,s] 
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with the positive constant C = 8 P 1 1 (T — to) p 1 + c p {T — to) ? 

Introduce the following notations 

u n (t) = E sup \X(r) - X n {r)\ p , t € [t 0 ,T], n = 0, 1, - • - 

rS[to,t] 

Then from the inequalities (2.4), (2.5) and (2.6), we can easily obtain 
k p f* f* 

Un+l{t) < fj 4 tp-l) U ^+li' t )+ a / U n+1 {s)ds + 2a / U n (s)ds + /3u n {t) + {t-t 0 )lJ-n + Vn 


'to 


't 0 


where /3 = g 2 (p-i) [ (i-g^p-i) + (g(i_e))p-i 1> a is a positive constant, and = 
ai7n + a 2 j n +i + a 3 e n , v n = bi^ n + b 2 7n+i + b 3 S n , here a*, b t (i=l,2,3) are generic 
positive constants. Recall the inequality (2.2) we have k p < 3 k p < and so 

1 — gMp-i) > 0, then one can see that 

u n +i{t) < a / u n+1 {s)ds + 2a u n (s)ds + f3u n {t) + \(t - t 0 )n n + Xv n 

j to Jto 

where a, A are generic positive constants and /3 = gi ( p -l)_ kv [(yze) 2 ^ p ~ 1 ^+( 

This and Lemma 2.2 yield that 

u n -\-\[t) 2a I u n {s)ds -h (3u n {t) T A(t to)iXn T A v n 

Jtn 


X~a 


i(t-s) 


’to 


2a / u n {r)dr + /3u n {s) + A (s - t 0 )fJ.n + A u n 
Jt 0 


ds 


2a f u n {s)ds + 2a 2 f e a ^ ^ j u n {r)drds + a/3 f e a,<t S ^u n {s)ds 

J to J to j to j to 

+a\ft n f (s — t 0 )e a< ' t ~ s ' > ds T aXv n f e a( ' t ~ s ^ds + /3u n {t) 

J to J to 


+ X(t — to)Hn + A v n . 

By direct computation we note that 

2a 2 f f u n {r)drds = 2 a f (e OL< ' t ~ s ' > — 1 )u n (s)ds, 

J to *7 to J to 

\ \ e a(t-t 0 ) 

I t 0 )e ds — \tfj, n fjjfi + f-tn H - 

Jt 0 a a 

rt 


'to 

Therefor we have 


aXv n f S ^ds = —\v n + Xe a ^ to \ 
Jt n 


r l \p a {t—to) _ \ 

u n +i(t) < a(2 + /3) e a< ' t ~ s ^u n is)ds + /3u n {t) 4 /j, n + Xe a< ' t ~ to) 

Jto a 


< a{2 + (3)e a ( T ^ f u n (s)ds + /3u n {t) + 

Jt 0 

Thus, for every m = 1, 2, ..., we have 


Ae a(T-i 0 ) _ A 


/z„ + Ae a(T to) v n . 


m pt m m 

^2 'Unit) - u 0 (t) < a(2 + /3)e“ (T_to) / ^ u n {s)ds + /3 ^ u n {t) 

n- 0 •'*'> n= 0 n- 0 
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Xp a(T— i 0 ) \ m m 

+ — + •£ 

n— 0 n — 0 


a 


Hence, 


m pt m 

(1 - f3) ^2 u n (t ) < a(2 + /?)e a(T ^ o) / ^ u n (s)ds 

n - 0 , ' to ra= 0 


Xe^T-to) _ x 


Mn + ^e a ^ T ^ + uo(T) 


n — 0 n— 0 

Noting 0 < < 1 and 0 4 ( p_1 ) — k p > 2k p , one has that f3 < g n P - k ^_ kP < 1. From 

this and by Lemma 2.2, we get that 


m 1 \MT-t o) _ X m m 

< j— ^[ — ^^Ain + Ae a(T ' to) ^u n +M 0 (T)] 

n— 0 ^ n— 0 n— 0 




The condition (1.9) implies that Y^Lo^n < 00 and Y^=o v n < oo. Therefore, 

OO 

^u n (T) < oo. 

n— 0 


Recall that 


E sup |X(<) -X n (t)| p 

££( — oo,T] 


< E||C-ril P +E sup |X(t) -X"(f)| p 

te[io,T] 

= 7n + «n(r), 


then from the condition (1.9) and Doob’s martingale inequality [7], we find for an 
arbitrary e > 0 that, 


Vp{ sup \X(t) - X n (t)\ > e 

n = o 


< -^E|X(T)-X"(T)|P 

n— 0 

1 oo oo 

^ ^[E'yn + X^uncn] 

71=0 71=0 

< oo. 


Hence, by applying the Borel-Cantelli lemma, we conclude that for an arbitrary 
small e > 0, there exists a positive integer no = n o(w) such that 

sup \X(t) — X n (t)\ < e, n > no- 

££ (— oo,T] 

This shows that the sequence {X n (t), t G (— oo,T], n = 0,1,...} converges with 
probability one to the solution {X(t), t € (— oo,T]}. The proof is complete. □ 


3. Comments and examples 

In [1, 8, 9], the proof of the existence of the solution to the equation (1.5) is based 
on the well-known Picard iteration, which establishes the iteration on the solution. 
However, the Z-algorithm method iterates for the whole equation. The Z-algorithm 
is a more general algorithm and can be applied to discuss more equations. Many 
historically and well-known analytic methods are its special cases, for example, 
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Picard iteration, Newton-Kantorovich method and Chaplygin methods of chords 
and tangents. 

Next, we give some examples to illustrate Theorem 2.4. 

Example 1: Let {£ n ,n = 0,1,...} satisfy — £ n || p < oo and let D n , /„, 

g n be defined in the following way: for n = 0, 1, ..., X G BC((— oo, 0]; R d ) and for 
every fixed t £ [to,T], 

(3.1) D n (X ; X?) := p n (X - X?) + D(X?) 

(3.2) f n (t, X; X t ") := # n (X - X t n ) + f(t, X?) 

(3.3) g n (t, X; X?) := 0„(X - X?) + g(t, X?), 

where 

Pn : BC{(- oo,0];R d ) -A R d , p„(0) = 0 

■ [to,T] x BC{{- oo,0];R d ) -A R d , #„(t, 0) = 0 
e n : [t 0 ,T] x BC((- oo,0];R d ) -A R d+m , 0„(i,O) = 0. 

The functions ip n , ip n , 6 n satisfy the conditions (M1)-(M3) with constants K > 0 
and k € ^0, 1/(3 • 2 4 ( p-1 ))r^. Obviously, 

D n (X?-,X?)-D(X?) = 0 
f n (t,X?-,X?)-f(t,X?) = 0 
5 n (i,X t ";X t ")- 5 (i,X t ") = 0. 


This shows that the condition (1.9) is satisfied. Thus theorem 2.4 is obtained. 
Example 2: In particular, we linearize the equation (3.1) by: for n = 0,1, ..., 

(3.4) D n (X- X?) := (X - X?) • <p n + D{X?) 

(3.5) f n (t, X ; XT) := (X - X} 1 ) • + /(*, *,") 

(3.6) gn{t, X; X") := (X - X t ") • + 5 (t,X t "), 

where 0 n = (9i n ,02 „,...,9 m „) and y> n , 9i n (i = 1,2, are scalar sequences. 

We can easily see that all conditions of Theorem 2.4 are satisfied. So Theorem 2.4 
succeed. 

Example 3: More specifically, we assume that £" = £ a.s. and ip n = 4> n = 9n — 0 in 
equation (3.4) for all n = 0, 1, ..., then we obtain the Picard iteration. Of course, 
in this case, Theorem 2.4 is successful. Therefore, the Picard iteration is a special 
Z-algorithm. 


Acknowledgements 

This work was supported in part by the National Natural Science Foundation 
of China under grant #11171306 and #11071065, and sponsored by the Scien- 
tific Project of Zhejiang Provincial Science Technology Department under grant 
#2011C33012. 


669 


XIANGXING TAO et al 660-670 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


THE NEUTRAL STOCHASTIC FUNCTIONAL DIFFERENTIAL EQUATIONS 11 

References 

[1] H. Bao, J. Cao, Existence and uniqueness of solutions to neutral stochastic functional dif- 
ferential equations with infinite delay, Appl. Math. Comput. 215 (2009) 1732-1743. 

[2] S. Jankovic, Iterative procedure for solving stochastic differential equations, Mathematica 
Balkanica, New Series, 1 (1987) 64-71. 

[3] S. Jankovic, Some special iterative procedures for solving stochastic differential equations of 
Ito type, Mathematica Balkanica, New Series, 3 (1989) 44-50. 

[4] S. Jankovic, M. Vasilova, M. Krstic, Some analytic approximations for neutral stochastic 
functional differential equations, Appl. Math. Comput. 217 (2010) 3615-3623. 

[5] V.B. Kolmanovskii, V.R. Nosov, Stability and periodic modes of control systems with af- 
tereffect, Nauka, Moscow, 1981. 

[6] X. Mao, Stochastic Differential Equations and Applications, second ed., Horwood, Chich- 
ester, UK, 2007. 

[7] B. Cksendal, Stochastic Differential Equations: An Introduction with Applications Sixth 
Edition, Springer- Verlag, 2003. 

[8] F. Wei, K. Wang, The existence and uniqueness of the solutions for stochastic functional 
differential equations with infinite delay, J. Math. Anal. Appl. 331 (2007) 516-531. 

[9] S. Zhou, M. Xue, The existence and uniqueness of the solutions for neutral stochastic func- 
tional differential equations with infinite delay, Math. Appl. 21 (2008) 75-83. 

[10] R. Zuber, About one algorithm for solving first order differential equations (I), Zastosow. 
Math. 8 (1966) 351-363. 

[11] R. Zuber, About one algorithm for solving first order differential equations (II), Zastosow. 
Math. 11 (1966) 85-97. 


Conflict of interest: 

The authors declared that they have no conflicts of interest to this work. We 
declare that we do not have any commercial or associative interest that represents 
a conflict of interest in connection with the work submitted. 

Department of Mathematics, Zhejiang University of Science & Technology,, Hangzhou 
310023, P. R. China 

E-mail address: xxtao@zust.edu.cn; syzh201@163.com 


670 


XIANGXING TAO et al 660-670 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


An improved generalized parameterized inexact Uzawa 
method for singular saddle point problems * 

Li-Tao Zhang} Li-Min Shi 

College of Science, Zhengzhou University of 
Aeronautics, Zhengzhou, Henan, 450015, P. R. China 


Abstract 

In this paper, based on the generalized parameterized inexact Uzawa method (GPIU) p- 
resented by Zhang and Wang [Applied Mathematics and Computation , 219(2013) 4225-4231], 
we introduce and study an improved generalized parameterized inexact Uzawa method (IG- 
PIU) for singular saddle point problems. Moreover, theoretical analysis shows that the 
semi-convergence of the IGPIU method can be guaranteed by suitable choices of the it- 
eration parameters. Finally, numerical experiments are carried out, which show that the 
improved generalized parameterized inexact Uzawa method (IGPIU) with appropriate pa- 
rameters improve the convergence of iteration method efficiently when solving singular saddle 
point problems from the classic incompressible steady state Stokes problems. 

Key words: Krylov subspace methods; Generalized saddle point matrices; Minimal polynomial; 
Preconditioners. 

MSC: 65F10; 65F15 


1 Introduction 


Consider a singular saddle point problem 
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where A e R mxm ,B e R mxn ,m > n. The matrix A is symmetric positive matrix and 
the matrix and B is a rank-deficient matrix. Systems of the form (1) arise in a variety of 
scientific and engineering applications and have attracted a lot of research, see [1-7] for a 
comprehensive survey. When A is symmetric positive definite and B is of full column rank, 
we refer the reader to [2,7-18] for many efficient iterative methods and [19] for a survey. 

For large, sparse or structure matrices, iterative method is an attractive option. In 
particular, Krylov subspace methods apply techniques that involve orthogonal projections 
onto subspaces of the form 

JC(A,b) = span [b, Ab, A 2 b, ... ,A n ~ 1 b , ...}. 

The conjugate gradient method (CG), minimum residual method (MINRES) and gen- 
eralized minimal residual method (GMRES) are common Krylov subspace methods. The 
CG method is used for symmetric, positive definite matrices, MINRES for symmetric and 
possibly indefinite matrices and GMRES for unsymmetric matrices [20]. 

Generally speaking, the matrix B is full column rank, but not always. If B is rank- 
deficient, how to effectively solve the singular saddle point problem (1) is important in both 
scientific computing and engineering applications. For solving the rank-deficient saddle point 
problems, Ma and Zheng et al. [17,21] presented the parameterized Uzawa method. Bai et al. 
[22-23] studied the PHSS iteration method. Fischer et ah [24] considered the preconditioned 
minimum residual (PMINRES) method. Wu et ah [7] discussed the preconditioned conjugate 
gradient (PCG) method. Zhang and Wang [17] introduced the generalized parameterized 
inexact Uzawa (GPIU) method. 

In this paper, based on the generalized parameterized inexact Uzawa (GPIU) method 
presented by Zhang and Wang [17], we introduce and study an improved generalized param- 
eterized inexact Uzawa method (IGPIU) for singular saddle point problems (1). Similar to 
the proving process of section 3 in [17], theoretical analysis shows that the semi-convergence 
of IGPIU method can be guaranteed by suitable choices of the iteration parameters. Final- 
ly, one numerical example presented shows correctness and availability of our theory about 
the improved generalized parameterized inexact Uzawa method (IGPIU) for singular saddle 
point problems. 

This paper is organized as follows. In Section 2, we will present the improved generalized 
parameterized inexact uzawa method (IGPIU) for singular saddle point problems (1). The 
semi-convergence of the IGPIU method are discussed in Section 3. Moreover, our methods are 
the generalization of known literature. Some numerical examples are given to demonstrate 
the efficiency of the IGPIU method in Section 4. Finally, conclusions are made in Section 5. 

2 An improved generalized parameterized inexact uza- 
wa method (IGPIU) 

Recently, for singular saddle point problems (1), Zhang and Wang [17] make the following 
splitting 

A.= ( _ b t 0 ) =M-U , 

where 

m = { v +Qi <y^=(v *) 
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P G R mxm and Q 2 G R nxn are prescribed symmetric positive definite matrices and Q 1 G 
Rnxm an arbitrary matrix. 

To construct the improved generalized parameterized inexact Uzawa method (IGPIU), 
if we can add one parameter in the above splitting, then we may change the parameter to 
improve the performance of presented method. Hence, we propose the following splitting 


A := 




c-u, 


where 


C 


P 

-B T + Qi 


0 

aiQ 2 


M 


( P-A -B\ 

\ Q 1 ojQ 2 J 


P G R mxm and Q 2 G R nxn are prescribed symmetric positive definite matrices and Q 1 G 
Rnxm j g an arbitrary matrix. Based the generalized parameterized inexact Uzawa (GPIU) 
iteration method presented by Zhang and Wang [17], we consider an improved generalized 
parameterized inexact uzawa method (IGPIU) for solving the singular saddle point (1). 


P 


0 


-B T + Q\ U1Q2 


x (k-\-i) 

y(k+l) 


P-A 


A 


Q 1 uQi) \y 


( k ) 

,( k ) 


X 


+ 


P 


or equivalently, 


x( fc+1 ) = x W + P 1 p — Ax ^ — ByW] , 

y(k+l) _ y(k ) _|_ Iq- \j^T x (k+ 1 ) — qj — kQ~ 1 Q 1 [xU+b — . 

The iteration matrix of the IGPIU method (2) or (3) is given by 

-1 


T = 


P 


0 


—B T + Q 1 uQ-2 


P-A -B 
Q 1 ujQ 2 


= I- C~ l A. 


( 2 ) 

( 3 ) 

( 4 ) 


The IGPIU method: Let P G R mxm and Q 2 G R nxn be prescribed symmetric positive 
definite matrices and Q\ G R nxm be an arbitrary matrix. Given initial vector a:*' 0 -’ G R m and 
y G R n and the relaxation parameter uj with u ^ 0. For k = 0, 1,2, ... until the iteration 
sequence {(x^ ,y^ ) T } is convergent, compute 

j x (k+ 1) _ x (k) _|_ p - 1 jp _ 5 

{ = 7/U) -y IQ2 1 [U r a: (fc+1 ^ — g] — • 

Remark 2.1. It is obvious that when choosing uj — 1, then the IGPIU method reduces to 
the GPIU method [17]. Hence, we may change the parameter to improve the performance 
of presented method. 


3 The semi-convergence of IGPIU method 

In this section, we discuss the semi-convergence of the IGPIU method for solving the singular 
saddle point problem (1). We first reveal some basic concepts and notations. 

Denote cr(A) and p(A) as the spectrum and spectral radius of the matrix A, respectively. 
The rank and index of the matrix A are denoted by rank (A) and index (A), respectively. 
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Assume that the matrix A can be split into A = A4 — AT with A4 nonsingular. Then 
we can construct a splitting iteration method: 

x (k+1) = Tx {k) + M~ 1 c, k = 0,1, 2, ... (6) 


where T = M.~ l N is the iteration matrix. 

It is well known that any of the following three conditions is necessary and sufficient for 
guaranteeing the semi-convergence of the iteration method (6) for the singular linear systems 
AX = c (see [17,22]): 

(a) The spectral radius of the iteration matrix T is equal to one , i.e., p(T) = 1; 

(b) The elementary divisor associated with A G cr(A) is linear when A = 1, i.e., rank((I — 
T) 2 ) = rank (/ — T), or equivalently, index (I — T) = 1; 

(c) If A G a(T) with |A| = 1, then A = 1, i.e., V(T) = max{|A| : A G tr(T), A ^ 1} < 1. 
When iteration scheme (6) is semi- convergent, V(T) is said to be the semi- convergence factor. 
As usual, the splitting A = A4 — Af and the corresponding iteration matrix T are called as 
semi-convergent if the iteration (6) is semi-convergent. Next we study the semi-convergence 
of the IGPIU iteration (5). To get the semi-convergence conditions, the following lemmas 
are used. 

Lemma 3.1. [25] Consider the quadratic equation x 2 — 5x + p = 0, where 5 and rj are real 
numbers. Both roots of the equation are less than one in modulus if and only if \rj\ < 1 and 
| 5 | < 1 + T). 

Lemma 3.2. [17] Let P G R mxm and Q 2 G R nxn be symmetric positive definite and 

B G R mxn be of column rank- deficient, with m > n. Suppose that A is an eigenvalue of the 
iteration matrix T and {u T ,v T ) T G R m+n is the corresponding eigenvector. Then A = 1 if 
and only if u = 0. 

Theorem 3.3. Let P G R mxm arid Q 2 G R nxn be symmetric positive definite and B G R mxn 
be of column rank- deficient, with m > n. Suppose that A / 1 is an eigenvalue of the iteration 
matrix T and (u T ,v T ) T G R m+n is the corresponding eigenvector. Then A satisfies the 
following quadratic equation: 


A 2 + 


ft + 7 — 2c va — t a + r — u>f3 


a 


A + 


a 


= 0, 


where 


u Pu u Au u BQAB t u u BQ 2 Q\u 

a = > 0. p = >0,7 = > 0, r = 

u*u u*u u*u u*u 


Proof. Firstly, since A ^ 1, we know « / 0 from Lemma 3.2. By (4) we have 


(P-A -B\ 

\ Q 1 OjQ 2 J 





( 7 ) 


or equivalently 

/ |(1 - \)P - A] u = Bv, 

\ [(1 - A)Q, + \B T ] u = w(A - 1)Q 2 v. 

Because Q 2 is symmetric positive definite and A ^ 1, from the second equation in (8), we 
obtain that v = ^(~Q 2 1 Qi + jp^Q 2 1 B 1 )u, which together with the first equation in (8), 
result in 


u>\ 2 Pu + Xu(Au + BQ -2 l B T u — 2c vPu — BQ 2 1 Qiu) + u(Pu + BQ 2 l Q\u — coAu) = 0. 

( 9 ) 
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Since 11/ 0, by left multiplying u* and with the positive definiteness of P(u*Pu 0), we 
have 

A 2 + £+7- 2 ^-t A + a±r = ^l = Q ( 10 ) 

Thus, the proof is completed. 

Theorem 3.4. Assume that A G R mxm is symmetric positive definite, B G i? mxn rank- 
deficient, P G R mxm and Q 2 G -R rexn are symmetric positive definite and Q 1 G R nxm is an 
arbitrary matrix such that BQf 1 Qi is symmetric. Then tr(T) < 1 holds if and only if one 
of the following conditions hold: 

u > 0, r < u/3, 0 < ^ < (1 + cu)a + r ^ — /3. 

Proof. Since P is symmetric positive definite and BQf 1 Q 1 is symmetric. By Lemma 3.1 
and Eq. (10), we know that the spectral radius of the IGPIU iteration matrix is less than 
one in modulus if and only if 


a-\-T—uj/3 I 


/5+7— 2o ja—r 
a 


< 1, 

l _|_ a+T-uj/3 


( 11 ) 


or equivalently, 


u > 0 , r < ufi, 0 < ^ < (1 + c a) a + r ^ — fi. 

Thus, the proof is completed, o 

Theorem 3.5. [17] Assume that A G R mxm is symmetric positive definite, B G R mxn is 
rank- deficient, P G R mxm and Q 2 G R nxn are symmetric positive definite and Q 1 G R nxm 
is an arbitrary matrix such that BQ^Qi is symmetric andAf(B) r\lZ(Qf 1 B T A~ 1 B) = {0} , 
then index(I — T) = 1. Here and in the sequel, A /”(•) and 7l(») is used to represent the null 
space and range space of the corresponding matrix, respectively . 

Combining Theorem 3.4 and Theorem 3.5 , we immediately obtain the following suffi- 
cient conditions for the convergence result of the IGPIU method for solving singular saddle 
point problem ( 1 ). 

Theorem 3.6. Assume that A G R mxm is symmetric positive definite, B G R mxn is rank- 
deficient, P G R mxm and Q 2 G R nxn are symmetric positive definite and Qi G R nxm is 
an arbitrary matrix such that BQf l Qi is symmetric and A f(B) fl 7 Z{Qf 1 B T A^ l B) = {0}. 
Then the IGPIU method for solving singular saddle point problem (1) is semi-convergent if 
u,t, / 3 , 7 , a satisfy one of the following conditions 

'"Y 1 — f - U) 

uj > 0 , r < uj/3, 0 < — < (1 + Lu)a + r — f3. 

Remark 3.1. From the Theorem 3.5, it is not difficult to find that when u > 1, 2a > f3 or 
0 < uj < 1, 2a < /3, then (1 + u)a + r — >2 a + t — f3. Hence, under these conditions, 

the range of 7 is wider and we will have more space of parameters range. 

Remark 3.2. It is obvious that when choosing u — 1, P — Qi = 0 , and Q 2 = ^Q, Q is 
an approximate matrix to the Schur complement B 1 A~ l B, then the IGPIU method reduces 
to the PIU method in [10,17]. 
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Remark 3.3. Some choices of the parameter matrices P, 0 \ and Q 2 are given in Table 1 
[17]. When choosing different parameter matrices P, Q± and Q 2 , we may immediately obtain 
a series of iterative methods for solving singular saddle problem (1). 


Table 1: Some choices of the parameter matrices P,Qi and Q 2 . 


Case 

p 

Q 1 

Q 2 

I 

^diag(A) 

0 

It 

a 1 n 

It 

a^ti 

\ln 

II 

0 

III 

jtridiag(A) 

0 

IV 

H 

~Ib t 

V 

H 

-\b t 

\diag(B T P~ l B,B T B) 

VI 



-9Q 2 B t 

\tridiag{B T P~ l B , B T B) 


4 Numerical examples 

In this section, we give numerical experiments to demonstrate the conclusions drawn above. 
The numerical experiments were done by using MATLAB 7.1 and the matrix of the numerical 
experiments were generated by IFISS software. In all our runs we used as a zero initial guess 
and stopped the iteration when the relative residual had been reduced by at least seven 
orders of magnitude (i.e, when \\b — Ar fc || 2 < 10”' ||&|| 2 ). 

We consider the classic incompressible steady state Stokes problems: 

J —A u + gradp = /, in 

1 —divu = 0, in 11, 

with suitable boundary condition on <911. It is known that many discretization schemes for 
the above Stokes problems will lead to generalized saddle point problems of the form (1). 
Here, we get the test problem (leak-lid driven cavity) by using IFISS software written by 
David Silvester, Howard Elman and Alison Ramage. We take a finite element subdivision 
based on 32 x 32 uniform grids of square elements. The mixed finite element used is the 
bilinear-constant velocity-pressure: Q\ — Pq pair with stabilization. Q 1 — Pq finite element 
subdivision is shown in Figure 1. The stabilization parameter is chosen to |. We get the 
(1,1) block A of the coefficient matrix corresponding to the discretization of the conservative 
term. Since the matrix B produced by the software is rank deficient, so A is singular matrix. 
In our experiment, we choose uniform grids 8 x 8, 16 x 16. 

In Tables 2, when choosing different parameters, we show iteration counts, relative 
residual and computing time about the GPIU and the IGPIU methods for solving singular 
saddle problem (1), where IT, RES and CPU are the iteration numbers, relative residual and 
computing time about the GPIU and the IGPIU methods, respectively. Moreover, we also 
show the corresponding reduction of residual 2-norm and eigenvalues distributions about two 
methods for different parameters. Figures 2 ~ 5 show the reduction of residual 2-norm with 
Case I, II, III and IV of Table 2. Figures 6 ~ 9 show the eigenvalues distributions with Case 
I, II, III and IV of Table 2. Figures 10 and 11 show the reduction of residual 2-norm with 
uniform grids 16 x 16 and Cases I, II. Figures 12 and 13 show the eigenvalues distributions 
with uniform grids 16 x 16 and Cases I, II. 
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Remark 3.1. From Table 2, Figures 2 ~ 5, 10 and 11 , it is very easy to get that the IGPIU 
method is in general better than the GPIU method when choosing suitable parameters. By 
numerical experiments for many times, we can find that, when 0.75 < c a < 1.05 the IGPIU 
method is very efficient. For Case II, when u = 1.05 the IGPIU method is little efficient. 
Hence, we suggest that, the selection range of the parameters may be 0.75 < u < 1. 
Remark 3.2. From Figures 6 ~ 9,12 and 13, we may find that the eigenvalue distribution 
about the GPIU method has the same spectral clustering compared with the IGPIU method 
when choosing suitable parameters. 


Q1-P0 finite element subdivision 



Figure 1: Qi — Pq finite element subdivision 


Table 2: numerical results of different parameters about GPIU and IGPIU methods for 
solving singular saddle problem (1). Here, uniform grids are 8x8. 


Case 

(£,0, M 

IT 

RES 


CPU 

Case I 

(0.8,0,10,1) 

124 

9.6146 

X 

10 

-8 

1.776 


(0.8,0,10,0.85) 

100 

9.9265 

X 

10 

-8 

1.437 


(0.8,0,10,0.75) 

103 

9.9106 

X 

10 

-8 

1.468 


(0.8,0,10,1.05) 

79 

9.8442 

X 

10 

-8 

1.156 

Case II 

(0.8,0,10,1) 

451 

8.8682 

X 

10 

-8 

0.813 


(0.8,0,10,0.85) 

435 

9.6783 

X 

10 

-8 

0.812 


(0.8,0,10,0.75) 

439 

9.6727 

X 

10 

-8 

0.797 


(0.8,0,10,1.05) 

462 

7.7405 

X 

10 

-8 

0.844 

Case III 

(0.8,0,10,1) 

375 

7.2718 

X 

10 

-8 

2.797 


(0.8,0,10,0.85) 

356 

9.7272 

X 

10 

-8 

2.672 


(0.8,0,10,0.75) 

354 

8.3278 

X 

10 

-8 

2.703 


(0.8,0,10,1.05) 

373 

7.3365 

X 

10 

-8 

2.829 

Case IV 

(0.8,0,10,1) 

141 

9.3439 

X 

10 

-8 

1.984 


(0.8,0,10,0.85) 

124 

9.3478 

X 

10 

-8 

1.734 


(0.8,0,10,0.75) 

118 

9.91 x lO" 5 


1.625 


(0.8,0,10,1.05) 

139 

9.913 

X 

io- 

■8 

1.907 
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Figure 2: Reduction of residual 2-norm with Case I of Table 2. The left figure shows that the 
first line parameters (GPIU) of Case I compare with the second line parameters (IGPIU) of Case 
I; The middle figure shows that the first line parameters (GPIU) of Case I compare with the third 
line parameters (IGPIU) of Case I; The right figure shows that the first line parameters (GPIU) of 
Case I compare with the forth line parameters (IGPIU) of Case I. 





Figure 3: Reduction of residual 2-norm with Case II of Table 2. The left figure shows that the first 
line parameters (GPIU) of Case II compare with the second line parameters (IGPIU) of Case II; 
The middle figure shows that the first line parameters (GPIU) of Case II compare with the third 
line parameters (IGPIU) of Case II; The right figure shows that the first line parameters (GPIU) 
of Case II compare with the forth line parameters (IGPIU) of Case II. 





Figure 4: Reduction of residual 2-norm with Case III of Table 2. The left figure shows that the 
first line parameters (GPIU) of Case III compare with the second line parameters (IGPIU) of Case 
III; The middle figure shows that the first line parameters (GPIU) of Case III compare with the 
third line parameters (IGPIU) of Case III; The right figure shows that the first line parameters 
(GPIU) of Case III compare with the forth line parameters (IGPIU) of Case III. 
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Figure 5: Reduction of residual 2-norm with Case IV of Table 2. The left figure shows that the 
first line parameters (GPIU) of Case IV compare with the second line parameters (IGPIU) of Case 
IV; The middle figure shows that the first line parameters (GPIU) of Case IV compare with the 
third line parameters (IGPIU) of Case IV; The right figure shows that the first line parameters 
(GPIU) of Case IV compare with the forth line parameters (IGPIU) of Case IV. 



Figure 6: Eigenvalues distributions with Case I of Table 2. The first figure shows eigenvalues 
distributions for the first line parameters (GPIU) of Case I; The second figure shows eigenvalues 
distributions for the second line parameters (IGPIU) of Case I; The third figure shows eigenvalues 
distributions for the third line parameters (IGPIU) of Case I; The forth figure shows eigenvalues 
distributions for the forth line parameters (IGPIU) of Case I. 



Figure 7: Eigenvalues distributions with Case II of Table 2. The first figure shows eigenvalues 
distributions for the first line parameters (GPIU) of Case II; The second figure shows eigenvalues 
distributions for the second line parameters (IGPIU) of Case II; The third figure shows eigenvalues 
distributions for the third line parameters (IGPIU) of Case II; The forth figure shows eigenvalues 
distributions for the forth line parameters (IGPIU) of Case II. 
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Figure 8: Eigenvalues distributions with Case III of Table 2. The first figure shows eigenvalues 
distributions for the first line parameters (GPIU) of Case III; The second figure shows eigenvalues 
distributions for the second line parameters (IGPIU) of Case III; The third figure shows eigenvalues 
distributions for the third line parameters (IGPIU) of Case III; The forth figure shows eigenvalues 
distributions for the forth line parameters (IGPIU) of Case III. 



Figure 9: Eigenvalues distributions with Case IV of Table 2. The first figure shows eigenvalues 
distributions for the first line parameters (GPIU) of Case IV; The second figure shows eigenvalues 

distributions for the second line parameters (IGPIU) of Case IV; The third figure shows eigenvalues 

distributions for the third line parameters (IGPIU) of Case IV; The forth figure shows eigenvalues 

distributions for the forth line parameters (IGPIU) of Case IV. 





Figure 10: Reduction of residual 2-norm with uniform grids 16 X 16 and Case I. The left figure 
shows that the parameters (1, 0, 10, 1) (GPIU) of Case I compare with the parameters (1, 0, 10, 0.85) 
(IGPIU) of Case I; The middle figure shows that parameters (1,0, 10, 1) (GPIU) of Case I compare 
with the parameters (1,0, 10,0.75) (IGPIU) of Case I; The right figure shows that the parameters 
(1, 0, 10, 1) (GPIU) of Case I compare with the parameters (1, 0, 10, 1.05) (IGPIU) of Case I. 
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Figure 11: Reduction of residual 2-norm with uniform grids 16 x 16 and Case II. The left figure 
shows that the parameters (1, 0, 10, 1) (GPIU) of Case II compare with the parameters (1, 0, 10, 0.85) 
(IGPIU) of Case II; The middle figure shows that parameters (1, 0, 10, 1) (GPIU) of Case II compare 
with the parameters (1, 0, 10, 0.75) (IGPIU) of Case II; The right figure shows that the parameters 
(1,0, 10, 1) (GPIU) of Case II compare with the parameters (1,0, 10, 1.05) (IGPIU) of Case II. 



Figure 12: Eigenvalues distributions with uniform grids 16 x 16 and Case I. The first figure shows 
eigenvalues distributions for the parameters (1,0, 10, 1) (GPIU) of Case I; The second figure shows 
eigenvalues distributions for the parameters (1,0, 10, 0.85) (IGPIU) if Case I; The third figure shows 
eigenvalues distributions for the parameters (1, 0, 10, 0.75) (IGPIU) of Case I; The forth figure shows 
eigenvalues distributions for the parameters (1,0, 10, 1.05) (IGPIU) of Case I. 



Figure 13: Eigenvalues distributions with uniform grids 16 x 16 and Case II. The first figure shows 
eigenvalues distributions for the parameters (1, 0, 10, 1) (GPIU) of Case II; The second figure shows 
eigenvalues distributions for the parameters (1,0,10,0.85) (IGPIU) of Case II; The third figure 
shows eigenvalues distributions for the parameters (1,0,10,0.75) (IGPIU) of Case II; The forth 
figure shows eigenvalues distributions for the parameters (1,0, 10, 1.05) (IGPIU) of Case II. 
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5 Conclusions 

Based on the generalized parameterized inexact Uzawa method (GPIU) presented by Zhang 
and wang [17], we introduce and study an improved generalized parameterized inexact Uzawa 
method (IGPIU) for singular saddle point problems (1). Moreover, theoretical analysis 
shows that the semi-convergence of IGPIU method can be guaranteed by suitable choices 
of the iteration parameters. Finally, numerical experiments are carried out, which show 
that the IGPIU method is in general better than the GPIU method when choosing suitable 
parameters. Moreover, we also may find that the eigenvalue distribution about GPIU method 
has the same spectral clustering compared with IGPIU method when choosing suitable 
parameters. 
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IDENTITIES INVOLVING BESSEL POLYNOMIALS ARISING 
FROM LINEAR DIFFERENTIAL EQUATIONS 


TAEKYUN KIM AND DAE SAN KIM 


Abstract. In this paper, we study linear differential equations arising from 
Bessel polynomials and their applications. From these linear differential equa- 
tions, we give some new and explicit identities for Bessel polynomials. 


1. Introduction 


As is well known, the Bessel differential equation is given by 

(1.1) + (x 2 - a 2 ) y = 0, (see [17]) . 

for an arbitrary complex number a. 

The Bessel functions of the first kind J a (x) are defined by the solution of (1.1). 
For n (E Z, J n (x) are sometimes also called cylinder function or cylindrical 
harmonics. 

It is known that 

~ f-D* / X \2 l+n 

< L2 > '"W'Ejipjiy • (see [1, 16, 17)) . 

The generating function of Bessel functions is given by 

OO 

(1.3) e§( 4 -T)= £ J n (x)t n , 

n=— oo 


and J n ( x ) can be also represented by the contour integral as 


(1.4) J n ( x ) = -^ \)t n 1 dt 1 (see [17]), 

where the contour encloses the origin and is traversed in a counterclockwise direc- 
tion. 

The Bessel polynomials are defined by the solution of the differential equation 

(1.5) x 2 + 2 (a; + 1) ^ — n (n + 1) y = 0, (see [1-6, 15, 16]) . 

ax z ax 

Indeed, the solutions of (1.5) are given by 


( 1 . 6 ) 


Vn (X) = 

k = 0 


(n + k)\ 
(n — k)\k\ 



k 




(see [1, 15-17]) , 
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where 


K v (z) = 


Y{v+\) (2 zY 


cos t 


I o (i2 + z 2y+2 


-dt. 


We note that y n (x) are very similar to the modified spherical Bessel function of 
the second kind. 

The first few are given as 

y 0 (x) = 1, y 1 (x)=x + l, yi {x) = 3a: 2 + 3a: + 1, 

2/3 (x) = 15a; 3 + 15a; 2 + 6x + 1, 

2/4 ( x ) = 105a; 4 + 105a: 3 + 45a; 2 + 10a; + 1, 

Carlitz reverse Bessel polynomials are defined by 


(1.7) 


Pn (x) = x n y n - 1 ( - ) , (n G N U {0}) , (see [4, 15]) . 


These polynomials are also given by the generating function as 

t n 


n— 0 


(1.8) e x(!-v^2 i) = Y /Pn ( 

The explicit formulas for them are 

(1.9) 


).! 




fc = 1 


(k — 1)! (n — k)V 


where 


and 


= (2 n - 3) Ha; 1F1 (1 - n; 2 - 2n; 2a;) , (see [1, 15, 16]) , 

n(n— 2) • • • 5 • 3 • 1 if n > 0 odd, 

n! ! = ^ n (n — 2) • • • 6 • 4 • 2 if n > 0 even, 

if n = — 1, 0, 


„ a a (a + 1) z 2 
iFi(a-,b-,z)-l + ^z+ 6(6+1) 2 i +" 


= E 


a (a + 1) • • • (a + k — 1) z k 


k—0 

T(b) rl 
T(b-a)T (a) J 0 
The first few polynomials are 


b(b+l) ■ ■ ■ (b + k — 1) k\ 

[ e zt t a - x (1 - t) b ~ a ~ 1 

Jo 


dt. 


PI (x) = X, 
p -2 (x) = X 2 + X, 

P 3 ( x ) = x 3 + 3a; 2 + 3a;, 

P 4 (x) = x 4 + 6x 3 + 15x 2 + 15a;, • • • . 

Recently, several authors have studied non-linear differential equations related 
to special polynomials (see [7-14]). 

The reverse Bessel polynomials are used in the design of Bessel electronic filters. 
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IDENTITIES INVOLVING BESSEL POLYNOMIALS 3 

In this paper, we consider linear differential equations arising from Carlitz reverse 
Bessel polynomials and give some new and explicit identities for Bessel polynomials. 

2. Identities involving Bessel polynomials arising from linear 

DIFFERENTIAL EQUATIONS 


Let us put 

(2.1) F = F(t,x) = e x ( 1 ~ VT=Tt ). 

Thus, by (2.1), we get 


(2.2) 

pw = 

dt 

(2.3) 

i— l 

tn ^ IT 

^ 

II II 

c'T 

(2.4) 

(M 

II 

CO 

Sh 


= (3x (1 - 2 :t)~i 

and 

(2.5) 



' § + x 2 {1 - 2t)~ 1 ) F, 


* + 3x 2 (1 - 2 t)~ 2 + x 3 (1 - 2 f) _ * ) F, 


p( 4 ) = 


dF ( 3 > 
dt 


(l5x (1 - 2 f )“3 + 15^2 _ 2t)~ 3 + 6 cc 3 (1 - 2t)“s + x 4 (1 - 2 1) -2 ) F. 


Continuing this process, we set 


( 2 . 6 ) 


/ 7 \ 

fW = (s) F ^> 

/ 2N-1 \ 

= Y a t - N {N,x){l-2i)~ i F, 


i—N 


where TV = 1, 2, 3, ... . 

From (2.6), we note that 

(2.7) 

p(N+ 1 ) 

= A. pW 

dt 

/2N—1 


= yY <*-n(N,x) (-^J (1 — 2t) - ® -1 (— 2)J F 

2N-1 

+ Y a i-N (N,x)(l-2t)~* F™ 


i—N 
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721V— 1 


= ( ^2 ia i-N (N,x) (1 - 2 1) I F 

V i=N ) 

( 21V- 1 \ 

J2 a l - N (N,x)(l~2ty i \x(l~2ty 1 *F 

i—N ) 

( 2JV-1 \ /2AT-1 

y, i&i- N (N, x) (1 - 2t)~ J F + I Xdi-N (N, x) (1 - 2 1)~ 

i—N ) \ i—N 

= | xa 0 (N, x) (1 - 2 1) “ + (2N - 1) a N - 1 (N, x) (1 - 2 1) ~ 

2N-1 } 

+ 22 ((*-!) Oi-iv -1 (N,x) + xai- N (N,x)) (1 - 2t) *3" > F. 


F 


i—N+l ) 

By replacing N by TV + 1 in (2.6), we get 

/ 2A1+1 \ 

(2.8) F (n+D = 1 aj-jv-i (N + 1, x) (1 — 2t)~^ J F 

\i=1V+l / 


( 2N \ 

= ^2 a i-N {N + l,x) (1 — 2t)~^ F. 

\i=N J 


By comparing the coefficients on both sides (2.7) and (2.8), we have 


(2.9) a 0 (N + l,x) = xa 0 (N, x ) , 

(2.10) a N ( N + 1, x) = (2N - 1) a N - 1 (N, x ) , 
and 


(2.11) a,i- N ( N + 1, x) = (i - 1) a^Ar-i (N, x) + xa,i- N (N, x) , 
where N + 1 < i < 2 N — 1. 

From (2.2) and (2.6), we can derive the following equation (2.11): 

(2.12) x(l — 2t)“5 F = F (1) = a 0 {l,x)(l-2t)~ h - F. 

Thus, by (2.12), we have 

(2.13) ao (1, x) = x. 

From (2.9), we note that 

(2.14) oo (IV + \,x) = xao (IV, a;) = x 2 ao (N — 1, x) = ■ ■ ■ = x N ao (l,x) = x N+1 , 
and, by (2.10), we see 

(2.15) a N (N+l,x) = (2N-l)a N - 1 (N,x) 

= (2 TV - 1) (21V - 3) (Zat -2 (IV - 1, x) 


= (21V - 1) (21V - 3) • • • 3 • la 0 (1, x) 
= (2JV — l)!!ar. 

The matrix (a* (j, x))a<i< N ~x,i<j<N is given by 
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5 


12 3 4 


0 

1 

2 

3 


2 3 4 

X X X X 

l!!cc 

3!!cc 

5!!cc 


TV — 1 


0 


From (2.11), we obtain 


TV 


x 


N 


(2N-3)\\x 


(2.16) ai (TV + 1, x) 

= TV ao (TV, x) + xa\ (TV, x) 

= TVa 0 (TV, x) + x (TV — 1) a 0 (TV — 1, x) + x 2 ai (TV 


l,x) 


N—2 

= ^ a;* (TV — *) ao (TV — i,x) + x N ~ 1 a\ (2, x) 

*=o 

N—2 

= a;* (TV — i) ao (TV — i, x) + x N ~ x x 

i = 0 
JV-1 

= a: 1 (TV — *) ao (TV — i, x) , 

i=0 

(2.17) a 2 (TV + 1, x) 

= (TV + 1) ai (TV, x) + xa 2 (TV, a:) 

= (TV + 1) ai (TV, a;) + xNa\ (TV — 1, a;) + x 2 a 2 (TV — 1, a:) 


N-3 

= a;* (TV + 1 — *) ai (TV — i, x) + x N ~ 2 a 2 (3, x) 

i= 0 
N-3 

= a;* (TV + 1 — *) ai (TV — i, x) + 3x N ~ 2 ai (2, a;) 

i=0 

N—2 

= a;* (TV + 1 — i) ai (TV — i,x) , 

i=0 

and 

(2.18) a 3 (TV +1, a:) 

= (TV + 2) a 2 (TV, a:) + 3:03 (TV, a;) 

= (TV + 2) a 2 (TV, x) + a: (TV + 1) a 2 (TV — 1, x) + x 2 a 3 (TV — 1, x) 
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N - 4 

= ^ x* (N — i + 2 ) a 2 ( N — i, x) + 5x N ~ 3 a2 (3, x) 
i = o 
N—3 

= x l ( N — i + 2) 02 ( N — i,x) . 
i— 0 

Continuing this process, we get 

N-j 

(2.19) Oj (N + 1, x) = x l (N — i + j — 1) Oj-\ ( N — i, x) , 

i= o 

where j = 1,2 ,N — 1. 

Now, we give explicit expressions for aj (N + 1, x) (j = 1, 2, . . . , N — 1) . From 
(2.14) and (2.16), we can easily derive the following equation: 

JV-l 

(2.20) a 1 {N + 1 ,x)=J 2 xil ( N - *i) a o (N -i u x) 

i±=0 

N—l 

= x N Y J (N-i 1 ). 

ii—0 

By (2.17), (2.18) and (2.19), we get 

N—2 

(2.21) a 2 (N + l,x) x i2 (. N-i 2 + 1) ai ( N -i 2 ,x) 

*2=0 

N-2 N-2- h 

= /- 1 E X! (-^ - *2 + 1) (iV - i 2 - *1 - 1) , 

42—0 %\ — 0 


N —3 

(2.22) a 3 (AT + 1, a:) = ^ a :* 3 (AT - * 3 + 2) a 2 (N -i 3 ,x) 

i 3=0 

N —3 N— 3 — 13 AT— 3 — 43 — 42 

= x N 2 ^ ^ (AT — i 3 + 2) (JV — i 3 — z 2 ) 

43=0 42 — 0 4 1 — 0 

x (N - z 3 - z 2 - zi - 2) , 

and 

AT — 4 

(2.23) « 4 (AT + 1, x) = (A r - *4 + 3) a 3 (AT - z 4 , a;) 

44— 0 

iV -4 A-4-44 
44— 0 43— 0 

TV— 4 — 44— 43 N— 4 — 44— 43— 42 

x E E (AT - z 4 + 3) (AT - i 4 - * 3 + 1) 

42—0 4 l — 0 

x (TV — z 4 — z 3 — z 2 — 1) (N — z 4 — z 3 — z 2 — z'i — 3) . 
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Continuing this process, we get 
(2.24) 


a,j (N + 1, x) 


N-jN-j-ij N-j-ij i 2 j 


= x N -J +l 


Y Y " ' Y n ( N - — (i — (2A; — 1))) . 

ij — 0 ij- 1=0 ii — 0 k—1 

Therefore, we obtain the following theorem. 

Theorem 1. For N £ N, the linear differential equations 

/ ,\ N /2N—1 \ 

F{N)= \Jt) F ^ X ^= (. Y <H-N(N,x)(l-2t)~*jF 

has a solution F = F (t,x) = e a: ( 1_ ' /1_2/ ), where 

ao (N, x) = x N , ajv-i (N, x) = (2 n — 3) ! !cc, 

N—j—lN—j — l—ij N—j—l—ij 


(N,x) = 


- ry-N-j 


Y Y 

ij—0 ij- 1=0 


E 

■ii =0 


n ( N ~ ~ h-{j- (2k - 2))) 


\k — 1 


Recall the the reverse Bessel polynomials pk (x) are given by the generating 
function as 


(2.25) 


F = F(t,x) = e x ( 1 ~' /T= ^) 


°° j-k 

= Yp^ x Y r 

k—0 


Thus, by (2.25), we get 
(2.26) p( N )=^ F(t,x) 


= Y Pk ^ 


t 


k-N 


k—N 

oo 


k\ 


= Y Pk+N ^ ( k + N ^N 


k = 0 
oo 


{k + N)\ 


= Y Pk + N ( X ) 


k = 0 


On the other hand, by Theorem 1, we get 

( 2N— 1 \ 

<H- N {N,x)(\-2b)-t F 
i=N J 


2N— 1 


= E «.-»(vx)(E(-E { ~ 2t) 


i—N 


\l = 0 


l\ / oo 


Y pm (*) i 

ml 


Vm-0 
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oo (2N— 1 k /t\ / ■ \ 1 ,k 

= J2\ J2 a i- N (N,x)^( j2 l f l -+l- lj p k -i(x) 

k = 0 l i=N 1=0 ' ' ' ' 1 ) 

Therefore, by (2.26) and (2.27), we obtain the following theorem. 

Theorem 2. For k € N U {0}, and N £ N, we have 

21V— 1 k ^ \ 

Pk+ N {x) = Oi-N (N, x) ^2 ( , ) 2' ( ^ + l - 1 ) Pk-l (x) , 

i=iV ;=0 ^ ^ \ / l 

where (x) n = x (x — 1) (x — 2) • • • (x — n + 1), (n > 1), and ( x) 0 = 1. 
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Abstract 

With the advancement in stochastic calculus, stochastic differential equations have now 
become very common in different fields such as engineering, population dynamics, physics, 
system sciences, ecological sciences, medicine and financial mathematics. In several stochastic 
dynamic systems, one assumes that the future state of the system does not depend on its past 
states. However, under close analysis, it becomes evident that most realistic models would 
contain some of the past states of the system, and one would require stochastic functional 
differential equations in order to study such systems. This paper presents the existence theory 
for stochastic functional differential equations in the G-framework (in short G-SFDEs). The 
comparison theorem has been developed in a bid to obtain the required results. It is ascertained 
that the G-SFDEs, whose coefficients may be discontinuous functions, have more than one 
continuous and bounded solutions. 

Key words: Existence, G-Brownian motion, Stochastic functional differential equations, 

discontinuous coefficients. 


1 Introduction 

In the last twenty years, the greater requirement for tools and procedure of stochastic calculus 
has been recorded in different scientific fields. In the study of financial markets, it has acquired 
the state of an essential element, projected in dynamic phenomena of routine changes in share 
and stock prices. Stochastic calculus has its applications in engineering, as well as in filtering and 
control theory, and even in physics, when it deals with the effect of random changes on different 
physical phenomena. In Biology, its main usage is in modeling the achievement of stochastic 
changes in reproduction on populations processes. The idea of G-Brownian motion, which is a new 

‘Corresponding author, E-mail: faiz_math@ceme.nust.edu.pk/faiz_math@yahoo.com 
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stochastic process, was given by a Chinese mathematician Shige Peng in 2006 [12]. This theory 
opened a new era in stochastic calculus and financial mathematics. This type of motion has a 
newer construction as it does not depend on a specific probability space. This motion explains the 
ancient Brownian motion in an extraordinary way. In the framework of a sublinear expectation 
(called as G-expectation) , he established the associated Ito’s calculus. During his research on 
stochastic calculus, Peng set up the existence and uniqueness of solutions for stochastic differential 
equations driven by G-Brownian motion in short (G-SDEs) with Lipschitz continuous coefficients 
[12, 13]. Then F. Gao generalized the associated Ito’s calculus and the existence theory of G- 
SDEs with Lipschitz continuity condition using the concept of G-capacity and quasi-sure analysis 
[6]. Y. Ren and L. Hu proved the existence and uniqueness of solutions for G-SDEs under the 
Caratheodory conditions, while later on, X. Bai and Y. Lin extended the theory for G-SDEs to 
the integral Lipschitz conditions [1]. In the G-frame, stochastic functional differential equations 
were introduced by Ren, Bi and Sakthivel [14]. Then studied by Faizullah[4], He used the Cauchy- 
Maruyama approximation scheme to establish the existence-and-uniqueness theorem for SFDEs in 
the G-frame with linear growth condition as well as Lipschitz continuity condition [4] . In a different 
manner, this paper explores the existence theory for SFDEs in the G-frame, whose coefficients may 
not be continuous. This is the generalization of the previous work by Faizullah, Mukhtar and Rana 
[5]. We consider stochastic functional differential equations in the G- framework of the following 
type 

dY(t) = K(t,Y t )dt + \(t,Y t )d{B,B)(t) + 0 <t<T. (1.1) 

Recall that Y t = {Y (t + 6) : —8<6<0,5 > 0} is a bounded continuous stochastic process 
from [— r, 0] to M where at time t, the value of stochastic process is denoted by Y (t) [4], Also, Y t 
indicates the collection of continuous bounded real- valued functions i/j defined on [—5, 0] with norm 

H^ll = sup | ip(6) | . Let k. A and // are Borel measurable functions from [0, T] x BC([-t, 0];M) 
-S<6 < 0 

to M. We define the initial data of equation (1.1) as follows; 

Yt 0 =( = {C(0) : — r < 9 < 0} is F 0 — measurable, BC([-r,0];l) — valued 

( 1 . 2 ) 

random variable so that ( G Mq ([— r, 0]; M) . 

The integral form of problem (1.1) is given as the following 

A {s, Y s )d(B, B)(s) + f fi(s, Y s )dB(s). 

Jo 

The G-SFDE (1.1) admit at most solution Y(t) G Mq ([— t, T];M) if all its coefficients gratify the 
linear growth condition as well as Lipschitz condition. [4, 14]. On the other hand, in this article 
we assume that the coefficients k and A may be discontinuous functions. The solution to problem 
1.1 with initial data 1.2 is a real valued stochastic process Y(t), t G [— r, T\ if it holds the following 
characteristics 

(a) For every t G [0, T], Y(t) is /^-adapted as well as path- wise continuous. 

(b) K (t,Y t ),X(t,Y t ) G^do.T]^) and fi(t, Y t ) G C 2 {[o, T]; K); 

(c) Yo = C and dY ( t ) = n(t, Y t )dt + A (t, Y t )d(B, B)(t ) + n(t, Y t )dB(t) q.s. for each t G [0, T\. 

The rest of the paper is organized as follows. Some basic definitions and notions are given in the 
subsequent section. Section 3 presents an important results known as the comparison theorem. 
The final section develops the existence theorem with possible discontinuous coefficients. 


Y(t) = C(0)+ [ n(s,Y s )ds+ f 
Jo Jo 
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2 Preliminary Concerns 

This section presents some basic notions and results, which are used in forthcoming research work 
of this paper [2, 3, 6, 13]. 

2.1 Sublinear Expectation 

Suppose that 12 (sample space) is a grand set and H be a family of linear and real valued functions 
described on 0. Suppose that H fulfil k £ H, for any constant k and |Y| G H if Y G H. H 
containing the stochastic variables. 

Definition 2.1. A functional E, where E : H — >• R, is known as a G-expectation or sublinear 
expectation if 

(1) E is monotonic, that is, if Y > Z for all Y, Z G H => E[Y] > E[Z]. 

(2) E is constant conserving, that is, E[k] = k k G H. 

(3) E is sub-additive, that is, if E[Y + Z] < E[Y ] + E[Z], for each Y, Z € H. 

(4) E is positive homogeneous, that is, E[bY] = b[y\ for b > 0. 

the space given by triple (12, H. E ) is said to be sublinear expectation space. And E is nonlinear 
expectation if it satisfies the above two conditions. Sublinear expectation is also able to state the 
supremum of linear expectation 

Definition 2.2. G-Brownian motion A d-dimensional process (Bt)t> o, define on (12, C^n p (H), E), 
is known as G-Browmain motion, if the following conditions are hold. 

(1) B 0 (w) = 0. 

(2) The increment Bt+ r — Bf is G-normally distributed for any t,r > 0 . 

(3) B t + r ~ B t is independent from B tl . B t2 . B tn for any n G N, t, r > 0 and 0 < t\ < t% < 

, <t n <t. 

2.2 Ito’s integral of G-Brownian motion 
Definition 2.3. If T G R + , a partition -kt of the interval [0, T] is 

77r = {to> h, Bn}, 

since 

p(ttt) = max{|t e +i — t e \ : e = 0, 1, N — 1}, 

where 

0 = to ^ <, < t]y = T, 
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we customize n if = {t$ ,t± , to represent a sequence of partition of [0, T] since 

Jim = 0. 

N—> oo 

Let p > 1. Suppose the following sort of processes of a partition 

7TT = {^0; t-Ki, , tjv} • 

We take, 

N—l 

mw = Y £™(w)/ [Wm+ i)(t) 


m = 0 


where € E p G {ui tm ), for all m = 0, 1, 2, N — 1. The group of these process is represented by 

Mg°(o,r). 


Definition 2.4. Let p € M G °(0,T) with 


N—l 


Vt(u>) = Y ^m(w)/[ tmiWl )(i) 


m=0 


it can be written as, 


rT N ~ l 

/ rit(u)dt = Y im{u){t m+ 1 - i m ) 

m=0 


Definition 2.5. For every p > 1, we represent by M G (0,T) the completion of M G °(0,T) under 


the norm 


i tv 


IMIm£( 0 ,t) = i E iJ o \vt\ p dt ]} , 

where for 1 < p < q, Mq{ 0, T) D Mq{ 0, T). 

Definition 2.6. For every p £ M G (0,T) of the arrangement 

N-l 


Vt(w ) = X] €e(w)I[t e ,t e+ i)(t), 


6=0 


it can be written as, 


N—l 


I(v) = / VtdBt = Y UB te+l Bt e ). 


6=0 


Lemma 2.7. Let a function I : M G °(0,T) — f Lg(fLj’), t/ien it can be continuously extended to 
I : Mq(0,T) L g (Qt)- Moreover, 


E[ [ rjt.dBt \ = 0, 

Jo 

E[{f p t dB t ) ]<a 2 E[f T rftdt]. 
Jo Jo 
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2.3 (Peng’s quadratic variation process (B) t ) 

Definition 2.8. A 1-dimensional G-quadratic variation process is introduced as follows. Let 
7i , N = 1,2, be a sequence of the partition [0, T ] then 

JV-l 

b? = Y,(b? Nc+ 1 ~b? n j 

e=0 

N - 1 N - 1 

= ^2 2B tN e ( B tN i+e - BtNj + ^2 “ B tN e f ■ 

e=0 e=0 


Taking limit g(n^) — >• 0 


N-l ,* 

y 2 B tNe (B tNe+1 - B tN e ) converges to 2 B s dB s , 


and we have 

(B) t = B 2 - 2 [ B s dB s . 

Jo 

Definition 2.9. Let V be a (weakly compact) collection of probability measures P defined on 
(f t,B(Ll)) then the capacity c(.) associated to V is defined by 

c(B) = sup P(B), B € B(n), 

Per 

where fi(fi) is the Borel a-algebra of P. A set B is said to be polar if its capacity is zero, that is, 
6(B) = 0 and a statement holds quasi-surely in short (q.s.) if it holds except on a polar set. 


3 An important result 


In this section, we establish an important result known as comparison theorem. First, we assume 
two stochastic functional integral equations given as follows. 


Y (t) = Ci(0) + /*«! (s,Y s )ds+ f X 1 (s,Y s )d(B,B)(s)+ f\(s,Y s )dB(s), 
Y(t) = C 2 (0) + f K 2 ( S ,Y s )ds+ f \ 2 (s,Y s )d(B,B)(s)+ f\(s,Y s )dB(s), 

J to J to J to 


t G [0,T], (3.1) 

t€[0,T]. (3.2) 


Theorem 3.1. Let Y 1 and Y 2 are the respective unique solutions of equations (3.1) and (3.2). 
Suppose that k\ (s,Y s ) < k 2 (s,Y s ) and Ai(s, Y s ) < X 2 (s,Y s ) are componentwise for every t £ [to,T], 
y € BC([— t, 0]; M d ) and C 1 < C 2 - Also, let the coefficients /q, Ai or k 2 ,X 2 are increasing functions. 
Then for every t > 0, Y 1 < Y 2 q.s. 
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Proof. Suppose that K 2 and A 2 are increasing and consider the problem 

Z(t) = &(0)+ f K 2 {s,max{Y s 1 ,Z s })ds+ f \ 2 (s, max-fy 1 , Y s })d(B, B)(s) 

t Jt0 Jt0 (3.3) 

+ f n(s,max{Y s 1 ,Z s })dB(s), t 0 <t<T, 

Jto 

where the function x —>■ ma x{y,z} satisfies the growth condition | max{y, z}\ < |y| + \z\ and the 
Lipschitz condition with constant one. It follows that all coefficients of the above equation 3.3 
gratify the growth condition as well as Lipschitz condition. Thus problem 3.3 admit the only one 
solution say Z(t). Now one has to show that Z(t) > Yj q.s. First define stopping times <5 1 and 62 
as follows. More details on stopping times can be found in [9, 10, 11]. 

5] = inf{f € [to : T] : Y s l — Z[t) > 0} where 5\ < T, 

5 2 = inf {t G [n, T] : Yg - Z(t) < 0}. 


Contrary assume that (di,^) C [to,T] be an arbitrary interval, such that Z(S 1 ) = T 1 (<5i ) = C*(0) 
and Z(t) < T 1 (t) for every t G (^ 1 ,^ 2 )- Then, 

Z(t) ~Y l {t) = C*(0) + [ K 2 (s,max{Y s 1 ,Z s })ds + f \ 2 (s,max{Y s 1 , Z s })d(B , B)(s) 

Js 1 JSi 

+ f /j.(s,max{Y s 1 ,Z s })dB(s) - C*(0) - [ Ki(s,Y s 1 )ds 
JSi Js 1 

- f \ 1 {s,Y s 1 )d(B,B){s)- f y{s,Y s l )dB(s), te(S 1 ,S 2 ). 

J Si JSi 

Z(t)-Y l {t) = [ [K 2 (s,max{Y s l ,Z s }) - «i(s, Y^ 1 )]^ 

JSi 

+ [ [A 2 (s,max{Y' s 1 ,Z s }) - Ai(s, Y' s 1 )]d(B, B)(s) 

JSi 

+ [ [//(s,max{Y' s 1 ,Z s }) - n(s,Y s 1 )]dB(s), t £ {5 i,<5 2 ). 

JSi 

But the assumption Z(t) < T 1 (t) gives m.a'x.\Y l ,Z\ = Y 1 . So, we have 


Z{t) - T 1 ^) = f [k 2 (s, Y'g 1 ) - ki (s, Y'g 1 )]^ 

Jsi 

+ [\\ 2 (s, Ys 1 ) - A !(s, Y s l )\d{B, B)(s) 
J Si 


+ f UifaYs 1 ) - ufaYg 1 




which gives Z(t) > T 1 (t) because K 2 {t,y) > K\(t,y) and \ 2 (t,y) > X\ (t,y). This gives contradic- 
tion. So, the supposition Z(t) < Y' 1 (t) for every t G { 61 , 62 ) is not true. Thus Z(t) > T 1 (t) q.s. 
and hence max{y 1 , Z) = Z. It follows that Z = Y 2 > Y 1 because problem (3.3) admit a single 
solution Y 2 . The proof is complete. □ 
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4 Existence of solutions to SFDEs in the G-framework 


Next, we assume that the coefficients k and A are not continuous. However, they are increasing, left 
continuous and n(t,y) > 0, A (t,y) > 0 for every (t,y) G [0, T] x BC{[— 5, 0]; M). Assume a sequence 
of problems given as follows. 

Y l (t) = C(0)+ /* K(s,Yj~ 1 )d8+ f \ (s,Y')d{B,B)(s)+ f fi(s, Yj)dB(s), t G [0, T], (4.1) 

Jo Jo Jo 

where Y° = Lt, Lt is the unique solution of the equation given by 

Lt = C+ [ n(s,L a )dB(s), (4.2) 

Jo 

where t G [0, T]. By our supposition n(t,y) > 0, A (t,y) > 0 and comparison result we obtain 
Y 1 > Lt . Thus, one can see that the sequence {Y l : l > 1} is increasing. In the following lemma 
we show that Y 1 is bounded. 

Lemma 4.1. LetY l (t) denotes a solution of equation (4.1). Then 

El sup \Y l (s)\ 2 ) < K, 

\-5<s<T J 

where I< = C 6 e c ^, C 6 = £[||C||] + C 4 , C 5 = 4(C, + C 2 + C 3 ), C 4 = 4[E\(\ 2 + C{T + C 2 T + C 3 T\, 
C \ , C 2 and C 3 are positive constants. 


Proof. Define the following stopping time, for any l > 1 

S m = TAmf{t€[t 0 ,T\ : \\Y t l \\>m}. 

We get S m t T and define Y l,m {t ) = Y l (t A 5 m ) for t G (— r, T). Next we proceed as follows. 
Y l ’™(t) = m+ f K(s,Y l -^)I[o,S m ]ds+ (s,Y^)I[o,Sm]d(B,B) s + [\(s,Y^)I[o,S m ]dB s . 

Jo Jo Jo 

| r '-”*(()| 2 = | C ( 0 ) + /' k (», + [‘ \( s , B ), 

Jo Jo 

+ [\(s,Y^)I[0,s m ]dB s \ 2 

Jo 

< 4|C(0)| 2 + 4| f K{s,Y l - l nh^ m \ds\ 2 + 4| f \(s,Y^)I[o,S m ] d (B,B) s \ 2 

Jo Jo 

+41 r us'YiniwtB-r 

Jo 
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By taking G-expectation on both sides, using the linear growth condition and Burkholder- Davis- 
Gundy inequalities [ 6 , 13] we proceed as follows 

E[\Y l ’ m (t)\ 2 ] <4£|C(0)| 2 + 4Ci [ [1 + E\Y^ 1,m \ 2 ]ds + 4(7 2 [ [1 + E\Y*’ m \ 2 }ds\ 

Jo Jo 

+ 4C 3 [ [l + E\Y l s ’ m \ 2 ]ds 
Jo 

< 4E|C(0)| 2 + 4Ci [ ds + 4C*i f E\Y l ~^ m \ 2 ds + 4C 2 [ dt + 4C 2 [ E\Y l s ' m \ 2 ds 
Jo Jo Jo Jo 

+ 4C 3 [ ds + 4C 3 [ E\Y l s ' m \ 2 ds 
Jo Jo 

= 4^|^(0)| 2 + 4C'iT + 4Ci [ E\Y l -^ m \ 2 ds + 4C 2 T + 4C 2 [ E\Y^ m \ 2 ds 

Jo Jo 

+ 4C' 3 T + 4C 3 [ E\Yg' m \ 2 ds. 

Jo 

For any j G N we get, 

max E[\Y l,rn (t)\ 2 ] < f max E\Y l - 1 ' m \ 2 ds+±C 2 f max E\Y*’ m \ 2 ds+4C 3 [ max E\Yj’ m \ 2 ds, 

i <i<j Jo 1 < l <j Jo YEj Jo i <i<j 

where C 4 = 4[F ?|£| 2 + CiT + C 2 T + C 3 T], Hence by Doob’s martingale inequality we get for any 
I, m G N 

E[ sup |Y Z ’ m (s)| 2 ] < C 4 + C 5 f E\Yg’ m \ 2 ds, (4.3) 

0<s<t Jo 

where C 5 = 4(Ci + C 2 + C 3 ). One can observe the fact [11], 

sup |Y*’ m (u)| 2 < HCII + sup |Y / ’ m (s)| 2 , 

—5<s<t 0<s<t 

and hence 4.3 gives 

E{ sup |Y z,m (s)| 2 ] < £[||C||] + C 4 + C 5 T E\Yj’ m \ 2 ds 
—S<s<t Jo 

<C 6 + C 5 f E[ sup \Y l ’ m (q)\ 2 ]ds, 

Jo 

where Co = i£[||C||] + C4. Finally, taking m — >• 00 and by the Gronwall’s inequality we get, 

E[ sup |Y'(.s)| 2 ] < C 6 e C5t . 

—5<s<t 

Letting t = T we have 

E[ sup |Y'(s)| 2 ] < K, 

-5<s<T 

where K = Coe c&T . Hence, the proof stands completed. □ 
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Theorem 4.2. Let the coefficients n(t,y) and \(t,y) are increasing in the second variable y and 
left continuous. For all ( t,y ) € [0, T] x BC([— r, 0]; M), n(t,y) > 0 and A (t,y) > 0. Then there 
exists at least one solution Y(t ) € Mq ([— t, T];M) to problem (1.1). 


Proof. Theorem 3.1 follows that the sequence {Y 1 } is increasing. On the other hand, Lemma 4.1 
shows that {Y 1 } is a bounded sequence in the norm L 2 . Thus dominated convergence theorem 
yields that Y n converges in L 2 . Let Y be the limit of Y l . Then for almost all w, we have 

n{t, Y l (t )) — > n(t, Y(t )) as l — F oo, 

A (t, Y l (t )) — > A (t, Y (t)) as l —$■ oo. 


Also 


\K(t,Y l (t))\ < K(l + sup I Y\f) I ) e L 1 ([to, T}), 

i 

|A (t,Y l m < I< (1 + sup \Y\t)\) G L\[t 0 ,T}). 

i 

Since (B) is continuous, so, for uniformly in t and almost all w 


Jo 

Since G-integral is continuous we get, 

rt 


/ hi(s,Y l (s))ds — >• / K(s,Y(s))ds, l — * oo, 

Jo Jo 

A (s,Y l (s))(B,B)(s)^ [ X(s,Y(s))(B,B)(s), l ^ oo. 

Jo 


sup 

0 <t<T 


y(s,Y l (s))dB(s) — / y(s,Y(s))dB(s) 


io 


0 (q.s), l — >• oo. 


Obviously, the sequence Y l converges uniformly to Y in t, hence Y is continuous. Taking limits 
I ^ oo on both sides of equation (4.1), we obtain that Y is the solution to G-SFDE (1.1) with 
initial condition (1.2). □ 
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Interval-valued intuitionistic fuzzy Choquet integral 
operators based on Archimedean t-norm and their 

calculations^ 
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Abstract: It is necessary to assume additivity and independent among decision making criteria for 
traditional multiple decision making (MDM) in which the weights given by decision makers based on 
a additive measure. However, most criteria have inter-dependent or interactive characteristics in the 
real decision making problems. Furthermore, with respect to multiple attribute group decision making 
(MAGDM) problems in which the attribute weights and the expert weights take the form of real numbers 
and the attribute values take the form of interval-valued intuitionistic sets, we propose interval-valued 
intuitionistic fuzzy Choquet integral operators based on Archimedean t-nornr and discuss their calcula- 
tions in this paper. First, we introduce some concepts of fuzzy measure, interval-valued intuitionistic 
sets and Archimedean t-nornr. Then, the representations and transformations of Archimedean t-nornr 
and Archimedean t-conornr are obtained, and the operational rules of interval- valued intuitionistic fuzzy 
sets based on Archimedean t-nornr are presented under intuitionistic fuzzy environment. Finally, as 
fuzzy Choquet integral operators, some aggregating of interval-valued intuitionistic fuzzy sets based on 
Archimedean t-nornr are given. 

Keywords: Intuitionistic sets; Fuzzy Choquet integral operators; Archimedean t-nornr. 

1. Introduction 

Multiple attribute decision making (MADM) problem is an important research topic in decision 
theory. Because the objects are fuzzy and uncertain, the attributes involved in decision problems are 
not always expressed as real numbers, and some better suited to be denoted by fuzzy numbers, such as 
interval numbers, triangular fuzzy numbers, trapezoidal fuzzy numbers, linguistic numbers on uncertain 
linguistic variables, and intuitionistic fuzzy numbers. Because Zadeh initially proposed the basic model of 
fuzzy decision making based on the theory of fuzzy mathematics, fuzzy MADM has been receiving more 
and more attention. We also notice that the main technologies in multiple attribute decision making, 
whether the situation is certain or vague, are how to define and calculate the aggregation operators 
proposed in the practice. 

The fuzzy set (FS) theory proposed by Zadeh [1] was a very good tool to research the fuzzy MADM 
problems, the fuzzy set is used to character the fuzziness just by membership degree. Different from 
fuzzy set, there is another parameter: non-membership degree in intuitionistic fuzzy set (IFS) which 
is proposed by Atanassov [2, 3]. Clearly, the IFS can describe and character the fuzzy essence of the 
objective world more accurately [2] than the fuzzy set, and has received more and more attention since 
its appearance. Later, Atanassov and Gargov [4, 5] further introduced the interval-valued intuitionistic 
fuzzy set (IVIFS), which is a generalization of the IFS. The fundamental characteristic of the IVIFS is 
that the values of its membership function and non-membership function are interval numbers rather 
real numbers. 

Base on Archimedean t-conornr and t-norrn [6, 7], and the aggregation functions for the classical 
fuzzy sets (FSs), Beliakov et al. gave some operations about intuitionistic fuzzy sets, proposed two 
general concepts for constructing other types of aggregation operators for intuitionistic fuzzy sets (IFSs) 

' This work was supported by the Key Subjects Construction of Tianshui Normal University. 
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extending the existing methods and showed that the operators obtained by using the Lukasiewicz t-norrn 
are consistent with the ones on ordinary FSs. We can find above aggregation operators are all based 
on different relationships of the aggregated arguments, which can provide more choices for the decision 
makers. 

As an aggregation function, it is well-known that Choquet integral [8] based on non-additive fuzzy 
measure, is a kind of non-additive and non-linear integral, and has been successfully used for handling 
information fusion and decision making problems (MCDM). The main characteristic of this aggregation 
function is that it is able to flexibly describe the relative importance of decision criteria as well as their in- 
teractions. There are many works on the Choquet integral of single-valued functions, set-valued functions 
and studied their mathematical properties. It is of interest to combine the Choquet integral and the IFS 
theory or MCDM under intuitionistic fuzzy environment, because, by doing this, we cannot only deals 
with the imprecise and uncertain decision information but also efficiently take into account the various 
interactions among the decision criteria. The intuitionistic fuzzy-valued Choquet integral, the combina- 
tion of the Choquet integral and the IFS theory, can also act an aggregation tool employed in MCDM 
as well as other multicriteria analysis field. In this paper, we propose the interval-valued intuitionistic 
fuzzy Choquet integral operators based on Archimedean t-norrn and discuss their calculations. First, we 
introduced some concepts of fuzzy measure and interval-valued intuitionistic sets based on Archimedean 
t-norrn. Then, interval-valued intuitionistic weighted average(geometric) operator based on Archimedean 
t-norrn, interval-valued intuitionistic ordered weighted average operator based on Archimedean t-norm 
are developed. 

The rest of this study is organized as follows. In section 2, we recall the definitions of intuitionistic 
fuzzy seC Archimedean t-norm and Choquet integral. In section 3, the representations and transfor- 
mations of Archimedean t-norm and Archimedean t-conorm are proposed and inveastigated, and some 
of its properties are investigated in detail by means of the representation theorem. In section 4, the 
operational rules of interval-valued intuitionistic fuzzy sets based on Archimedean t-norm is presented 
under intuitionistic fuzzy environment. In section 5, an aggregating of interval- valued intuitionistic fuzzy 
sets based on Archimedean t-norm are defined and discussed. 

2. Definitions and preliminaries 

A fuzzy measure on X is a set function g : P(X) — > [0, 1] such that 

(i) M0) = o,M^) = i; 

(ii) A, B C X , A C B implies g(A) ^ g{B). 

Definition 2.1. Let 6 P(X),A n B = 0. If fuzzy measure g satisfies the following conditions: 

g(A U B) = g(A) + g(B) + \g(A)g(B) 


and A £ ( — 1, oo). 

Especially if A = 0, then g is an additive measure, which means there is no interaction between 
coalitions A and B . 


Let X = {xi, X 2 , ...in} be a attribute index set, if i. j = 1,2,., 

.., n and i / j, XiHxj 

= 0, U"=i p = x » 

then 

f x(nr=i[ 1 + A5r(a7i)] — 1) 
l Ell g(xi) 



g(x) = \ 

A / 0, 
A = 0, 

(1) 

From Eq. (1), for the A £ P(X) , g can be expressed by 



g(x) = j 

f + -i) 

l i ZieAg( x i ) 

A / 0, 
A = 0, 

(2) 


For Xi, g(xi) is called a fuzzy measure function, and it indicates the importance degree of x t . 

From g(X) = 1, we know A is determined by A + 1 = n”=i (1 + A g(xi)). 

Definition 2.2. Let / be a positive real-valued function on X, the discrete Choquet integral of / 
with respect to a fuzzy measure g on X is defined as 


C M( X ( 1)),... ,/(*(„))) = f(x {i) )[n[A {i) ) - g(A {i+1) )} 

i= 1 
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where (•) indicates a permutation on A such that f(x^) ^ ^ f(x^). Au\ = (i, . . . , n), and A/ n+1 ) = 

0 . 

A function T : [0, 1] x [0, 1] — > [0, 1] is called a t-norrn if it satisfies the following four conditions [8,9]: 

1) T(l,x) = x, for all x. 

2) T(x,y) = T(y,x ), for all x and y. 

3) T(x,T(y, z )) = T(T(x, y), z ), for all x, y and z. 

4) x ^ x',y ^ y implies T(x,y) ^ T(x',y '), x,y,x',y' G [0,1]. 

A function S : [0, 1] x [0, 1] — > [0, 1] is called a t-conorm if it satisfies the following four conditions [8, 9]: 

1) 5(0, x) = x , for all x. 

2) S(x 1 y) = S(y,x), for all x and y. 

3) 5(x, S(y, z)) = S(S(x, y),z), for all x, y and z. 

4) x ^ x',y ^ y implies S(x,y) ^ S(x,y), x,y,x,y G [0, 1]. 

Definition 2.3 [8,9]. A t-norrn function T{x,y) is called Archimedean t-norrn if it is continuous 
and T(x,x) < x for all x G [0, 1]. An Archimedean t-norrn is called strictly Archimedean t-norm if it is 
strictly increasing in each variable for x, y G (0, 1). 

A t-conorm function S(x,y) is called Archimedean t-conorm if it is continuous and S(x,x) > x for 
all x G [0, 1]. An Archimedean t-conorm is called strictly Archimedean t-conorm if it is strictly increasing 
in each variable for x, y G (0, 1). 

Definition 2.4. Let A be in a given domain. Then, 

A = {(x,ha(x),u a (x))\x G X} 

is called an interval-valued intuitionistic fuzzy set ( IVIFS ), where ha : A — > / C [0, 1], v A '■ X — ► J C 
[0, 1] and /, J are closed intervals in [0, 1], the following condition is met: sup ha{x) + sup v A {x) ^ 1 , x G 
A. The intervals y A {x) and v A (x) represent, respectively, the membership degree and non-membership 
degree of the element ion A. 

Thus for each x, ha(x) and v A {x) are closed intervals and their lower and upper end points are, 
respectively, denoted by y\(x), h a ( x ) X A ( x ) X A ( x ) ■ We can denote by 

A = {(®> [Va{x),H A (x)], [va(x),v%(x)]])\x G A}, 

where 0 ^ + v A {x) ^1, x G A, H A { X ) ^ 0 and v A (x) ^ 0. 

Simply, we write A = ([fi A (x), H A (x)\, [v A {x),v%(x)\. 

For each element x, we can compute its hesitation interval of x as: 

tta(x) = [vr^(x), 7 r^(x)] = [1 - v%(x) - y l A (x), 1 - u\(x) - h a (x)\. 

3. The representations and transformations of Archimedean t-norm and Archimedean t- 
conorm 

Definition 3.1. A mapping N : [0,1] — > [0,1] is called negation operator, if N is decreasing 
and N(0) = 1 , N(l) = 0. Especially, we have 

(i) If N(x) = 1 — x, it is called standard negation operator. 

(ii) \/x G [0, 1], if N(N(x)) = x , then it is called cyclotron negation operator. Obviously, cyclotron 
negation operator is continuous and strictly increasing. 

(in) For each negation operator, T and 5 are dual with respect to N(x) if and only if T(N(x), N(y)) = 
N(S(x,y)). 

It is well known [9] that a strict Archimedean t-norm is expressed via its additive generator g as 
T(x,y) = g^ 1 (g(x) + g(y)), and similarly, applied to its dual t-conorm S(x,y ) = hr l (h(x) + h(y)) 
with h(t) = g(N(t )). We notice that an additive generator of a continuous Archimedean t-norm is a 
strictly decreasing function g : [0, 1] — > [0,+oo) such that g( 1) = 0. If we assign specific forms to the 
function g, then some well-known t-conornrs and t-norms can be obtained. Let me emphasize that the 
results (1-4) were shown in [11], however, considering that the representation of the negation operator is 
always restricted by the policy mak- ers’ historical knowledge, perceptual judgement and other factors in 
the game playing, benefit groups’ voting or decision making process, we could define the negation operator 
by means of the fuzzy logic non-portal operators in this paper and calcidate Archimedean t-norm and 
Archimedean t-conorm as results (5-8) as follows. 
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Theorem 3.1 Let T(x, y ) be Archimedean t-norm and S(x, y ) its dual Archimedean t-conorm. Then 
we have the following statements: 

If N(x) = 1 — x, i.e. h(t) = g( 1 — t)), then the following are valid: 

(1) Let g(t) = —log t, then h(t) = — log(l — f),< 7 _1 (f) = exp _t , h~ 1 (t) = 1 — exp - *, and Algebraic 
t-conorm and t-norm [10] are obtained as follows: 

T A (x,y) = x-y, S A (x,y) = x + y - xy. 

(2) Let g(t ) = log(^), then h(t) = log(^=^=^),g _1 (t) = exp ? +1 ,h~ 1 (t) = 1 - exp t +1 , and we get 
Einstein t-conorm and t-norm [10]: 


t e (*, y) - 1 + (i 7)(i _ y) . sE (*’ «) - 


x + y 
1 + xy' 


(3) Let g(t) = log( 7+(1 f 7) * ) , 7 > 0, then we have h(t) = log( 7 +( 1 1 2 ) f (1 t) ),g 1 (t) = 


h 1 (t) = 1 — ex t ^_ _-p and Hamacher t-conorm and t-norm [10] are obtained as follows: 


exp £ + 7 — 1 5 


T?{x,y) = — — r , 7 > 0 , 

7 + (l ~l)[x + y-xy) 


Sj (x, y) = 


x + y - xy - (1 - 7 )xy 


, 7 > 0. 


7V 1 - (1 - 7 )xy 

Especially, if 7 = 1, then Hamacher t-conorm and t-norm reduce to the Algebraic t-conorm and t-norm 
respectively; if 7 = 1, then Hamacher t-conorm and t-norm reduce to the Einstein t-conorm and t-norm 
respectively. 


(4) Let g(t ) = log(X^) , 7 > 1, then h{t) = log( 1 (t) = dp? 


1 °g( 7 A 1 l? P ) 


,h 1 {t) = 1 - 




, and we have Frank t-conorm and t-norm [10] as follows: 


T~(x,y) = log (1 + 


(7* - l)(7 y - 1) 


) , 7 > 1, 


S^(x,y) = 1 - log (1 + 


(71- _ i)( 7 i ~y - l) 


) , 7 > 1- 


Especially, if 7 — ► 1, then we have 

7 — 1 1 

lim . g(t) = lim log (—7 -) = limlog(— -r -) = -log*. 

7— >1 7— >1 T — I 7— >1 t'y — 1 

which indicates that linr 7 ^i S ^ (x, y) = S A (x, y) and lim 7 _>i (x, y) = T„p(x, y). 

If N(x) = 1 — x 2 , i.e. h(t) = g( 1 — t 2 ) then the following are also valid: 

(5) Let g(t) = —logt, then h(t) = — log(l — t 2 ),g~ l (t) = exp _t , h~ l {t) = yd — exp - ? and Algebraic 
t-conorm and t-norm [10] are obtained as follows: 

T A (x, y) = xy , S£(x,y) = x 2 ){l - y 2 ). 

T . 0 + n< + \ — lonY? =1\ wo Ucwo ht + \ — lorr i±£ n~ l ( — 1 h~ 1 {+'\ — . / CX P* -1 QHfl wo 


( 6 ) Let g(t) = log( — ), then we have h(t) = log j^,g (t) = expt +1 , h 1 (t) = and 

get Einstein t-conorm and t-norm [10] are obtained as follows: 


rpE/ \ xy E I x~ -ty~ , 


x 2 + y 2 
1 + x 2 y 2 


(7) Let g{t) = log( 7+(1 t 7)f ) , 7 > 0, then we have h(t) = log O ^ 1 ^ 1 1 (t) = cxpt 7 7 _ r 

h~ 1 (t) = Jl — — p , and Hamacher t-conorm and t-norm [10] are obtained as follows: 


rpH ( \ x y _ n 

T 2l (x,y) = — — — c , 7 > 0, 

1 7 + (1“7 ){x + y-xy) 
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H t x x 2 + y 2 - x 2 y 2 - (1 - 7 )x 2 y 2 

s ^ y ) = \j 1 _ (i _ • 7 > °- 

Especially, if 7 = 1, then Hamacher t-conorm and t-norm reduce to the Algebraic t-conorm and t-norrn 
respectively; if 7 = 1, then Hamacher t-conorm and t-norm reduce to the Einstein t-conorm and t-norm 
respectively. 


( 8 ) Let g(t) = log(^-) , 7 > 1, then h(t) = log ( - 7 ^ 277 ), g 1 {t) = 


lo g ( T- 1+ y p ) 

u ' pyn 1 ' 


exp 1 ' 

3g7 


l og (2^lW) 


h 1 (t) = y 1 - 
and we have Frank t-conorm and t-norm [10] as follows: 


log 7 


TfJx,y) = log (1 + 


(7* ~ l)(7 y ~ 1) 

7-1 




S[j(x,y) = 1/1 -log 7 (l + 


( 7 1 -* 2 __ 1)( 7 1 -y 2 - 1 ) 
7 - 1 


Especially, if 7 — > 1, then we have 


7 — 1 1 

Ihn g(t) = lim log (—7 -) = limlog(-— T -) 

7— >1 7— >1 7 1 — I 7— >1 t'y — 1 


which indicates that lim 7 _>i (. x , y) = S^(x, y) and lim 7 _>i ( x , y) = 


) 7 > 1- 


= log t. 
Tf(x,y). 


4. The operational rules of interval- valued intuitionistic fuzzy sets based on Archimedean 
t-norm 


Definition 4.1. Let 5* = ([y L (ai), y u (cti)\, [v L (ai), v 11 (on))) (i = 1,2) be two interval-valued 
intuitionistic fuzzy sets, T(x,y ) Archimedean t-norm and S(x,y ) its dual Archimedean t-conorm, and 
A 57 0. We can define the operational rules about o:\ and 02 based on Archimedean t-norm as follows 

(1) 5r ©a 2 = ([S(y L (ai),y L (a 2 )),S(y u (ai),ii u (a 2 ))], [T(v L (ai),v L (a 2 )) 1 T(v u (a i),v u (a 2 ))]) 

= ([h~ 1 (h(y L (ai)) + h(y L (a 2 ))), h~ l (h(y u (cn)) + h(y u (a 2 )))], 

+ g{iy L {a 2 ))),g~ 1 {g{iy u {a 1 )) + g{i^ u {a 2 )))})-, 

( 2 ) ai®a 2 = ([T (y L (a±) , y L (a 2 )) , T(y u (a\), y u (a 2 ))], [S(u L (ai), v L (a 2 )), S(v u (ai), v u (a 2 ))]) 

= ([s _1 (s(^ L («i)) + g{^ L {u2)))-,g~ l {g{y U {oii)) + g(y u (a 2 )))\, 

[h,- 1 (h(v L (aci)) + h(v L (a 2 ))),h~ l (h(v u (oii)) + h(u u (a 2 )))])\ 

(3) Aai = ([/i" 1 (A/i(/r L (ai))),/i" 1 (A/i(/x [/ (ai)))], [y" 1 (Ay(z/ L (ai))),y“ 1 (Ay(i/ C 7 (ai)))]); 

( 4 ) a \ = ([g- 1 (Xg(y L (ai))),g- 1 (Xg(y u (ai)))\,[h- 1 (Xh(u L (ai))),h- 1 (Xh(u u (ai)))}). 

Obviously, the above operational result is still an the operational rules of interval-valued intuitionistic 
fuzzy sets based on Archimedean t-norm. According Theorem 3.1 and Definition 4.1, we have Theorem 4.1 
and Theorem 4.2, the operational rules of interval-valued intuitionistic fuzzy sets based on Archimedean 
t-norm are obtained as follows. 

Theorem 4.1. Let 5* = ([y L (a>i), y u (oii)\, [v L (ai), i/ u (ai)]) ( i = 1,2) be two interval-valued fuzzy 
intuitionistic sets, T(x, y) Archimedean t-norm and S(x, y) its dual Archimedean t-conorm, N(x) = 1—x. 
Then the following operational rules based on Archimedean t-norm are hold: 

(1) If g(t) = — log t, then [9] 

(*) «i ® a 2 = ([y L (ai) + y L (a 2 ) - y L («i) y L (a 2 ) , y u ( 07 ) + y u (a 2 ) - y u (ai)y u (a 2 )\, 
[v L (ai)v L (a 2 ),v u (ai)v u (a 2 )])\ 

(ii) ai < 8)02 = ([y L (ai)y L (a 2 ),y u (ai)y u (a 2 )\, 

[v L (ai) + v L (a 2 ) - v L (a\)v L (a 2 ) , u u (a\) + v u (a 2 ) - u u (ai)u u (a 2 )]); 

(in) Aai = ([sAx 0 (ai)> «AxT(ai)]> [1 - (1 - M L (ai))\ 1 - (1 - y u (ai)) x ], [(v L (ai)) x , (v u (a i)) A ]); 
(iv) y = ([s ( 0 (qi)) a, s (T(ai)) A], [(/r L (ai)) A , (y u (ai)) x ], [1 - (1 - v L (ai)) x , 1 - (1 - v u ( ai )) x }). 

(2) If g(t) = log(^), then 

(A\ 7, — /r /J L (Q'i)+|A(q 2 ) ;i [; (ai)+// [; (o 2 ) i r v L (a 1 ) v L (a 2 ) u u (ai )u L (ag) lx. 

1 ® '2 u l+i_i L (ai)fi L (ot2) ’ l+fi u (ai)fj, u (a 2 ) ‘ ’1 l+(l-^- L (ai))(l— v L (a 2 )) ’ l+(l—v u ( 0 . 2 ))*' ' 
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]); 


(AA\ (O, 77 _ l\ ^ L (ai)^ L {a2) [i u (m). (<*2) 1 r v L (ai)+v L (a2) u u (a i)+u u (a 2 ) p. 

\ 1 2 u /i, I/ (o' 1 ))(l— ^z L (a2)) ’ 1+(1— /x^(c*i))(l— n u (012 )) ^ l-\-v L (ot.2) ’ l+i/^ (0:1)1/^ (0:2) J'* 

\~ _ /r (t— /' L ( n l) I X -LI ~/) L (ill )) x l.l-/d / (o 1 )) A -(l-;/ ( O 1 ) ) X 1 r 2(/A( Ql )) A 2 (u u (,, l )) x n. 

' ' 1 ^ (ai)) x -\-(l—/i L (a\)) x ^ (l+^ t/ (ai)) A +(l— fi u (ai)) x -I ’ *■ (2— v L (ai)) x -\-v L (ai) x ’ ( 2 -iy u (ai)) x -\-iy u (ai) x ^' ,> 

(i,A = /r 2 (^(ai))A -V r (, u )) 7 l r (l+/< £ (ai )) A -( 1 -,A(r, 1 )A q+,-’ MMWW n 

' ' 1 '!■ (2— fi L (ai)) x +fi L (ai) x ’ (2— /i t7 (ai)) A +/x t7 (ai) A J ’ *- (l+i/ I/ (a!i)) A +(l — is L (ai)) x ’ (l+i' t/ (ai)) A +(l— is u (ai)) x *> ’ 

(3) If g(t ) = log( 7+(1 ~ 7)t ) , 7 > 0, then 

7,0 ~ _ /r M L (ai)+A I '(o 2 )-A Z '(Qi)A I '(Q 2 )-(l- 7 )A L («l)M L (Q 2 ) A^(oa)+A^(Q2)-M y (ni)/(a2) ] 

x ' 1 2 d 1— (1— 7 )/i L (ai)/i z '(Q' 2 ) ’ 1 -( 1 - 7 )m c/ («i)m C7 (« 2 ) W 

r v L (a\)v L (02) v u {ai)i' u (a 2 ) i\. 

f 7-|-( 1 — -)){y L {a\)+u L {a2)~ v L (ai)v L (02)) ’ 7+(l— 7)(iy u (ai)+is u (0:2)— v u {ai)v u (02)) ‘‘ ’ 

I'm! 5i « 5 o = a /A(ai)/A(a 2 ) /- r ( ai ) At f/ (a 2 ) 1 

r i2 Z/ (ai)+^ I '(a 2 )-i2 L (Q:i)i2 L (a2)-(l-7)^ L (ai)v z '(a 2 ) i/ 17 ( a l)+ i/i7 ( <:t 2)-t yi: ' f ( a l)^ C/ ( Q 2) — (1—7)1/ 17 (07)1^ (02) 

L 1— (1— 7 )W (ai)v L (a 2 ) ’ 1— (1— 7 )i 2 ,A (ai)i' (/ ( a 2 ) 

(AAA) \77 _ /r (l + (7-l)At L (Qi))' X -(l-At I '(ai))- x (l + ( 7 -l)A f/ (ai)) A -(l-A^ («l)) A 1 

x ' 1 d(l+(7_l)/i- L (a 1 )) A +(7_l)(l_/i- L ( Q : 1 )) ;> > ’ (l+(7-l)/W(ai)) A +(7-l)(l-/A(a:i)) A b 

[ 7(i/ L (ai)) A 7 (^' 7 (Qi)) A 1\. 

f (H-( 7 — 1 )( 1 — !' i (ai))) A +( 7 -l)(i' L (Q'i)) A ’ (l+(7-l)(l-!2 c/ (ai))) A +(7— l)(v c/ (ai)) A h ’ 

/• \ ~\ /r 7(/i L (ai)) A 7(/r c/ (ai)) A i 

a 1 — U( 1 +( 7 _ 1 )( 1 _ #i i( ai )))A + ( 7 _l)( /i L( ai ))A} (l_|_( 7 _l)(l_ /i C/( ai )))A_|_( 7 _ 1 )( At U( ai ))Aj) 

[ (l+( 7 -l)^ L (Qi)) A -(l-^ L (Ql)) A (l+( 7 -l)^ f/ (Ql)) A -(l-^ fJ (Ql)) A 1\ 

41 +( 7 -l)iA I '(ai)) A +( 7 -l)(l-!A i (ai)) A ’ (l+(7-l)iA C7 (ai)) A +(7— l)(l-^ c/ (ai)) A ' 

(4) If g(t ) = log(^d_) , 7 > 1, then 

(0 5 i 0 5 2 = ([1 - log 7 d + ( 7 l ^ (ai) -;y^ (a2) - 1) ), 1 - log 7 (l + 

[log 7 (! + ( ^ ( ^-iK ] - L( ^- 1 ) ) >lQ g 7 (i + (^ ( ^)-iK r P( ° a ) -i) )]); 

(u) 5i ® 5 2 = ([iog 7 (i + + ( 7 ^ (ai) -;y c/(a2) ~ 1) )] ! 

[1 - log 7 (l + ( 7 ^ ( ^>-iy-^ ( ^- 1) ) > ! _ log7(1 + 


(in) Xai = ([1 - log 7 (l + 1 - log 7 (l + ^^ziyx^T^ )], 


[log 7 (l+ < ~ 7 ( 7 -‘l 1 ) A -i ) )’ l°g 7 (l + rr ( 7 - 1 )A-i r )]) 


(<*l)_l)A N 


(iv) a A = ([log 7 (l + (7 ^ y _lT)A-i )A 1 og 7 ( 1 + " )]» 




{^ 1 ~ u («i)— 1)> 


),1 -log 7 (l + 


('y 1 ~ u ( a l) — 1) > 


)])• 


[1 - log 7 (l +|P— HHIa^T h - ^& 7 v j - T ( 7 _ 1 )A -1 

Theorem 4.2. Let aq = ([fx L (ai) 1 fi U (ai)\, [v L (a.i), v u (a.i)\) ( i = 1,2) be be two interval-valued 
intuitionistic fuzzy sets , T(x, y ) Archimedean t-nornr and S(x, y ) its dual Archimedean t-conorm, N(x) = 
1 — x. Then the following operational rules based on Archimedean t-nornr valid: 

(1) If g(t ) = — log t, then 
(i) 5i © 012 = 

([J (fj> L (ai)) 2 + (n L (a 2 )) 2 - (y, L (ai)) 2 (n L (a 2 )) 2 , y/ (^(ai)) 2 + (y> u (a 2 )) 2 - (g u (on)) 2 (g u (oi 2 )) 2 }., 

[r/ 7, (ai)r/ L (o2), ^(ai)r/' 7 (a 2 )]); 

(m) 5i< 8)Q2 = ([jU L («i)/i L (a2),ir lf (Q:i)^ c/ (Q:2)], 

[y 7 (i/ L (ai )) 2 + (u L (a 2 ) ) 2 - (rz L (oi)) 2 (r/ L (o: 2 ) F, y/ (^(ai )) 2 + (r AC/ ( « 2 )) 2 ~ (^(«i)) 2 (^ ?J (« 2 )) 2 ] ) ; 

(m) Aai = ([y/l - (1 - (y L (a 1 )) 2 ) x , y/l - (1 - (^(ai)) 2 ) A ], [(rz L (ai)) A , (^(ai))^); 

M 5? = (K^(«i)) A , (^(ar)) A ], [Vl-(1-Hai)m 

(2) If ^(t) = log(V), then 

(a\ — /r / (a i '(qi)) 2 +(a i '(« 2 )) 2 ~ / (M c/ (Qi)) 2 +(M c/ (a 2 )) 2 ~ i 

aitpa 2 - Uy 1 +(M i (« 1 )) 2 (M i (a 2 )) 2 ’ V l+(^(a 1 ))2( At U (a2 ))2j ) 

r t/ Jy (ai)i 2 J '(a 2 ) iA C/ (ai)i/ I/ (a 2 ) i\ 

f 1-|-(1 — I2 i (cn))(l— v L (ot2)) ’ 1+(1— u u (ai))(l— !a c7 (« 2 ))J' > 

I'm! 5i K) 5o = d a l (qi)a l (« 2) i 


(' /J 1 (<il )) 2 + (''- L (a 2 ))2 
l+(! 2 - L (ai)) 2 (i/ L (a 2 )) 2 ’ 


(iAU(q 1 )) 2 + (iyU( Q , 2 ))2 


l+(v c/ (ai)) 2 (v c/ (a 2 )) 2 J 

I'b'A Afvi = t\ / U + l/dtn L )) 2 ! ))- ) '■ / 1 l- + (;i r («'! ) ) 2 ) x ~ 1 1 — 1 ) I 2 ) x 1 

x ' 1 dy (l+(// I '(a 1 ))2)A+(i_( i ur(a 1 ))2)A > y (l+(/iU(a 1 )) 2 ) A -(-(l_(/.( c/ (o 1 ))2)A J 1 

2(^( ai )) A 2(t/ C7 (ai)) A 


^ (2— z/- £/ (ai)) A +(^ I, (Q;i)) A ’ (2—u u (ai)) x -\-(u u (ai))- 


:]); 
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/■ \ /r 2([i L 2(^ (aiJ,P i 

■ ' d( 2 _ /i £( 0 , 1 ))A_|_( /i i( Q , ] j)A ’ ( 2 — /i c/ (ai)) A +(/i l 7 (ai)) A -l 


2 


! {l+{u L {ai)) 2 ) x -(l-(v L (ai)) 2 y' 
(l+(t' L (ai)) 2 ) A +(l-(i' Z/ (ai)) 2 ) A ' 

— , -y > 0, then 


{l+(v u (ai)) 2 ) x -(l-(i/ u (cei)) 2 ) x j\ 


(l+(y c/ (o:i)) 2 ) A +(l — (^ c/ (ai)) 2 ) AJ 

(3) If g(t) = log( : 

( a \ ~ _ /[■ /(aDou)) 2 -!-!/©! 0 ©) 2 - (/A(ai)) 2 (/©(ai )) 2 — ( 1 — 7 )(/©(ai)) 2 (/©(a 2)) 2 

W « 1©«2 - l-(l- 7 )(^(a 1 )) 2 (^(« 2 )) 2 ’ 


/ (Ad r (Qi)) 2 + (A r/ (Q2)) 2 -(A Cf ( a i)) 2 (A Cf ( a i)) 2 -( 1 -7)(At Lr (Qi)) 2 (Ad r (Q2)) 2 i 
l-(l-7)(^ c/ (ai)) 2 (At c/ (a 2 )) 2 h 

r /(ai)i/ 1 (a 2 ) v u (ai)v u (a 2 ) i\. 

L 7 +(l— i)(v L {a\)+v L (a 2 )-v L (a\)v L (a. 2 )) ’ 7 +(l— (ai)+u u (a 2 )—u u (ai)u u (a 2 )) ’ 

(jj\ © no = (\ fi u (a 1 )iJ, u (a2) 1 

I ' 1 2 ^ 7 +(l- 7 )(At- L (ai)+/-r L (a 2 )-/r- L (ai)/.t- L (q 2 )) ’ ‘^+(l-'y){^ u {a i)+^ u (ol 2 )-^l u (ai)p, u (a 2 )y ’ 

(^ Z/ (ai)) 2 +(i 2 L (a 2 )) 2 — (i/ L (ai)) 2 (u L (ai)) 2 — (1~ j)(u L (ai)) 2 (i/ L (a 2 )) 2 

l_(l-_ 7 )( I/ L( a i)) 2 ( I/ L( a2 ))2 ’ 


' (v u {ai)) 2 +(v u (a 2 )) 2 -{i' u (ai)) 2 (i' u (ai)) 2 ~(l-~/)(i' u {ai)) 2 (i' u (a 2 )) 2 -i\. 
l—(l—j)(v u {ai)) 2 (v u (a 2 )) 2 

( aaa \ \~ _ (\ / (t — ( 7 ~ 1 H/d-l'u )) L ’) X -I I — i ;d ( m ! )) 2 ) A / ( !. + (-)- j 1 )- ) A — 1 Mg (a 1 )) 2 ) x ~ i 

' 1 “V ( 1 +(7- 1 )(A tZ '(«l)) 2 ) A +(7- 1 )( 1 ~(A (Z '(«l)) 2 ) A ’ V (l+( 7 — l)(/©(ai)) 2 ) A +( 7 — 1)(1 — (/A(ai)) 2 ) A J ’ 

r 7 © L (Qi)) A 7© C/ (qi)) A 

41 +( 7 --l)(l-! 2 I '(ai))) A +( 7 — l)(^ L (ai)) A ’ (l+( 7 -l)(l-i' c/ (ai))) A +( 7 -l)(t/ !:f ( a i)) A ' ’ 

( a v \ = (\ 7(a Z '(«i)) A 7(a C/ («i)) A 1 

' ' 1 '41+( 7 -l)(l-/ ti ( a i))) A +(7— 1 )(a z '(«i)) a ’ (1+( 7 -1)(1-M c/ («i))) a +( 7 -1)(a c/ (oi)) a ^’ 


( 1 — ( ~ — I l‘7' L (' 1 i i ! ' -il-0- L (M 1 ) !~ i x / ( I- + ! 7—1 Hr (oi I) 2 I (aj .1 )- ) ■ i v 

(l+( 7 -l)(^- L (ai)) 2 ) A +( 7 -l)(l-(y- L (ai)) 2 ) A ’ V (l+( 7 -l)©©ai)) 2 ) A +( 7 -l)(l-(i2 !J (ai)) 2 ) A " 

(4) If g{t) = log(^©) , 7 > 1, then 
( i ) 5i © a 2 = 


( 7 l-(e- L (ai)) 2 _l)(- ) ,l-(M i: '(a2)) 2 ~l) , 


([\ 1-logJl + 


7-1 


( 7 1 — (e C/ (ai)) 2 _l)( 7 l — i^ U (a 2 )) 2 -1) , 


), \/l -iog (1 + 


[iog 7 (l 


(ii) oq © a 2 = ([log (1 


[\/l -log 7 (l + 


(ai) -;y^ (a2) ~ i} ),iog 7 (i+ 

( 7 1 -e i («l)__l)( 7 l-A* i: '(a2)_l) ■ 

7-1 

( 7 l-(! /i: '(ai)) 2 _l)( 7 l-(i' Z '(“2)) 2 _l) N 

7~1 


(7 


7-1 

l-‘Wai)_l)( 7 ,l-‘' ,:/ (a2)_ 


-1) 


7 -l 


)]); 


,log (1 


( 7 1-W(ai)_l)( 7 l-W(a2)_l) 


), \/l - log (1 + 


7 — 1 

( 7 l-(‘ /C/ (“l)) 2 _l)( 7 l-(^ (7 (“2)) 2 _l) , 

WI , 


(in) Aaq = (h/ 1 - log (1 + 


( 7 i-(e- L (“i)) 2 _i)A , 


[logM 


(7— i) A 


(iv) af = ([log 7 (l + l7 (7 _ 1)A -i ),log 7 (l + (7 _ 1 ) 


). y 1 - lo g 7 (i + 

(7 W(a 1 )_ 1) A 

( 7 _1)A-1 )\h 

(W C7(q i)-i) a m 


( 7 l-(e C/ (ai)) 2 _l)A 

(7 1) A 1 


)], 


[\/l - lo&yC 1 + 


( 7 1 -( I ' Z '(“l)) 2 — 1)A , 


(7— 1) A 


( 7 l-(^ C7 (“l)) 2 _l)A 


)])• 


)’ Y 1 _ 1 ° g 7^ 1 ^ ( 7 _i) A -i 

Theorem 4.3. Let a* (i = 1,2) be be two interval-valued intuitionistic fuzzy sets, T(x,y) 
Archimedean t-norrn and S(x,y ) its dual Archimedean t-conorm, N(x) = 1 — x. We can easily prove the 
the following statements: 

(1) 5i © 5 2 = 5 2 © Sq; 

(2) 5i © 5 2 = a 2 © 5i; 

(3) A(5i © 5 2 ) = A5i © A5 2 , A > 0; 

(4) Ai«i © A 2 aq = (Ai + A 2 )«i, Ai, A 2 > 0; 

(5) a^ 1 © a] 2 = (5i) Al+A2 , Ai, A 2 > 0; 

(6) ai © a\ = (5i © a 2 ) A , A > 0. 

According Theorem 3.1 and Definition 4.1, Theorem 4.3 is easy to prove. 


5. Aggregating of interval-valued intuitionistic fuzzy sets based on Archimedean t-norm 

Definition 5.1. Let 5i = ([n L (ai), / jF ( a\)], [; v L (ot \ ), ^(aq)]} be an interval-valued fuzzy intuition- 
istic sets. An expected value E(a i) of 5i can be represented as follows 

£( 5 i) = - x ^ L ( q i) + A^(«i) + 1 _ *A L (ai) + v u (a i) ^ 


709 


San-Fu Wang 703-712 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


San-Fu Wang: Interval- valued intuitionistic fuzzy Choquet integral operators based on... 


= (n L (a\) + n u (ai ) + 2 - u L (a\) - v u (oc\))/A. 

An accuracy function H(a±) can be represented as follows 

u,- fi L (ai) + fi U (a\) v L (a 1 ) + v u (a i) 

H ( a i) = ( g + 2 ' 

= (/x L (ai) + n u (ai) + Jz L (ai) + v u (ai))/V 

Let cq = ([n L (ati), n u (ai)], [v L (ai), v u (on)]) ( i = 1,2) be two interval-valued fuzzy intuitionistic sets. 
Then 

(1) If E(a\) > E(a 2 ), then Sq y a 2 . 

(2) If E(a\) = E(a 2 ), then: 

If H(ai) > H(a 2 ), then Sq >- 02 - 
If H( 5q) = H(a 2 ), then 5q = « 2 - 

Based on the the above operational rules, we propose weighted average (geometric) operator, or- 
dered weighted average (geometric) operator and hybrid average (geometric) operator for interval-valued 
intuitionistic fuzzy sets based on Archimedean t-norrn in this part. 

Definition 5.2. Let cq = ([//'(a*), fi u (ai)\, [v L {oq), v u (cq)\) ( i = 1,2, ...,n) be a collection of 
interval-valued intuitionistic fuzzy sets, T(x,y) Archimedean t-norrn and S(x,y) its dual Archimedean 
t-conorm, N(x) = 1 — x. We define interval-valued intuitionistic fuzzy weighted average operator based 
on Archimedean t-norrn as follows: ATS — IVIFW A : —> fi, 

n 

ATS - IVIFWAn(a u a 2 , , a n ) = E Tj a ji 

3 = 1 

Specifically, if /./ = (^,^,...,^), then ATS — IVIFW A operator degenerates interval- valued intu- 
itionistic fuzzy arithmetic average operator based on Archimedean t-norrn ( ATS — IV IF AA): 

ATS — IVIFAA(ai,ot2, ■ ■ ■ , a n ) = — (5i © 02 © ... © a n ). 

n 

Similarly, we could define interval-valued intuitionistic fuzzy weighted geometric average operator 
based on Archimedean t-norrn, ATS — IVIFWGA : Q n — > fl, as follows 

n 

ATS - IVIFWGA^, a 2 , , ,5 n ) = ^(5^', 

3 = 1 

Specifically, ifjU=(h,L..,L) ) then ATS — IVIFWGA operator degenerates interval- valued intu- 
itionistic fuzzy arithmetic geometric average operator based on Archimedean t-norrn (AT S — IV I FGA) 

ATS — IVIFGA(a \ , a 2 , ■ ■ ■ , 5 n ) = (5q <8> a 2 © . . . <g> a n )« . 

where fl is the set of all interval-valued fuzzy intuitionistic sets, and // = (hi,/j, 2 , . . . , y n ) T is the weighted 
vector of otj(j = 1,2, ... , n), /./ is a fuzzy measure on X with /j,j G [0, 1], jij = y(A^) — /x(A( J+1 )), and 

E"=i ^ = !, -4(i) = (©•••, rc) with A (n+1) = 0. 

Theorem 5.1. Let dq = ([y L (ai), y u (ai)\,[i' L (ai),i' U (ai)]} (i = 1,2 ,...,n) be a collection of 
interval-valued intuitionistic fuzzy sets, T(x,y) Archimedean t-norrn and S(x,y ) its dual Archimedean 
t-conorm, N(x) = 1 — x. Then, the result aggregated by Definition 5.1 is still an intuitionistic fuzzy set, 
and 

(i) ATS - IVIFWA^ax ,^, . . . , a n ) = 

«'>(«''(%■)))], r I (E?.i«9©(ai))).<T 1 (EJ=iM«(^(«i)))]>. 

(ii) ATS - IVIFWGA „(Si , 5j, . . . , S„) = 

where fi = (m, y 2 , . . . , y n ) is a fuzzy measure on X with fij G [0,1], Hj = y(A^) — y(A^ + i^), and 
E "=1 l J j = 1; the parentheses used for indices represent a permutation on A such that aq ^ a 2 ^ ^ 

(j, ..., u), .0. 

Theorem 5.1 can be proven by mathematical induction. The steps in the proof are as follows: 
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Proof. We only prove that (i) holds, the proof of (ii) is similar. 

(1) When n = 1, obviously, it is right. 

(2) When n = 2, 

i = ([h~ 1 (fJ'ih(fJ, L (ai))),h- 1 (fj,ih(iJ, u (ai)))], i))), VisC^ai)))])- 

^2« 2 = ([^ _1 (M2^(M i («2))),/i _1 (M2/i(M U '(«2)))], b _1 (^25(^ L (a2))),£/ _1 ( 1/ 25'(^' 7 (a2)))i}- 
ATS 1 — AT5 — IV I FW An(cn, 02 ) = /-M 01 0 ^2«2 

= [hr 1 (ai))) , h~ 1 ([iih(Li u (ai)))\, b _1 (/ i i5( I/i («i))),3 _1 ( I/ i3(^ f/ («i)))]) 

0([/i _1 (// 2 /i(^ Z/ (a2))),/i" 1 (At2/i(/7' 7 (a2)))], b" 1 (At2ff(^ L (a2))),5'^ 1 (^25(^(a 2 )))]) = 

([/i, _1 (/i,(/i _1 (^i/i,(/Lt L (ai)))) + h(h~ 1 (/i 2 h(iJ, L (a 2 ))))),h~ 1 (h(h~ 1 (iiih(iJ, u (ai)))) + h^ 1 (fi 2 h(/j, u (a 2 )))))], 
b” 1 (ff(5~ 1 (A t i5 , (i /L («i)))) + 5 , (5 ,_1 (M25 , (^ Z '(ck 2))))), £7 _1 (£7(5 ,_1 (>Lti5 , (^ t/ (cri)))) + 1 (/Y 2 £7(^ t/ (cr 2 )))))]> = 

(b'HE -=i M(^K))), [9-\Y,U m^(^ l («,))), 5- 1 (E?= 1 M^(«i)))])- 

Therefore, when n = 2, the conclusion is right. 

(3) Suppose when n = /c, the conclusion is right, i.e. 

ATS - IVIFWAn(a u a 2 , • ... , a k ) = 

(Ih-HZV l‘jh(M L (o-i))),h- 1 ( Lj,l (*!))) 1 . [iT’E*.! )))])■ 

Then, when n = k + 1, 

ATS - IVIULWA^(ai,a 2 , ■ ■ ■ ,a k ,a k+1 ) = 

(r HE •=! M^(^ i («,)))^- 1 (E •=! b-HE ■=! M^ay))), rHE -=i 

©(b _1 (miMM L («jt+i))),/i. _1 (Mfc+i^(^ t/ («jk+i)))], b -1 (Mfc+i5( I/L (afc+i))),9 -1 ( I/ fc+i3( I/£7 («fe+i)))]) = 

<[^ — 1 (M^ — 1 (E*=i Tjh(T L (atj)))) + h(h- 1 (n k+1 h(ii L (a k+1 ))))), 

/i _1 (/i(/i _1 (E*= 1 + M^~Vfc+iM/^( a iH-i)))))], 

b _1 bb _1 (Ej=i + 5 ( 5 " V^+i^^fc+i)))))* 

0 _1 (0(0 _1 (EjLi ^(^(aj)))) + 5b _1 (^+i5(^(afc + i)))))]} = 

(rHE-EVn^E«n))^-HE)EVbH^(«H))]H5-HE^H^(^E«n))^-HE-;iV^(^K)))])- 

So, when n = k + 1, the conclusion is right, too. 

According to steps (1), (2) and (3), we can conclude the conclusion is right for all n. 

6. Conclusions 

The main technologies in multiple attribute decision making, whether the situation is certain or 
vague, are how to define and calculate aggregation operators proposed in the practice. In this study we 
only discussed and investigated the operational rules of interval-valued intuitionistic fuzzy sets based on 
Archimedean t-norrn, and the aggregating of interval-valued intuitionistic fuzzy sets based on Archimed 
-ean t-norrn. In order to do this we also obtained the representations and transformations of Archimedean 
t-norrn and Archimedean t-conorm. Based on these operators proposed in this note, we could make 
multiple attribute group decision making problems easily. Limited to the length of this paper it can not 
be discussed. However, it will be our main work in the future. 
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Abstract. In this paper, we generalize the concept of homomorphisms and derivations in intuitionistic fuzzy 
normed algebras for 2-dimensional functional equations. Furthermore, we investigate the Hyers-Ulam stability 
bi-homomorphisms and bi-derivations in intuitionistic fuzzy ternary normed algebras concerning a 2-dimensional 
bi-additive functional equation. 


1. Introduction and preliminaries 

We say a functional equation (£) is stable if any function g satisfying the equation (£) 
approximately is near to true solution of (£). Also, we say that a functional equation is 
superstable if every approximately solution is an exact solution of it. The stability problem of 
functional equations originated from a question of Ulam [37] in 1940, concerning the stability 
of group homomorphisms. We are looking for situations when the homomorphisms are stable, 
i.e., if a mapping is almost a homomorphism, then there exists a true homomorphism near it. 
The case of approximately additive mappings was solved by Hyers [11] under the assumption 
that G\ and G 2 are Banach spaces. In 1978, a generalized version of the theorem of Hyers 
for approximately linear mappings was given by Rassias [28]. In 1991, Gajda [8] answered the 
question for the case p > 1, which was raised by Rassias. For more information on functional 
equations, see [18, 25, 26, 27, 32, 34, 35]. 

Fuzzy set theory is a powerful hand set for modeling uncertainty and vagueness in various 
problems arising in the field of science and engineering. This new theory was introduced by 
Zadeh [38] , in 1965 and since then a large number of research papers have appeared by using the 
concept of fuzzy set/numbers and fuzzification of many classical theories has also been made. 
It has also very useful application in various fields, e.g. population dynamics [5], chaos control 
[7], computer programming [9], nonlinear dynamical systems [10], fuzzy physics [12], fuzzy 
topology [31], fuzzy stability [13, 14, 15, 16, 24], nonlinear operators [20], statistical convergence 
[21, 23], etc. The concept of intuitionistic fuzzy normed spaces, initially has been introduced 
by Saadati and Park [29]. In [30], by modifying the separation condition and strengthening 
some conditions in the definition of Saadati and Park, Saadati et al. have obtained a modified 
case of intuitionistic fuzzy normed spaces. Many authors have considered the intuitionistic 
fuzzy normed linear spaces, and intuitionistic fuzzy 2-normed spaces(see [3, 4, 6, 19]). 
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Let A be a real linear space. A function N : X x M — > [0, 1] (the so-called fuzzy subset) is 
said to be a fuzzy norm on X if for all x, y G X and all s,t£K, 

(Nl) N(x, c) = 0 for c ^ 0; 

(N 2) x = 0 if and only if N(x, c) = 1 for all c > 0; 

(NS) N(cx, t) = N(x, ||| ) if c / 0; 

(NA) N(x + y,s + t) ^ mm{N(x, s), N(y,t)}\ 

(N 5) N(x, .) is a non-decreasing function on M and liin^oo N(x,t) = 1; 

(A6) For i / 0, N(x, .) is continuous on M. 

The pair (A, N ) is called a fuzzy normed linear space. One may regard N(x, t ) as the truth 
value of the statement the norm of x is less than or equal to the real number t. 

The stability problem for a 2-dimensional bi-additive functional equation was proved by Bae 
and Park [1] for mappings / : X x X — > Y , where A is a real normed space and Y is a Banach 
space. 

In this paper, we determine some stability results of bi-homomorphism and bi-derivation 
concerning the 2-dimensional bi-additive functional equation 

f(x + y,z-w) + f(x-y,z + w) = 2 f(x, z ) - 2 f(y, w) (1.1) 

in intuitionistic fuzzy ternary normed algebras. It has been discussed that /(x, y) = ax 2 + by 2 
is a solution of (1.1) (see [2]). 

We recall some notations and basic definitions used in this paper. 

We use the definition of intuitionistic fuzzy normed spaces given in [17, 22, 29] to investigate 
some stability results for the functional equation (1.1) in the intuitionistic fuzzy normed vector 
space setting. 

Definition 1.1. ([33]) A binary operation * : [0, 1] x [0, 1] — > [0, 1] is said to be a continuous 
t-norm if it satisfies the following conditions: 

(a) is commutative and associative; 

( b ) is continuous; 

(c) a* l = a for all a G [0, 1] / 

(d) a* b ^ c * d whenever a ^ c and b ^ d for all a, b,c,d£ [0, 1] . 

Definition 1.2. ([33]) A binary operation o : [0, 1] x [0, 1] — > [0, 1] is said to be a continuous 
t-conorm if it satisfies the following conditions: 

(a) is commutative and associative; 

( b ) is continuous; 

(c) aoO = a for all a G [0, 1] / 

(d) a o b ^ c o d whenever a ^ c and b ^ d for all a, b,c,d£ [0, 1] . 

Using the continuous t-norm and t-conorm, Saadati and Park [29] have introduced the 
concept of intuitionistic fuzzy normed space. 

Definition 1.3. ([22, 29]) The five-tuple (A, n, u, *,o) is said to be an intuitionistic fuzzy 
normed space (for short, IFNS) if X is a vector space, * is a continuous t-norm, o is a 
continuous t-conorm, and /i, v are fuzzy sets on X x (0, oo) satisfying the following conditions: 
for every x, y G A and s,t > 0, 

(i) n(x,t) + v(x,t) ^ 1, (ii) n(x,t) >0, (in) fi(x,t) = 1 if and onlyifx = 0, (iv) p(ax,t ) = 
F( x , |^|) for each a / 0, (v) fj,(x, t) * p(y, s) ^ n(x + y,t + s), (vi) p,(x, .) : (0, oo) ->• [0, 1] is 
continuous, (vii) lirn^o Q /i(x,t) = 1 and lim t _ 5 .o /r(x,t) = 0, (viii) v(x,t) < 1, (ix) v(x,t) = 0 
if and only if x = 0, (x) v(otx, t) = v(x , A) for each a / 0, (xi) u(x, t)ov(y , s) ^ u(x+y , t. + s), 
(xii) v(x,.) : (0,1) — »• [0,1] is continuous, (xiii) lim^oo v(x, t) = 0 and lim^o v(x, t) = 1. 
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Definition 1.4. Let (X, y,u,*,o) be an IFNS. A sequence {x n } is said to be intuitionistic 
fuzzy convergent to L € X if Hindoo — L,t) = 1 and lim^c*, v(xk — L,t) =0 for all 
t > 0. In this case we write Xk -A L as k — * oo. A sequence {x n } is said to be intuitionistic 
fuzzy Cauchy sequence if lim^oo pfxk+p — Xk, t) = 1 and lim^oo v(xk+ p — Xk, t) = 0 for all 
p 6 N and all t > 0. Then IFNS (X, /a, is, *,o) is said to be complete if every intuitionistic 
fuzzy Cauchy sequence in (X, y, u, *, o) is intuitionistic fuzzy convergent in (X, p, u, *,o) and 
(X, p, v, *, o) is also called an intuitionistic fuzzy Banach space. 

The concepts of convergent sequence and Cauchy sequence in an intuitionistic fuzzy normed 
space are studied in [29]. 

Definition 1.5. Let X be a ternary algebra with and (X, p, u, *,o) be an IFNS. 

(1) The intuitionistic fuzzy normed space (X, p,v,*,o) is called an intuitionistic fuzzy ternary 
normed algebra if 

p([x,y,z\,stu ) ^ y(x,s) * p(y,t) * y(z,u) 
v([x, y, z], stu) ^ v{x, s) * u(y, t ) * u(z, u ) 
for all x,y,z £ X and s,t,u > 0. 

(2) A complete intuitionistic fuzzy ternary normed algebra is called an intuitionistic fuzzy 
ternary Banach algebra. 

Definition 1.6. Let X be a ternary normed (Banach) algebra and (Y, y. o) an intuitionistic 
fuzzy ternary Banach algebra. 

(1) A bi-additive mapping H : X x X — >• Y is called a ternary bi-homomorphism if 

H{[x,y,z\, [w,w,w]) = [H(x,w),H(y,w),H(z,w)] : 

H([x,x,x], [y,z,w]) = [H{x,y),H(x,z),H(x,w)] 

for all x, y,z,w G X. 

(2) A bi-additive mapping hlxl-tl is called a ternary bi-derivation if 

6{[x,y,z],w) = [ S{x,w),y,z } + [. x,S(y,w),z ] + [x,y,S{z,w)\, 

6{x, [y, z,w}) = [S(x, y), z, w] + [y, S(x, z),w] + [y, z, S(x, w)] 
for all x, y, z,w E X . 


2. Bl-HOMOMORPHISMS IN INTUITIONISTIC FUZZY TERNARY NORMED ALGEBRAS 


We begin with a Hyers-Ulam type theorem in intuitionistic fuzzy ternary normed algebras 
to approximate bi- homomorphism associated to the functional equation (1.1). For notational 
convenience, given a function / : X x X — > Y, we define the difference operator 

D q f{x , y, z, w) = f(x + y,z -w) + f(x ~y,z + w)~ 2 f(x, z) + 2 f(y, w ) 

Lemma 2.1. ([36, Theorem 3.1]) Let X be a linear space and let (Z,p!,i/) be an IFNS. Let 
p : X 4 -A Z be a mapping such that, for some 0 < a < 4. 

f /A^( 2x , 2 Vi 2z , 2 w),t) ^ pf(aip(x, y, z, w),t), ^ ^ 

\ v'(p(2x,2y,2z,2w),t) ^ v' (a<p(x,y, z,w),t), 

for all x,y,z,w 6 X and all t > 0. Let (Y, p, v) be an intuitionistic fuzzy Banach space and 
let f : X x X -a Y be a mapping satisfying /( 0,0) = 0 and 


f hi D qf{x, y, z, w),t ) ^ p'(<p(x, y, z, w),t), 
1 v{D q f(x, y, z, w),t) ^ v'{ip{x, y, z, w),t) 
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for all x,y,z,w £ X and all t > 0. Then there exists a unique bi-additive mapping H : 
IxI-iY satisfying (1.1) such that 


j' p,[H{x,y) - f{x,y),t) 

> *°°h'(fP(x,x,y,-y), ( -^-t^ *°° fx'(^p(x,-x,y,y),^=^-t) *°° fj/(y(0,x,0 ,y),^^-t), 
v(H{x,y) - f(x, y),tj 
[ < o°°v'(ip(x,x,y,-y) : o°° -x,y,y), o°° i/^p(0,x,0,y), 

(2.3) 

for all x,y,z,w £ X and all t > 0, where *°°a := a * a * ■ ■ ■ and o°°a := a o ao ■ ■ ■ for all 
a £ [0,1]. 

Theorem 2.2. Let X be a ternary algebra and let (Z,p',u) be an IFNS. Let tp : X 4 — x Z be 
a mapping satisfying (2.1). Let (Y, /j, u) be an intuitionistic fuzzy ternary Banach algebra and 
let f : X x X — x Y be a mapping satisfying /( 0, 0) = 0, (2.2) and 


[ h(f([x,y,z \ , [w,w,w]) - [ f(x,y),f(y,w),f(z,w)\,t ) 

+H(f([x,x,x], [y,z,w]) - [f(x,y),f(x,z),f(x,w)\,t ) ^ n'(ip(x,y,z,w),t), 

v(f([x, V , z\, [w, w, w]) - [f(x, y),f(y, w), f{z, w)],t ) 
l +v(f([x,x,x], [y,z,w]) - [f(x,y),f{x,z),f{x,w)\,t ) < i/(ip(x,y,z,w),t) 


(2.4) 


for all x,y,z,w£X and all t > 0. Then there exists a unique bi-homomorphism H : X x X — » 
Y satisfying (1.1) and (2.3). 

Proof. In Lemma 2.1, the mapping H : XxX — > Y was defined by H(x. y) = lim r) _ s . oc ^ 2 v ^ 

for all x, z £ X. 

From (2.4) and definition of H, it follows that 
h{H([x,y,z\, [w,w,w]) - [H(x,y),H(y,w),H(z,w)],t) 

+ t*(H{[x,x,x], [y,z,w]) - [H(x,y),H(x,z),H(x,w)],t) 

' f{[2 n x,2 n y,2 n z\,[2 n w,2 n w,2 n w ]) \f(2 n x,2 n w) f(2 n y,2 n w) f{2 n z,2 n w) 


= T 
+ /xi 


64" 


4 « 


4 n 


’*) 


/([2 n .x, 2 n x, 2 n x], [2 n x, 2 n y, 2 n z]) r/(2"x, 2 n y) f{2 n x,2 n z ) f{2 n x,2 n w) 


64" 


4 n 


’*) 


43ri 


^ hipi^x, 2 n y, 2 n z, 2 n w),4f n t) ^ // (ip(x,y, z,w), —t) -X 1 

or 

as n — > oo for all x,y,z,w £ X and all t > 0, and similarly 

u(H([x,y,z\, [w,w,w]) - [H{x,y),H{y,w),H(z,w)],t) 

+ v(H([x,x,x\, [y,z,w]) - [H{x,y), H(x, z), H(x,w)],t) < 0 
for all x, y, z,w £ X and all t > 0. So we conclude that 

H{[x,y,z\, [w,w,w]) = [H(x,w),H(y,w),H(z,w)], 
H([x,x,x], [y,z,w]) = [H(x,y),H(x,z),H(x,w)] 

for all x, y,z,w £ X. 


□ 
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Corollary 2.3. Let p be a nonnegative real number with p < 2, X be a ternary normed 
algebra with norm |j.||, {Z,p',v') be an intuitionistic fuzzy ternary normed algebra, (Y,p,v) be 
a complete intuitionistic fuzzy ternary normed algebra, and let zo £ Z . If f : X — >• Y is a 
mapping satisfying /( 0,0) = 0 and 


h(f(,[x,y,z\, [w,w,w]) - [f(x,y),f(y,w),f(z,w)],t) 
+p(f([x,x,x\, [y,z,w]) - [ f(x,y),f(x,z),f(x,w)],t ) 
> /A(IMI P + ||y|| p + \\z\\ p + \\w\\ p )z 0 ,t) 

v(f([x,y,z \ , [w,w,w]) - [ f{x,y),f(y,w),f(z,w)],t ) 
+p(f([x,x,x\, [y,z,w]) - [ f(x,y),f(x,z),f(x,w)\,t ) 

< * / ((IMI p + \\y\\ p + \\z\\ p + \\w\\ p )z 0 ,t) 


(2.5) 


and 


(2.6) 


h(D q f(x, y),t) ^ /u'((||x|| p + \\y\\ p + |M| P + |Ml p )-o,t) 
v(D q f(x,y),t) ^ z''((||:r|| p + \\y\\ p + \\z\\ p + ll'^H^)^, ^) 
for all x,y,z,w£X and t > 0, then there exists a unique bi-homomorphism H : X x X -A Y 
such that 

n(H(x,y) - f(x, y),t) ^ *V ((||®|| + ||y||)zo, *m'((IMI + ||y||)zo, (4 ~ g P)t ) 

v(H(x,y) - f(x,y),t) ^ *V ((||x|| + ||y||)z 0 , * ^'((IMI + ||y||)zo, (4 ~ g P)t j 

for all x, y £ X and t > 0. 

Lemma 2.4. ([36, Theorem 3.3]) Let X be a linear space and let (Z, p! ,v’) be an IFNS. Let 
p\ XxXxXxX-^-Z be a mapping such that, for some a > 4, 


1, f, §),*) S? y>'((p(x,y,z,w),at), 
^(^(f ’ 2> I’ f)>*) < v l( dP{x,y,z,w),ott), 


(2.7) 


for all x, y, z, w £ X and all t > 0. Lei ( Y,p,u ) 6e an intuitionistic fuzzy Banach space and 
let f : X x X Y be a <p- approximately bi-additive mapping in the sense of (2.2) and (2.4) 
with /( 0,0) = 0. TTien there exists a unique bi-additive mapping H : X x X — »• Y such that 

(a — 4) 


h( H (x, y) - f(x, y),t ) ^ *°° p <p(x, x, y, -y), 


~t) *°V 


(a — 4) 

x, -x,y,y), 1 


, oo 
* p 


(a — 4) 
»,0,y), — t 


(2.8) 


and 


p{H(x,y) - f(x,y),t ) ^ o°° i/ <p(x,x,y, -y), 


(a — 4)_ 


1 1 o°° i/ 


. (a — 4) 
-x,y,y), 1 


o°° i/ 


(a — 4) 

*,o,y), o 1 


(2.9) 


for all x, y £ X and all t > 0. 

Theorem 2.5. Lei X be a ternary algebra and let (Z, p! , v') be an IFNS. Let ip : X x X x X x 
X — ^ Z be a mapping satisfying (2.7). Let ( Y,p,u ) 6e an intuitionistic fuzzy ternary Banach 
algebra and let f : X x X -A Y be a p>- approximately bi-additive mapping in the sense of (2.2) 
and (2.4) with /( 0,0) = 0. Then there exists a unique bi-homomorphism H : X x X — > Y 
satisfying (2.8) and (2.9). 
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Proof. The proof is similar to the proof of Theorem 2.2. □ 

Corollary 2.6. Let p be a nonnegative real number with p > 2, X be a ternary normed 
algebra with norm ||.||, (Z,y!,i/) be an intuitionistic fuzzy ternary normed algebra, (Y,y,v) be 
a complete intuitionistic fuzzy ternary normed algebra, and let zq G Z. If f : X — x Y is a 
mapping satisfying /( 0,0) = 0, (2.5) and (2.6). then there exists a unique bi-homomorphism 
H : X x X — x Y such that 

j h{H{x,y) - f(x,y),t) ^ * 2 y' ((||x|| + ||i/||)zo, (2? ' 16 4)t ) *m'((IM| + ||y||)zo, ( 2 P g 4)f ) 

\ v(H(x, y) - f(x,y),t ) ^ *V ((||x|| + \\y\\)z 0 , ^g 4 ^) * ^'((IMI + IMD^o, 
for all x, y G X and t. > 0. 


3. Bi-derivations on intuitionistic fuzzy ternary normed algebras 

In this section, we investigate generalized Hyers-Ulam stability of bi-derivations on intu- 
itionistic fuzzy ternary normed algebrasfor the functional equation (1.1). 

Theorem 3.1. Let X be an intuitionistic fuzzy ternary Banach algebra and let (Z,y' ,v') be 
an IFNS. Let / be a mapping with /( 0, 0) = 0 for which there exists a mapping 

ip: XxXxXxX — > Z such that, for some 0 < a < 4 satisfying (2.1), (2.2) and 

P(f([x,y,z\,w) - [f(x,w),y,z\ - [ x,f(y,w),z\ - [x,y, f(z,w)],t) 

+t*(f(x, [y,z,w]) - [ f{x,y),z,w } - [y,f(x,z),w] - [y,z, f(x,w)\,t) 

> p'{v{x,y,z,w),t), 

(3.1) 

K/(f> y. z \, w ) ~ [f(x, w),y, z) - [x, f(y, w),z } - [x, y, f(z, w)],t) 

+v(f( x , [y,z,w]) ~ [ f{x,y),z,w } - [y,f(x,z),w] - [y,z, f(x,w)],t) 

< v'(p(x,y,z,w),t ) 

for all x,y,z,w G X and all t > 0. Then there exists a unique bi-derivation 5 : X x X — x X 
satisfying (1.1) such that 


P[f>(x,y) - f(x,y),t 

> *°°y'(fp{x,x,y, -y), *°° y -x,y,y), *°° y'(<p(0, x, 0, y), ^f^-t 

v(${x,y) ~ f(x,y),tj 

[ ^ o°°i/(y(x,x,y, -y), ^^-t) o°° iZ(y>(x, -x,y,y), o°° 1 Z (<p(0, x, 0, y), 

(3.2) 

for all x,y,z,w € X and all t > 0, where *°°a := a * a * ■ ■ ■ and o°°a := ao ao ■ ■ ■ for all 
a G [0,1]. 


Proof. By the same argument as in the proof of Theorem 2.2, there exists a unique bi-additive 
mapping satisfying (3.2). The mapping <5 is given by 


5{x,y) = lim j f(2 n x,2 n y ) 
n — >00 4 


718 


Javad Shokri et al 713-722 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Approximate bi-homomorphisms and bi-derivations 
for all x, y £ X. It follows from (3.1) that 

H(6([x,y,z\,w) - [ S(x,w),y,z\ - [x,S(y,w),z] - [. x,y,S(z,w)],t ) 

+ H{5{x, [y,z,w]) - [ S{x,y),z,w\ - [y,S(x,z),w] - [y,z,S(x,w)],t) 

= m(^L/( 2 3n [x, V, z],2 3n w) - [^/( 2 n x, 2 n w),y, z 

~ x,^f(2 n x,2 n w),z - x,y,^f{2 n z,2 n w) ,tj 

+ n Q^f{2 3n x, 2 3n [y, *, «,]) - [^f(2 n x, 2 n y),z, w 

~ y,^f{2 n x,2 n z),w - y,z,^f{2 n x,2 n w) ,t) 

= ^l-f([2 n x, 2 n y, 2 n z],2 3n w) - ^[/( 2' l x, 2 3 ”u,), 2 n y, 2 n z] 

- ^[2 n xJ(2 n y,2 3n w),2 n z\ - ^[2 n x,2 n y, f(2 n z,2 3n w)],t) 

+ m(^/( 2 3n x, [2 n y, 2 n z, 2 n u>]) - ^[/(2 3 "x, 2 n y), 2 n z, 2 n w] 

- ^[2 n y,f(2 3n x,2 n z),2 n w\ - ^[2 n y,2 n z,f(2 3n x,2 n w)],t) 

^ y(ip(2 n x, 2 n y, 2 n z, 2 3n w),4 3n t) + n'(<p( 2 3n x, 2 n y, 2 n z, 2 n w),4 3n t)) 

( 4 3n t\ 

<2/jf\^p(x,y,z,w),-^J — >1 

as n -A oo for all x , y, z,w G A. Similarly, we obtain 

v(5([x,y,z\,w) - [6{x,w),y,z\ - [x,S(y,w),z] - [: x,y,S(z,w)\,t ) 

+ v(S(x, [y,z,w]) - [5{x,y),z,w] - [; y,S(x,z),w\ - [y, z,S(x,w)],t) = 0 

for all x, y,z,w G A. Thus 

5{[x,y,z\,w) = [i 5(x,w),y,z } + [ x,6(y,w),z\ + [x,y,S{z,w)], 

S(x, [y, z,w}) = [5(x, y), z, w) + [y, d(x, z),w\ + [y, z, S(x, w)] 

for all x, y,z,w£ A. So we conclude that 5 is a unique bi-derivation satisfying (3.2). □ 

Corollary 3.2. Let p be a nonnegative real number with p < 2, (Z,fi',v') be an intuitionis- 
tic fuzzy ternary normed algebra, ( X , fi, v) be a complete intuitionistic fuzzy ternary Banach 
algebra, and let zq G Z . If f : X -A X is a mapping with /( 0, 0) = 0 such that 

V(f([x,y,z},w) - [f(x,w),y,z] - [x,f(y,w),z] - [. x,y, f(z,w)],t ) 

+n(f(x, [y,z,w]) - [ f(x,y),z,w } - [y,f(x,z),w] - [y, z, f{x,w)],t) 

> m'((IMI p + \\y\\ p + \\z\\ p + \\w\\p)z 0 ,t) 

(o.o) 

v(f([x, y, z\,w ) - [f(x, w),y, z] - [x, f(y , w),z\ - [x, y, f(z, w)],t) 

+v(f{x, [y, z, w]) - [f(x, y),z, w } - [y, f(x, z), w } - [y, z , f(x, w)],t) 

> v '{(\\x\\ p + IMI P + M\ p + IMI p )-o, t) 
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and 

f y(D q f(x,y),t) ^ y'((\\x\\ p + \\y\\ p + \\z\\ p +\\iu\\ p )z 0 ,t) 

\ v(D q f(x,y),t) sj u'((\\x\\ p + \\y\\ p + \\z\\ p + \\w\\ p )z 0 , t) 

for all x,y,z,w £ X and t > 0, then there exists a unique bi-derivation 5 : X x X —> X such 
that 

j y(S(x,y) - f(x, y),t) ^ * 2 y' ((|MI + \\y\\)z 0 , */i'((IM| + \\y\\)zo, (4 ~ g P)t ) 

\ v(8(x,y) - f(x, y),t) sj *V ((||x|| + \\y\\)z 0 , * ^'((IMI + ||y||)zo, 

/or all x,y £ X and t > 0. 

Theorem 3.3. Let X 6e an intuitionistic fuzzy ternary Banach algebra and let (Z < y' , n, ) 6e 
an IFNS. Let f \ X x X -A Y be a mapping with /( 0, 0) = 0 /or which there exists a mapping 
<p\ XxXxXxX-aZ satisfying (2.1), (2.7) and (3.1) for some a > 4. T/ien f/iere exists a 
unique bi- derivation 5 : X x X — > X such that 

y{$(x,y) - f(x,y),t) ii'(y>{x,x,y,-y), ^ g *°° y' (y(x,-x,y,y), ^ g 

*°° ^(^(0,x,0,y), ^ g ^ t) 

and 

y{S(x,y) - f(x,y),t) ^o°° i/(ip(x,x,y,-y), ^ g o°° v' (ip(x, -x,y,y), ^ 

o°° n^(0,x,0,y), ^ g — t) 

for all x,y £ X. 

Proof. The proof is similar to the proof of Theorems 2.5 and 3.1. □ 

Corollary 3.4. Let p be a nonnegative real number with p > 2, (Z,y',n') be an intuitionistic 
fuzzy ternary normed algebra, (X, y, u) be a complete intuitionistic fuzzy ternary Banach al- 
gebra and let zq £ Z. If f : X —> Y is a mapping satisfying /( 0,0) = 0, (3.3) and (3.4), then 
there exists a unique bi-derivation 5 : X x X — > X such that 

j y(S(x,y) - f(x, y),t) ^ * 2 y' ((|M| + \\y\\)z 0 , (2P 16 4) * ) */x'((IM| + ||j/||)«o, 

\ v(8(x,y /) - f(x, y),t) sj *V ((||aj|| + \\y\\)z 0 , * ^'((IMI + \\y\\)z 0 , 

for all x, y £ X and t > 0. 
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ON NEW REFINEMENTS AND APPLICATIONS OF EFFICIENT 
QUADRATURE RULES USING N-TIMES DIFFERENTIABLE 

MAPPINGS 

T 2 A. QAYYUM, 3 M. SHOAIB, AND T. FAYE 


Abstract. In this paper, new efficient quadrature rules are established using 
a newly developed special type of kernel for n-times differentiable mappings, 
having five steps. Some previous inequalities are also recaptured as special 
cases of our main inequalities. At the end, efficiency of the newly developed 
quadrature rules are discussed. 


1. Introduction 


In 1938, Ostrowski [13] first announced his inequality for different differentiable 
mappings, which is given below: 

Theorem 1. Let / : K 1 — t 1 be a differentiable mapping on 1° (1° is the 

interior of I) and let a,b £ I°with a < b. If f ' : (a, b) — > ffi. is bounded on (a, b) 

be. ll/'lloo = SU P I/" (01 < then 

t(z[a,b ] 


b 

fix) [ f(t)dt 

r 

VI 

b-a J 

a 

L 


(^^) 2 

(b-af 


(6 -a) ll/'lloo- 


( 1 . 1 ) 


for all x £ [a, b] . The constant \ is sharp in the sense that it can not be replaced by 
a smaller one. 


In 1976, Milovanovic et. al [11], proved a generalization of Ostrowski’s inequality 
for n-time differentiable mappings. Up till now, a large number of research papers 
and books have been written on inequalities and their applications (see for instance 
[2]- [5], [8] and [14]- [16]). In many practical problems, it is important to bound 
one quantity by another quantity. The classical inequalities like Ostrowski are very 
helpful for this purpose. Ostrowski type inequalities have immediate applications in 
numerical integration, optimization theory, statistics, and integral operator theory. 

We indicate another inequality called Grtiss inequality [11] which is stated as the 
integral inequality that establishes a connection between the integral of the product 
of two functions and the product of the integrals, which is given below. 

Theorem 2. Let /, g : [a, 6 ] — + K. be integrable functions such that p < f(x) < ^ 
and 7 < g{x) < T, for some constants </?, $, 7 , T and x £ [a, b\. Then 


b — a , 


f(x)g(x)dx - 


b — a . 


f{x)dx. 


b — a 


g{x)dx 


< ^(^-<7 , )(r-7)- 


(1.2) 


2000 Mathematics Subject Classification. Primary 05C38, 15A15; Secondary 05A15, 15A18. 
Key words and phrases. Ostrowski inequality, Grtiss inequality, Quadrature formula, Numerical 
Integration, peano kerenel. 
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Dragomir et. al [4] combined Ostrowski and Griiss inequality to give a new in- 
equality which they named Ostrowski-Griiss type inequality. Dragomir [3], Liu 
[6], Alomari [1] and Liu et. al [8] established some companions of ostrowski type 
integral inequalities. 

Recently, Liu [7] proved the following companions of ostrowski type inequalities 
for 3-step kernels. 

Theorem 3. Let f : [a, b] — > ffi. be differentiable in (a, b) . If f ' € L 1 [a, b } , and 
7 < / ' (x) < F, for all x £ [a, b\, then for all x £ [a, 3 ^] , we have 


f{x) + f(a + b- x) 
2 


b — a , 


f (t) dt 


< 


b — a 


x - 


3a + b I 


(5-7) (1-3) 


and 


f(x) + f{a + b- x) 
2 


b 



a 


b — a 
4 


x — 


3 a + b 
4 


(L — 5). 


(1.4) 


More recently, Qayyum et. al [9]- [10] proved companions of Ostrowski inequality 
for 5-step linear and quadratic kernels but in this paper, we establish our results 
for 5-step kernel for n-times differentiable mappings. In this paper, new ontrowski 
inequalities are extended. Using these inequalities, some efficient quadrature rules 
are established. Some previous inequalities are also recaptured as special cases of 
our main inequalities. At the end, efficiency of the newly developed quadrature 
rules are discussed. 


2. Derivation of Ostrowski inequalities using 5-step kernel 

We will start our work by introducing a new Peano kernel defined by P (x , .) : 
[a, b] — > R. 


Pn{x,t) = < 


h (* - °) r 

1 {t _a_±b ) 




t £ (a, *±*] , 
t£(^,x\, 
t £ (x,a + b — x] 


l(f-^) n ,f€(a + 6-r, 


h (* - b Y 


t£( 


a-\-2b—x 


A 


for all x £ [a, s±$] . 

The following lemma is the main tool to prove the main results. 


(2.1) 


Lemma 1 . Let f : [a, 5] — > ffi. be an n-times differentiable function such that 
/(n-i)( a .) j or n g TV i s absolutely continuous on [a,b] then 


A— J p n ( x ,t)fW(t)dt 

a 

'Ll 1 / -I \71 + fc+l 

_ y" \ l ) 



\ fc + 1 


(2.2) 
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+ V ^ J fm ’ 

a 

for all x € [a, . 

Proof. The proof of (2.2) is established using mathematical induction. 

Take n = 1, 

b 

L.H.S of (2.2) = J P 1 {x,t)f'{t)dt. (2.3) 

a 

After integrating by parts, we get 

b 

J P 1 (x,t)f(t)dt (2.4) 

a 

= 3 t 7 (^) +/W + /(o + !>-U+/ ( a + 2 2 !> ~ 1 )] - ^ / /«)<#■ 

a 

We have 

b 

L.H.S = J Pi{x,t)f'{t)dt. 

a 

Equation (2.3), is identical to the R.H.S of (2.2). 

Assume that (2.2) is true for n. 


b 

J P n+1 (x,t)f (n+1 \t)dt 

a 



b 

+ (-l T +1 j f(t)dt, 

a 
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where 


P n+1 (*£5 — \ 


(n+l)l 


(n^lj! (* - «)” +1 - * 6 (°> - 

1 (+ _ 3a+6\ Il + 1 + cz ( a + z t! 

(n+l)l V c 4 ) ’ r V 2 ’ X J > 

JSTIJT (*“ ^) n+1 > te (®,a + 6-s], 
(i-^) n+1 , te(a + !i-i,5±f^] 


(n+1)! 

After integeration by parts, we get 

b 

[ Pn+l (x, t)f( n+1 \t)dt 


1 {t-b) n+1 , te («±f=^,6] . 


l 


(n + 1)! 
1 




3a + b\ + / n \ , , 

* 4—) / ( +) 


n+1 


i -a + 6V"' /W |'a+ £ | +( _l ) 


(+) +(-l)" +1 (^^)" +1 / l ”»(« + i--) 


2"+! V~ 2 j - 1 \ 2 )' x ' \ 2 J 

a + b\ n+1 / 1 x n+1 / ~ 1 n+1 


- \ x - 


+ (-!)' 


/<">(« + 6 -x)+(^)” +1 /<">(: 


3a + & V 

J 


'a + 2b — x' 


1 

n! 


J (t ~ a) n f (n \t)dt + J (t- 3a + b ^J f {n \t)dt 


a-\-b—x 


t - 


a + b 




a+fe— # 


0 t-b) n f (n \t)dt 


i 


(n + 1)! 
1 


2 Il+1 

, 7 \ n+1 

a + b\ 

2 "+! V“ 2 y 

n+1 


+*-«r , / w (++( 




4 y 


/(n) («+*)+ ( _i)»+i 


a + b' 


2 y 


\ n+i 

f {n) (c 


+ b - x) 




- (-+ 


n+i ( _ 3 a + b \ 

4 y 


n+1 


/W(o + 6-s) 


(* - „)"« /<”> (i±Az£) _ / P„(x,t)/«")(«)dt 
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b 

+ (-i r +1 / mdt. 

a 


This completes the proof of lemma 1. □ 

Now we will present our results by imposing three different conditions on / 
and / (n+1 ). 

3. Case A: When /(") e L 1 [a, b] 

Theorem 4. Let f: [a, b] — > ffi. be an n-times differentiable function on ( a,b ), 
f(n-i) a b so i u t e iy continuous on [a, 6 ] and 7 < f^ n \t) < T, V t £ [a, b] , then for 
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all x £ [a, g ^-] , we have 



< 6 (a;) ( b — a) (S — 7 ) 


and 



< S (x) ( b - a) (T-S), 


where 




( 3 - 1 ) 


( 3 . 2 ) 


( 3 - 3 ) 
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2 


6 ( a ) = max ■ 
1 


1 f x — a 


n\ 


\{x) 


n\ 


1\ X ~~2 


A (a;) 


b — a 


b — a 

1 


If 3 a + b 

n\ l X 4~ 


\{x) 


a + b\~ A(a) 
An\ V 2 J b — a 


b — a 

Mx) } 

' b — a \ 


and 


A(a) = 


(1 + (-D"){ + <* - “I”' + (* - ^)“ +1 } 


(n + 1)! 

+ + ++-i>" +1 + + +) 


n+1 


Proof. Let 


b-~ 


P n (x,t)dt 


(3.4) 


(6 — a) (n + 1)! 


(1 + (-D”) I + (* - »)“ +1 + (x - 5+ 


-1 + (-D 


n+1 


2n+l 2 n +l 


2 n+1 

(-if +i - a + +) 


n+1 


n+1 


Using (3.4), we get 


6- 


0 0 0 

J Pn(x,t)f {n \t)dt- 1 J P n (x,t)dt J f {n) (t)dt (3.5) 


+.1 (-l)” +fe+1 

“ + (k + 1)! 




+ < hr- 


(b~a) 

a u, 

1 f / xfc+i A a + b 
(x — a) — I x — 


3 a + b 


2 k+i -V 2 

fc+1 / a + 6A fc+1 


fe+i 


f( fc ) 


a + x 


+ (-l) 


-1 

T 


k + 1 


- a - 


fc+i 


2 y 


f {k) (*) 


fe+i 


x — 


a + b\ 


fc+i 


s 

3a + 6\ fe +T 'l 

4—) W (fe) (a + 6 -a) 


(— 1,n f mdt _ / < ”- 1> (l>)-/ < "- ,) (o) 1 


b — a J (b — a) 2 (n+1)! 

a 

‘ -*r (1 + (-!)”) (* - «) n+1 + (! + (-!)") (* - ^ 

/ -1 , (-l) ra+1 
l 2^+1 2 n +i 


n+1 


+ (-i) n+i - 1 


a + b 


n+1' 
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Denote the L.H.S of (3.5) by R n (x ) . If C £ R is an arbitrary constant, then we 
have 


u u 

R n (X) = ^ J (.++) - d) P n (x,t ) - J P<~ n \x,s)ds 


dt. (3.6) 


Furthermore, we have 


I R n (x)| < t max 

' “ b — dt£[a,b\ 


b 

J P ( ' n \x,s)ds 

b 

s 

f in) (t)-c 

a 

a 



Now 


O 

[ P [n \x,s)ds 

b- a J 


(3.8) 


= max ■ 


x ( x-a \ n _ X(x) / _ 3a+b\ ^ _ A(a 

n\ V 2 / b—a ’ n\ 4 ) b- 


3a+b\ 2 _ \(x) 


J_ _ a±b\ n _ Mx) J_ ( _ q+b\ z _ A(x) 

n\ V- 4, 2 ) b-a > 4n! 2 / b-a 


a+b\ 2 X(x) 


X(x) 
’ b—a 


= 8 (x) , 


where 


A(x) = 


1 


(1 + (- 1 )”) { +tt (x - a )” +1 + I x - 


(n + 1)! 

-1 (-l ) n+1 


y2 n +i 2 n+1 

We also have 


2 n+i 
+ (-1)" +1 - 1 


3 a + b\ 


n+1 


a + b 


n+1 


o 

j f {n \t ) - 7 dt = {S - 7 ) (6 - a) , 


(3.9) 


O 

J |/< n >(t)-r|dt = (r-s) (b-a). 


(3.10) 


Using (3.4) to (3.10) and using C = 7 and C = T in (3.7), we can obtain (3.1) and 
(3.2). □ 

Remark 1. If we substitute n = 2 m (3.1) and (3.2), we get Qayyum et. al result 
proved in [9]. 

Corollary 1 . Substitution of x = a in (3.1) and (3.2) gives 


g {(-i>7«> (.> + (1 + + + <+) /<« 

+ F+ / w* - &£» ( ’ w - ^ I, <«|) (1 + (-in 


(3.11) 


2 n + 1 (n + 1) 

a 

< S (a) ( b — a) (S — 7 ) 
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and 


E 

k = 0 


(- 1 ) 


n+k+1 ^ _ ^k + 1 


(k + 1)! 2 fe +! 


(-1 ) k f {k) («)+(1 + atVt + 


1 , (-if 


2fc+i 4fc+i 


f (k) (b) 


(3.12) 


+44 / mdt - W - p + <-m 


< 5 (a) (6 - a) (r - S) . 


Corollary 2. Substitution of x = m (3.7) and (3.2) gives 


^4 (-l) n+fc+1 (6 — a) fc+1 


fe =0 


(fc + 1)! 4 fc+1 


/W (3fI±!) + ( 1 + (_!)*) +>(++) (3.13) 


+ (-!)*/“’( 


a + 36 


(-l) r 




f{t)dt 




2 (b — a) 


n— 1 


4” +1 (n + 1)! 


(1 + (-!)") 


< I ) (6 - a) (5 - 7) 


and 


^4 (-l) n+fc+1 (6 — a) fc+1 


/c— 0 


(fc + 1)! 4 /c+1 


/“)(^) + ( 1 + <-!)“’) /“> (+) P 44 ) 


+ (-l)‘/ l ‘, | + 7+- mm 


(-ir 

b — a 


(f^-'Hb) - / (n - 1} (a)) x 


<<M ^') (6 -a) (T-5). 


n— 1 


2 (6 — a) 
4 n+1 (n + 1)! 


(1 + (-!)”) 


Corollary 3. Substitution of x = m (3.1) and (3.2) gives 


^4 (-l) n+fc+1 (&- a ) fc+1 


fc =0 


(fc + 1 )! 4 fc +! 


(l + (-if) 


2 fe+1 


/ (fe) 


7a + b 


+ (-l ) k f {k) 


3 a + b 


(3.15) 


+/“>(^)+^(l + (-l)‘)/ 


(fe) 


7b 


+ 


(-If 

b — a 


f(t)dt 


(/ (n- 1 ) (fr) — /( n_ 1 )(a)) 


< <5 


3a + b 
4 


1 ( b - a) n 

(n+ 1 )! 4 n +i 

( b - a)(S - 7 ) 


l + (-l) n + 4 + 4^ 

v 4 2 n 2 n 
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and 


n— 1 

E 

k—0 


(_ 1 )n+fc+l 

(k + 1)! 4*+! 


k+ 1 


1 

2 fe +! 


+ (-l) fc / w (^)+/ (fc) 
{l + (-l) 


{l + (-l) A 

a + 


7a + b\ 


(3.16) 


2 fe+1 


a + 76\ 

8 J 


(-IT 

b — a 


f (t)dt 


< 5 


/("-P(&) -/("-P (a) 1 (6 — a)" +1 f 1 (-1)"] 

(6 -a) 2 (n + 1)! 4”+! \ 1 ' 2" 2" J 

(6 -a) (r-5). 

4. Case B: When f^ n+1 '> g L 2 [a, 6] 


(6 -a) 
(“) 


Theorem 5. Let f : [ a,b ] — > ffi. 6e an n-times differentiable function on (a,b), 
/( ra+1 ) € L 2 [a, 6] , then for all x G [a, , we have 

fe+il 


71 1 / -< x Ti — |— Al — |— 1 


j(k) ^ a+x ^ 


/ \fe+l / 

(x — aj —lx — 


2 k+i 


a + b 


(4.1) 


+ < [x- 


3 a + b\ 


fc+i 


a + b 


k+ 1 


f (k) (*) 


+ (-l) 


fe+1 


fe+1 


x — 


+ 


+ 


-1 


(-i) r 


fc+i 


a + b\ 

" 2 ~“ J 

a + b\ 

~2~ J 


-ix- 


3 a + by +1 ' 


f {k) (a + b — x) 


fe +1 


— (x — a) 


fc+i 


| f (k) ( 


a + 2b — x 
2 


b — a 

a 

(1 + (-!)") 


f(t)dt - 


/("- 1 ) (6) -/("- 1 ) (a) 1 


(b-a) 


(x — a) n+1 + \x — 


2 n+1 


(n + 1)! 

3 a + b \ n+1 ' 


< 


b-, 



2 2r 


2n+l 


+ 2 ) ( x — 


i 


(& - a) (n + 1)! 


a + b\ 

2 ; 


(1 + (-!)") 


(x — a) 


n+1 


2"+! 


+ x — 


3a + &\ 

J 


3a + &\ ” +lN 


2n+l 






\ 2 n +i 2 n+1 


a + b 


n+1 
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Proof. Substitute C = / (") (^p) , in R n (x) given in (3.5) and use the Cauchy 
Inequality, then we get 


I Rn Or) | 


(4.2) 


< 


b — a 


< 


b-, 


b b 

J &\t) - /("> pW(i,() P (n \x,s)ds 

b 

j ( <" 


dt 


O / O 

J ( P^\x,t) - J P (n \x,s)ds 


dt 


f(n+l) 


Use the Diaz-Metcalf inequality [12] or [17], to get 

a 

Therefore, using the above relations, we obtain (4.1). 

Corollary 4. Substitution of x = a in (f.l) gives 

^ J mdt - sSuTTIj T O 1 ”- 1 ’ w - + (-')”) 


□ 


(b) 


< 


b — a 

j(ra+l) 


/ 7 \ 2n+l 

(b-a) 

(l + (-l)”) 2 (6 — a) 2n+1 ~ 

7 r 

2 

2 2n (n!) 2 (2n + 1) 

2 2n + 2 (n+ 1)! 


Corollary 5. Substitution of x = in (4-1) gives 


n—lf 1 \n+k+ 1 


E 

k = 0 


(-ir +K+i {b -a) 
(A: + 1)! 4 fc +! 


fc+i 


f( fe ) 


3a + b 


(4.3) 


+ (l + (-17) /<‘> (^) + (-l)‘/<‘> (^ 6 ) } 

/ /«)<« - (/<"->m - /<"-”(«)) 44-, :r; o + <-»") 


< 


b — a 
b — a 


j{n+l) 


1 1 


(n!) 2 (2 n + 1) 
2 (6 - a)” +1 


(6 -a) 


2n+l 


6-a(n + l)! I 4 n + : 


a + (-ir 
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Corollary 6. Substitution of x = in (4-1) gives 


n 1 / -* \n+/c + l 


E 

k = 0 


(-i) n ™ (6 — a) 
(k + 1)! 4 A: + 1 


fe+i 


{i + (-i) fc } 

2&+ 




(4.4) 


+ (-i )*/“> (+l)+/ w ++) 


2 fc+! 


(l + (-l) fc )/< fc > 


a + 7b 


(-D" 

b — a 




1 (6 — a) 


n— 1 


< 


(n + l)! 4™+! 

b — a 


l + (-l)" + 4 + EE 
v ' 2 n 2 n 


(ra+l) 


1 (6 — a) 


2n+l 


(n!) 2 (2n + 1) 4 2 "+! ( 2 2 "+! 


- 2 


1 1 (b — a) 

6- a (n + l)! 4™+! 


n+l 


(1 + (-!)") 2 + 


2 n+1 


5. Case C: When / e L 2 [a, 6] . 

Theorem 6. Let f : [a; b\ — > i? 6e an n-times differentiable function on (a,b), with 
f (") G L 2 [a, &]. Then, we have 



734 


A. QAYYUM et al 723-739 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


ON NEW REFINEMENTS AND APPLICATIONS OF EFFICIENT QUADRATURE RULES 13 


1 1 f (x — a) 


77+ 1 


+ 


6 — a (n + 1)! ( 2 n+1 

( -1 (- 1 ) 


(1 + (-!)") + (! + (-!)") [x- 


3 a + b 


n+1 


y2 n +l 2 n+1 

for all x £ [a, g +] , where 
a (/<">) 


-(-!)”-! x - 


a + b 

"2“ J 


77+1 


(5.2) 


(ra) 


2 (/("-i)(6)-/("-i) (a ))' 


12 5 — a 

where S is as defined in Theorem f. 


/ (n) - fc 2 (6 - a) , 


Proof. Let (x) is defined as in (3.5). If we choose C = / f^ n \s)ds in (3.6) 

a 

and use the Cauchy inequality and (3.5), then we get 

| Rn (x)| 


< 


b — 


< 


b — a 


0 0 0 
J f {n \t)-^- a I f in \s)ds P n ( X ,t)-^ J p(") (*,*)& 

a 

b / b 


dt 


is dt 


J I P n (x, t) - J pH s ^ ds I ( ]f 

a \ a / 


(fin)) 


b 


J (P n (x+)f - +— j J P (n) (x+)dt 


< 


(/ (n) ) 

b — a 


(n!) 2 (2n + 1) 1 2 2 




277+1 


,1 0 \ / a + b 

- 1 2 ^ + 2 ) r ~Y~ 


2n+l 


1 1 


b- a (n + 1)! ( 2 n+1 


1 (! + (-!)")(* -a)"* 1 


+ (! + (-!)") [x- 


3 a + b 


n+l / 1 / 1 \n+l N 

+ | h h (-l ) n+1 - 1 

' l 2^+i 2 n+1 ^ ' 


x x — 


a + b 


77+1 


Hence theorem is completed. 


□ 
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Corollary 7. Substitution of x = a in (5.1) gives 


(-l) n+fc+1 (b — a) k+1 


1 


k—0 


(jfe + 1)! 


(-1 ) k f (k Ha)+ 1 + ^ + 


(-D A 


2 fc+i 4fc+i 


+ ( b ) 


(5.3) 


(-D" 

b — a 


f(t)dt - 




2 n+i ( n + l)l 


_( / ( n- 1) ( 6 )_ / (n- 1) ( a) ) (! + (_!)») 


< y+z (ra) ) 

— b — a 


-1 (b — a) 2n+1 
(n!) 2 (2 n + 1) 4 3 "+! 


1 1 

b — a (n + 1)! 


(6 - a )” +1 
2 n + 1 


(1 + (-1)") 


2 ' 


jl 

2 


Corollary 8. Substitution of x = in (5.1) gives 


E 

/c— 0 


(-D 


n+fc+1 


(&-a) 


fc+1 


(jfe + 1)! 4 fc +! 


{/«‘'(^) + (l + (-l)‘)/<*>(^) (5.4) 


+ jnm 

a 

- (/<"-■>( 5) - /<"-■>(«)) (1 + (-1)") 


fffjfff r ( b-af “+ 1 / 1 4 (6 - a) a " +1 (1 + (-l)' 1 ) 3 ] * 

“ 5- a 2 2n (n!) 2 (2n + 1) V + 2 2n+1 / 4 2n + 1 (n + 1)! 

Corollary 9. Substitution of x = in gives 


n— 1 

E 


(-D 


n+fc+l 


(6 -a) 


fc + 1 


(jfe + 1)! 4 fc + x 




+ ( _l)* /m (3a + 5) +/W 


2 fc + i 
a + 36 


2 fe+T ( 1 + (- 1 ) / 


a + 7 b\ 

J 


HT 

b — a 


f(t)dt 


- (+- 1) (6)-/ (n - 1) (a)). 

x fl + (-l) n + — + ++ 
\ v ’ 2 n 2 n 


1 (6 - a) n 

(n+1)! 4 n+1 


(5.5) 
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^ \A(/ ( " } ) r 1 2 (6 — a) 2n+1 f 1 \ 

“ b-a (n!) 2 (2n + 1) ^ 2n+1 \2 2n+1 ) 


1 1 

6 — a (n + 1)! 


(b — a) n+1 

4«+i 


(l + (-lD 




1 

2 


Remark 2. By choosing n = 1 in case A, B and C, we get all results obtained in 

[ 10 ]. 

Remark 3. By choosing n = 2 in case A, B and C, we get all results obtained in 
[9], 


6. Derivation of Numerical Quadrature Rules 


We propose some new quadrature rules involving higher order derivatives of the 
function /. In fact, the following new quadrature rules can be obtained while 
investigating error bounds using theorem 5. 


0 

Qn, i (/) := J f{t)dt 


n— 1 

E 

k = 0 


{b-a) 


fc +2 


2 /c+1 (k + 1)! L 


f (k) («) + (—! ) fe / (fc) (&) 




(b — a) r 


\ 2 n+1 ( n + 1 )! 


(i+(-in, 


u 

Qn , 2 (/) := J f{t)dt 


E 

k=0 


(b ~ a) + (-1) 
4 fc +! (AH- 1)! 


j(fc) ^ 3a + b 


a + b 


{l + (— l) fc } /( fe ) 

/("-!) (a)) x 


+ (-l) fc / (fe) 

2 (6 - o) n 

4 n+1 (n+ 1)! 


a + 3b 


((—!)" + 1) 


0 

Qn, 3 (/) := J f{t)dt 


Tb 1 / -I \/«J / 7 \fc+2 

^ (-1) (6 — a) 




(k + 1)! 4 fc +! 


+ (- 1 ) 


/W ( 


3a + b 


V 4 

/ (n -- 1) (6)-/ ( "" 1) (a) 


/ „ I OL\ 'll 

f(k) 

\ a y j j 

1 


4 

(& - a) T 


4 n+1 (n + 1)! 


((-!)" + i) Ur + i • 


Performance of the efficient quadrature rules 
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Method 

n '■ Q n , 1 (/) 

n ■ Qn , 2 (/) 

n : Qn , 3 (/) 

Exact Value 

1. 

f fi(x)dx 
0 

2 : 2.83333 

2 : 2.83333 

2 : 2.83333 

2.83333 


Error: 

0 

0 

0 


2. 

/ f 2 (x)dx 
0 

6: 0.30117 

4: 0.301172 

4: 0.30117 

0.301169 


Error: 

1.1381x10"° 

3.08726x10"° 

1.38925x10"° 


3. 

/ f3(x)dx 
0 

6: 0.909328 

4: 0.909324 

4: 0.909327 

0.909331 


Error: 

2.33999x10"° 

7.13925x10"° 

3.21638x10"° 


4. 

1 

/ U(x)dx 
0 

5: 0.793022 

4: 0.793031 

4: 0.793031 

0.793031 


Error: 

8.63182x10"° 

2.9641xl0" 7 

1.33626xl0" 7 


5. 

1 

f f 5 (x)dx 
0 

11 : 1.46266 

7 : 1.46265 

6: 1.46266 

1.46265 


Error: 

5.8789x10"° 

2.29707x10"° 

5.20247x10"° 


6. 

1 

f f 6 (x)dx 
0 

11 : 1.31384 

6: 1.31383 

6: 1.31383 

1.31383 


Error 

7.37624x10"° 

2.13363x10"° 

1.73918x10"° 


7. 

/ f 7 (x)dx 
0 

6: 1.34146 

4: 1.34137 

4: 1.34147 

1.34147 


Error: 

1.4808x 10" 7 

5.42574xl0" 7 

2.44601 xlO" 7 


8. 

J fs(x)dx 
0 

9 : 0.62977 

5: 0.629762 

4: 0.629774 

0.629769 


Error: 

1.18074x10"° 

6.3567x10"° 

5.647x10"° 



Table: 


fi{x) = x 2 +x + 2, 

f 2 (x) = a; sinx, 

(6.1) 

f 3 (x) = e x sin x , 

.fi{x) = x 2 + sin a:, 


h{x) = e x \ 

/g (a;) = e x cos (e x — 2a:) , 


fr{x) = x + cos a:, 

/s( x) = log (x 2 + 2) sin [log (x 2 + 2)] . 



From the above table, we observe that all three quadrature rules show exact value 
of the integral of fi for n = 2. For any polynomial of degree k, n = k + 1 will 
give exact value of the integral fi- Acceptable error estimates can be obtained for 
smaller values of n to save computational time. 

The integral of /s , Q n , 3 (/) report an error of the order of 10"° for n = 6 
while the other two quadrature rules give a similar error for n = 7 and n = 11. 
Similarly for all other functions Q n ,3 (/) report errors of the order of 10"° or 10“ ' 
for relatively smaller values of n as compared to the other two quadrature rules. 
Specifically, Q n ,3 (/) give an excellent estimate for the integrals of /s and / 8 at 
n = 6 and n = 4 respectively. In general Q n ,3 (/) gave better results as com- 
pared to the rest of the quadrature rules for much smaller values of n. Therefore 
we can conclude that overall Q n ,3 (/) is computationally more efficient both in 
terms of error approximation, simplicity, and time. As a rough estimate we inte- 
grated log ( x 2 + 2) sin [log ( x 2 + 2)] using the built in algorithms of Mathematica 
10.0 which took 26.30 seconds to give its approximate answer. To obtain similar 
approximation for the integral of / 8 , Q n , 3 (/) took less than a second. 
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ON NEW REFINEMENTS AND APPLICATIONS OF EFFICIENT QUADRATURE RULES 17 

Based on this analysis, we can conjecture that Q n , 3 (/) is the most efficient 
quadrature rule, while Q n , 2 (/) comes second in terms of performance. It should 
be noted that if desired the value of n can be adjusted to improve the error bounds 
or decrease computational time. 
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Duality in multiobjective nonlinear programming under 
generalized second order (F,b,4>, p,9)— univex functions 

Falleh R. Al-Solamy, Meraj Ali Khan 


Abstract 

In the present paper, second order duality for multiobjective non- 
linear programming are investigated under the second order generalized 
(F,b,<j>, p,9) — univex functions. The weak, strong and converse dual- 
ity theorems are proved. Further, we also illustrated an example of 
(F,b,<j>, p,9) — univex functions. Results obtained in this paper extend 
some previously known results of multiobjective nonlinear programming 
in the literature. 

Keywords: Duality, Multiobjective programming, Univex functions 

Mathematics Subject Classification (2000): 90C32, 49K35, 49N15 


1 Introduction 

In recent years, the concept of convexity and generalized convexity is well 
known in optimization theory and plays a central role in mathematical eco- 
nomics, management science and optimization theory. Therefore, the research 
on convexity and generalized convexity is one of the most important aspects in 
mathematical programming. In particular, the concept of generalized ( F, p )— 
convexity introduced by Preda [8]. In [9, 13], the concept of V — p-invexity 
and (F,a, p,d)— convexity were introduced respectively. Zhang and Mond [12] 
extended the class of ( F, p )— convex functions to second oder ( F, p )— convex 
functions and obtained the duality results for Mangasarian type, Mond- Weir 
type and general Mond- Weir type multiobjective dual problems. Motivated by 
Liang et al. [13] and Aghezzaf [2], I. Ahmad and Z. Husain [5] introduced second 
order (F, a , p, d)— convex functions and their generalization and they investigate 
weak, strong and strict converse duality theorems for second order Mond Weir 
type Multiobjective dual. Bector et al. [15] generalized the notion of convex 
function to univex functions. Rueda et al. [16] obtained optimality and duality 
results for several mathematical programs by combining the concepts of type I 
and univex functions. Mishra [8] obtained optimality results and saddle point 
results for multiobjective programs under generalized type I univex functions. 
Recently, Zalmai [14] introduced the notion of second order (F,b,<f>,p,0)— uni- 
vex functions and he called these functions (F,b, (p, p, 0 )— sounivex functions, 
these function generalize the second order (F, a, p, d)— convex functions defined 
by Ahmad and Husain [5]. 

The concept of second order duality in nonlinear programming problems 
was first introduced by Mangasarian [11]. One significant practical application 
of second order dual over first order is that it may provide tighter bounds for 
value of objective function because there ae more parameters involved, several 
researchers [1, 4, 7, 21] considered second order dual models for multiobjective 
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programming. In this paper , we formulate second order dual model and inves- 
tigate weak, strong and strict converse duality theorems under (F, b, 0, p, 9) — 
sounivexity assumptions. Further, an example have been constructed, which 
shows the existence of (F, b, (j), p, 8 )— sounivex functions. 


2 Notations and Preliminaries 

We consider the following multiobjective nonlinear programming problem: 
(P) Minimize /( x), 

subject to g(x) ^ 0, x £ X, (1) 

where / = (/i, / 2 , • • • , fk) ■ X -> R k , g = (g u g 2 , . . . g m ) ■ X -x R m are as- 
sumed to be twice differentiable function over X, an open subset of R n . 

Definition 2.1. A function T : X x X x R n — > R, where X C R n is said to be 
sublinear in its third argument, if V x,x £ X, 

(i) F(x, x; a i + 02 ) < F(x, x\ ai) + T{x, x\ a 2 ), V ai, £ R n , 

(ii) F(x, X] aa) = aF{x, ai; a), V«£ R + ,a £ R n . 

Definition 2.2. A point x £ S is said to efficient solution of (P), if there exists 
no other feasible point x such that f(x) < /( x) for each x,x £ X. 

Let u £ R n and assume that the function / : X — > R is twice differentiable 

at u. 


Definition 2.3. [14] The function / is said to be (strictly) (F, b, 0, p, 9)— souni- 
vex at u if there exist functions b : X x X — > (0, 00 ), </> : R R, p : X x X R, 
9:IxIh R n , and a sublinear function F(x,u, .) : R n —X R such that for 
each x £ X{x ^ u) and p £ R n , 

</>(/(£) ~ f(u) + ^P t V 2 /(w)p)(>) ^ F(x, u; b(x, u)[X7f{u ) + V 2 f(u)p\) 

+p(x,u)\\9(x,u)\\ 2 , 

where ||.|| 2 is a norm on R n . 

A twice differentiable vector function / : X — > R k is said to be (F, b, (f), p, 9 )— 
sounivex at u, if each of its components /j is (F, b, <j>, p, 9)— sounivex at u. Now 
we define generalized (F,b,<j>, p,0)— sounivex functions 

Definition 2.4. A twice differentiable function /, over X is said to be (F, b, (f>, p, 9) — 
pseudo sounivex at u if there exist functions b : X x X — > (0, 00 ), <p : R —X R, 
p : X x X — > R, 9 : X x X — > R n , and a sublinear function F(x, u , .) : R n — > R 
such that for each x £ X(x ^ u) and p £ R n , 

<t>(f(x) - f(u) + ip*V 2 /(M)p) < 0 

=> F(x,u;6(x,u)[V/(u) + V 2 /(u)p]) < -p(x,u)\\9(x,u)\\ 2 . 
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A twice differentiable vector function / : X — > R k is said to be (F, b, <j>, p, 9)— 
pseudo sounivex at u, if each of its components /, is (F, b, <p, p, 8)— pseudo souni- 
vex at u. 

Definition 2.5. A twice differentiable function /, over X is said to be strictly 
( F , b, <j>, p, 6 )— pseudo sounivex at u if there exist functions b : X x X — i (0, oo), 

<f> : R R, p : X x X — >• R, 8 : X x X — »• R n , and a sublinear function 
F(x, u, .) : R n —> R such that for each x G X(x ^ u) and p € R n , 

F(x,u;b(x,u)[V f(u) + V 2 f(u)p\) ^ -p(x,u)\\8(x,u)\\ 2 
=> - f(u) + ^p 4 V 2 /(u)p) > 0, 

or equivalently 

<f>(f{x) - f(u) + ^p 4 V 2 /(m)p) ^ 0 

=> F(x,u-,b(x,u)[V f(u) + X 2 f{u)p\) < -p(x,u)\\9(x,u)\\ 2 . 

A twice differentiable vector function / : X — > R k is said to be strictly 
(F,b,4>, p,8)— pseudo sounivex at u, if each of its components is strictly /; is 
(F, b, 4>, p, 9)— pseudo sounivex at u. 

Definition 2.6. A twice differentiable function /, over X is said to be (F, b, (j), p, 9) — 
quasi sounivex at u if there exist functions b : X x X — > (0, oo), <j> : R — t R, 
p : X x X — > R, 9 : X x X — > R n , and a sublinear function F(x, u, .) : R n — > R 
such that for each x € X{x ^ u) and p € R n , 

- f(u) + 3*V 2 /(u)p) ^ 0 

=> F(x,u;b(x,u)[Vf(u) + V 2 f(u)p \ ) ^ -p(x,u)\\9(x,u)\\ 2 . 

A twice differentiable vector function / : X — i R k is said to be ( F , b, <j>, p, 9)— 
pseudo sounivex at u, if each of its components /, is (F, b, <j>, p, 9)— quasi souni- 
vex at u. 

Definition 2.7. A twice differentiable function /, over X is said to be strong 
(F, b, 4>, p, 9 )— pseudo sounivex at u if there exist functions b : X x X — > (0, oo), 

4> : R —> R, p : X x X — >• R, 8 : X x X — »• R n , and a sublinear function 
F( x, u , .) : R n —> R such that for each x € X(x ^ u) and p G R n , 

<t>(f(x) - f(u ) + ^*V 2 /(u)p) < 0 

=> F(x,u;b(x,u)[V f{u) + V 2 f(u)p\) < -p(x, u)\\0{x, u)|| 2 

A twice differentiable vector function / : X -P R k is said to be strong 
(F,b,4>, p,8)— pseudo sounivex at u, if each of its components /,: is strong 
(F, b, (f>, p, 9 )— pseudo sounivex at u. 

Every (F, b, (j), p, 9)— sounivex function need not to be second order (F. a, p , d) — 
convex, defmded in [5]. To show this, consider the following example. 
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Example 2.1. Let f : X = (0,oo) — > R be defined as f(x) = — x 2 — x. Let 
<f>(t) = —t, b(x,u) = x — it, p = —10, 9(x,u ) = and sublinear function is 
defined as E(a;, u, a) = a(x — u) + x 

?/ 2 

F(x,u-,b(x,u)[Xf(u) + V 2 f(u)p\) = —(x 2 — u 2 )(2u + 1 + 2p) +x — 10 1| — - — 1| 2 , 
at u = 0, 

F{x, 0; b(x, 0)[V/(0) + V 2 /(0)p]) = ~x 2 {\ + 2p) + x-l0 

and 

f{x) - f{u) + ^p*V 2 /((t)p = -® 2 - a; + u 2 + u - p 2 , 

at u = 0 

<7H/(x) - /(0) + ip*V 2 /(0)p) = x 2 + x +p 2 , 
and it is easy to see that 

Mix) - /( 0) + ^ 4 v 2 /(0)p) - F(x,0-, b{x, 0)[V/(0) + V 2 /(0)p]) 

= x 2 +p 2 + x 2 (l + 2 p) + 10 > 0 

for all x £ R and — 1 < p < oo, so the function is (F,b, p,<fi,6)~- sounivex at 
x = 0, but at p = — 1, x = 10 

(/(*) - /( 0) + ^‘V 2 /(0)p) - Fix, 0; bix, 0)[V/(0) + V 2 /(0)p]) < 0 

Hence, the function is not (F, a, p , d )— convex at x = 0. 

Now we have following Kuhn- Tucker type necessary conditions, which will 
be useful to prove the strong duality theorem. 

Theorem 2.1. ( Kuhn-Tucker type necessary conditions) Assume that x* is an 
efficient solution for (P) at which the Kuhn-Tucker constraint qualification is 
satisfied. Then there exist A* £ R k and y* £ R m , such that 

X* t Vf(x*) + y* t Xg(x*) = 0, 


y^Vgix*) = 0 , 


y* ^ o, 

A* > 0. 

3 Second order Mond-Weir type duality 

In this section, we consider the following Mond-Weir second order dual 
associated with multiobjective problem (P) and establish weak, strong and strict 
converse duality theorems under generalized (F,b, p,<f>,9)— sounivexity 
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(MD) Maximize 

/(«) - ^P*V 2 /(m)p 


Subject to 



VA7 («) 

+ V 2 A t f(u)p + X7X t g(u) + V 2 X t g(u)p = 0, 

(2) 


y t g{u) - ^ p t V 2 y t g(u)p ^ 0, 

(3) 


y = o, 

(4) 


A > 0, 

(5) 


where A is a k— dimensional vector, and y is an dimensional vector. 

Theorem 2 ( weak duality ) Suppose that for all feasible solutions x in (P) and 
all feasible solutions ( u,y , A ,p) in MD 

(i) y t g( 0) is (F, b, </>, p, 9)— quasi sounivex at u, 

(ii) A > 0, and /(.) is strong (F,b±,<j), pi,9)— pseudo sounivex at u with 
b 1 p + b^ ViA ^ 0, 

(iii) u < 0 => < 0 and v ^ 0 =£■ (j>(v) ^ 0, for all u, v € R n . 

Then the following can not hold 

f(x) < f(u) - ip*V 2 /(w)P- (6) 

Proof. Now suppose contrary to the result that (6) holds, i.e. , 

f(x) < f{u) - ^p*V 2 /(m)p, 
or 

/( x) - f(u) + ip*V 2 /(u)p < 0, 
then by assumption (iii) 

Hf(x) - f(u) + ^p*V 2 /(m)p) < 0, (7) 

which by virtue of assumption (ii) leads 

F(x,u,b 1 (x,u){Vf(u) + S7 2 f{u)p}) < —pi\\6{x, m)|| 2 . (8) 

On multiplying (8) by A > 0 and using sublinearity of F with bi(x,u) > 0, we 
have 

F( x, u, VA 4 /(w) + \/ 2 X t f{u)p ) < — &)" 1 (x, u)pi\\\9(x , u)|| 2 . (9) 

The first dual constraint and sublinearity of F give 

F(x, u; Vy*9(v) + VVs(u)p) ^ -F(x, «; VA */(«) + V 2 A 4 / (u)p). 

Applying (9) in above inequality, we have 

F(x,u-,X7y t g(u) + V 2 y t g{u)) > b]; 1 (x,u)p 1 X\\0(x,u)\\ 2 . (10) 
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Let x be any feasible solution in (P) and ( u,y,X,p ) be any feasible solution in 


(MD). Then we have 

V t g{x) ^ 0 y t g(u) - (11) 

by assumption (iii), (11) yields 

x) - y t g{u) + ^p t V 2 y t g{u)p) ^ 0. (12) 

Using (F, b, <f>, p , #)-quasi sounivexity of y t g(.), we have 

F{ x, u; b(x, u){Vy t g(u) + V 2 y*g{u)p)}) ^ -p\\0(x, u)|| 2 . (13) 

Since b(x, u ) > 0, the above inequality with the sublinearity of F give 

F(x, u; X7y t g(u) + V 2 y t g(u)p ) ^ -b~ 1 p\\0(x, u)|| 2 . (14) 

Now using the assumption b~ x p + b^ 1 pi A ^ 0, the above inequality yields 

F{x, u; Vy t g(u) + V 2 y t g{u)p) ^ b^ 1 p 1 X\\0{x, u ) || 2 . (15) 

Which contradict (10), hence (6) can not hold. 


Theorem 3 ( Strong duality). Let x be an efficient solution of (P) at which 
the Kuhn- Tucker constraint qualification is satisfied. Then there exist y £ R m 
and A € R k , such that (x,y, X,p = 0) is a feasible for (MD) and the corre- 
sponding values of (P) and (MD) are equal. If in addition, the assumptions of 
weak duality (Theorem 2) hold for all feasible solutions of (P) and (MD), then 
(x,y, X,p = 0) is an efficient solution of (MD). 

Proof. Since x is an efficient solution of (P) at which the Kuhn- Tucker con- 
straint qualification is satisfied, then by Theorem 1, there exist y £ R m and 
A £ R k , such that 

X t Vf(x) + y t X7g(x) = 0, 


y‘v^( x) = o, 


yZ o, 

A > o. 

Therefore (x,y, \,p = 0) is feasible for (MD) and the corresponding values of 
(P) and (MD) are equal. The efficiency of this feasible solution for (MD) thus 
follows from weak duality (Theorem 2). 

Theorem 4 ( Strict converse duality) Let x and (u,y, X,p) be the efficient solu- 
tion of (P) and (MD), respectively such that 

X f f(x) = X t f(u) - ip*V 2 A t f(u)p. (16) 

Suppose 
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(i) y t g(.) is (F,b,<p, p,9 )— quasi sounivex at u, 

(ii) A */(.) be (F, b\,<j>, pi,6) — pseudo sounivex at u with b~ 1 p + frfViA ^ 0, 

(iii) u S 0 => 4>{u) Li 0 and v < 0 => <j>(v) < 0, for all u, v £ R n . 

Then x = u, that is u is an efficient solution. 

Proof. We assume that x ^ u and reach a contradiction, since x and 
( u,y,X,p ) are respectively the feasible solution of (P) and (MD), we have 

fg(x) - y*g{u) + ^p 4 VVsr(u)p ^ 0. (17) 

Using the assumption (iii), we have 

- tfdiu) + ip 4 VV#(u)p) ^ 0. (18) 

By (F, b, (j), p, 6 )— quasi sounivexity of y t g{.) at u, we get 

F(x, u; b{x, u){Vi fg{u) + V 2 y t g{u)p)}) ^ -p\\9(x, u)|| 2 . (19) 

Since b(x,u) > 0, the inequality (19) along with the sublinearity of F, 

imply 

F(x, u m ,'\7y t g(u) + \/ 2 y f g(u)p) ^ -b~ 1 (x,u)p\\0(x,u)\\ 2 . (20) 

The first dual constraint and sublinearity of F imply 

F{x, u; VA 4 /(u) + V 2 y 4 /(u)p) ^ -F(x, u, Vtfgiu) + V 2 y 4 g(u)p). 
Applying (20) and & _1 p + b^ 1 p A 0 in above inequality, we get 

F(x, u;VA 4 /(u) + V 2 y 4 /(u)p) ^ -b^ix, u)p\\9(x, u)|| 2 . (21) 

Suppose (16) does not holds, then we have 

A 4 /(S) < A t f(u) - ip 4 V 2 A 4 /(u)p, 

now using assumption (iii) 

0(A 4 /(5) - A 4 /(u) + ^p 4 V 2 A 4 /(u)p) < 0. 

Now by the assumption (ii), the above inequality gives 

F(x,u;b 1 (x,u)(V\ t f(u) + V 2 y t f(u)p)) < -p\\9(x,u)\\ 2 , 
or 

F(x,u; VA 4 /(u) + V 2 y 4 /(u)p) < — 1 (^, 72)p|| 6»(^, zZ) 1 1 2 . (22) 

Which contradict (21). Hence result. 


7 

746 


Falleh R. Al-Solamy et al 740-749 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.4, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


4 Conclusion 

In this paper anew concept of generalized invex functions is introduced. 
Under this generalized invexity we establish weak, strong and converse duality 
theorems. These duality relations lead to duality in nonlinear fractional pro- 
gramming problems. 
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STABILITY OF FRACTIONAL DIFFERENTIAL EQUATION WITH 

BOUNDARY CONDITIONS 

S. RAJ AN 1 , P. MUNIYAPPAN 2 * , CHOONKIL PARK 3 *, SUNGSIK YUN 4 *, AND JUNG RYE LEE 5 * 

Abstract. In this paper, we prove the Hyers-Ulam stability of a fractional differential equation 
of order a £ (1,2) with certain boundary conditions. 


1. Introduction 

The recent concentric area in the research world of mathematics is fractional differential equa- 
tions. The concept of fractional derivative is not new and is very much as old as classical dif- 
ferential equations. In recent years, many authors disscussed and proved the existence results 
of fractional differential equations using various methods. For example, one can refer the mono- 
graphs of Kilbas et al. [10], Miller and Ross [14], Podulbny [20], Diethelm et al. [4, 5], Benchora 
[2] and so on. Obviously, the differential equations of fractional order has been proved to be a 
valuable tool in the modeling of many phenomena in various fields of science and engineering. 
Indeed, one can find many applications in electromagnetic, control, electrochemistry, etc. (see 

I 6 - 7] )• 

At the same instance, the stability concept is more devoloped in the research world of math- 
ematics, particularly in functional equations. But the analysis of stability concepts of fractional 
differential equations has been very slow and there are only countable number of works. In 2009, 
Li [12], first proposed the Mittag-Leffler stability and in 2010 [13], the fractional Lyapunovs sec- 
ond method. In the next year, Li and Zhang [11] have been given a brief overview on the stability 
of the fractional differential equations. However, there are only few works available on the local 
stability and Mittag-Leffler stability for fractional differential equations and very rare works on 
the Ularn stability of fractional differential equations. 

In 2011, Wang [24] carried out a pioneering work on the Hyers-Ulam stability and data de- 
pendence for fractional differential equations with Caputo derivative. Wang [25] proved the 
Hyers-Ulam stability of fractional differential equation of order 0 < a < 1 via a generalized fixed 
point approach, by adopting some part idea of Wang et al. [24], Cadariu and Radu [3] and 
Jung [9] in the next year. Particularly, there are very rare works on the Hyers-Ulam stability of 
fractional differential equations with boundary conditions. Recently, Rabha [8], Muniyappan and 
Rajan [16] had given Ularn stabilities with boundary conditions in the interval (0, 1). For more 
information on functional equations and their stability problems, see [15, 17, 18, 19, 21, 22, 23]. 


2010 Mathematics Subject Classification. Primary 34A08, 34K10, 34K20. 
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In this paper, the Hyers-Ulam stability of the following fractional boundary value problem is 
proved. 

c D a y(t) = F(t,y(t)), l<a< 2 (1.1) 

2/(0) = 2/o y{T ) = 2/t (1-2) 

This paper is organized as follows: In Section 2, basic definitions and notations are given. In 
Section 3, the Hyers-Ulam stability of the above fractional boundary value problem is proved. 

2. Preliminaries 

Throughout this paper, we assume that Y is a norrned space and / = [0, T] is a given interval. 

Definition 2.1. ([2]) The fractional order integral of the function h E T 1 ([a, 6],M+) of order 
a E M + is defined by 

0(0 = -pi~F f {t ~ s) a ~ 1 h(s)d8, 

r(a) J a 

where T is the gamma function. 

Definition 2.2. ([2]) For a function h given on the interval [ a,b ], the Caputo fractional order 
derivative of h, is defined by 

( c D° a+ h)(t) = p- 2— - f\t - 

1 yTl CXj J a 

where n = [a] + 1 and [a] denotes the integer part of a. 

Definition 2.3. ([1]) A function y E C 2 (I, M) is said to be a solution of (1.1)-(1.2) if y satisfies 
the equation c D a y{t) = F(t, y(t)) on /, and the condition y( 0) = yo and y(T) = y t 

Lemma 2.4. ([1]) Let 1 < a < 2 and let F : I — > M be continuous. A function y E C 2 (/, M) is a 
solution of the fractional integral equation 

2/(0 = (t - r F ( s > 2 l{s))ds - rr ^ J q ( T ~ sr-'F(s, y(s))ds - (J^ - 1^ y 0 + ^ y T 

if and only if y is a solution of the fractional boundary value problem 

c D a y(t) = F(t,y(t)),te[0,T] 

2/(0) = 2/0 y{T) = y T 

Definition 2.5. ([25]) The fractional differential equation (1.1) is Hyers-Ulam stable if there 
exists a continuously differentiable function / : I — > Y satisfying the inequality 

\\ c D a y(t) — F(t,y(t))\\ < e 

for all t E I and for some e > 0, there exists a solution /o : I — > Y of the fractional differential 
equation 1.1 such that 

\\m-f 0 m<Ke 

for all t E /. 
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Definition 2.6. ([25]) The fractional differential equation (1.1) is Hyers-Ulam-Rassias stable if 
there exists a continuously differentiable function / : I -A Y satisfying the inequality 

II c D a y{t) - F(t,y(t))\\ < ip(t) 

for all t € /, there exists a solution fo : I Y of the fractional differential equation (1.1) such 
that 

||/(t)-/o(t)||<*(t) 

for all t G /. where <p, : I -A [0, oo) are functions not depending on / and /o explicitly. 

Definition 2.7. ([25]) For a nonempty set X, a function d : X x X -A [0, oo] is called generalized 
metric on X if and only if d satisfies 

(1) d(x, y) = 0 if and only if x = y; 

(2) d(x,y) = d(y,x ) for all x,y £ X; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z £ X. 

Such a space is called a generalized complete metric space. 

Theorem 2.8. ([3]) Let (X,d) be a generalised complete metric space. Assume that A : X — > X 
is a strictly contractive operator with the Lipschitz constant L < 1, If there exists a nonnegative 
integer k such that d{ A k+1 x,A k ) < oo for some x € X, then the following are true: 

(1) The sequence {A n x'} converges to a fixed end point x* of A 

(2) x* is the unique fixed point of A in X* = {t/ 6 X\d(A k x, y) < oo}; 

(3) IfyeX*, then d(y,x*) < I ± z d(Ay,y) 


3. Hyers-Ulam stability 


In this section, we first investigate the Hyers-Ulam stability of the fractional differential equa- 
tion (1.1) with boundary condition (1.2) via Theorem 2.8. 

Theorem 3.1. Let I = [0, T] be a closed interval. Let K,P , and L be positive constants with 
0 < KPL < 1. Assume that F:/xR->Rha continuous function which satisfies the standard 
Lipschitz condition 

\F(t,y) - F{t,z)\< L\y - z\ (3.1) 

If a continuously differential function y : I — > M satisfies 

\ c D a y(t) — F(t,y(t))\ < ip(t) (3.2) 

> (0, oo) is a continuous function with 


for all t € I and y, z € 1 
for all t € I, where : I 


ttwt [ (t~s) a 1( p{ T )dr 
r(a) Jo 


< K(p(t) 


(3.3) 


for all t €. I, then there exists a unique continuous function yo : I 

rt j. rT 


such that 


yo (t) = [ ( t-s) a 1 F(s, y(s))ds — 

r (a) Jo 


t 


and 


TV {a 

\y(t) -yo(t)\ < 


( T-s) Q 1 F(s,y(s))ds~ - 1^ y 0 + ^y T 

(3.4) 


K 


1 - KPL 


<P(t) 


(3.5) 
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for all t G I. 

Proof. Let us define a set X of all continuous functions / : I — > M by 

X = {/ : I —$■ M|/ is continuous} . (3-6) 

Similar to [9, Theorem 3.1], one can introduce a generalised complete metric on X as follows 

d(f,g) = inf{(7 G [0,oo]| \f(t) — g(t)\ < C<p(t) for all tel}. (3.7) 

Define an operator A : X — > X by 

( A /)(0 = Yjffj f o ( t ~ s ) a ~ lF ( s ^y( s )) ds - T y ( a) J 0 ( T - s ^ a ~ lF ( s ' y ^ ds ~{jf ~ *) yo+ f yT 

(3.8) 

for all / E X. 

It is easy to see that A is well defined, since F and / are continuous functions. 

To acheive our aim, we need to prove that A is strictly contractive on X. 

For any f,g e X, let Cf g e [0, oo] be an arbitrary constant with d(f,g ) < Cf g , that is, by (3.7), 
we have 

I/O) ~g{t)\ < C fg ip(t) (3.9) 

for all tel. It then follows from (3.1), (3.3), (3.7), (3.8) and (3.9) that 

\(Af)t - (Ag)t\ < — ’ — [ (t - s) a_1 \F(s, /(«)) - F(s,g{s))\ds 

r(a) Jo 

+ -^— [ T (T - s)*" 1 | F(s, f(s)) - F(s,g(s)) \ ds 
TT{a) J 0 

< [ (t-s) a - 1 \f(s)-g(a)\ds+ ^ [ (T - s)"' 1 |/(s) - g(s)\ ds 

r(«) Jo tt (a) J o 

< pj-\ c fg [ (t ~ s) Q_ V(s)ds + -^-C fg [ (T — s)°‘~ 1 ip(s)ds 

1 \ a ) Jo 1 1 \ a ) Jo 

< KPLCfgifit) 

for all tel, where P = (l + jJ). That is, 

d(Af,Ag)<KPLC fg . 

Hence we can conclude that 

d(Af,Ag)<KPLd(f,g) 

for all f,g e X, where we note that 0 < KPL < 1. 

It follows from (3.6) and (3.8) that for an arbitrary go £ X, there exists a constant 0 < C < oo 
with 

l(Affo)(t) -So(*)l = I FTT / 0 - s) Q_1 F(s,i/(s))ds 

T(a) Jo 

— TT(a) J 0 (jf - yo + fVT - go(t)\ 

< C<p(t) 
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for all t €. I, since f(t,go(t)) and go(t) are bounded on I and mint^upff) > 0. 

Thus (3.7) implies that 

d(Ag 0 ,g 0 ) < °o. 

Therefore, according to Theorem 2.8, there exists a continuous function go : I — > M such that 
A n go — > Ho in (X, d ) and Ayo = yo, that is, yo satisfies (3.4) for every t E I. 
we will now verify that {g E X/d(go,g) < oo} = X. 

For any g E X, since g and go are bounded on I and mint^upff) > 0, there exists a constant 
0 < C g < oo such that \go(t) — g(t)\ < C g tp(t) 

Hence, we have d(go,g) < oo for all g E X, that is {g E X/d(go,g) < oo} = X. 

Hence in view of Theorem 2.8, we conclude that yo is the unique continuous function with the 
property (3.4). On the other hand, it follows from (3.2) that 


-¥>(*) < c D a+y{t) ~ F(t,y(t )) < <p(t) 

for all t E I. 

If we integrate each term in the above inequality and substitute the boundary conditions, then 
we obtain 

W) - «)“^ 1 F(s, y(s))ds - j o ( T ~ s) Q_1 F(s, y(s))ds - - 1 ^ y 0 + f - y T \ 

rT 


< [ ( T-s) a l y{t)ds 

r(«) Jo 


for all t E /. 

Thus by (3.3) and (3.8) we get 

I y(t) - (Ay)(t)\ < Ktp(t) 

for each t E /, which implies that 

d{y, Ay) < K. 

Finally, Theorem 2.8 and (3.10) imply that 

1 .... K 


(3.10) 


d{y,yo) < 


l - KPL 


d(y,Ay) < 


1 - KPL 


□ 


Now, we will prove the Hyers-Ulam stability of the (1.1) with boundary condition (1.2) 

Theorem 3.2. Let I = [0,T] be a closed interval. Let r > 0 be a positive constant with 0 < 
t,T < r and let F : I x M — >• M be a continuous function which satisfies a Lipschitz condition 
(3.1) for all t E I and i/,z E 1, where L is a constant with 0 < < 1- df a continuously 

differentiable function y : I — »• M satisfying the differential inequality 

| c D a a+ y(t)-F(t,y(t))\<e (3.11) 

for all t E I and for some e > 0, then there exists a unique continuous function yo : I -A M 
satisfying (3.f) and 

\y(t) - yo(t)\ < (3.12) 

j yuwi - r(a + 1) - LPr a y 

for all t E /. 
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Proof. First, we define a set X of all continuous functions /:/—>■ M by 

X = {f : I —*■ M.\f is continuous} 
and introduce a generalized complete metric on X as follows 

d(f,g) = inf{C G [0, oo]| \f(t) — g(t)\ < C for all f€/} 

Define an operator A : X — > X by 

(T-s)“" 1 F(.s,y(s))ds-^ - 1^ yo + ^VT 

for all / el. 

We now assert that A is strictly contractive on X. 

For all f,g € X, let Cf g G [0, oo] be an arbitrary constant with d(f,g) < Cf g , that is, let us 
assume that 

\m-g(t)\<C fg (3.13) 

for any t G I. Moreover, it follows from (3.1), (3.8) and (3.13) that 

l(A/)i-(As)i| < [ (* ~ s )“ _1 l F ( s >/( s )) - F(s,g(s))\ds 

T(a) Jo 

+-^— f T (T - s)*- 1 \F(s,f(s)) - F(s,g(s)) \ ds 
TV (a) J o 

< Jr~, [ (t-s) a ^\f(s)-g(s)\ds 

T(a) Jo 

+ j s [ (T - s^-'lfis) - g(s)\ds 

TT{a) J o 

r OL j. r a 

T X 1 _i_ 

f9 [ar(a) Tar(a) 

< LC fg r a [ t + T 
- r(a + 1) [ T 

< LPC fg r° 
r(o; + 1) 

for all t G I, where P = (l + y), that is 

T pj,a 

d(A.f,Ag) < fpzppj C lr 

Thus it follows that 

T Pr a 

d (A/, Ag) < — d(f,g) 
r(a + 1) 

for all f,g G X, and we note that 0 < < 1- 

Analogously to the proof of Theorem 3.1, we can show that each go £ X satisfies the property 
d{Ago,go) < oo. 

Therefore, Theorem 2.8 implies that there exists a continuous function yo : I — s > M such that 
A n go — 1 Vo in (X. d) as n — > oo, and such that yo = Ayo, that is, yo satisfies the equation (3.4) 
for all t G /. 
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If g £ X, then go and 9 are continuous functions defined on a compact interval I. Hence, there 
exists a constant C > 0 with \go(t) — g(t)\ < C for all t £ I. This implies that d(go,g) < oo for 
every g £ X, or equivalently, {g £ X\d(go,g) < oo} = X. Therefore, according to Theorem 2.8, 
go is a unique continuous function with property (3.4). Furtheremore, it follows from (3.11) that 


-e < c D%+y(t) - F(t, y(t)) < e 


for all t £ I. If we integrate each term of the above inequality and appling the boundary 
conditions, then we have 


| (Ay) (t) — y(t)\ < 


T(o; + 1) 


for all t £ I, that is, it holds that d (Ay, y) < p(FTT) e - 
It now follows from Theorem 2.8 that 


d(y,yo) < 


l 


l - 


LPr a 


~d (Ay, y) < 


r(a+i) 

which implies the validity of (3.12) for each t £ I 


T(a + 1) - LPr° 


(3.14) 

□ 
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Abstract 

In the last years there is an increasing interest in modifying linear operators so that 
the new versions reproduce some basic functions. This idea motivated us to modify 
the sequence of linear Bernstein Stancu type operators. Using numerical examples we 
show that these operators present a better degree of approximation than the original 
ones. In this note the modified Bernstein Stancu operators are studied in regard to 
uniform convergence and global smoothness preservation. 
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1 Introduction 

In 1912 in Bernstein’s constructive proof of the Weierstrass approximation theorem [3] 
were introduced the classical Bernstein operators B n : C[0. 1] — > C'[0, 1], defined by 

\x k (l-x) n ~ k . 

rx — yj 

Lemma 1.1. The Bernstein operators verify the following identities 

(i) B n (e 0 ]x) = 1, 

(ii) B n (ei]x) = x , 

(in) B n (e 2 ; x) = |(1 + xn - x), where ej(i) =t\i = 0, 1, 

In the last years there is an increasing interest in modifying linear operators so that 
the new versions reproduce some basic functions. King [12] consider for the first time this 
kind of modification for the Bernstein operators and proved that the modified operators 
reproduce the functions ei(x ) = x l for i = 0, 2 and approximate each continuous function 
on [0, 1] with an order of approximation at least as good as that of the classic Bernstein 
whenever 0 < x < Using the same type of technique introduced by King or new methods 
many authors published new results in regard with this subject. Cardenas-Morales et al. 
[4] extended this result considering a family of sequences of operators that preserve eo 
and e 2 +aei with a £ [0, oo). Gonska et al. [11] studied the sequence V 7 f : (7[0, 1] — > C[0, 1] 
defined by 

Kf : = ( R nf) ° ( R n T ) _1 o r, 

where r is a continuous strictly increasing function defined on [0, 1] with r(0) = 0 and 
t( 1) = 1. Note that if r = e2 1 ~^ ei , then Vf = B n ^ a and the operators Vf preserve eo 
and t. In [5], the authors inspired by the above ideas consider the sequence of linear 
Bernstein-type operators defined for / £ C*[0, 1] by B n (f o r^ 1 ) o r, r being any function 
that is continuously differentiable oo times on [0, 1] such that r(0) = 0, r(l) = 1 and 
t'(x) > 0 for x £ [0, 1]. Note that the Korovkin set {1, ei, e 2 } is generalized to {1, r, r 2 } 
and these operators present a better degree of approximation than B n . 

Since the modified operators present a better degree of approximation than the original 
ones leads to an interesting area of research, so that generalized Bernstein-Durrmeyer 
operators and their approximation properties were studied in [1] and [6]. Also, the modified 
Szasz operators were considered recently in [2] . 

2 Bernstein-Stancu operators 

In 1968, Stancu [15] proposed the sequence of positive linear operators S< a> : C[0, 1] — > 
C*[0, 1] depending on a non-negative parameter a given by 

Sn a> U 5 = (-) p nT ( x )’ x G [°> 1 1> (2- 1 ) 

k = o KnJ 


B n (f',X ) = ^Tp n ,k( x )f 


n 


where p n ,k(x ) = 
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where 



and := t(t — h) ■ ■ ■ (t — n — 1 h) is the n th factorial power of t with increment h. 

For a = 0 these operators reduce to the classical Bernstein operators. 

The values of the test function by Bernstein-Stancu operators were given by Stancu 
[15] as follows 


Lemma 2.1. If x G [0, 1], then 

(i) S< a> (e 0 ]x) = 1, 

(ii) S< a> (ei;z) = x, 

(iii) S'< a> (e 2 ; x) = ^ + x(x + a)) . 

Recently, in [13] Miclau§ proposed a new technique to obtain the values of the test 
function, without using properties of Bernstein operators. 

It is well known the following form of Bernstein operators using the divided difference 


B n {f;x) 




n 



( 2 . 2 ) 


Starting with the form (2.2) of the Bernstein operators, the following Stancu type 
operators are constructed in [7]- [8]: 


C n : C[0, 1] — ► n n , 


Cn(f;x) 


n 


E 


k\ 

n k 


f n\ 

r i 

k 1 

i ) m fc,n 

0,-,., 


\kj 

n 

n 


f G C[0, 1], 


(2.3) 


where the real numbers (7n.fc !n )^ =0 are selected in order to preserve some important prop- 
erties of Bernstein operators and II n is the linear space of all real polynomials of degree 
< n. 

Let mo, n = 1, lim, woo mi jn = 1 and rrifc !n = ^ a f ) k , a n G (0, 1]. For this special case of 
real sequence (m.k, n )kLo the Bernstein-Stancu operators C n were written in the Bernstein 
basis as follows (see [7], Theorem 10): 


n 

C n {f;x ) = ^2p n ,k( x ) C k,n[f]’ 

k=0 


where 

Ck,n[f] = -jj ^ (j)f (n) _ a n)k—j- 

We remark that a n G (0, 1] leads to C n linear positive operators. 
The coefficients Ck, n [f] can be written as follows 


(2.4) 


Ck,n[f\ = ^Pfc^K)/ 

3=0 
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Therefore, 

Ck,n[f] = ' s ^ 1> (/; a n ), where f(t ) = / . 

Lemma 2.2. ([7]) The Bernstein- Stancu operators C n verify the following identities 

(i) C n (e 0 ;x) = 1, 

(ii) C n (e i;x) = a n x , 

(hi) C n (e 2 ; x) = x 2 + x(1 ~ x) a n + (^f - (2 + o„)) t 2 . 


Let 


Mn,m( x ) — Cn ((^ Y') , t) 

n k / ■ \ rn 

= Y Pn,k( x ) Y Yt (°*0 ( “ - * J > n, 771 . £ N, 
fc=0 j=0 ' 


be the central moment operators. 


Lemma 2.3. ([7]) The central moment operators verify 

(i) M(x) = AA"” + * 2 (1 - “.*) + fS) , 

(ii) ix n Ax) = * 4 + [%*(;) - + ^b 3 + FSTS) 

+ + Mi g) _ %li (2) + %12 g) - 40n. 


4an 1 

ri 2 J ^ 


In [7] , Cleciu obtained the following Voronovskaya type theorem: 


Theorem 2.4. ([7]) Suppose that xq € [0, 1] and f"{x o) exists. If a n € (0, 1), lim, woo a n = 
1 and L := lim, woo n(l — a n ) exists, then 


lirn n [/(.t 0 ) - C n (f ; t 0 )] = 

n— >00 


T 0 (l - T 0 ) 


/"(To) + 


Xof(x 0 ) - ^/"( T 0 ) 


L. 


3 Modified Bernstein-Stancu operators 

In this section we deal with Bernstein-Stancu type generalization of (2.4). We investigate 
its sharp preserving and convergence properties. 

We define the modified Bernstein-Stancu operators as follows: 

n k / ■ \ 

C„(/; x) = Y p n,k( x ) (/ O r' 1 ) ( - ) , (3.1) 

fc=o j=o vn/ 

where pf % k (x) = (?)r( T) fc (1 — r( x)) n ~ k and r is any function that is continuously differ- 
entiable oo times on [0, 1] such that r(0) = 0, r(l) = 1 and r'( x) > 0 for x £ [0, 1]. 

Note that these operators are positive and linear and for the case r( x ) = t, these 
operators (3.1) reduce to the Bernstein-Stancu operators defined by Cleciu [7]- [8] . 
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Lemma 3.1. The modified operators Cf verify 

(i) Qe o = 1, 

(ii) Qr = a n r , 

(iii) Qr 2 = t 2 + T -^a n + ^ (^ - (2 + a n )) r 2 . 

Let 


Tn,m( x ) = C n (M*) “ ^(x)) m ; *) 

n k / . \ m 

= ^2ph,k( x ) ( - - r(x) ) , n, m € N, 

fc=0 j=0 vn / 

be the central moment operators. 


Lemma 3.2. The central moment operators verify 

(i) /*n,o(*) = !> 

(ii) /in,i(*) = ( «n - l)r(x), 

(iii) /£ )2 (*) = T(a)(1 ~ T(a)) o w + t(.t) 2 (1 - On) + f^) , 

(iv) = T(x)‘ + [5^(”) - + ^M*) 3 

+ [% k g) - l“] T W ! + »r(x) + %>!(”) 

6 (q ra )2 /n\ 


iv 
4(a„) 3 

\3 


^ U) - 4a n . 


Lemma 3.3. For all n G N we have 


Pn, 2 i x ) < ^n jT (x) /or all x € [0, 1], 
w/iere <5 2 T (x) := + (1 — a n ) and </? 2 (.x) := r(x)(l — r(x)). 

Proof. We have 


K , 2 0*01 = 


t(.t)(1 - r(x))a„ 


n 


+ 


t 2 (x)( 1 - a n ) 


2 a./, a n 

2 + 2n 


<^ 2 (x)^ + (l-a n ) = < r (x). 


n 


□ 


Lemma 3.4. If f G C[0, 1], t/ien ||C'//|| < ||/||, where || ■ |j is the uniform norm on C[0, 1]. 
Proof. From the definition of the operator Cf and using Lemma 3.1 it follows 

n k 

\Cn(f;x)\ < '%2pl,k( x )'52Pkj > (a n ) 
k=0 j = 0 

< \\f OT ^ 1 \\Cl(e 0 - 1 x) = \\f\\. 

□ 
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Theorem 3.5. Let f £ C[ 0, 1], a n £ (0, 1] and lim n _ >0O a n = 1. Then C x f converges to f 
as n tends to infinity, uniformly on [0, 1]. 

Proof. Using the well known Korovkin theorem and Lemma 3.1 and the fact that {eo, r, r 2 } 
is an extended complete Tchebychev system on [0, 1] it follows the uniform convergence 
of the operators Cf. □ 

Let oj be the usual modulus of continuity of / £ C[ 0, 1] which is defined as 

u(f;6)= sup sup \f(x + h) - f(x)\. 

|/i|<5 x,x+h£[0,l] 

Proposition 3.6. Let f £ C[0, 1] with modulus of continuity uj(f, •). Then 

I C£(/;*) - f{x) | < (l + ^ w(/,<S) 


for 5 > 0 and x £ [0, 1]. 

Example 3.7. If we choose t(x ) = - ^ , we have r(x)(l — r(x)) < x(l — x) for all x £ 
[0, 1/2] and this inequality leads to jjf 2 ( x ) — hn, 2 (x). Therefore, the modified operators 
Cf presents an order of approximation better than C n in that interval. 

Example 3.8. Now using a graphical example we try to illustrate these approximation 
processes. Let f(x) = sin(9x), t(x) = x and a n = 1/2. For n = 20, the approximation 
to the function / by C n and Cf is shown in the Figure 1. 



Figure 1. Approximation process by C n and Cf 

Example 3.9. Let us take f(x) = log(x + 1), t(x) = x and a n = In the Table 1 
we computed the error of approximation for C n and Cf at the point xq = 0.8. 
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Table 1. Error of approximation for C n and C f 


n 

\C n (f-,x 0 )-f(x 0 )\ 

IQ(/; x 0 ) - /Oo)| 

5 

0.2800807097 

0.2613318434 

10 

0.2762200954 

0.2502212648 

15 

0.2749367804 

0.2465367167 

20 

0.2742959594 

0.2447029941 

25 

0.2739117553 

0.2436063038 

30 

0.2736557443 

0.2428768564 

35 

0.2734729425 

0.2423567117 

40 

0.2733358757 

0.2419671158 

45 

0.2732292893 

0.2416644116 

50 

0.2731440335 

0.2414224523 


From the above results it follows that C f converge faster than C n to the function 
f(x) = log(x + 1) at the point xq = 0.8. Also, the approximation to the function / by C n 
and Cf is shown in the Figure 2. 



Figure 2. Approximation process by C n and C f 


4 Voronovskaya type theorem 

Let L n : C[0, 1] — * C[0, 1], n > 1, be a positive linear operator and L n e o = eo- Acar et al. 
[1] defined a general operator K n : C'[0, 1] — > C[ 0, 1] by 

K n g := ( L n (g o r' 1 )) o r, n > 1. 

The authors obtained the following Voronovskaya type formula for the modified operators 
Kn- 

Theorem 4.1. ([1]) Let f e C[0, 1] with f"(x) finite for x € [0, 1]. If there exists a, [3 £ 
C[0, 1] such that 

lirn n(L n (f,x ) - f{x)) = a{x)f"{x) +/3(x)f'(x), 

n — >oo 
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then we have 


lim n(K n (g,t) - g(t)) 

n—> oo 


a{r{t)) „ ( /3(r(f)) 


a(T(t))T"(t) \ 

T'(t ) 3 J 


g'(t) 


for g E C[ 0, 1] with g"{x) finite for x E [0, 1]. 


Using Theorem 2.4 and Theorem 4.1 we obtain a Voronovskaya type theorem for Cf. 


Theorem 4.2. Let f E C 2 [0, 1]. If a n E (0, 1), lim n _ >0O a n = 1 and L := lim n _ i . 0O n(l —a n ) 
exists, then 


lim n(C£(f,x ) - f(x)) 

n— >oo 


«(^(*)) t H, \ , ( P(t(x)) oi(t(x))t" ( x) \ , 

,, n 2 f (- T + — 7 T~\ 7 TT 3 / (*) 

t'{x) z \ t'(x) t\x) 6 J 


uniformly on [0, 1] with a(x) 


_x(l_x) _ an fi /3(x) = xL. 


5 Local Approximation 

Let 

W 2 [0,l] = {geC[0,l] :g' eC[0,l}}. 

For / E C[ 0, 1] and 5 > 0, the Peetre’s //-functional [14] is defined by 

k 2 (/;<*) = inf {11/ — g\\ + II VC 2 [0,1] } > 

g£W z [ 0,1J 


where 

11 / 11 ^ 10 , 1 ] = 11/11 + 11 / 11 + 11 / 1 . 

Throughout this paper we assume that inf Te r 0 n t'{x) > a, a E M + . 

Theorem 5.1. Let a n E (0,1) and lim, woc a n = 1 and / E C[0, 1]. For the operator 
Cf(f; •), there exists absolute constant C > 0 such that 

\Cn(f;x) - f(x) | < (7/12 (/; <^ jT (z)) + ca ^/; ^(1 - a n )r(x)\ . 

Proof. Let g G VF 2 [0, 1] and t G [0, 1]. Then by Taylor’s expansion, we get 
g{t) = (goT^ 1 ) (r(t)) 

= {g 0 'r -1 ) ('r(ai)) + {g ° T -1 )' (t(-'c)) (-r(i) - r(x)) 

rr(t) 

+ / (r(t) — u) (g o t^ 1 )" (u)du. (5-1) 

«/ r(;r) 

If we consider the change of variable u = r(y), it follows 

rr(t) j>t 

/ (r(f) — u) (g o t~ 1 )" (u)du = / (r(t) - r(y)) (g o t~ 1 )" (r(y)) r'(y)dy, 

J t(x) Jx 
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but 


therefore 

/•r(t) 

J t(x) 


(gor 1 )" (r(y)) = — 


i g"{y)r'{y) - g'{y)r"{y) 


r'{y ) 


(r'(y)Y 


(r(f) -u) (gor l )"(u)d 


u 


= J‘ MO - r(»)) - f‘ (r(t) - r(„)) 

rr(,) , , </'(^-‘(»)) , r m , Yrtii t"(t-h«)) 

MO “ “) , „ “ / MO “ “) 

rfx) IT (T 1 ('U))| Jt(x) 


f r{x) [T'{T !(«))] 

From (5.1) and (5.2) we can write 


[t'(t ^u ))] 3 


du. (5.2) 


rr{t) 


(r(t) - u ) 


. , f r h) a" ( t~ 

g(t) = g(x) + {g ° r _1 ) (r(x)) (r(t) - t(x)) + / (r(t) - u) 9 

Jt(x) It (t 

^(t-V^t^t -1 ^))^ 


g // ( r ~ 1 ( tt )) 

(r-Hu))] 2 


du 


'r(x) MrH# 

We define 

Ch(f',x) = C„(f;x) + f(x) - (/or -1 ) (a n r(.x)). 

From Lemma 3.1 it follows 

C£(e o; x) = 1 and C^(r; x) = C£(r; x) + t(x) — a n r(x) = t(x). 
Now applying to both side of the relation (5.3) we can write 

g"{ T ~\u)) 


(5.3) 


Cn(g;x) = g(x) + Cl 

ra n r(x) 


-it) 


(r{t) - u ) 


’ r{x) 


-ci 


( X ) 

0 a n r(x ) - it) 


l t'(t x (u ))] 2 

/(r- 1 ^)) 


du 


r d'U 


[t'(t-1(u))] 2 
g r (u) )t // (t ~ 1 (u) ) 


(r(t) — it) 

(*) [^(r-^u))] 


du 


f anT{x K , , ^(r- 1 ^))^^- 1 ^)) , 

+ / (a„r(x) - «) 717 ^3 

•M*) [t’{t ^u))] 

Since inf xe r 0i i] r'(x) > a, a 6 M + and r is strictly increasing on the interval (0,1), we 
obtain 


1 


Cn( r ; x) — g{x) <-gl h2 (x) 


+ 


Hr"! 


+ ^(a n T(x) - t(x )) 2 iI V- + 
z a 

< l [< 5 n, r (*) + - «n) 2 ] 


/n Hr"! 


+ 


/" |i r //| 


< <5n,T(*) 


+ 


Hr"! 
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By Lemma 3.4, it follows 

\Cn(9',x)\ < \C^(g;x)\ + \g(x)\ + \ (g or' 1 ) (a n r(.x))| < 3||^||. 
For / G C'[0, 1] and g G 1], we can write 


\Cl{f]x) - f(x)\ 

= Cn(f ; x ) - f( x ) + (/ 0 T^ 1 ) ( a n r(x )) - f(x) 

< \Cn(f -g\x)\ + |Q(^;x) - g(x) I + |ff(x) - / (x) | 
+ |(/ or ' 1 ) (anK®)) - (/or' 1 ) (r(x))[ 


< 4||/ -9|| + ^#|| 9 "| 


+ 


%,r( x ) 


T ”\\ Ill'll + u (/ 0 t x ; (1 — a n )r(x)) . 


Let C := max {4, 4y, Then 

|C£(/;®) -/(*)l < C'{ll/-£'ll + 5 n,r( a; )ll£'llw2[0,i]} + w (/ o r" 1 ; (1 - On)r(x)) • 

Using the following result (see [1]) u (/ o r^ 1 ; f) < uj (/; £) , the theorem is proved. 


□ 


To describe our next result, we recall the definitions of the Ditzian-Totik first order 
modulus of smoothness and the K -functional [9]. Let <p T (x) := y / r(x)(l — r(x)) and 
/ G C[ 0, 1]. The first order modulus of smoothness is given by 


^ T (f]t)= sup 

0 <h<t l 




,x ± KlL> e[ 0,l]L (5.4) 


Further, the corresponding /L-functional to (5.4) is defined by 


K v T (f\t)= ,i nf r AWf -9\\ + t\\(Pr9'\\} {t>0), 
geW VT [0,1] 


(5.5) 


where W Vt [ 0, 1] = {g ■ g G AC[0, 1], 1 1 <^ r ^7 / 1 1 < oo} and AC[ 0, 1] is the class of all absolutely 
continuous functions on [0, 1]. It is well known ([9], p.ll ) that there exists a constant 
C > 0 such that 


K<p T (/;*) < Cu VT (f-,t). (5.6) 

Now, we establish a direct approximation theorem by means of Ditzian-Totik modulus of 
smoothness. 

Theorem 5.2. Let f G C[0, 1] and <p T {x) = y/r(x)(l — t(x)), then for every x G (0, 1), 
we have 

\C T n (f ; x) - /(*) | < Cu, Vr (f- 6 -^l) , 

V Mx) J 

where C is a constant independent of n and x. 
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Proof. Using the representation 

f r {t) 

g(t ) = {g 0 T' 1 ) (r(f)) = (go t _1 ) (t(.t)) + / (5 o r^ 1 )' (u)ciu, 

J r(x ) 


we get 


But, 


|C£( 0 ;*) - g( x )\ = 


C n( [ (g°T ')' (u)du\ 
\Jt(x) J 


r-r(t) 

r(x) 


(g o t l )'(u)du 


rt 9'(y) ,, V ' rt 

~~T( \ T ( y)dy 
e r (y) 


/' 

*/ a? 


Pr{y) r(y) 


< 


\M\ 


rt u 


T '{y) 

<Pr(y) 


dy 


and 


rt u 


T \y) 

Pr (y) 


dy 


< 


rt / 1 i 

+ 


r'(y)dy 


vMy) yJl-T(y), 

< 2(|v / r(i) - V^M| + |\/1 -r(t) - y 7 ! -t(x)|) 

= 2 |r(t) — t(x)\ 


+ 


vw) + V t ( x ) V 1 - r ( i ) + V 1 ~ t ( x ) 


< 2|T"(i) — r(a;)| ( — 7== + 


< 


y / r(.x) yU — t(.t) 
2y/2|r(t) - t(x)| 


From relations (5.7)-(5.9) and using Cauchy-Schwarz inequality, we obtain 


IQ(s;z) -5(*)l < 2\/2 ^ C T n (|r(t) - t(x) |;x) 

atp T {x) 


(5.7) 


(5.8) 


(5.9) 


< 2v 7 2^^|v(a;). (5.10) 

cup T {x ) 

Using Lemma 3.4 and (5.10) it follows 

I CfUix) - f(x ) | < \Cf(f-g-,x)\ + | f(x) - g(x)\ + \Cf(g-,x) - g(x)\ 

<c{ ||/-s|| + ^W 

{ Pt(x) 

where C = max {2, 

Taking infimum on the right hand side of the above inequality over all g € W ipT [0, 1], 
we get 

&n,T (x) 


\C; i (f;x)-f(x)\<CK VT [f 
Using the relation (5.6) this theorem is proven. 


<Pt(x) 


□ 
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A NOTE ON HERMITE POLYNOMIALS 

TAEKYUN KIM AND DAE SAN KIM 


Abstract. In this paper, we consider linear differential equations satisfied by 
the generating function for Hermite polynomials and derive some new identities 
involving those polynomials. 


1. Introduction 

The Hermite polynomials form a Sheffer sequence and are given by the generating 
function 

OO 


( 1 . 1 ) 


= E ( see [!-8. 10- 13, 14]) . 


n — 0 


By using Taylor series, we get 
d 


H n ( x ) = 


— ) e ( 2 ^-* 2 ) 
dt 


d 

e “ 1 dt 


= (-lfe 1 


J t— o 

-(x-t) 


t= 0 


JL \ e — (*— *) 2 


d 

dx 


t — o 


(1.2) 


= (-1)^* — e"* , (n> 0) , (see [1 15, 18]) . 

The Hermite polynomials can be represented by the Contour integral as follows: 

— (f> 


H n (z) = 


27 rz J 


dt. 


where the Contour encloses the origin and is traversed in a counterclockwise direc- 
tion (see [2, 8, 11, 13]). 

The probabilists’ Hermite polynomials are given by the generating function 


(1.3) 


x 2 d n x 2 

H* n {x) = (— l) n e _2_ -j- — e - " 2- 
v ' dx n 


dx 


1, (see [10]) . 


The physicists’ Hermite polynomials are also given by 


(1.4) 


H n {x) = {- l) n e* —e~* 


= \ 2x — 


dx 


1 (see [20]). 


2010 Mathematics Subject Classification. 05A19, 11B83, 33C45, 34A30. 
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Thus, by (1.3) and (1.4), we get 

(1.5) H n (x)=2^H*(V2x), E;(T)=2-?ff„^j, 

where n > 0 (see [9, 11, 12, 15, 18]). 

The first several Hermite polynomials are H 0 (x) = 1, H\ (x) = 2x, H 2 (x) = 
4x 2 — 2, H 3 (x) = 8x 2 -12 Xl H 4 (x) = 16a; 4 -48a; 2 + 12, H 5 (x) = 32x 5 -160;r 3 +120a!, 
H 6 (x) = 64x 6 - 480a; 4 + 720a; 2 - 120, ... 

The probabilists’ Hermite polynomials are solutions of the differential equation: 



where A is a constant, with the boundary conditions that u should be polynomially 
bounded at infinity. 

The generating function of the probabilists’ Hermite polynomials is given by 

(1.6) e 3 ^ =Y J K (x) -, (see [12, 15, 18]) . 

n—0 

The Hermite polynomials Hn^ ( x ) of variance v form an Appell sequence and 
are defined by the generating function 

(1.7) Y, ' , (see [12]) . 

k = 0 

Thus, by (1.7), we get 


(1.8) 

and 

(1.9) 


2m+l 


= E 

1=0 


(2m + 1\ (2m- 2?)! 


\ 2/ + 1 J (m — l)\ 


G)’ 


H, 


21+1 


0 ), 


x 2m = 


E 

1=0 


(2m\(2m — 2l)\ 

ly 21 


<s “ |i2i) ■ 


The Hermite polynomials have been studied in probability, combinatorics, nu- 
merical analysis, finite element methods, physics and system theory (see [1-15, 18]). 

Recently, Kim has studied nonlinear differential equations arising from Frobenius- 
Euler numbers and polynomials. 

In this paper, we consider linear differential equations arising from Hermite poly- 
nomials of variance v and give some new and explicit identities for those polyno- 
mials. 


Let 


2. Hermite polynomials of variance v 


(2.1) F = F(t :x,v) =e xt ~^. 
From (2.1), we note that 

(2.2) F (1) = j t F(t :x,u) 

= ( x-vt)e xt -t 1 
= (x — vt) F, 
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A NOTE 

ON HERMITE 

POLYNOMIALS 

(2.3) 

pi 2 ) 

= —f( 1) 
dt 

“(- 

-v + (x 

- tv ) 2 ) F, 

(2.4) 

pi 3 ) 

= —pi 2) 
dt 

-(- 

-3v (x - 

- vt) + (x — vt) 

and 






(2.5) 

pi 4 ) = 

- F^ = 
dt 

{Sv 2 

— 6v (x 

— vt) 2 + (x — l 

Continuing this process, we set 



(2.6) 


F W = | 

( d\ 
\dt ) 

N 

F(t : 

x,v) 


= ai ( N ’ v ) _ vt )^j F ’ 


where TV £ N U {0}. 
From (2.6), we have 


(2.7) 


f (n+i) = SL f (n) 
dt 


N 


= ^ a,; ( TV , v)i(x — ut) 1 1 (— v) F 

i— 0 

N 

+ ^ a,; (TV, v) (x — vt )* . 


i = o 


By (2.2) and (2.7), we easily get 

(2.8) F ( ' N+1 ' ) = |— va\ (TV, v) + djv (TV, v) (x — vt) N+1 + a^-i (TV, i/) ( 


AT— 1 

+ y: (- (i + 1) va i+ 1 (TV, I/) + aj_i (TV, v)) (x - i4)® 

i=l 

By replacing TV by (TV + 1) in (2.6), we get 
(2.9) 


F( w+1 ) = a ‘ (TV + 1, v) (x — vt)^j F. 

From (2.8) and (2.9), we can derive the following equations: 

(2.10) u 0 (TV + 1, v) = —vai (TV, v ) , 

(2.11) ajv (TV + l,i/) = ajv-i (TV,*/) , 

(2.12) a N+1 (TV + 1, v) = ajv (TV, i/) 

and 


(2.13) at (TV + 1, v) = — (i + 1 ) j/cq+i (TV, i/) + dj_i (TV, v ) , 

where 1 < i < TV — 1. 

It is not difficult to show that 

(2.14) F = F (0) = a 0 (0, v) F. 

Thus, by (2.14), we get 

(2.15) d 0 (0, v) = 1. 


,\N 

X — vt) 

> F. 
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From (2.2) and (2.6), we note that 

(2.16) ( x — vt)F = = (ao (1, v) + ai (1, v) ( x — vt)) F. 

Thus, by comparing the coefficients on both sides of (2.16), we get 

(2.17) ao (1, v) = 0, a\ (1, v) = 1. 

From (2.11), (2.12), (2.15) and (2.17), we have 


(2.18) 

and 

a N ( N + l,i/) = oat -1 (TV, !/) = •• 

1 • = a 0 (l,i/) = 0, 

(2.19) 

OAT+1 (IV + 1,1/) = OAT (IV, !/) = •• 

1 • = ai (l,z/) = 1. 


Therefore, we obtain the following theorem. 

Theorem 1. The linear differential equations 

F<NI =(£f F( * :x ' ,/) 

= (y a, (N. I'l - I,-/ i’ j F. (iveNu{o}) 

vt 2 

has a solution F = F (t : x, v) = e xt_ ~, where 
ao (77, */) = -z'ai (iV - 1, z/) , 

aN—i (N, v) = a N —2 (N - l,v) = ■ ■ ■ = ai (2, z/) = a 0 (1, z/) = 0, 
a N (TV, i/) = ajv-i (IV - 1, v) = • • • = ai (1, z/) = a 0 (0, v) = 1, 

and 

at ( N , z/) = — (i + 1) z/a i+ i (TV — 1, z/) + a,_i (IV — 1, z/) , (1 < i < N — 2) . 

Example. 

(1) N = 3, i = 1. By (2.13), we get 

ai (3, v) = — 2z/a 2 (2, v) + o 0 (2, z/) 

= — 2 z/ — v = — 3z/. 

(2) N = 4, 1 < i < 2. By (2.13), we have 

ai (4, v) — 0, d 2 (4, i/) = - 6 z/. 

(3) IV = 5, 1 < * < 3. By (2.13), we get 

ai (5, z/) = 15z/ 2 , 02 (5, z/) = 0, 03 (5, v) = —10 v. 

(4) N = 6 , 1 < i < 4. From (2.13), we have 

oi ( 6 , v) = 0, 02 ( 6 , v) = 45z/ 2 , 03 ( 6 , u) = 0, 04 ( 6 , v) = — 15z/. 

Thus, we obtain the following result. 
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Remark. The matrix (a,; ( j , ;/)) 0<i J<6 is given by 




0 1 

2 

3 

4 

5 

6 


0 

1 0 - 

-v 

0 3 1' 2 

0 

-15^ 3 


1 

1 

0 

—3 v 

0 

15^ 2 

0 


2 


1 

0 - 

-6u 

0 

45i/ 2 


3 



1 

0 

-10 v 

0 


4 




1 

0 

— 15^ 


5 


0 


1 

0 


6 






1 

From (1.7), we 

note that 






(2.20) 


F 

= 

F (t : x, 

») = 

= e xt ~ 





= 

OO 

E<’ 

(x) 

t k 

~k\' 






k= 0 




Thus, by (2.20) 

), we 

get 






(2.21) 

p( N ) = ^ 

' d 
dt. 

\ N 

j F(t 

: x, 

v) 



00 , , fk-N 

= H k ] ( x ) -jr 

k—N 

oo 4 -k 

oo -f-k 

= F, H k+N ( x ) ■ 

fc =0 


By Theorem 1, we easily get 

(2.22) F (JV) 


N 


= CLi (N, v) (x - vt y F 


\i = 0 
N 


= J2 ai W ^ S (*)m m (-^) m S ^Z ( x ) 


i=0 


m=0 


Z=0 


°° f AT /c /r,\ 'j ^ 

= Hs£ a <W I/ )^(/) Wfc-z x i+l ~ k H^ (x) l - 

fc=0 1 2=0 O'' J 

oo [ JV k /, \ 

= H s Z! a * w I] ( J (*)fc-i m * -1 ( x ) 

u—r I n / — 7„ \ / 


fc=0 ^ i=0 /— max{0,/c— i} 

Therefore, by (2.21) and (2.22), we obtain the following theorem. 


t k 

W 
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Theorem 2 . For k, N £ N U {0}, we have 
N k /iA 

= Y a * w v ) Y \i ) (*)*,-! (&) • 

*=0 ;=max{0,fc— i} ' 7 

It is easy to show that 

(2.23) (*) = (* - H <"> (x) . 

Thus, by (2.23), we have 

(2.24) #&(*)= ^(s), (iVGNU{0|). 

From Theorem 2, we note that 

/ r\ \ AT 

(2.25) (z - — J (x) 

N k /b\ 

= Y ai W v ) Y ( I ) (*)k-z (x) , 

i—0 l=ma,x{0,k—i} ' ' 

where -§-x — x-§- = identity. 

a:r cte 17 

Now, we observe explicit determination of a t (j, v). 

From (2.12) and (2.13), we can derive the following equations: 

(2.26) a N {N,i/) = l, 

(2.27) a N - 2 (N, i/) = -(N-l) va N - X (N -l,i/) + a N . 3 (N - 1, v) 

= -(N- 1 ) va N —\ (N — l,u) — (N — 2) va N _ 2 (N - 2, v) 
+8W-4 (AI — 2, v) 


= - (IV - 1) i/ajv-i (TV — 1, i/) — (IV — 2) va N - 2 (IV - 2, i/) 
— 2^a 2 (2, i/) + a 0 (2, i/) 

= - (IV - 1) i/ajv-i (N — 1, i/) — (N — 2) i/cin _2 (N - 2, i/) 

— 2z/a 2 (2, i/) — i/ai (1, z/) 

N-l 

= -V Y\ ia i (*> > 

i=l 

(2.28) aAT_ 4 (IV, t/) = -(N- 3) w N _ 3 (TV - 1, v) + (TV - 1, z/) 

= — (IV — 3) i/aN -3 {N — l,i/) — (N — 4) von-a {N — 2, i/) 
+8jv- 6 (AI — 2, z') 

= - (IV - 3) i/aN -3 {N — l,u) — (N — 4) z/ aA r_4 (AT - 2, i/) 
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— 2 va .2 (4, v) + a 0 (4, v) 

= - (TV - 3) vajsi- 2 , (TV - 1, v) - (TV - 4) z/ ajv _ 4 (TV - 2, i/) 

— • • • — 2va,2 (4, v) — va\ (3, v) 

N-3 

= — v X^ ia,; (i + 2 ,i/), 

i — 0 

and 

(2.29) a^v-e (TV, v) = - (TV - 5) (TV - 1, v) + «jv- 7 (TV - 1, v) 

= — (TV — 5) i/ojv -5 (TV — l,i/) — (TV — 6) van - 6 (TV — 2, z/) 

+a jv— 8 (TV — 2, i/) 


= — (TV — 5) vaN-5 (TV — l,i/) — (TV — 6) va ^- 6 (TV — 2, i/) 
— 2va,2 (6, v) — va\ (5, v) 

N - 5 

= — z/ X^ ia,i (i + 4,i/). 

*=i 

Continuing in this fashion, for l with 1 < l < [ J ; 

AT— 27+1 

(2.30) cln -21 (TV, v) = — v iat (i + 2/ — 2, i/) . 

*= 1 

By (2.26), (2.27), (2.28), (2.29) and (2.30), we get 


(2.31) 

(2.32) 


(2.33) 


and 

(2.34) 


JV- 1 

Q'N —2 (TV, i/) = -z/ ^ ii, 

* 1=1 

N-3 

a N —4 (TV, z/) = -z/ ^ ® 2 «i 2 (*2 + 2, z/) 

*2 = 1 

iV-3i 2 +l 

= (-^) 2 X! H *2*1, 

*2 = 1 * 1=1 
N-3 

a N - 6 (TV, z/) = -z/ hai 3 (*3 + 4, z/) 

*3 = 1 

-/V— 5 i 3 +l z 2 +l 

= (-^) 3 EEE *3*2*1, 
*3 = 1 *2 = 1 *1 = 1 


AJ-2/+1 *,+1 *2+1 

a N ~2i (TV, v) = (— z/) ( XZ X! ••• T; • ii—i • • • *i, 
*|=1 * 1-1 = 1 *1 = 1 


where 1 < l < [T^T . 
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By (2.11) and (2.13), we easily get 

(2.35) 

a N -i (N, v) = & iv — 2 (N -l,u)= a N _s (N - 2, v) = ■ ■ ■ = a 0 (1, v) = 0, 

(2.36) 

a.iv -3 {N, v) = - (N - 2) vap {_2 {N -l,u) + a N - 4 ( N - 1, v) 

= fflJV-4 (N — 1,1/) 

= oo (3, v) = — va 4 (2, i/) = — i/oo (1, v) = 0, 

(2.37) 

a N - 5 (AT, i/) = — (JV — 4) van- 4 , {N -l,u) + a N - 6 ( N -l,u) = a N - 6 (N - 1, u) 
= o 0 (5, v) = -i/oi (4, i/) = 0, 

(2.38) 

a N -7 (N, v) = -(N - 6) i/ajv-6 (^ - 1, i/) + oiy_ 8 (IV - 1, v) 


= o 0 (7, 1 /) = -i/oi (6, 1 /) = 0, 

and 

(2.39) Ojv_( 2 i-i) {N, v) = 0, ^1 < l < 

Therefore, we obtain the following theorem. 



Theorem 3. For N £ N U {0}, we have 

N-21+1 *i+l *2 + 1 

a N - 2 i (N, v) = (-v) 1 ^2 ^2 • • • ilk - 1 • • -ii, 

*i=i *(-i=i *1=1 


w/iere 1 < l < . 

Also, 


a n- ( 21 - 1 ) (N, v) — 0, 


if 1<1< 


N 

~2 
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1 Introduction 

A sequence space is defined to be a linear space of real or complex sequences. Let w denote the spaces 
of all complex sequences. If x G w, then we simply write x = (, x*, ) instead of x = (xk)^L 0 - 
Let A be a sequence space. If A is a Banach space and 

Tfc : A — * C, T k (x) = x k (k = 1, 2, ...) 

is a continuous for all A;, A is called a B K— space. 

We shall write c and Co for the sequence spaces of all bounded, convergent and null sequences, 
respectively, which are BK— spaces with the norm given by (x^ = sup fc |xfc| for all k G N. 

For a sequence space A, the matrix domain A a of an infinite matrix A defined by 

Xa = {x = (x/e) € w : Ax G A} (1) 

which is a sequence space. We denote the collection of all finite subsets of N by T. 

M. Mursaleen and A. K. Noman [9] introduced the sequence spaces £^, c x and Cg as the sets of 
all A — bounded , A — convergent and A — null sequences as follows; 


= {x € w : sup |A„(x)| < 00 } 

n 

c x = {x € w : lim A„(x) exists} 

n— > 00 

c x = {x € w : lim A n (x) = 0} 

n—> 00 


where A n (x) = j- {Ak ~ Xk, k € N. Also they generalized c x and Cg spaces defining c x (A), 
n k = 0 

Cq (A) spaces using the difference operator. They studied some properties of these spaces in [8]. N. 
L. Braha and F. Ba§ar introduced the infinite matrix A (A) = {a n k (A)}“ fe=0 such as; 


&nk (A) — 


A 2 At 
AAt > 


0 , 


0 < k < n; 
k > n 


for all fc, n € N and they defined A\ (£ 00 ) , A\ (c) and A\ (cq) spaces in [11] as follows; 


A\(£ao) 

A x{c) 

Aa(cq) 


x Gw : sup |(A a x)J < 00 


|x G w :3l G C 9 lim (A\x) n = Z j , 
jx G w : lim (A\x) n = o| 


where (A\x) n = (A 2 At) Xk- They examined some properties of these spaces. In literature, 

n k—0 

some authors have constructed new sequence spaces by using matrix domain of infinite matrix and 
have introduced some topological properties, (see [2], [4], [12]) 
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2 The sequence spaces c(A 2 ,A) and cq(A 2 ,A) 


In this section, we define the sequence spaces c(A 2 , A) and cq(A 2 , A) as follows; 


c(A 2 , A) = \ x e w : lim A 2 (a;) exists > 
co(A 2 , A) = \x € w : lim A 2 (x) = ol 

L n — >oo J 

n 

where A 2 (a:) = A - (A 2 A *.) (xk — Xk-i ) for all k,n € N. A denotes the difference operator, i.e., 

n k — 0 

A A n = A n , AA n = A n A n — i, A A n = A n 2A n — 1 T A n _2 und Ax/- — %k i* A = (A^)^,_q is 
strictly increasing sequence of positive reals tending to infinity, that is 0 < Ao < Ai < ...and Xk — > oo 
as k — * oo and A n+ i > 2A n for all n € N. Here and in sequel, we use the convention that any term 
with a negative subscript is equal to naught, e.g. A_i = A_ 2 = 0 and x_\ = 0. On the other hand, 
we define the matrix A 2 = (A 2 fc ) for all k, n e N by 




( A 2 (A fc -A fc+ i) . , 

I AAj, i K ^ “■> 

a 2 a„ . k 

0; n > fc. 


(2) 


The equality can be eaisly seen from 


A «( a: ) = ( A2A 0 (** - Zfc-i) 


( 3 ) 


/c— 0 


for all m, n G N and every x = (xj G Then it leads us together with (1) to the fact that 

Co (A 2 , A) = (c 0 ) A 2 and c (A 2 , A) = (c) A2 . (4) 

The matrix A 2 = A 2 fc is a triangle, i.e., A 2 n yl 0 and A 2 fc =0 (k > n) for all n,k € N. Further, 
for any sequence x = (xk) we define the sequence y (A 2 ) = {yk (A 2 )} as the A 2 -transform of x, i.e., 
y (A 2 ) = A 2 (a;) and so we have that 


Vk (A 2 


fc-i 

E 

j'=o 


A 2 (Aj- - Aj +1 ) 

AAfc 


Xj + 


/^Xk 

AX, 


-x k 


( 5 ) 


for k £ N. Here and in what follows, the summation running from 0 to k — 1 is equal to zero when 
k = 0. Also it can be written from (3) with (5) for k e N such as; 


/ , 2\ A 2 A j , v 

Vk (A ) — / v \ x j ~ x j- 1) • 

3=0 k 


Theorem 1 cq(A 2 , A) and c( A 2 , A) are BK-spaces with the norm 


IMI(c 0)a2 = II*II(c ) a2 =su P |a 2 (^)|. 

n 

Proof. We know that c and Co are B K — spaces with their natural norms from [6]. (4) holds and 
A 2 = A 2 fc is a triangle matrix and from Theorem 4.3.12 of Wilansky [1], we derive that co(A 2 , A) and 
c(A 2 , A) are BK— spaces. This completes the proof. ■ 

Remark 2 The absolute property does not hold on the co(A 2 , A) and c( A 2 , A) spaces. For instance, if 
we take |x| = (|a;fc|) we hold ||a:||^ y^ ||M||( c ) a2 -Thus, the space co(A 2 , A) andc( A 2 , A) are BK- space 
of non-absolute type. 

Theorem 3 The sequence spaces co(A 2 , A) and c( A 2 , A) of non-absolute type are linearly isomorphic 
to the spaces c 0 and c, respectively, that is c 0 (A 2 , A) = c 0 and c( A 2 , A) = c. 
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Proof: We only consider Co(A 2 , A) = Co and others will prove similarly. To prove the theorem we 
must show the existence of linear bijection operator between Co(A 2 , A) and Co- Hence, let define the 
linear operator with the notation (5), from c 0 (A 2 , A) and c 0 by x — ► y (A 2 ) = Tx. 

Then Tx = y (A 2 ) = A 2 (x) £ Co for every x £ co(A 2 , A). Also, the linearity of T is clear. Further, 
it is trivial that x = 0 whenever Tx = 0. Hence T is injective. 

Let y = (yk) £ Co and define the sequence x = {x (A 2 ) } by 


and we have 


**(£) = £ £ (-i r'— 

3=0 i=j — 1 


A 2 Aj 


Vi- 


(6) 


x k (A 2 ) - x k -i (A 2 ) = ^2 ( _1 ) 


i—k—1 


t-i AA i 

A^X 


-Vi- 


Thus, for every k € N, we have by (5) that 


K( x ) 


1 

AA n 


n 


£ 


[A (Afcj/fc - Afc_ij/fc_i)] = y n 


This shows that A 2 (x) = y and since y £ Co, we obtain that A 2 (x) € Co- Thus we deduce that 
x £ co(A 2 , A) and Tx = y. Hence T is surjective. 

Further, we have for every x £ cq( A 2 , A) that 


Mco = II^IL = ||i/(a 2 )L = || a2 (.) 
which means that Cq(A 2 , A) and Cq are linearly isomorphic. 


3 Some inclusion relations 


Theorem 4 The inclusion cq (A 2 , A) c c(A 2 ,A) strictly holds. 

Proof. Co (A 2 , A) c c(A 2 ,A) is clear. To show strict, consider the sequence x = (x^ defined by 
Xk = k + 1 for all k £ N. Then we obtain that 


A n(z) 


^2 ( A2 Afc) (xk - x k - i) = 1; (n e N) 


for neN which shows that A 2 (x) € c—cq. Thus, the sequence x is in c (A 2 , A) but not in Co (A 2 , A) . 
Hence the inclusion Cq (A 2 , A) C c (A 2 , A) is strict and this completes the proof. ■ 


Theorem 5 The inclusion c C c 0 (A 2 , A) strictly holds. 

Proof. Let x £ c. Then, A 2 (x) £ cq. This shows that x £ cq (A 2 ,A) . Hence, the inclusion c C 
Co (A 2 , A) holds. Then, consider the sequence y = (yk) defined by yk = Vk + 1 for k £ N. It is trivial 
that y £ c. On the other hand, it can easily be seen that A 2 (y) £ Co and y £ Co (A 2 , A) .Consequently, 
the sequence y is in Co (A 2 , A) but not in c. We therefore deduce that the inclusion c C Co (A 2 , A) is 
strict. ■ 


Corollary 6 Co C Co (A 2 , A) and c C c (A 2 , A) strictly hold. 

Theorem 7 Although the spaces and c 0 (A 2 , A) overlap, the space does not include the space 
c 0 (A 2 , A) . 

Proof. It can be seen from the sequence y, which was defined in Theorem 5, is in Cq (A 2 , A) but not 
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Lemma 8 A £ (£oo '■ Co) if and only if lim n \ a nk\ = 0. 

k 

Theorem 9 The inclusion C Co (A 2 , A) strictly holds if and only if z £ A\ (co) where the sequence 
z = {zk) is defined by 

A“Afc+i 


Zk = 


1 - 


A 2 Afc_! 


; (k £ N) . 


Proof. Let C co(A 2 ,A). Then, we obtain that A 2 (x) £ Cq for every x £ £oo and the matrix 
A 2 = (A l k ) is in the class (£oo : eg) . It follows by Lemma 8 


lim X!l A «fcl =0 - 

n ^ — •£ 1 


(7) 


From definition of A 2 = (A 2 fc ) given in (2) we have 


n—1 




From (7) 


and 


We have 


k=0 


A 2 A„ 

Inn - 


AA„ 


AA„ 


n—1 


lim 


X X 2 ( Afc ~ ^k+i)\ = 0. 


(8) 

(9) 

(10) 


k—0 


n—1 


AA. 


T - X X ( Afc _ Afc + !)| = 


fc =0 


AA ?t _i 

AA„ 


1 


n—1 


AA„_i 


X (A 2 A fc ) z k 


k—0 


and since lim n 1 = 1 by (9); we have from (10) that 


n—1 


lim - 


AA, 


XI (A“A k) Zk — 0 


(11) 


fc= o 


which shows that z = (zk) € A\ (co). ■ 

Conversely, let z = (zk) € A\ (cq) • Then we have that (11) holds. Also we obtain that 


AA 


n 

y X A 2 ( Afc ~ Afc +!)| 


n—1 


k—0 


AA, 


X ^AfcZfc 


< 


1 


k = 0 
n—1 


AA„_i 


^ ( A A kZk- 


k — 0 


This and (11) provides (10). On the other hand, we have that 


A 2 A„ — Ao 


2A n _i — (A„ + A „_2 — Ao) 

AA n 


A A n 


AA 


w n—1 

^2 A 2 (Afc ~ Afe+i) 
k = 0 
n—1 


< 


yrXX 2 (A fe - A fc+ i)| . 


fc =0 


From (10), we derive that 


A“A n A~A„ — Ao 
Inn — rx — = inn — = 0. 


AA n n AA n 

This provides (9). Hence, we obtain from (8) that (7) holds. From Lemma 8 A 2 £ (y : cq) . 
Hence, the inclusion y C Co (A 2 , A) holds. This inclusion is strict from Theorem 7. The proof is 
completed. 
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Corollary 10 If lim r , A A ^' +I 


= 1, then the inclusion C cq (A 2 , A) is strict. 


4 The bases for the spaces c (A 2 , A) and Co (A 2 , A) 

If a normed sequence space A contains a sequence (b n ) with the property that for every x G X there 
is a unique sequence ( a n ) of scalars such that 


lim ||x - (a 0 b 0 + aibi + ... + a n b n ) || = 0 . 

n 


Then (b n ) is called a Schauder basis (or briefly basis) for X. The series Jfcxkbk which has the sum 

x is then called the expansion of x with respect to (b n ) and written as x — a k bk. 

k 

Theorem 11 Define the sequence b^ (A 2 ) G c 0 (A 2 , A) for every fixed k G N and by 


b<7( a 2 )= 


AA^. A\k 

A 2 Afc A 2 A fc+1 
AA fc 

A 2 Afc 5 

0 ; 


n > k, 
n = k, 
n < k. 


( i ) The sequence jf>^ (A 2 ) j is a Schauder basis for the space cq (A 2 , A) and every x G 
c 0 (A 2 , A) has a unique representation of the form 


x = J2 a k (A 2 ) & (fe) (A 2 ) 

k 


X 


(ii) The sequence jfr, b„^ (A 2 ) , (A 2 ) , ...| is a Schauder basis for the space c (A 2 , A) and every 

G c (A 2 , A) has a unique representation of the form 


x=lb+J2[a k (A 2 )-l\b^ (A 2 ) 

k 


where a k (A 2 ) = A 2 (x) for all k G N and the sequence b = ( b k ) is defined by b k = A; + 1. 
Corollary 12 77ie difference sequence spaces c (A 2 , A) and c 0 (A 2 , A) are seperable. 


5 The a—, (3— and 7— duals of the spaces c (A 2 , A) and Co (A 2 , A) 

In this section, we introduce and prove the theorems determining the a—,/3— and 7 — duals of the 
difference sequence spaces c (A 2 , A) and c 0 (A 2 , A) of non-absolute type. For arbitrary sequence spaces 
X and Y ,the set M ( X , Y) defined by 

M (X, Y) = {a = (afe) G w : ax = ( a k x k ) G Y for all x = ( 27 ) € A} (12) 

is called the multipier space of X and Y. With the notation of (12); the a—,/3— and 7 — duals of a 
sequence space X, which are respectively denoted by X a ,X lj and X 7 are defined by 

1“ = M (A, h ) , A P = M (A, cs) and A 7 = M (A, bs ) . 

Now, we may begin with lemmas which are given in [10]. We are needed them in proving theorems. 

Lemma 13 A G (cq : If) = (c : If) if and only if 


sup 

kgf 




keK 


O’nk 


< OO. 
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Lemma 14 A £ (co : c) if and only if 

lim a n k exists for each k £ N, 

n 


supVK fe | < 00. 
n k 

Lemma 15 A £ (c : c) if and only if (13) and (If) hold, and 

lim a n k exists. 

n ' 

k 

Lemma 16 A £ (c 0 : £oo) = (c : foo) i/ and onfi/ i/ (If) holds. 
Lemma 17 A & (. i <*, : c) i/ and only if (13) holds and 


lim |a„fe| = Y'|a fe | 


Theorem 18 The a— dual of the space c( A 2 . A) and cq (A 2 ,A) is the set 


(13) 

(14) 


(15) 


/i| 


< a = ( a k ) £ w : sup W 

Z A 2 ) 

l K ^n 

keK 


< oo 


where the matrix B x ~ = 



is defined via the sequence a 


K-) by 


( _AA 


fc_ 


AAi. 




lA 2 A fc A 2 A fc+1 

A 2 A„ Un ) 

0; 


n > fc, 
n = k, 
n < k. 


Proof. We prove the theorem for the space Co (A 2 , A) . Let a = (a*) € w. Then, we obtain the 
equality 

n k A \ . 

GfcZfc = ^ Z (-l) fc_J (y) ; (n e N) . (16) 

k=0 j=k — 1 ^ 

Thus, we observe by (16) that ax = ( a^x^ ) G ^1 whenever x = (x&) G Co (A 2 , A) or c (A 2 , A) if and 
only if B x " y £ t\ whenever y = (y k ) £ c 0 or c. This means that the sequence a = (a k ) is in the a— dual 
of the spaces Co (A 2 , A) or c (A 2 , A) if and only if B x £ (co : £i) = (c : £ 1 ) . We therefore obtain by 
Lemma 13 with B x instead of A that a £ {c 0 (A 2 , A) }° = {c (A 2 , A) }° if and only if 


sup 

Kef 


A^ 


A^ 

keK 


J nk 


< 00 . 


Which leads us to the consequence that {co (A 2 , A ) }° = {c (A 2 , A) }° 
Theorem 19 Define the sets 


hi. This concludes proof. ■ 


h 2 = < a = (a* ) £ w : a.j exists for each k £ N. 


j=k 


n— 1 


h 3 = I a = (a k ) £ w : sup Y' | g k (n)| < oo. 

1 n ^t^o 

AA n 


hi = < a = (a k ) £ w ■ sup 

L n6N 


A 2 A, 


- a r 


< 00. 
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h 5 = |a = (o fc ) £ w : 22 (k + 1) a k converges. | 


where 


g k (n) = AA fc I + ( 1 


1 


AAfc 'AAfc AAfc+i^.^^ J 

J=k + 1 


for k < n. Then {c (A 2 , A) } /3 = h 3 n /14 n h 3 and {co (A 2 , A) = h 2 n h 3 n /14. 
Proof. We have from (6) that 


E 

k = 0 


Clk%k 


= E 

£;=0 

n— 1 

= E aA 


El E 


. A 2 A ? - 

3 = 0 \i=j-i 3 


CLk 


k—0 
n— 1 


&k 

ate 


1 


1 


A 2 Ai. A 2 A 


fc+i 


E ■ 

i=fc+i 




AA n 

A 2 ! 


ttnVn 


(17) 


yfc 


AA,„ 


A 2 A, 


= E ( n ) 

/c— 0 

= (y) ; (n £ N) 


nUn 


where the matrix T = (t n j.) 

{ fiffc (n) ; k < n, 

^a n ; fe = n, (A,neN). 

0; A; > n. 

Then we derive that ax = ( a k x k ) € cs whenever x = (xfe) € Co (A 2 , A) if and only if Ty £ c whenever 

U = (Vk) € Co- This means that a = (a k ) £ {co (A 2 , A)} /: * if and only if T £ (co : c) . Therefore, by 
using Lemma 14, we obtain from (13) and (14) that 


dj exists for each k £ N, 


j=k 


n — 1 

supE \9k (n) | < 00, 

n fc =0 

AA„ 


t a 2 a, 


-a*; < 00. 


(18) 


(19) 


(20) 


Hence we conclude that {c 0 (A 2 , A)} = h 2 n /13 n /14. We can derive from Lemma 15 and 16 that 

a = (a k ) £ {c(A 2 , A)}^ if and only if T £ (c: c) . Therefore, we have from (13) and (14) that (18), 
(19) and (20) hold. It can be seen that the equality 

n n— 1 


22 (k + 1) a k = 22 9k (n) 


k—0 


k = 0 


AA n 
A 2 A, 


-a n \ (n £ N) 


holds, which can be written as follows; 

n 

y^(fc + 1) a k = 22 tnk ; (n e N) . 

k—0 k 

Consequently, we have from (15) that 

{(A + 1) a k } £ cs. 

Hence (18) is redundant. We conclude that {c (A 2 , A)} /3 = h 3 n A4 n h 5 . 
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Theorem 20 {co (A 2 , A)} 7 = {c (A 2 , A)} 7 = /i 3 n I 14 . 

Proof. It can be proved similarly as the proof of the Theorem 19 with Lemma 16 instead of Lemma 
14. ■ 

6 Some matrix transformations 

In this section, we state some matrix classes of matrix mappings on the Co (A 2 , A) and c (A 2 , A) . Let 
x,y £ w be connected by the relation y = A 2 (x) like given in (5). For an infinite matrix A = (a n k), 
we have by (17) 


'y ( &nk x k — y ( 9nk y k 


fe= 0 


where 


9nk (m) = AA fc 


k= 0 


Q"nk 


AA„ 

A^X 


” Qjnmym 


(21) 


AA fc 


AAt aa 


fc+1 


E ' 

j=k + 1 




Let xGc (A 2 , A) and A n = (a n / e )^ =0 E (c (A 2 , A)) A for all n E N. By passing limits in (21) asm->oo 


^ ^ Q"nk%k 
k 


^ ^ QnkVk H - lO/n 
k 



(22) 


where / = lim^oo y and a n = lim^oo for all ^ G N. Let consider following conditions; 


p 


SU P XI X 9nk < 00 , 
F ^n £t F 

(23) 

m— 1 

sup ^2 \9nk (m) < 00 , 
m k= 0 

(24) 

{(fc + 1 ) awjfclo e cs > 

(25) 

r AA fc 
lim \ n \ Q"nk — 
k Ak 

(26) 

X \ a n\ P < 00 , 
n 

(27) 

su P y> fc | < oo, 

n k 

(28) 

sup a„ < oo, 

n 

(29) 

oo 

^2 an j ex i s ts, 

j=k 

(30) 

/ AAfc 1°° c , 

1 A 2 \ ^nk ( ^ ^oo 5 

l A “ A fc Jfc =0 

(31) 

lim a„ = a, 

n 

(32) 

lim g nk = at, 

n 

(33) 

lim V' g nk = a, 

n L — ' 

k 

(34) 

8 


800 

Sinan ERCAN et al 793-801 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO. 5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


(35) 

(36) 

(37) 


lim a n = 0, 

n 

lim g nk = 0, 

n 

lim V'fi'nfc = 0. 

n L ' 

k 

Using Theorem 19 and the results given in [10] with (21) and (22), we derive the following result: 

Theorem 21 

(а) Let 1 < p < oo. Then A € (c (A 2 , A) : 4) if and only if (23), (24), (25), (26) and (27). 

(б) A € (c (A 2 , A) : if and only if (25), (26), (28), (29). 

(c) Let 1 < p < oo. Then A € (co (A 2 , A) : f p ) if and only if (23), (24), (30) and (31). 

( d ) A € (co (A 2 , A) : 4c) if and only if (28), (30) and (31). 

(e) A € (c(A 2 , A) : c) if and only if (25), (26), (28), (32), (33) and (34). 

(/) A € (c(A 2 ,A) : Co) if and only if (25), (26), (28), (35), (36) and (37). 

( g ) A € (co (A 2 , A) : c) if and only if (28), (30), (31) and (33). 

( h ) A € (co (A 2 , A) : Co) if and only if (28), (30), (31) and (36). 
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Abstract. The notions of (almost) stable cubic set, stable element, evaluative set and stable degree are introduced, 
and related properties are investigated. Regarding internal (external) cubic sets and the complement of cubic set, 
their (almost) stableness and unstableness are discussed. Regarding the P-union, R-union, P-intersection and 
R-intersection of cubic sets, their (almost) stableness and unstableness are investigated. 


1. Introduction 

Fuzzy sets are initiated by Zadeh [14]. In [15], Zadeh made an extension of the concept of 
a fuzzy set by an interval-valued fuzzy set, i.e., a fuzzy set with an interval-valued membership 
function. In traditional fuzzy logic, to represent, e.g., the expert’s degree of certainty in different 
statements, numbers from the interval [0, 1] are used. It is often difficult for an expert to exactly 
quantify his or her certainty; therefore, instead of a real number, it is more adequate to represent 
this degree of certainty by an interval or even by a fuzzy set. In the first case, we get an interval- 
valued fuzzy set. In the second case, we get a second-order fuzzy set. Interval-valued fuzzy sets 
have been actively used in real-life applications. For example, Sambuc [8] in Medical diagnosis 
in thyroidian pathology, Kohout [7] also in Medicine, in a system CLINAID, Gorzalczany [10] in 
Approximate reasoning, Turksen [10, 11] in Interval- valued logic, in preferences modelling [12], 
etc. These works and others show the importance of these sets. Using a fuzzy set and an interval- 
valued fuzzy set, Jun et al. [4] introduced a new notion, called a (internal, external) cubic set, 
and investigated several properties. They dealt with P-union, P-intersection, R-union and R- 
intersection of cubic sets, and investigated several related properties. Cubic set theory is applied 
to CJ-algebras (see [1]), R-algebras (see [9]), B C K/ BCI - algebras (see [5, 6]), KU-Algebras (see 
[2, 13]), and semigroups (see [3]). 

In this paper, we introduce the notions of (almost) stable cubic set, stable element, evaluative 
set and stable degree. We investigate related properties. Regarding internal (external) cubic 
sets and the complement of cubic set, we investigate their (almost) stableness and unstablcness. 
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* The corresponding author. Tel.: +82 2 2260 3410, Fax: +82 2 2266 3409 (S. S. Ahn). 

°E-mail: chishtygm@gmail.com (G. Muhiuddin); sunshine@dongguk.edu (S. S. Ahn); 

cupang@gmail.com (C. S. Kim); skywine@gmail.com (Y. B. Jun). 


802 


G. Muhiuddin et al 802-819 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Regarding the P-union, R-union, P-intersection and R-intersection of cubic sets, we deal with 
their (almost) stableness and unstableness. 

2. Preliminaries 


A fuzzy set in a set X is defined to be a function A : X — > [0, 1]. Denote by I x the collection 
of all fuzzy sets in a set X. Define a relation < on I x as follows: 

(VA,/x G I x ) (A < n (Vx G X)(\(x) < p(x))). 

The join (V) and meet (A) of A and p are defined by (A V p)(x) = max{A(:r), p(x)}, and (A A 

p)(x) = min{A(x), p(x)}, respectively, for all x G A". The complement of A, denoted by A c , 

is defined by (Vx G A") (A c (a;) = 1 — A(x)). For a family {A* | i G A} of fuzzy sets in A", we 

define the join (V) and meet (A) operations as follows: I \J A* ) (x) = sup{Aj(a;) | i G A}, 

VieA J 

( A 'V ) ( x ) = inf{Aj(x) | i G A}, respectively, for all x G X. 

Vie A J 

Let D[0, 1] be the set of all closed subintervals of the unit interval [0,1]. The elements of 
D[0, 1] are generally denoted by capital letters M, TV, • • • , and note that M = [A4~, M + ], where 
M~ and M + are the lower and the upper end points respectively. Especially, we denote 0 = [0, 0], 
1 = [1, 1], and a = [a, a] for every a G (0, 1). We also note that 

(i) (VM, N G _D[0, 1]) (M = N M~ = N~, M+ = N+). 

(ii) (VM, N eD[ 0,1]) (M < N M~ < N~, M+ < N + ). 

For every M G D[0, 1], the complement of M, denoted by M c , is defined by M c = 1 — M = 
[1 - Af+,1 -M~}. 

Let X be a nonempty set. A function A : X — > D[ 0, 1] is called an interval-valued fuzzy set 
(briefly, an IVF set) in X. For each x G X, A(x) is a closed interval whose lower and upper end 
points are denoted by A{x)~ and A(x) + , respectively. For any [a, b] G D[0, 1], the IVF set whose 
value is the interval [a, b] for all t G I is denoted by [a,b\. Denote by D x the collection of all 
interval- valued fuzzy sets in a set X. In particular, for any a G [0, 1], the IVF set whose value is 
a = [a, a] for all x G A" is denoted by simply a. 

For every A, B G D x , we define 

A = B (Vr G A) (A(x)~ = B(x)~, A(x) + = B(x)+), 

A C B (Vx G X) (A(x)~ < B(x)~, A(x)+ < B(x) + ). 

The complement A c of A is defined by (Vx G A") ( A c (x)~ = 1 — A(x ) + , A c (x) + = 1 — A(x)~) . 
For a family {A, | % G A} of IVF sets where A is an index set, the union G = (J A* and the 

is A 


803 


G. Muhiuddin et al 802-819 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


intersection F = f| A; are defined by 
ie a 

(Vx G X) (G{x)~ = sup Afx) - , G(x) + = sup Afx) + ), 

ieA isA 

(Vx G A") (F(x) _ = inf AAx)~, F(x) + = inf AAx) + ), 

v is A ieA 7 

respectively. 

Definition 2.1 ([4]). Let X be a nonempty set. By a cwfrzc set in X we mean a structure 

sA — {(x, A(x), A(x)) | x G X} 
in which A is an IVF set in X and A is a fuzzy set in X. 

A cubic set sA = {(x, A(x), A(x)) | x G X} is simply denoted by sA — (A, A). Note that a 
cubic set is a generalization of an intuitionistic fuzzy set. 

Definition 2.2 ([4]). Let X be a nonempty set. A cubic set sA = (A, A) in X is said to be an 
internal cubic set (briefly, ICS) if A(x) _ < A(x) < A(x) + for all x G X. 

Definition 2.3 ([4]). Let X be a nonempty set. A cubic set sA = (A, A) in X is said to be an 
external cubic set (briefly, ECS) if A(x) f (A(x) _ , A(x) + ) for all x G X. 

Theorem 2.4 ([4]). Let sA = (A, A) be a cubic set in X. If sA is both an ICS and an ECS, then 
(Vx G X) (A(x) G U(A) U L(A)) where U(A) = {A(x) + | x G A^} and L(A) = {A(x)~ | x G A"}. 

Definition 2.5 ([4]). Let sA = (A, A) and AS = (B, /i) be cubic sets in X. Then we define 

(a) (Equality) sA = AS A = B and \ — v. 

(b) (P-order) sA jZ AS ^ A C B and A < v. 

(c) (R-order) sA d AS <G> A C R and X > u. 

Definition 2.6 ([4]). Let sA = (A, A), AB = (R, /x) and ^ = {(x, Aj(x), Aj(x)) | x G A}, i G A, be 
cubic sets in X for i G A. The complement, P-union, P -intersection, R-union and R-intersection 
are defined as follows; 

(a) (Complement) sA c = {(x, A c (x), 1 — A(x)) | x G X}. 

(b) (P-union) sA U AS = {(x, (A U B)(x), (A V i/)(x)) | x G A} and 

= {(x, ((J Aj)(x), (V Aj)(x)) | x G A"} for i G A. 

(c) (P-intersection) sA n A$ — {(x, (A D B)(x), (A A z/)(x)) |xG A} and 
n sAi = {(x, (fl Aj)(x), (A Ai)(x)) I X G X} for i G A. 

(d) (R-union) sA W AS = {(x, (A U B)(x), (A A z/)(x)) | x G X} and 

= {(x, (U Aj)(x), (A Ai)(x)) I x G A"} for i G A. 

(e) (R-intersection) sA ffil & — {(x, (A fl _B)(x), (A V z/)(x)) | x G X} and 
fntc/i = {(x, (f| Aj)(x), (V Aj)(x)) | x G A"} for i G A. 


804 


G. Muhiuddin et al 802-819 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


3. (Almost) stable cubic sets 

In what follows, let X denote a nonempty set unless otherwise specified. 

Definition 3.1. Let sA = (A, A) be a cubic set in X. Then the evaluative set of sA = (A, A) is 
defined to be a structure 

= {(x, Erf(x)) | x G X} (3.1) 

where E^(x) = {l{E^{x)),r{E s /{x))) with l(E^(x)) = A(x) - A(x)~ and r(E^{x)) = A(x) + - 
A(x) which are called the left evaluative point and the right evaluative point, respectively, of 
sA = (A, A) at x G X. We say that E,^(x) is the evaluative point of sA = (A, A) at x G X. 

Example 3.2. Let sA — {(x, A(x), A(x)) \ x G 1} be a cubic set in / = [0, 1]. 

(1) If A(x) = [0.3, 0.7] and A(x) = 0.4 for all x G /, then = {(x, (0.1, 0.3)) | x G /}. 

(2) If A(x) = [0.3, 0.7] and A(x) = 0.2 for all x G I, then E^ = {(x, (—0.1, 0.5)) | x G /}. 

(3) If A(x) = [0.3, 0.7] and A(x) = 0.8 for all x G I, then E^ = {(x, (0.5, —0.1)) | x G /}. 

Example 3.3. Let SB = {(x, B(x), p(x)) \ x G 1} be a cubic set in / = [0, 1] with B(x) = [|, 1 — |] 

and pl{x) = |. Then E>% = { (x, ((|, 1 — 7|)) | x G /}, and so the evaluative point of SS at | G / 

is £*(!) = <£,§)■ 

Example 3.4. Let ^ = {(x, A(x), A(x)) | x G /} be a cubic set in A" = {0 ,a,b,c} which is 
defined by Table 1. 


Table 1 . Tabular representation of the cubic set sA 


X 

A(x) 

A(x) 

0 

[1 71 

O’ 8J 

| = 0.875 

a 

1 ? 

L 4 ’ H 

| = 0.375 

b 

[3 51 

18 ’ 8J 

\ = 0.250 

c 

[1 ^ 
O’ 2 J 

| = 0.625 


Then every evaluative point of sA at each x G X is E^((i) = (|,0), E,^{a) = (|, |), E^(b) = 
(— |, |), and E^{c) = (|, — |), respectively. Hence the evaluative set of sA is 

= {(0, (f , 0)), (a, (|, §)), (5, (-1, 1)), (c, (|, -|))}. 

Definition 3.5. Let sA = (A, A) be a cubic set in X with the evaluative set 

E^ = {(x, E^(x)) | x G A" } . 

An element a G X is called a stable element of sA = (A, A) in X if it satisfies: l{E^{a)) = 
A(a) — A(a) _ > 0, r(E^(a)) = A(a) + — A(a) > 0. Otherwise, we say that a is an unstable element 
of sS = (A, A) in X. The set of all stable elements of sA = (A, A) in X is called the stable cut of 
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sS = ( A , A) in X and is denoted by S&. The set of all unstable elements of sS = ( A , X) in X is 
called the unstable cut of srf — (H, A) in X and is denoted by U^. We say that sS = (H, A) is a 
stable cubic set if S ^ = X. Otherwise, stf = (H, A) is called an unstable cubic set. 

It is clear that X = S ^ U U^, S ^ = {x G X \ l(E^(x)) > 0, r{E^{x)) > 0} and = {x G 
X | l(Ej/(x)) <0}U{ieI r(Etf(x)) < 0}. 

Example 3.6. Let sf = ( A , A) be a cubic set in X = {0, a, b, c} given by Table 2. 


Table 2. Tabular representation of the cubic set stf 


X 

A{x) 

A (x) 

0 

[0.2, 0.3] 

0.10 

a 

[0.2, 0.3] 

0.25 

b 

[0.7, 0.8] 

0.75 

c 

[0.3, 0.7] 

0.80 

Then a and b are stable elements of srf in 
Srf = {a, b} and U& = {0, c}. 

X, and 0 and c are unstable elements of sS in X. 

Hence 

Example 3.7. (1) Let sf = X) be a 

cubic set in X = {a, 6, c} defined by Table 3. 


Table 3. Tabular representation of the cubic set stf 


X 

A(x) 

A (a) 

a 

[0.1, 0.6] 

0.5 

b 

[0.6, 0.9] 

0.7 

c 

[0.1, 0.9] 

0.6 

It is routine to verify that sf = ( A , A) is 

a stable cubic set. 


(2) Let SB = ( B , /i) be a cubic set in X - 

= {a, b, c} defined by Table 4. 


Table 4. Tabular representation of the cubic set SB 


X 

B(x) 

H(x) 

a 

[0.1, 0.3] 

0.5 

b 

[0.6, 0.9] 

0.7 

c 

[0.1, 0.9] 

0.6 

Then SB is an unstable cubic set since E 

%(a) = (0.5 - 0.1, 0.3 - 05) = (0.4, -0.2). 


Theorem 3.8. Every ICS is a stable cubic set. 
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Proof. Straightforward. □ 


The following example shows that every ECS would be stable or unstable. 
Example 3.9. (1) Let sC = ( A , A) be an ECS in X = {a, b , c} given by Table 5. 

Table 5. Tabular representation of the cubic set 


X 

A(x) 

A (a;) 

a 

[0.1, 0.6] 

0.6 

b 

[0.6, 0.9] 

0.5 

c 

[0.1, 0.9] 

0.1 

Then sf is 

unstable because E^(b) = (0.5 — 0.6, 0.9 — 0.5) = (—0.1, 0.4). 


(2) Let 38 

= (B, /j) be an ECS in X = {a, b, c} defined by Table 6. 

Table 6. Tabular representation of the cubic set 38 


X 

B(x) 

p(x) 

a 

[0.1, 0.3] 

0.1 

b 

[0.6, 0.9] 

0.9 

c 

[0.1, 0.9] 

0.1 


Then 38 is stable since E^g(a) = (0,0.2), E^(b) = (0.3,0), and Eag(c) = (0,0.8). 

We provide a condition for an ECS to be a stable cubic set. 

Theorem 3.10. If an ECS = {A, A) in X satisfies the following condition 

(Vx G X) = A(x) or g/ + (x) = A(x)) , (3.2) 

then sC = {A, A) is a stable cubic set. 

Proof. Straightforward. □ 

Corollary 3.11. Let = {A, A) be a cubic set in X. If sC is both an ICS and an ECS, then sC 
is stable. 

Proof. Straightforward. □ 

Theorem 3.12. The complement of a stable cubic set is also stable. 

Proof. Let srf = {A, A) be a stable cubic set in X. Then X = S ^ = {x e X \ l{E^{x)) > 
0, r{Erf{x)) > 0}. Hence A(x) — A(x)~ > 0 and A(x) + — X(x) > 0 for all x e X. It follows that 
l{E^c(x)) = (1 — A(x)) — (1 — H(x) + ) = A(x) + — A(x)) > 0 and r(E^c(x)) = (1 — A{x)~) — (1 — 
A(x)) = \{x) — A{x)~ > 0. Therefore srf c = ( A c , A c ) is a stable cubic set. □ 
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Theorem 3.13. The complement of an unstable cubic set is also unstable. 

Proof. Let s# = (A, A) be an unstable cubic set in X. Then = {x E X \ l^E^^x)) < 
0} U {x E X | r{Etf{x)) < 0} 7 ^ 0, and so there exist x E X such that A (a;) — A(x)~ < 0 or 
A(x) + — X(x) < 0. It follows that l{E^c(x)) = (1 — A (a;)) — (1 — A(x) + ) = A(x) + — A(x)) < 0 
or r(E.rfc(x)) = (1 — A(x)~) — (1 — A (a;)) = A (a;) — A{x)~ < 0 . Hence U^c ^ 0, and therefore 
= (A c , A c ) is an unstable cubic set in X. □ 

The following example illustrates Theorem 3.13. 

Example 3.14. Note that the cubic set 8$ = (B,n) in Example 3.7(2) is unstable, and its 
complement is represented by Table 7. 


Table 7. Tabular representation of the cubic set 88 c 


X 

B c (x) 

p c (x) 

a 

[0.7, 0.9] 

0.5 

b 

[0.1, 0.4] 

0.3 

c 

[0.1, 0.9] 

0.4 


Then 8S C = ( B c ,p c ) is unstable since a E U$gc. 

Theorem 3.15. The P-union and P -intersection of two stable cubic sets in X are stable cubic 
sets in X . 

Proof. Let sA = (A, A) and SB = (B,ff) be stable cubic sets in X. Then = {a: G X \ 
l{Erf{x)) > 0, r{Erf{x)) > 0} = A" and S<% = {x E X \ l{E&{x)) > 0, r(E<%(x)) > 0} = X. 
It follows that A (a;) — A(x)~ > 0, A(x) + — X(x) > 0 for all x E X and p,(x) — B(x)~ > 
0, B(x) + — n(x) > 0 for all x E X. Assume that X(x) > i-i(x) and consider four cases: 

(i) A(x)~ > B(x)~ and A(x) + > B(x) + , 

(ii) A(x)~ > B{x)~ and A(x) + < B(x) + , 

(iii) A(x)~ < B(x)~ and A(x) + > B(x) + , 

(iv) A(x)~ < B(x)~ and A(x) + < B{x) + . 

The first case implies that max {A (a:), fJ>(x)} = X(x) > A{x)~ = max{A(a;) _ , B(x)~} and max {A (a), 
ti(x)} = X(x) < A(x) + = ma x{A(x) + , B(x) + }. It follows that X(x) — A(x)~ > 0 and A(a) + — 
X(x) > 0. From the second case, we have max{A(x), p(x)} = A(a) > A(a) _ = max{A(a) _ , B(x)~} 
and max{A(x), fJ>(x)} = X(x) < B(x) + = max{A(a) + , B(x) + }. Hence A (a;) — A{x)~ > 0 and 
B(x) + — X{x) > A(a) + — X(x) > 0. The third case induces max{A(x), p,(x)} = X(x) > n(x) > 
B(x)~ = max{A(a) _ , B(x)~} and max{A(x), fJ>(x)} = A(a) < A(a) + = max{A(a) + , B(x) + }, 
and so A (a;) — B(x)~ > ji{x) — B(x)~ > 0 and A(a) + — X{x) > 0. For the final case, we 
get max{A(a;), /r(a)} = X(x) > /i(a) > B(x)~ = max{A(a;) _ , B(x)~} and max{A(a;), p(x)} = 
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A(x) < A(x) + < B(x ) = max{A(x) + , B{x) + }. Thus A(x) — B(x)~ > fi(x) — B(x)~ > 0 and 
B(x) + — X(x) > 0. In the case of /i(x) > A(x), we can obtain the same results in a similar way. 
Therefore U S3 is a stable cubic set in X. By the similar method, we know that n S3 is a 
stable cubic set in X. □ 

The following example shows that the R-union and the R-intersection of two stable cubic sets 
in X may not be stable in A". 

Example 3.16. Let sA = (A, A) and S3 = (B, /i) be cubic sets in A" = {a, b, c} defined by Tables 
8 and 9, respectively. 


Table 8. Tabular representation of the cubic set 


X 

A(x) 

A(x) 

a 

[0.2, 0.3] 

0.20 

b 

[0.7, 0.8] 

0.75 

c 

[0.3, 0.7] 

0.60 

Table 9. Tabular representation of the cubic set S3 

X 

B(x) 

fi(x) 

a 

[0.1, 0.3] 

0.15 

b 

[0.6, 0.9] 

0.70 

c 

[0.1, 0.9] 

0.80 


Then 

st HU & = {(a, [0.2, 0.3], 0.15), (b, [0.7, 0.9], 0.7), (c, [0.3, 0.9], 0.6)} 

and 

st ffil @ = {(a, [0.1, 0.3], 0.2), (6, [0.6, 0.8], 0.75), (c, [0.1, 0.7], 0.8)}. 

Hence we know that = (—0.05,0.15) and = (0.7, —0.1). Thus srf W S3 and 

srf ffil S3 are unstable. 

Now, we provide conditions for the R-union (resp. R-intersection) of two ICSs to be stable. 
Theorem 3.17. Let = (A, A) and S3 = {B,fj) be ICSs in X such that 

(Vx G X) (max{H(x)~, B(x)~} < (A A /r)(x)) . (3.3) 

Then the R-union of sA and S3 is a stable cubic set in X. 
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Proof. Let gS = (A, A) and AS = be ICSs in X. Then A(x)~ < X(x) < A(x) + and 

B(x)~ < n(x) < B(x) + for all x G A". It follows from (3.3) that max{A(:r) _ , B(x)~} < (A A 
n)(x) < max{A(:r) + , B(x) + } for all x G A". Hence the R-union of g/ and AS is an ICS, and so it 
is stable by Theorem 3.8. □ 

Theorem 3.18. Let gS = (A, A) and AS = (B, /a) be ICSs in X such that 

(\/x G X) (max{A(:r) + , B(x) + } < (A V /a)(x)) . (3.4) 

Then the R-intersection of g/ and AS is a stable cubic set in X. 

Proof. The proof is by the similar method to Theorem 3.17. □ 

Theorem 3.19. Let g/ = (A, A) and AS = ( B,/a ) be ECSs in X such that sA* = (A, /a) and 
AS* = (B, A) are ICSs in X. Then the P-union g/ U AS and the P-intersection gS C AS of 
gA = (A, A) and AS = ( B , /a) are stable in X. 

Proof. It is straightforward by Theorems 3.20 and 3.21 in [4] and Theorem 3.8. □ 

Definition 3.20. Let g/ = (A, A) be a cubic set with the evaluative set E ^ = {(x, E^{x)) \ x G X} 
in A". Then the stable degree of g/ in A" is denoted by SD ^ and is defined by 

SD^= f l(E^(x)), Z'-CM*))]- (3.5) 

Vex xex ) 

Definition 3.21. A cubic set g/ = (A, A) with the evaluative set E ^ = {(a;, E £ /(x)) \ x G X} in 
X is said to be almost stable if there exists the stable degree SD ^ in which l(E^(x)) > 0 

xgX 

and r ( E ^( x )) > 0. 
xex 

Example 3.22. Let g/ = (A, A) and AS = (B, /j,) be cubic sets in A" = {a, b, c} defined by Tables 
10 and 11, respectively. 


Table 10. Tabular representation of the cubic set g/ 


X 

A(x) 

A (a;) 

a 

[0.2, 0.3] 

0.2 

b 

[0.7, 0.8] 

0.9 

c 

[0.3, 0.7] 

0.6 


Then 

E^ = {(a, (0, 0.1)), (6, (0.2, -0.1)), (c, (0.3, 0.1))} 

and 
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Table 1 1 . Tabular representation of the cubic set 88 


X 

B(x) 

H(x) 

a 

[0.2, 0.3] 

0.9 

b 

[0.6, 0.9] 

0.7 

c 

[0.1, 0.9] 

1 


= {(a, (0.7, -0.6)), (6, (0.1, 0.2)), (c, (0.9, -0.1))}. 

Thus SD = (0 + 0.2 + 0.3, 0.1 — 0.1 + 0.1) = (0.5, 0.1) and so sA is almost stable. But 88 is not 
almost stable since SDgg = (0.7 + 0.1 + 0.9, —0.6 + 0.2 — 0.1) = (1.7, —0.5). 

Theorem 3.23. Every stable cubic set = (T, A) in X is almost stable. 

Proof. Straightforward. □ 

In Example 3.22, the almost stable cubic set srf = (T, A) is not stable. This shows that the 
converse of Theorem 3.23 is not true in general. 

Combining Theorems 3.8, 3.10, 3.15, 3.19 and 3.23, we know that 

(1) Every ICS is almost stable. 

(2) Every ESC satisfying the condition (3.2) is almost stable. 

(3) The P-nnion and P-intersection of two stable cubic sets is almost stable. 

(4) If — (T, A) and 88 = ( B,n ) are ECSs in X such that s8* = (A, /a) and 88* = (B, A) 
are ICSs in X, then the P-union and the P-intersection of = (T, A) and 88 = ( B , /i) 
are almost stable in X. 

Proposition 3.24. If srf — (T, A) and 88 = (B,ff) are cubic sets in X, then either 

(\/x E X) (max{A(x), n(x)} — max{T(x)“, B(x)~} < X(x) — A{x )~ ) (3.6) 

or 

(Vx E X) (max{A(x), — max{T(x) _ , B(x)~} < fi{x) — B(x )~ ) . (3.7) 

Proof. For each x E X, we consider the four cases as follows: 

(1) max{A(x), = X(x) and max{T(a;) _ , B(x)~} = A{x)~ . 

(2) max{A(x), = X(x) and max{T(a;) _ , B(x)~} = B(x)~. 

(3) max{A(x), fJ>(x)} = n(x) and max{T(a;) _ , B(x)~} = A{x)~ . 

(4) max{A(x), fJ,(x)} = /i{x) and max{T(a;) _ , B(x)~} = B{x)~ . 

First two cases induce the inequality (3.6), and the inequality (3.7) is induced by the last two 
cases. □ 
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Proposition 3.25. If sA — (A, A) and PS = (B,n) are cubic sets in X, then either 

(Vx G X ) (max{AL(x) + , B(x) + } — max{A(x), /r(x)} < A(x) + — A(x)) (3.8) 

or 

(Vx G A") (max{A(x) + , R(x) + } — max{A(x), /i(x)} < B{x) + — /r(x)) . (3.9) 

Proof. It is similar to the proof of Proposition 3.24. □ 

In the following example, we know that the P-union and the R-union of almost stable cubic 
sets may not be almost stable. 

Example 3.26. Let sA = (A, A) and PS = (B,/i) be cubic sets in X = {a, b, c} defined by Tables 
12 and 13, respectively. 

Table 12. Tabular representation of the cubic set sA 


X 

A(x) 

A(x) 

a 

[1.0, 1.0] 

0.7 

b 

[0.5, 1.0] 

0.7 

c 

[0.6, 1.0] 

0.7 

Table 13. Tabular representation of the cubic set PS 

X 

B(x) 


a 

[0.5, 1.0] 

0.7 

b 

[1.0, 1.0] 

0.7 

c 

[0.6, 1.0] 

0.7 


Then sA = (A, A) and PS = (. B , //) are almost stable cubic sets in X because 

Y l{Erf{x)) = 0, Y r(E^(x)) = 0.9, Y l(E<%(x)) = 0, and Y r{Egg(x)) = 0.9. 

x&x xex xex xex 

But the P-union sA U PS and the R-union sA HU PS of sA = (A, A) and PS = (B, /a) are not almost 
stable because Y l(E*/u ss{ x )) — Y (max{A(x), /r(x)} — max{AL(x) _ , B(x)~}) = —0.5 ft 0 and 

xex x&x 

Y l{E*us*{x)) = Y (min{A(x),/i(x)} - max{A(x) _ , B(x)~}) = -0.5 ft 0. 

xex xex 

We now provide conditions for the P-union of almost stable cubic sets to be almost stable. 
Theorem 3.27. Let sA = (A, A) and PS = (B,n) be almost stable cubic sets in X such that 
(Vx g X) ( Y (|A(x) - fi(x) | - A(x)~) > 0, Y (I^(t) + - B(x)+\ - A(x)) > 0 A (3.10) 

Then the P-union sA U PS = {A U R, A V /a) of sA = (A, A) and PS = (B, jj) is almost stable in X. 
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Proof. Assume that sP = (A, A) and PS = ( B , //) are almost stable in X. Then there exist stable 
degrees SD ^ and SD@, respectively, such that 

E k e ^( x )) = E( A ( x ) - A ( x )~) > °» E r ( E ^( x )) = E^^ _ A ( x )) - °> 

x&x xgx xex xex 


E l(Ea(x)) = E(M^) - B(x) ) > 0, and E r{Egg{x)) = ^2(B(x) + - p,(x)) > 0. 


xex 


xGX 


xex 


x£X 


Now, we have to show that K E *fu&( x )) > 0 and r ( E &f\J@( x )) > 0 in the stable degree 

x&X x&X 

SDj^ugg of sP U PS. Using (3.10), we have 


E K E *ua( x )) = E (( A V ^)( x ) ~ ( A u B )( x ) ) 

: iei 

E (max{A(x), /t(x)} — max{A(a;) _ , B(x)~}) 


xex 


|A(a;)— /j(a;)|+A(a;)+/j(a:) \A(x) —B(x) |+A(z) +B(x) 


x&X 

E 

x&X 

'y ^ ( \\(x)—[j,(x)\ — \A{x)-—B(x)-\+\(x)—A(x)~+i_L(x)—B(xy 
x€X 


— |E (l^( x ) ~ p( x )\ — \ A ( X ) - B(x) | + A(x) - A(x) + ji{x) - B(x) ) 

xex 

= I E 0 A ^ - ^( x )i - - B ( x )~\ ) 

xGX 

+ ^e ( A ( x ) - ^<aD + IE M x ) _ 

iex iex 

> lE d A ( x ) - Mu)i - A ( x )~) + 1 E ( A( a) _ A( a)~) + IE M®) - ^(ur) 




x£.Y 


xex 


> 0. 


Similarly, we have r ( E jrf\j&( x )) P 0. Therefore sP U PS = (A U B, A V p) is almost stable in 

xex 

X. □ 


Theorem 3.28. The complement of an almost stable cubic set is also almost stable. 

Proof. Let sP = (A, A) be an almost stable cubic set in X. Then there exists a stable degree 
SI),,/ such that 

E K E A X )) = E( A ( X ) “ A ( x )~) ^ °> and E r ( E *( x )) = ^(Mx) + ~ A(x)) > 0. 

xex xex x&x x&x 
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It follows that Y K E j^ c ( x )) = Y ((1 — A (a;)) — (1 — A(a;) + )) = Y (A(x) + — X(x)) > 0 and 

x&x xex xgx 

Y r(Ej/c(x)) = Y ((1 — A(x)~) — (1 — X(x))) = Y (A(x) — A(x)~) > 0. Therefore g/ c = 

x&x xex x&x 

(A c , X c ) is almost stable. □ 

We now provide conditions for the R-union of almost stable cubic sets to be almost stable. 
Theorem 3.29. Let = (A, X) and AS = be almost stable cubic sets in X such that 

Y (|A(x) - n{x ) | + | A(x)- - B(x )~ |) <(y K x ) ~ A{x)-] + Y iA x ) ~ B ( x )~) (3.11) 


x&X 


xex 


xGX 


and 


Y (|A(x) - fi(x ) | + | A(x) + - 5(x) + |) > Y ( X ( x ) ~ A{x) + ) + Y (Y x ) ~ B(x) + ) ( 3 . 12 ) 

xex xex xex v ' 

for all x G X. Then the R-union srf W AS — {A U B, X A n) is almost stable in X. 

Proof. Assume that sf = (A, A) and AS = (B, (i) are almost stable in X. Then there exist stable 
degrees SD f & and SD@, respectively, such that 

Y K E A x )) =X^ A( a) ~ A Y)~) ^ °> r ( E A x )) = _ A( a)) - °’ 


x&X 


xex 


x&X 


xex 


Y k e A x )) =Y( /j '( x ) - B ( x ) ) > °> and Y r ( E ®( x )) = Y( B ( x ^ + - m®)) - °- 


xGX 


xGX 


xGX 


xGX 


It follows from (3.11) that 

Y K e *m»(x)) = Y (( A A ^)( x ) - (A u B)(x)~) 


xGX 


xGX 


(min{A(a;), fJ,(x)} — max{A(a;) ,B(x) }) 


- 1 A(a:) — [i(x)\+\(x)+/i(x) \ A(x) —B(x) \ +A(x) +B(x) 


x&X 

E 

x&X 

'y ^ ( —\\(x)—n(x)\ — \A(x)-—B(x)-\+\(x)—A(x)-+ii(x)—B(x)- 
xGX 


= 0 A ( X ) ~a( x )\ + 1^0*0 -b(x) i) 

xex 

+ £ (M x ) - A{x)~) + \Y (a( x ) - B ( x )~) 

x&X xGX 

> ( Y ( A ( x ) - A ( X Y) + Y1 M x ) _ B ( x )~) ) 

\xgx xex J 

+ ( A( a) - A ( x Y) + lY M®) - B ( x )~) = o. 


xEX 


xEX 
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Using (3.12), we have 

E r ( E *va( x )) = E (0 4 U B )( x ) + - (A A /t)(x)) 

xGX x&X 

= (max{vl(x) - , B(x)~} — min{A(x), /x(x)}) 


^ ^ ^ \A(x) + - B(x) + \+A(x) + +B(x) + — |A(a:)— fi(x)\+\(x)+[i(x) 

xex 

|^(|AW-^WI + I^W + -bW + I) 

xex 


1 

2 


E (A(x) - a(x) + ) + e (v( x ) - B ( 


\xGX 


xGX 



> 0 . 


Hence sP LtU PS = (A U B, A A /i) is almost stable in X. □ 

The following examples show that the P-inter section and the R-intersection of almost stable 
cubic sets may not be almost stable. 

Example 3.30. (1) Let stf = (A, X) and PS = (B,p) be cubic sets in X = {a,b,c} defined by 
Tables 14 and 15, respectively. 


Table 14. Tabular representation of the cubic set s# 


X 

A(x) 

A(x) 

a 

[0.7, 1.0] 

0.4 

b 

[0.5, 1.0] 

0.8 

c 

[0.6, 1.0] 

0.7 


Table 15. Tabular representation of the cubic set PS 

X 

B(x) 

p( x ) 

a 

[0.5, 1.0] 

0.8 

b 

[0.6, 1.0] 

0.7 

c 

[0.7, 1.0] 

0.4 


Then sf = (H, A) and PS = (. B , /j) are almost stable cubic sets in X because 

Z K E *( X )) = O- 1 ; Z r(E^(x)) = 1.1, Z K E a( x )) = O- 1 ; and Z r ( E ^( x )) = 1-1- 

x&X x&X x&X x&X 


815 


G. Muhiuddin et al 802-819 








J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


But the P-intersection , 5 / n 38 of = (Al, A) and 38 = (B, n) is not almost stable because 

y^J{E*na{x)) = J] n(x)} - min{,A(a;) - , B(x)~}) = -0.1 ^ 0. 

xex xex 

(2) Let = (AL, A) and 38 = (5,/i) be cubic sets in X = {a,b,c} defined by Tables 16 and 17, 
respectively. 

Table 16. Tabular representation of the cubic set 








J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


(ii) If srf — {A, A) and 8$ = (B,n) satisfy the following condition 

(Vx G X) ( Y (l A (u> “ h( x )\ + \A(x) + - B(x) + 1) = 0 J , (3.14) 

\xex J 

then the R-intersection srf ffTl 8$ — {A D B, A V /x) of = (A, A) and 8$ = (B, n) is almost stable 
in X. 

Proof. Since = (AL, A) and 88 = (. B,fi ) are almost stable in X, there exist stable degrees SD ^ 
and SD@, respectively, such that 

E K E A X )) = E ( A (^) - A ( x )~ ) > °> E r(E*(x)) = E ( A (x) + - A(x)) > 0, 

xex xex xgx xgx 

E l(E a (x)) = E (K x ) - B {x)~) > 0, and El r(E a (x)) = E ( B (x) + - n{x)) > 0. 

xeX x£X x£X x£X 

(i) We have to show that E K E ^r\^(x)) — 0 and E r { E *t\ n&(x)) > 0 in the stable degree 

xex xex 

SD^ n ^ of n 88. Using (3.13), we have 


x&X 


Y K E *n &{x)) = Y (( A A A0( x ) ~ ( A n B )i x ) ) 

xGX 

*Y \ (min{A(x),/x(x)} — min{AL(a;) _ , B(x)~}) 

x€X 

E 

xex 

E 


— |A(x)— /i(x)|+A(a;)+/i(x) . \A(x) —B(x) \—A(x) —B(x) 

o i o 


xe.Y 


|A(x)— f/,(x)\+\A(x) —B(x) |+A(x)— A(x) +/i(x)—B(x) 
2 


= (— |A(x) - fj,(x)\ + \A(x) - B(x) | + A(x) - A(x) + n(x) - B(x) ) 

x€X 

= lY (M®) - - B i x )~\ - l A (^) - r( x )\) 

x€X 

+ £ (( A ( x ) - (^D + lY ((Mu>) - B ( x )")) > 0. 

xS.Y x£X 


Similarly, we have E r ( E &/n \&(x)) > 0. Therefore srf H\ 8$ = (A ft B, A A fj) is almost stable in X. 

xGX 
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(ii) We have 


X K E *f&( x )) = X (( A v ^)( x ) - ( A n B )( x ) ) 

xex 

(max{A(x), — min{vl(:r) _ , B(x)~}) 


xex 


xex 

E 

xex 

E 

xex 


\\(x)—ft(x)\+\(x)+f-i(x) | \A(x) —B(x) \—A(x) —B(x) 

o i o 


| A(a:) — / x ( x )|+| j 4 ( x ) —B(x) |+A(rc) — +n{x)—B(x) 


= IX (i A ( x ) ~v( x )\ + \ A ( x ) ~ B (x ) i) 

xex 

+ £ ( A (^) - ^(»“) + §53 (v(z) ~ B(x)~) 

x&X x&X 

> I ( X ( A ( x ) ~ A (u>') + X ^ °- 

\xex x&x J 


Using (3.14), we have 

X r(E^ m ^(x)) = X (("4 n B)(x) + - (A V /r)(x)) 


iex 


iex 


(min{Yl(x) + , 5(x) + } — max{A(x), /r(x)}) 


x&X 


E( — \A(x) + — B(x) + \+A(x) + +B(x) + |A(z) — fi(x)\+X(x)+n(x) 


xGX 

1 
2 


IX H A ( X ) “ M®)l - \ A ( X ) + ~ B ( X ) + \ ) 

xex 

+ 1 ( X ( A ( x ) + - A (u>) + X i B ( x ) + - M ® )) 

V^ev iei , 

I ( X ( A ( a; ) + - A ( x )) + X i B ( x ) + - MuO ) > o- 

\xex xex / 


Hence stf frTi 38 — {A D B, A V n) is almost stable in X. 


□ 
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SOME IDENTITIES OF CHEBYSHEV POLYNOMIALS ARISING 
FROM NON-LINEAR DIFFERENTIAL EQUATIONS 

TAEKYUN KIM, DAE SAN KIM, JONG-JIN SEO, AND DMITRY V. DOLGY 


Abstract. In this paper, we investigate some properties of Chebyshev poly- 
nomials arising from non-linear differential equations. Prom our investigation, 
we derive some new and interesting identities on Chebyshev polynomials. 


1. Introduction 


As is well known, the Chebyshev polynomials of the first kind, T n (x), (n > 0), 
are defined by the generating function 

i 4.2 00 j.n 

(L1) l-2xt + t* = £ T " W ( see I 1 - 3 ’ 5 ’ 8 ’ 17 ’ 21 D ' 

n— 0 

The higher-order Chebyshev polynomials are given by the generating function 

X x 71=0 

and Chebyshev polynomials of the second kind are denoted by U n and given by 
generating function 

^ OO 

(1.3) i _ 2 xt + t 2 =Y, U n{x)t n , (see [1, 7, 12, 17]) . 

71=0 

The liigher-order Chebyshev polynomials of the second kind are also defined by 


(1.4) 


1 


1 — 2xt + t 2 


(*)*"• 


71=0 


The Chebyshev polynomials of the third kind are defined by the generating 
function 


(1.5) l-Lt + t 2 (*)*"> (see [1, 7, 8, 17]) . 

71=0 


and the higher-order Chebyshev polynomials of the third kind are also given by the 
generating function 


( 1 . 6 ) 


1 - 1 

1 — 2 xt + t 2 


a oo 

= E^ (a) (*)*"• 

71=0 


2010 Mathematics Subject Classification. 05A19, 33C45, 34A34. 

Key words and phrases. Chebyshev polynomials of the first kind, Chebyshev polynomials of 
the second kind, Chebyshev polynomials of the third kind, Chebyshev polynomials of the fourth 
kind, non-linear differential equation. 
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Finally, we introduce the Chebysliev polynomials of the fourth kind defined by 
the generating function 

ii+ 00 

< L7 > 

71=0 

The higher-order Chebyshev polynomials of the fourth kind are defined by 

< L8 > (t V^)” = XX“T)C. 

x 7 n = 0 

It is well known that the Legendre polynomials are defined by the generating 
function 


(1.9) 


H 0 f = E pn (*) *"> ( see t 2 > 2 °]) • 

V 1 - 2 xt + t 2 ' 


Chebyshev polynomials are important in approximation theory because the roots 
of the Chebyshev polynomials of the first kind, which are also called Chebyshev 
nodes, are used as nodes in polynomial nodes (see [19]). 

The Chebyshev polynomials of the first kind and of the second kind are solutions 
of the following Chebyshev differential equations 

(1.10) (l - x 2 ) y" - xy + n 2 y = 0, 

and 


(1.11) (l — a; 2 ) y" — 3 xy' + n (n + 2) y = 0. 

These equations are special cases of the Strum-Liouville differential equation (see 
[1-3]). 

The Chebyshev polynomials of the first kind can be defined by the contour 
integral 


(1.12) 


T n {z) 


1 

47TZ 


q-* 2 ) 

1-2 tz + t 2 




where the contour encloses the origin and is traversed in a counterclockwise direction 
(see [1, 19, 21]). The formula for T n (x) is given by 


ins) am = E ("V- 2 "(* 2 - 1)“- 

m = 0 ^ ' 

From (1.3), we note that 

oo 

(1.14) 2 (x — t) (l — 2xt + t 2 ) 2 = y; nU n ( x ) t” -1 . 

n=0 

Thus, by (1.14), we get 

OO 

(1.15) (2xt — 2t 2 ) (l — 2xt + t 2 ) " 2 = E nU n (x) t n . 


n— 0 


(1.16) 


From (1.3) and (1.15), we can derive the following equation: 
(2 xt — 2 1 2 ) + (l — 2 xt + t 2 ) 1 — t 2 


(1 — 2 xt + t 2 Y 


(1 — 2xt + t 2 ) z 
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3 


Note that 
(1.17) 


= (n + 1) U„ {x) t n 


n — 0 


l -t 2 

(1 — 2 xt + t 2 ) 2 

U i 

1 — 2 xt + t 2 J I 1 — 2 xt + t 2 


V 1—0 / \m=0 

oo / n \ 

= E Ew* 7 "-* (*)*"• 


n — 0 \l — 0 


From (1.16) and (1.17), we have 


Un Or) = — — V Ti ( x ) U n -i (a;) . 
n + 1 ' 

1=0 

The Chebyshev polynomials have been studied by many authors in the several 
areas (see [1-21]). 

In [11], Kim-Kim studied non-linear differential equations arising from Changhee 
polynomials and numbers related to Chebyshev poynomials. 

In this paper, we study non-linear differential equations arising from Chebyshev 
polynomials and give some new and explicit formulas for those polynomials. 


2. Differential equations arising from Chebyshev polynomials and 

THEIR APPLICATIONS 


Let 

(2.1) 


F = F(t, x) = 


1 — 2tx + t 2 

Then, by (1.1), we get 

(2.2) 

From (2.2), we note that 

(2.3) 2 F 2 = (x - ty 1 F^ . 

By using (2.3) and (2.2), we obtain the following equations: 


= j t F{t,x) = 2(x-t)F 2 . 


(2.4) 

(2.5) 
and 

( 2 . 6 ) 


2 2 • 2 F 3 = {x~ t)~ 3 F W + (x - t)~ 2 FV\ 

2 3 • 2 • 3F 4 = 3 (x - t)~ 5 F (1) + 3 (x - t)~ 4 F (2) + (x - t)~ 3 F^ 

2 4 • 2 • 3 • 4F 5 = 3 • 5 (x - t)~ 6 F {1) + 3 • 5 (x - t)~ 6 F (2) 

+ (3 • 2) (x - t)~ 5 F^ + (x- t )~ 4 F (4) , 
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where 

F n = F x • • • x F and F (JV) = F(t,x). 

N — times 

Continuing this process, we set 

N 

(2.7) 2 n N\F n+1 = Y a-i {N) (x - tY~ 2N F (i) , 

i=l 

where TV e N. 

From (2.7), we note that 

(2.8) 2 N N\F n {N + 1) F w 

N N 

= Y a * (ao ( 2N -*)(*- i ) i_2iV_1 ^ (i) + Y ai (ao (* ~ ty~ 2N F^ i+1 \ 

i— 1 i=l 

By (2.2) and (2.8), we get 

(2.9) 2 N JV! (TV + 1) F n (2 (x - t) F 2 ) 

N 

= Y a i (ao ( 27V -*)(*- o i_2iV_1 ^ (i) 

i= 1 

+ 53 ( N ) (x - ty~ 2N F^ i+1 \ 

i= 1 

Thus, from (2.9), we have 

(2.10) 2 iV+1 (iV + 1)!F n+2 

N 

= Y a i ( N ) (2TV - i) (a - t) i_2(JV+1) 

Z=1 

JV+1 

+ Y °*-i (ao (* - ty~ 2(N+1) f®. 

i=2 

On the other hand, by replacing N by N + 1, in (2.7), we get 

AT+1 

(2.11) 2 n+1 (TV + l)!^^ 2 = Y a i (A r + 1) (x - t) i_2(jV+1) F (i) . 

i=l 

Comparing the coefficients on both sides of (2.10) and (2.11), we have 

(2.12) ai (TV+ 1) = (2TV- l)ai (TV), 

(2.13) a N+ i(N+l)=a N (N), 
and 

(2.14) ai (TV + 1) = Oi_i (TV) + (2TV - i) a* (TV) , (2 < i < TV) . 

Moreover, by (2.4) and (2.7), we get 

(2.15) 2F 2 = (a - t) _1 F (1) = ai (1) (a - f)” 1 F l(1 ^. 

By comparing the coefficients on both sides of (2.15), we get 

(2.16) ai(l) = l. 
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Now, by (2.12) and (2.16), we have 

(2.17) oi (IV + 1) = (27V - 1) oi (TV) 

= (2 TV - 1) (2 N - 3) oi ( N - 1) 

= (2 TV - 1) (2 N - 3) (2 N - 5) oi (N - 2) 

= (2 TV - 1) (21V - 3) (21V - 5) • • • 1 • oi (1) 

= (21V- 1)!!, 

where (21V — 1)!! is Arfken’s double factorial. 

From (2.13), we easily note that 

(2.18) a N+1 (N + 1) = a N (N) = • • • = 0l (1) = 1. 

For 2 < i < N, from (2.14), we can derive the following equation: 

(2.19) 

a* (IV + 1) = Oi_i (IV) + (21V - i) tti ( N ) 

= Oj_ i (IV) + (21V - i) Oi_ i (IV - 1) + (21V - 1) (21V - 2 - 1) a* (IV - 1) 


IV-i /fc-1 \ N-i 

= n(2(^-o-ou-i(^-*) + n (2(iv-o-*)o i (i) 

/c— 0 \Z=0 / Z=0 

- £ 2 fc (iv - (IV - fc) + 2^ +1 (iV - l) 

fc=0 \ Z /fc \ Z /iV-2+l 

A/ - — 2+1 / . \ 

= £ 2 fc 1V-1 o,-! (N — k) , 

k = o v 

where (a;) = a; (x — 1) • • • (a; — n + 1), (n > 1) and (x) 0 = 1. 

As the above is also valid for i = N + 1, by (2.19), we get 


(2.20) a,i (N +1) = Y, 2 fc ( TV | ) o;_i (IV - k ) , 

k= o ' 


where 2 < i < N + 1. 

Now, we give an explicit expression for Oj (IV + 1). 

From (2.17) and (2.20), we can derive the following equations: 


(2.21) o 2 (lV+l)= Y 2 fcl (lV-^) 

fci=0 ' ' fc i 

N ~ l ( 2\ 

= Y 2kl [ N ~2) 

fci=0 ' ' fc i 
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N 2 , •» \ 

a 3 (N + l)= Y . 2 * 2 ( N ~ 2 ) °2 (N-k 2 ) 

k->= 0 ' ' fe 2 


k 2 —0 
N - 2 N—2—k 2 


and 

(2.23) 


ko— 0 ki — 0 


N — 3 / A\ 

(N + l)=^2 fc 3(AT- a 3 (N-k 3 ) 

k 3 = o V 

N — 3 N — 3 — k% N—3—k3 — k2 


&2 


= E E 2 fel+fe2 IV (N-k 2 --) {2(N — 2 — k\ — k 2 ) — 1)!!, 




= E E E 2 fei + fc2 + fc3 (iv--j (iv-fc 3 - 


4\ 


k^—0 A^2 — 0 fci — 0 

x (2 (iV — 3 — As x — fc 2 — fe 3 ) — 1)!!. 
Thus, we see that, for 2 < i < N + 1, 

(2.24) 

AT— i+1 AT— 2+1— N— 2+1— k' 

ai(N+ 1) = E E • • • E 




&2 


N - k 3 - k 2 - 


2^5=1 


0 fcj_2=0 

2-1 


fci=0 


X 


nu-E fc «- 


2* — j 


i- 1 


7=2 


i=7 


2 + — 1 J !!. 

7=1 


Therefore, we obtain the following theorem. 
Theorem 1. The nonlinear differential equations 


N 


2 n N\F n+1 = E a-i (N) (x - +" 2JV F (,:) , (iV e N) 


2=1 

has a solution F = F (t,x) = 1 _ 2f 1 a . +f2 , where 
ai (AT) = (27V - 3)!!, 

AT — 2 N—i—ki—i N —i—ki_i ^2 

«*(+>= E E ••• E 1 


fci_i=0 ki-2—0 

2-1 


X 


nu-E*«- 


/ci=0 

2i + 2 — j 


7=2 


«=7 


fc-i-l 


2 ( iV-i-E^ ) - 1 ]!! 

7=1 


(2 < i < N). 

From (1.3) and (1.9), we note that 


(2.25) 


E Un (*+ 


n — 0 


l 


1 — 2 xt + t 2 
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1 N 2 


, y/\ — 2xt + t 2 , 

/ oo \ / oo 

= \J2 p i (*) fl ) E] Pm w tn 


\l = 0 
oo / n 


\m — 0 


= ( X )Pn-l (X) ) t U . 

n — 0 \ 1=0 J 

Thus, from (2.25), we have 


U n (x) = J> (x)p n -l ( X ) . 

1=0 

From (1.4), we obtain 

OO 

(2.26) 2 Jv iV!F Ar+1 = 2^ IV! ^ U^ N+1) ( x ) t n . 


n — 0 


On the other hand, by Theorem 1, we get 
(2.27) 


N 


2 n n\f n+i = j2 ai ( Ar ) - f y~ 2N p(i) 

f 2N + m — i — 1 


i — 1 
N 


= j2 a i( N ) 


i = 1 
N 


V 


\m— 0 
oo f n 


= E a i( JV )E E 

i— 1 n— 0 v /— 0 

oo ( N n 

= H i E] ai w EE 


21V + n — l — i — 1 
n — l 

2N + n — l — z — 1 
n — l 


yi- 2 N-m t m^ [7 <+I (a) (1 + *) , t 
y^N-^Ul+i (x) + 


i-\-l—2N—n 


U i+ i (x) (l + i)At n . 


n = 0 k i — 1 1=0 

Comparing the coefficients on the both sides of (2.26) and (2.27), we obtain the 
following theorem. 

Theorem 2. For N € N, and n € N U {0}, the following identity holds. 


U { n N+l) (X) = ( N ) EZ 


N 


2 N N\ 


/ 2N + n — l — i — 1 
l n — l 


U l+i (x)x i+l - 2N ~ n (l + i ) 


(2.28) 


i=l 1=0 

The higher-order Legendre polynomials are given by the generating function 

1 


, \/l — 2xt + t 2 
Thus, by 1.4 and (2.27), we get 

OO 

(2.29) Y, U nHx)t n 


a oo 


= Y,Pn ) 


n = 0 


n = 0 


l 

1 — 2 xt + t 2 


826 


TAEKYUN KIM et al 820-832 





J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


TAEKYUN KIM, DAE SAN KIM, JONG-JIN SEO, AND DMITRY V. DOLGY 
1 \ 2a 


. a/ 1 — 2xt + t 2 , 

/ oo \ / oo 

= 


\l = 0 
oo / n 


\m — 0 

„(«) ^ Z a ) 


= 5Z J2pi ( X )Pn-l ( X ) t n - 

n = 0 \;=o / 

From (2.29), we note that 


(2.30) 


t / n“ ) (x) = {x)P ( n-l i x ) ■ 


1=0 


Therefore, we obtian the following corollaries. 
Corollary 3. For N G N and n € N U {0}, we have 

n 

Ej-rww 


1=0 


N 


1 \ ^ , ... /27V + n — l — i — 1 

ai W Y 


2 N N\ 


n — l 


i = 1 1=0 

Corollary 4. For N £ N and n € N, we have 

U ( n N+1) (*) 

AT n Z+i 


)^+i(*) (i + i)**^-^-". 


^4nl> wEE 

i=l 1=0 j= 0 

By (1.6), we get 
(2.31) 2 n N\F n+1 

= 2 n N\ (1 - t) 

( OO 

Y 

m — 0 
oo / n 


(2N + n - l - i - 1 
l n — l 


i-\-l—2N—n 


{ l + i)i ( x ) Pi+i-j ( x ) ■ 


—N—l 


1-t 


1 — 2x£ + £ 2 


JV+l 


N m 
m 


= 2 N N\Y E 

n=0 \ /— 0 

On the other hand, by Theorem 1, we have 
N 

(2.32) 2 iv 7V!F lAr+1 = ^ a,: (IV) (a - t) l ~ 2N F (i 

1=1 
N 


)<”) (zv; N+i, wtj 

'j V, <1,+1> (x)) 


N + n — l 
n — l 




i i - 1 

1 — t 1 — Xt + t 2 J 


From Leibniz formula, we note that 


(2.33) 


1 - t 


1 


1 — 2xt + t 2 1 — t 
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A ( fdY - 1 l 


dt J 1 — t J \\dt J 1 — 2 xt + t 2 


=z ; « -o« a-tr 


= £ : (i-0!E 


i — l + s 


dt J \ 1 — + t 2 


t a £ A+z (A (p + 0 1 t p 

p — o 


-EaE 

l — 0 s— 0 


i! vA fi — l + s 


t s £ O) (P + 0 1 tV - 

p — 0 


By (2.32) and (2.33), we get 
(2.34) 2 A, iV!F Ar+1 


oo ( N i 


= E£E«<w £ 


n=0 k /— 0 


m+s+p=n 


21V + to — i — 1\ /i — l + s 


x(p + /);^“ 2JV “ ro ^+; (*)}*"• 

Therefore, by (2.31) and (2.34), we obtain the following theorem. 
Theorem 5. For N € N and neNU {0}, we have the following identity: 
f N + n — l\ rr (N+i) , \ 


h 71 — A T/ (JV+1) , x 

.-i J y ‘ (I) 

AT i .. 

■££*(< £ 


m+s+p=n 


2N + m — i— 1\ fi — 1 + s 


(p + Oi 


xi i " 2JV "™F p+i (*). 
From (1.8), we note that 
(2.35) 2 n N\F n+1 

= 2 N N\ (1 + t)~ 


1 + t 

1 — 2 xt + t 2 


= 2 n m ( jr ( iv+m ) {-irtA (£ ia (jv+1) (*)*' 

\m=0 V m / / \l—Q 


= 2 N mJ2 £(-A 


ra=0 \Z=0 


f 7V + n “ V£ +1) (z))A 


On the other hand, by Theorem 1, we get 


(2.36) 2~JV!F~« = £> m (* - «)*-“ (1)' {tA ■ rAAe} • 

-i— 1 \ / v ' 


Now, we observe that 


dt J (Vl+f/Vl — 2 xt + t 2 
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1 = 0 


= E , (-!)-' (>-')! T 


t 


i-l+1 


1 + t 


d 


dt J \1 — 2 xt + t 2 


= E (- i r , (>-') | E 

1=0 ' ' s = 0 

From (2.36) and (2.37), we have 
(2.38) 2 n N\F n+1 

oo f N i 


i — l + s 


( -i yt^Wp+i ( x)( P +i) l t* . 

p—0 


= E (-i)‘ 


n— 0 k 7—1 l — 0 

— / + 5 ^ 

S 


X 


l\ 

m+s+p=n 


2N + m — i — 1 
in 


{ P + i) lX '- ZN - m w p+l (z)jf\ 

Therefore, by (2.35) and (2.38), we obtain the following theorem. 


Theorem 6. For N € N and tieNU {0}, the following identity is valid: 
i-l (N + n- W (N+ 1 ) 


Ego' 


1=0 


n 


-l 


(x) 


N i 


E i-i)‘ 

7=1 /=0 ra+s+p=n 

' l ~ l + s ^ (p + 0i^“ 2Ar “ m ww (*)■ 


X 


21V + m — * — 1 

TO 


From (1.1), we have 
(2.39) 


2 n N\F n+1 

= 2 n N\ 


1 1 - t 2 

1 - t 2 ' 1 - 2xt + t 2 


N+l 


= 2 n N\ 


1 


1 -t 

' OO 

= 2 n N\ ( 


N+l 


1 


1 + t 


N+l 


1 -t 2 


1 — 2xt + t 2 


N+l 


i 


<‘) (e ( m +) i-ir*") (e+ + 1) M‘ p ) 

= 2"m±( Y. 


n—0 \l+m+p=n 

On the other hand, by Theorem 1, we get 


(2.40) 


2 n N\F n+1 
n 

= J2ai ( N ) (x - tY~ 2N F® 
2 — 1 
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From Leibniz formula, we note that the following equations: 


dt ) I I 1 — t) — 2 xt + t 2 


= E f; )(i-0!E 


z + s — l 


t s Y t p+ i (*) (p + l )i tP > 

p— o 


(2 ' 42) Idf J Ul + j l l- 2 xt + t 2 


= E(!) (i-oK-ir'E 


z — l + s 


(-i) s t s j2 T P +i (*)(p+0i* p - 

p=0 


By (2.40), (2.41), and (2.42), we obtain 
(2.43) 

2 Ar iV!F Ar+1 


2 E w (* - *r 2JV E (;)(*- o ! E (' s )i s E T p+ ; ( a; )^ +z );^ 

o i 7 — n \ / o — n \ / k — n 


~ E w (* - *r 2JV E 0 « ■ - 0! (-ir z E ' 1 


i — l + s 


(-1 yt° 


X E T P+' (*) 


oo N i 


-i w ^ * -j 

= EEE^w E 


n=0 i=l i=0 


m+s+p— n 


2iV + ZTZ — z — 1\ /z + s — l 


{P + 0; 


oo iV i 

xx i ~ 2N ~ m T p+ i (x)t n + 5 £££“•(»)(;(- v' 


n=0 i=l /— 0 


E M) s 


m+s+p— n 


2iV + m — z — 1\ (i + s — 


(p + 0/^- 2JV -"% +i (*)t n . 


Therefore, by (2.39) and (2.43), we obtain the following theorem. 
Theorem 7. For ngNU {0} and N £ N, we have the following identity 


2 n+1 N\ Y 


s-\-m-\-p—n 


'N + s\ (m + N 


i = 1 Z=0 


m+s+p=n 


(-1 ) m T( iV+1 ) (s) 


27V + to — z — 1\ /z + s — l 
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N i .. 

~ 2N ~ m T p+l (*) + £ £ a,i (N) l - (— l) i_i £) (-l) s 

i= 1 1=0 m+s-\-p=n 

l + s ~ l ) + (*). 
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equation with nonlocal boundary * 
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Abstract 

In this paper, we are interested in the blowup behavior of the solution to a degenerate and singular 
parabolic equation 


ut = (x ot u x ) x + f u p dx — ku q , (x, t) £ (0, l) x (0, +oo) 

Jo 


with nonlocal boundary condition 


u(0,t)= / f (x)u(x,t)dx, u(l,t)= / g (x) u (x,t)dx, t £ (0, +oo) , 


where p, q € [l,oo), a £ [0,1) and k £ (0,oo). In view of comparison principle, we investigate 
the conditions on the global existence and blowup of the solutions. Moreover, under some suitable 
hypotheses, we discuss the global blowup and the uniform blowup profile of the blowup solution. 
Keywords: Degenerate and singular parabolic equation; Nonlocal boundary; Global existence; Blowup 
singularity 

Mathematics Subject Classification(2000) : 35K50, 35K55, 35K65 


1 Introduction 

The main purpose of this paper is to deal with the blowup singularity of the following degenerate and 
singular parabolic equation with nonlocal source and nonlocal boundary condition 

u t = (x a u x ) x + J 0 Z u p dx - ku q , 
u{0,t) = So f {x)u(x,t)dx, 
u (l, t ) = fg g (x) u (x, t)dx, 
u (x, 0) = uq (x) > 0 , 

*This work is supported by National Natural Science Foundation of China (11426099, 11526076, 11571102), Scientific 
Research Fund of Hunan Provincial Education Department (14B067, 15A062) 

'Corresponding Author: liudengming08@163.com 


(x, t ) £ (0, l) x (0, +oo) , 
t £ (0, +oo) , 
t £ (0, +oo) , 

X £ [0, l] , 


( 1 . 1 ) 
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where 0 < a < 1 , p, q > 1 , k > 0, the weight functions f (x) and g (x) in the boundary condition are 
nonnegative continuous on [0, l ] and not identically zero, and the initial value uq ( x ) € C 2+s (0, l) fl C [0, /] 
with 0 < S < 1, and satisfies the compatibility conditions. It is obvious that the equation in problem (1.1) 
is singular and degenerate because the coefficients of u x and u xx may tend to oo and 0 as x — > 0. 

This type equation in problem (1.1) can be viewed as a model which describes the conduction of 
heat related to the geometric shape of the body (see [1] and the references therein for more details of 
the physical background). On the other hand, lots of physical phenomena were formulated into nonlocal 
mathematical models, for example, Day [4, 5] derived a heat equation with nonlocal boundary in the study 
of the heat conduction with thermoelastcity. From then on, a lot of mathematicians devoted to studying 
the blowup behavior of the solutions of various parabolic problems with nonlocal boundary conditions (see 
[6, 7, 8, 9, 10, 11, 13, 15, 16, 21]). 

The blowup phenomenon related to problem (1.1) attracted extensive attention of mathematicians in 
the past several decades (see [2, 3, 12, 18, 20, 22, 23]), but most of them considered the problems with null 
Dirichlet boundary conditions. Inspired by the works mentioned above, we consider problem (1.1), and 
our main attention is focused on evaluating the effects of the weighted nonlocal boundary, the nonlocal 
source and absorption term on the asymptotic blowup behavior of the solution u{x,t) of problem (1.1). 
Compared with [3] and [18], we need more skills to handle the difficulties, which are produced by the 
degeneration and singularity of problem (1.1), and the appearance of the nonlinear nonlocal boundary 
condition. 

Before stating our main results, for the sake of convenience, we denote 


A f = max 


/ (x)dx, / g{x)dx 


and let Ai be the first eigenvalue and Cl ( x ) be the corresponding eigenfunction of the following eigenvalue 
problem 

- (x a ( x ) x = AiC, 0 < x < l; C (0) = C (0 = 0. (1.2) 


Indeed, from [3, 14], we know that the principle eigenvalue Ai of the eigenvalue problem (1.2) is the first 
zero of 


Ji- 


2vA 2 c 
-l 2 


2 — a 


= 0, 


and Ci ( x ) can be expressed in an explicit form as follows 


Ci (x) = ax 2 J 


, ( 2a/Ai 2-a 


2 -° \2 — a 


(1.3) 


where J i-q is Bessel function of the first kind of order ],C“ , and a is an appropriate positive parameter 
such that || Ci (a;)|| L i([ 0 ;]) = 1. Furthermore, we know easily that Ci (x) is a positive smooth function in 
(0, l), and in light of 

0 ) = ^ J# 0 ) - J-o+1 0 ) . 

we can deduce that, for x G {0,1), 


d_ 

dx 


Ci (x) 


'(!-“) 


( \/AC 2-a \ 1+a ( 2\J\\ 2 — a \ r~— l-2a 

1 H x 3 ] x 2 J i- Q ( x 2 — a v Aix 2 

\ 2-a J 2 -« \2 — a J v 2 


( \Al 2-a 

-2a X 2 

\ 2-a 


2 
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And hence, by making use of 

• ,4(TM FFn)(i) , “ ST ^° 

where T (•) is the Gamma function, we find that 


lim £i (a;) = 0 

x— >-0+ 


and 


lim + T^ 1 

a:-j-o+ ax 


g( 1-cQ /2y^ry-“ 

2T ( 3 2 A 2 “ ) V 2- a ) 


which imply that 

sup Ci (x) < oo and sup — — Ci (x) < oo. (1.4) 

:r£[0,Z] :r6[0,Z] 

The main results of this paper are stated as follows. 


Theorem 1.1. Assume that q > p > 1, then all the solutions of problem (1.1) exist globally. 

Theorem 1.2. Assume that p > q > 1, then problem (1.1) admits blowup solutions as well as global 
solutions. More precisely, 

1 

(i) if N < 1, then the solution exists globally provided that Uq ( x ) < ( f) p ~ q ; 

(ii) if M > 1, then the solution of problem (1.1) blows up in finite time provided that Uq (, x ) > rji, where 
rj\ > 1 is an appropriate constant; 


(in) there is a suitable positive small constant 772 such that the solution u(x,t) of problem (1.1) blows up 
in finite time for any f (x) and g (x) provided that 

u 0 (x) > rfe* ( Y— xl ~ a ~ ^— x2 ~ a ) ’ 

\2 — a 2 — a J 

where £ > . 

Theorem 1.3. Assume that p = q > 1. The solution u(x,t) of problem (1.1) exists globally provided that 
N < 1 and iio (x) < ei J\f, where e\ is given by (3.13). For any nonnegative weight functions f (x) and 
g{x), the solution u(x,t) of problem (1.1) blows up in finite time provided that the initial value uq (x) is 
sufficiently large. 

Remark 1.1. If p = q = 1, one can show that problem (1.1) has no blowup solution. 


The remaining part is devote to discussing the global blowup and the uniform blowup profile of the 
blowup solution, to this end, we assume that p > q > 1 (or p = q > 1), TV < 1 and u 0 (x) is large enough 
in some suitable sense. Moreover, we assume that uq (x) satisfies extra 

rl 


{x a u 0x ) x + / rtgdx — /cMq > 0 for x G (0, l) , (1.5) 

Jo 

{x a u 0x ) x < 0 in (0,/) , (1.6) 


and 


lim 

tc— >•()+ 


(x a U 0 x) x + / Uo dx - kul 
Jo 


lim 

x—fl~ 


{x a u 0x 


Uydx — kuQ 


= 0. 


(1.7) 
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Theorem 1.4. Assume that p > q > 1 and Af < 1. Suppose that hypotheses (1.5), (1.6) and (1.7) hold. 
Then 

u ( x , t) ~ [l (jp — 1) (T — t)] P_1 a.e. in (0, l) as t — > T, 
where T is the blowup time. 

Corollary 1.1. Under the assumptions of Theorem l.f, we see that the blowup set of the blowup solution 
u(x,t) of problem (1.1) is the whole interval (0,/). 

Theorem 1.5. Assume that p = q > 1, J\T < 1 and 0 < k < l. Suppose that hypotheses (1.5), (1.6) and 
(1.7) hold. Then 

u (x,t) ~ [l (p — 1) (T — t)] p- 1 a.e. in (0,1) ast^-T, 
where T is the blowup time. 

Corollary 1.2. Under the assumptions of Theorem 1.5, we know that the blowup set of the blowup solution 
u(x,t) of problem (1.1) is the whole interval (0,1). 

The rest of this paper is organized as follows. In Section 2, we shall state the comparison principle and 
local existence theorem for problem (1.1). In section 3, we shall concern with the conditions on the global 
existence of solution and prove Theorems 1.1, 1.2 and 1.3. In section 4, we shall estimate the uniform 
blowup profile and give the proofs of Theorems 1.4 and 1.5. 

2 Comparison principle and local existence 

In this section, we will establish a suitable comparison principle for problem (1.1) and state the existence 
and uniqueness result on the local solution. For the sake of simplify, we denote It = (0,1) x (0 , T) and 
It = [0,/] x [0, T). First, we give the definitions of the super-solution and sub-solution to problem (1.1). 

Definition 2.1. A nonnegative function u(x,t) is called a super-solution of problem (1.1) ifu(x,t) € 
C 2,1 (It) D C (It) satisfies 

Ut > (x a u x ) x + /q vPdx — ku q , 
u (0, t) > fg f (x) u (x, t)dx, 
u(l,t)> fg g (x)u(x,t)dx, 
u (x, 0) > u 0 (x) , 

Similarly, u(x,t) £ C 2,1 (It)UC (It) is called a sub-solution of problem (1.1) if it satisfies all the reversed 
inequalities in (2.1). We say that u(x,t) is a solution of problem (1.1) if it is both a sub-solution and a 
super-solution of problem (1.1). 

Now, by using the similar arguments as those in [6] (or [10]), we give directly the following maximum 
principle. 


(x ,t) e I T , 

t£(0,T), 
t£(0,T), 
x € [0, Z] . 


( 2 . 1 ) 
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Lemma 2 . 1 . Let oj ( x , t ) € C 2,1 (It) l~l C (It) satisfy 

u>t - (x a u> x ) x > 6i (x, t)tu + f 0 0! (x, t ) w (x, t) dx, (x, t) £ / T , 

< w (0, t) > f*0 3 (x)uj (x,t)dx, t £ (0,T) , (2-2) 

iv(l,t)> Jq 04 (x) uj (x,t)dx, t £ (0,T) , 

where 0i (x, t), i — 1 , 2 , 3, 4, are bounded functions, 02 (x, t) is nonnegative for (x, t) £ It, 03 (x) and 04 (x) 
are nonnegative, nontrivial in (0, Z). Then w (x, 0) > 0 in [0, Z] implies that u>(x,t) > 0 for (x,t) £ It- 
Moreover, if one of the following conditions holds, (i) 0 3 (x) = 04 (x) = 0 forx £ (0, l); (ii) 0 3 (x), 6*4 (x) > 0 

for x £ (0, l) and max | /J 0 3 (x) dx, 04 (x) cfe j < 1, then uj (x, 0) > 0 in [0, l] leads to ui (x, t) > 0 for 

(x,t) £ I T - 

Based on the idea of [10], we can establish the comparison principle for problem (1.1) as follows, which 
is the main tool of establishing the conditions on the global existence and blowup of the solution. 

Proposition 2.1 (Comparison principle). Letu(x,t) and u(x,t) be a nonnegative super- solution and 
sub-solution of problem (1-1), respectively. Then u(x,t) > u(x,t) holds in It ifu(x, 0) > u(x,0) for 
x £ [ 0 , Z] . 

Next, we state the result on the existence and uniqueness of the local solution of problem (1.1) at the 
end of this section. 

Theorem 2.1 (Local existence and uniqueness). Assume that (1.5) holds, then there exists a small positive 
real number T such that problem (1.1) admits a unique nonnegative solution u(x,t) £ C (It) H C 2,1 (It)- 

Remark 2.1. We can get the proof of Theorem 2.1 by using regularization method and Schauder’s fixed 
point theorem. For more details, we refer the readers to [3, 23]. 


3 Global existence of solution 


The main goal of this section is to discuss the global existence and blowup property of the solution 
u(x,t) to the problem (1.1). To this end, by Proposition 2.1, we only need to construct some suitable 
global super-solutions (or blowup sub-solutions). 


Proof of Theorem 1.1. Let T be any positive number and u\(x,t) be defined as 


ui (x, t) 


C X3 1 

X1C1 ( x ) + 1 


where Xi is large enough such that 


/ 0 1 + X1C1 0*0 


dx < max 


max f (x) . 
ze[CM] 


max q (x) 

xe[o,i] 


and 


X 2 = max < max (uq (x) 

xE[0,l] 


1 ) (X1C1 (z) + 1 ) , max 

xe[o,z] 


(X1C1 (x) + I ) 5 


(1 + X1C1 0 * 0 ) : 


;dx 
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, , 2 l«xl 

X 3 = Ai + max ;y 

(XlCl (*) + l) 2 


d( i (x) 


dx 


By the direct calculation, one has 

Pui : = uit ~ ( x a ui x ) x — / u^dx + ku\ 

Jo 


= u\ 


> 0 , 


( A 1 X 1 C 1 O) 2x a xl 

—Ci (x) 


yl + XiCi(*) (xiCi (x) + l) 2 

dx Ql {X) 

)\ 


(3.1) 


X'2 e 


X3 1 


1 +X 1 C 1 (x) 


- [ 
J 0 


o (1 + XiCi (®)) ; 


-,dx 


and 


Mi (x, 0) = 


X2 


1 +X 1 C 1 (x) 

On the other hand, we can verify that 


max (m 0 (x) + 1) (1 + XiCi (x)) 

> T-r y~r\ > u o (x) ■ 

1 + XiCi (x) 


(3.2) 


ui (0, t) = X2 eX3t > X 2 e X3t max / (x) [ 1 dx > [ ^ t , dx = [ f {x) Mi ( x , t) dx, 

*6[o,i] J o 1 + XiCiW Jo 1+XiCi W Jo 


and 


Ui(l,t)> / g (x) Mi (x, t) dx. 

Jo 


(3.3) 

(3.4) 


Combining now from (3.1) to (3.4), we know that Mi (x,t) is a global super-solution of (1.1) in It and the 
solution m (a:, t) of (1.1) exists globally by Proposition 2.1. The proof of Theorem 1.1 is complete. □ 

1 

Proof of Theorem 1.2. (i) If p > q and J\f > 1, then it is easy to check that M 2 (x) = (j) p ~ q is a global 

1 

super-solution of problem (1.1) provided that Mo (x) < (j) p ~ q ■ 

(ii) Consider the following ordinary differential equation 


v_i (t) = Iv i — kv i, t > 0, 

Hi (0) = v w . 

From p > q > 1, it follows that v\ < v p + 1, and hence, we have 

lv p — kv_l > (l — k) v_l — k, 

which tells us that the solution v_i (t) of (3.5) is a super-solution of the following problem 

v_2 (t) = (l — k) r?2 — k, t > 0, 

Hi (0) = Mio 


(3.5) 


(3.6) 


provided l > k. Noticing that ( l — k) v 2 is convex, then there exists rji > 1 such that (l — k) v 2 > 2k 
holds for v 2 > r/i . It follows easily that if v 2 (0) = v 10 > r/i , then v 2 (t) is increasing on its interval of the 
existence and 


Hi ' (t) > 


l-k 


-V.2- 


(3.7) 
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From the above inequality it follows that 

2 

v 9 (t) — > oo as t — > , , (3.8) 

(l-k)(p- l)«?o 

which leads to that rq (t) will become infinite in a finite time. Recalling that M > 1, then tq (t) is a blowup 
sub-solution of problem (1.1) when uq (x) > v 10 > rj, so the solution u(x,t) of problem (1.1) blows up in 
finite time for sufficiently large initial value. 

(iii) Let v (x, t) be the solution of the following auxiliary problem 


vt = ( x a v x ) x + v p ( x , t)dx — kv q , 0 < x < l, t > 0, 

< v (0, t) = v (l, t) = 0, t > 0, 

v (x, 0) = Uq (x) , 0 < x < l, 

then v (x,t) is a sub-solution of problem (1.1). Set 

Us Oc t) = (772 - t )~ 4 ( 7 ^—x 1 ~ a - x 2 ~A := (772 - t)~ i f-L (x ) , 
\2 — a 2 — a J 

where 772 and £ > 0 will be chosen later. Calculating directly, we have 

rl 


Pv 3 : = V3t - 0“^*)* - / H 3 <A, t) dx + 

Jo 


= (V2 - t) 


-ip 


£ (772 - t) ip 4 1 n (x) + (772 - t)^ p 1} + k (772 - t)^ p q) p q (x) - 


(3.9) 


p p (x) dx 


Since p > q > 1, we can take £ large enough such that — £ — 1 > 0, then we have Pv 3 < 0 with 
772 — t small enough, which implies that v 3 (x, t) is a blowup sub-solution to problem (3.9) provided that 
v (x, 0) = u 0 (x) > p, (x) r/ 2 ^- And hence, Proposition 2.1 tells us that the solution u (x, t) of problem (1.1) 
blows up in finite time for large initial value. The proof of Theorem 1.2 is completed. □ 


Proof of Theorem 1.3. For any given constant 


eo e 



(1 ~ AQ (2 ~ of) 3 ~ a \ 

l 2 ~ a (1 — a) 1_ “ J 


let <j (x) be the unique positive solution of the following ordinary differential equation 


(3.10) 


! - (x a <J x ) =e 0 , 0 < x < l, 

(3.11) 

a (0) = a ( l ) = A f. 

In fact, we can solve the explicit expression of a (x) as follows 

<j (x) = J € ° x x ~ a - £ ° x 2 ~ a +Af, x € [0, Z] . 

2 — a 2 — a 

Moreover, according to Af < 1, we can verify that 

Q; / -1 \1 — Qt 

0 < min cr (x) = A f < max cr (x) = A f + — < 1. (3-12) 

xe[o,i] *e[<M] (2 — a) 3 
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Define 


u 3 (x,t) = eicr (x) , 


where 


ei = 


eo 


if kJ\f p -l> 0, 


kM p -l , 

any fixed positive constant, if kj\f p — l < 0. 


Calculating directly, one has 


Pu 3 : = u 3t — (x a u 3x ) x - / u^dx + kv% 

Jo 

= e 3 ei — e p [ a p dx + ke p a p 

Jo 


max a (x) 
xe[0T] 


> e 0 ei - le p x 

> eoei — e p (kAf p — l) 

> 0 . 


ke p 


min u (x) 

xG[0,i] 


Meanwhile, we can prove that 


and 


u 3 (l, t)> u 3 (x, t) f (x) dx. 
Jo 


(3.13) 


(3.14) 


u 3 (0, t) = e\N > f e\f(x)dx> f t\o (x) f (x) dx = f u 3 (x , t) f (x) dx (3.15) 

Jo Jo Jo 


(3.16) 


Then u 3 (x,t) is a global super-solution of problem (1.1) if uo (x) < eiTV, and hence, we obtain our global 
existence result by Proposition 2.1. 

The proof of blowup conclusion in this case is similar to the arguments of (iii) in Theorem 1.2, we omit 
the details here. The proof of Theorem 1.3 is completed. □ 


4 Global blowup set and uniform blowup profile 

This section is mainly about the global blowup and the uniform blowup profile of the blowup solution 
for problem (1.1). Throughout this section, we assume that p > q > 1 (or p = q > 1), J\f < 1 and u 3 (x) 
is large enough in some suitable sense. From Theorems 1.2 and 1.3, it follows that the solution u(x,t) of 
problem (1.1) blows up in finite. For convenience, we denote T the blowup time. 

From the assumptions on the initial value Uq ( x ) and (1.5), (1.6) and (1.7), we can find a sufficiently 
small positive constant £\ and a nonnegative function v)q e ( x ) such that 

(1) woe € C 2+s (s, l — e) fl C [e, l — e] with 5 € (0, 1) and £ € (0, £i]. 

(2) w 0e (e) = e f (x) w 0e (x) dx and w 0e (l - e) = f s £ g (x) w 0e (x) dx. 

(3) wq £ (x) < uo (x) for x € (e, 2e) U (l — 2e, l — e), and wq £ (x) = u 3 (x) for x £ [2s, l — 2e\. 

(4) (x a w 0 ex) x < 0 for x £ (£, l - e). 
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(5) (x a w 0e x) x + f £ WQ e dx — kw q £ > 0 for £ G (0, £i] and x G (£, l — e). 

(6) Wq £ is non- increasing with respect to £ in (0, £i] . Moreover 


lim 

X—>£ + 


It is obvious that 


nl — £ 


A—£ 

(x a w 0ex ) x + / w p 0e dx - kw q 0e 

= lim 

(x a w 0£X ) x + / iVo E dx - kwl e 

J £ 

X—>(l — £)- 

J £ 


= 0. 


lim w 0e (x) = u 0 (x) . 

es-0+ 


Now, we consider the following regularized problem 


w et = (; x a w ex ) x + e w p dx - kw % , (x, t ) G (e, l - £) x (0, +oo) , 


w £ (e, t) = f ' f (x)w e (x,t)dx, t G (0, + 00 ), 


w £ (/ - £, t) = f e e g (x) w £ (x, t)dx, t G (0, + 00 ) , 


(4.1) 


[ w £ (x, 0) = w 0e (x) . 


x G [0, l\ . 


Then it is not difficult to show that there exists a unique solution w £ (x,t) for problem (4.1). In addition, 
from the arguments of Section 2 in [23], it follows that 

lim w* (x, t) = u (x, t ) , 

e->0+ 

where u(x,t) is the solution of problem (1.1). 

Lemma 4.1. Suppose that hypotheses (1.5), (1.6) and (1.7) hold, and assume that p > q > 1 and N < 1. 
Then ( x a u x ) x < 0 holds for (x,t) G It- 

Proof. Taking 77 = (x a w £X ) , then from (4.1), we have 


Vt = \ 

f « 
1* 

{x a w £X ) x + f w p dx - kw q e 

J £ 

\ 

[ 

1 

l 


X ) 


' - 1 ) Wi 2 \Wexf 


holds for any (x,t) G (£, l — e) x (0,T), which tells us that 

ry - (x a r] x ) x + kqw q ~ l ri < 0. 
On the other hand, for any t G (0, T), we have 


(4.2) 


(4.3) 


/ l — £ pl — £ / pl — £ \ ( 

/ (x) w e t (x, t)dx — / w £ (x, t)dx + k / / (x) w E (x, t) dx 

= J f(x) ^[x a w ex ) x + J w p £ (x, t ) dx - kw^j dx 

As / A-e \ q 

— / w p (x, t) dx + k / f (x) w £ (x, t) dx 

/ l — £ / pl — £ \ pl — £ 

f (. x ) 77 (x, t)dx + ij f (x) dx — 1 j J w p (x, t) dx 


(4.4) 


- k 


nl — £ 


f (x) w | (x, t) dx — I / / (x) w £ (x, t) dx 
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It follows from Jensen’s inequality that 


J ^ / 0 ) w q e dx f ( x ) w e (*> *) 


dx 


nl—E 


fl 6 f (x)w E (x,t)dx 
f‘~ e f {x) dx 


> 0 . 


/ (x) dx 


nl — € 


f (x) w e (x, t) 


Exploiting the above inequality and the assumption Af < 1 to (4.4) , we can claim that 

/ l—e 

f (x) 17 (x, t) dx, te(0,T). 

By the analogous arguments, one can also show that 


/ l — E 

g ( x ) rj (x, t ) dx 


(4.5) 


(4.6) 


holds for all t G ( 0 , T). 

Moreover, noticing that T] (x, 0) = (x a Wo £X ) x < 0 holds for x G (e, Z — e). Then, maximum principle 
tells us that 77 (x, t) = ( x a w ex ) x < 0 holds for all (x, f) G (e, l — e) x (0, T). In addition, by the arbitrariness 
of e, we know that (x a u x ) x < 0 holds in It- The proof of Lemma 4.1 is complete. □ 


In what follows, for the sake of simplicity, we denote 

ip (t) = f vP (x, t) dx and 4/ (t) = ( ip (r) dr. 

Jo Jo 


Lemma 4.2. Assume that (1.5), (1.6) and (1.7) hold, p > q > 1 and Af < 1, then there exists a positive 
constant C such that 


in [0, l] x [P,T), where 


and 


Proof. Put 


sup (T (t) - u (x, t)) < ^ (l + Z (t) + [ T (r) dr) 
xGK d d 2 \ J o ) 

Z (t) = o (T (t)) as t T, 

Kd = {iG (0, l) : dist (x, 0) > d, dist (x, l) > d} C (0, Z) . 

$(t)= f (^ (t)-u(x,t)) Ci (x)eZx, 

Jo 


(4.7) 
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(4.8) 


where Ci (x) is given by (1.3). Taking the derivative of 5 ( t ) with respect to t , we arrive at 

3' ( t ) = [ (ip (t) - u t ) Ci (x) dx 
Jo 

= [ (- (x a u x ) x + ku q ) Cl (x) dx 
Jo 

= Ai / u (x, t) Ci (x) dx + k / u q (x, t) Ci (x) dx 
Jo Jo 

+ 1° Cix | x =i / g (x) u (x, t) dx 
Jo 

< Ai / u (x, t) Ci (x) dx + k / u q (x, t) Ci (x) dx 
Jo Jo 

= -Ai3 (t) + AiT (t) + k f u q (x, t) Ci (x) dx. 

Jo 

On the other hand, it follows from Lemma 4.1 that 

Ut < ip (t) — ku q , 

which implies that 

— max uq (x) < T (t) — u (x, t) . 

x£[0,l] 

Then (4.9) and (4.8) lead to 

S' ( t ) < Ai max uq (x) + A iSS? (t) + k [ u q (x, t ) Ci (■ x ) dx. 

*e[o,«] Jo 

Integrating above inequality over from 0 to t, one has 

3 (t) < max /ai, k max Ci (x) ,&(0) + \\T max uq (x) 1 f 1 + / T (r) dr + [ [ u q (x,t) dxdr) . 

I *G[o,i] J ( Jo Jo Jo J 

(4.10) 

Further, since p > q > 1, Holder’s inequality implies that 


(4.9) 


t nl 


t pi 


u q (y,r) dydr < (IT) p 


/o 

It is not difficult to verify that 


u p (y, r) dydr := Z ( t ) . 


o 


(4.11) 


(4.12) 


(4.13) 


Z (t) = o (4/ (t)) as t — > T. 

Combining (4.13), (4.11) with (4.12), we see that 

3 (t) < max / Ai, k max Ci ( x ) , 3 (0) + X\T max u 0 (cc)l ( 1 + Z (t) + I T (r) dr \ . 

I *e[o,z] ®e[o,z] J \ Jo J 

Now, by Lemma 4.5 in [17], we can claim that 

sup (\H (t) - u (x, t)) < ^ ( 1 + [ d' (r) dr + o (4> (t))^ 
x£K d d- V Jo J 

holds for (x,t) G [0, l] x [^,T), where C is an appropriate positive constant. The proof of Lemma 4.2 is 
complete. □ 
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In view of Lemma 4.2, and by a slight variant of the proof of Lemma 4.5 in [17], we have the following 
Lemma. 

Lemma 4.3. Assume that (1.6) and (1.7) hold, p > q > 1 and Af < 1, then 

lim sup \u (•, t)\ = +oo (4-14) 

[o,/] 


is equivalent to 

lim 4/ ( t ) = +oo 

t->T 

Moreover, if (4-14) or (4-15) is fulfilled, then 

lim ++ = lim +4 = 1 
t^T T ( t ) t^T T ( t ) 

uniformly on any compact subset of (0, l). 

Next, we give the proofs of Theorems 1.4 and Theorem 1.5, respectively. 

Proof of Theorem 1-4 • It follows from (4.16) that 

u p (x, t ) ~ (t) , t-> T. 

By the Lebesgue’s dominated convergence theorem, we have 

\fd ( t ) = ip(t) = f u p ( x , t ) dx ~ l^ p (t) , t — > T. 

Jo 

Therefore, by integrating the above equality, we can claim that 

*(i)~(/(p-l)(T-t))-^. 
Combining (4.16) with (4.17), we find that 

u(x,t) ~ {l(p- 1) , t^T, 


(4.15) 


(4.16) 


(4.17) 


(4.18) 


which means that 


lim (T — t) p ~ 

t—*T 


u ( x , t) = lim (T — t) p ~ 

t^T 


• (•>*)!= 


(i(p- !)) pil • 


The proof of Theorem 1.4 is complete. 


□ 


Proof of Theorem 1.5. Denote 


ip(t) = / u p (y, t) dy — k ( max u (x, t) I and $ (t) = / g (r) dr. 
do J J o 


Similar to Lemma 4.3, we can get 


lim AA = lim hbilh = 

t^T $ (t) t—*T $ (t) 


(4.19) 


uniformly on any compact subset of (CM). 

Since, the remaining arguments are the same as those in the proof of Theorem 1.4, we omit it here. 
The proof of Theorem 1.5 is complete. □ 
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Abstract. In this paper, we introduce a Kantoroviclr-type Bernstein-Stancu-Schurer 
operators based on the concept of g-integers. We investigate statistical ap- 

proximation properties and establish a local approximation theorem, we also give a 
convergence theorem for the Lipschitz continuous functions. Finally, we give some 
graphics to illustrate the convergence properties of operators to some functions. 

2000 Mathematics Subject Classification: 41A10, 41A25, 41A36. 

Key words and phrases: g-integers, Bernstein-Stancu-Schurer operators, A-statistical 
convergence, rate of convergence, Lipschitz continuous functions. 


1 Introduction 


In 2013, Ozarslan and Vedi [7] introduced the g-Bernstein-Schurer-Kantorovich oper- 
ators as follows: 


n+p 


r = 0 L 


n+p 
r 


n+p-r - 1 i 

X r IJ / / 

JO 


[n + 1], 


! + (<?— 1)M q 
[n+l] q 


dqt 


for any real number 0 < q < 1, fixed p G No and / G C[0,p+ 1]. They gave the Korovkin- 
type approximation theorem, obtained the rate of convergence of the operators and so on. 
In 2014, Ren and Zeng [8] introduced two kinds of Kantorovich-type g-Bernstein-Stancu 
operators based on g-Jackson integral and Riemann-type g-integral respectively and got 
some approximation properties. In 2015, Acu [1] introduced and studied q analogue of 
Stancu-Schurer-Kantorovich operators. They proved a convergence theorem, established 
the rate of convergence, obtained a Voronovskaya type result and so on, they constructed 

* Corresponding author. 
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the operators as follows: 


n+p 

K£(f; x ) = ^ 


k = 0 


n + p 
k 




In 2015, Agrawal, Finta and Kumar [2] introduced a new Kantorovich-type generalization 
of the g-Bernstein-Schurer operators, they gave the basic convergence theorem, obtained 
the local direct results, estimated the rate of convergence and so on. The operators are 
defined as 

n+p [ fc + 1 ]g 

KnM 9; x) = [n+ l] q ^2 K+P,k{<l\ x)q~ k / ^ h f(t)dft, (1) 

k=0 [n+l]q 

where 6 n+P) fc(g; x) is defined by 


bn+p,k{Qi x) 


n + p 
k 


x k (l 

- <? 


x) n q +p ~ k . 


(2) 


Motivated by above investigations, it seems there have no papers mentioned about 
the Stancu-type of the operators defined in (1). In present paper, we will introduce the 

Kantorovich-type g-Bernstein-Stancu-Schurer operators Kn' y p,q{f', x ) which will be defined 
in (4). We will investigate statistical approximation properties, establish a local approx- 
imation theorem and give a convergence theorem for the Lipschitz continuous functions. 
Furthermore, we will give some graphics to illustrate the convergence properties of oper- 
ators to some functions. 

Before introducing the operators, we mention certain definitions based on g-integers, 
detail can be found in [5, 6]. For any fixed real number 0 < q < 1 and each nonnegative 
integer k, we denote g-integers by [k\ q , where 


[k]q — 


1 -q k 

1 -q ’ 

k, 


q + 1; 

g = 1. 


Also g-factorial and g-binomial coefficients are defined as follows: 


r;u | I A" 1 , 2 ,.,..; 

N<? ' \ 1, k = 0, 

For x € [0, 1] and n G No, we recall that 

(1 - X )q = 

The Riemann-type g-integral is defined by 


n 

k 


n 


<?• 


J q 


[k\ q \[n- k\ q V 


(n > k > 0). 


1, n = 0; 

n”=o (! -tfx) = (! -*)(! -qx)... (i - g n_1 x) , n=l, 2 ,... 


f{t)dqt = (1 - g)(6 - a) ^ / (a + (6 - a)q J ) q\ 


3 = 0 


( 3 ) 
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APPROXIMATION PROPERTIES OF KANTOROVICH-TYPE 
g-BERNSTEIN-STANCU-SCHURER OPERATORS 

where the real numbers a, b and q satisfy that 0 < a < b and 0 < q < 1. 

For / £ C(I), I = [0, 1 +p], p € No, 0 < a < j3, q € (0, 1) and n € N, we introduce the 
Kantorovich-type g-Bernstein-Stancu-Schurer operators as follows: 

. n+p . I k+l}g+a 

K%jp,qtf\ x ) = (I n + 1]<Z + P) x )q~ k I [ [k l+^ ftydqti ( 4 ) 

k = 0 \n+\\q+fH 


where b n+Pi ].(q\ x) is defined by (2). 


2 Auxiliary Results 

In order to obtain the approximation properties, We need the following lemmas: 
Lemma 2.1. Using the definition (3), we easily get 

„k 


[fc+l]g+Q: 


j* [n+l]g+/3 

d+ = 

/ [k] q +a 

<? 

[n+l]q+/3 
[fc+l]g+o: 
j* [n+l]g+/3 

td((t = 

/ [k] q +a 


[n-\-l]q+/3 


[fc+l]g+o: 

j* [n+l]g+/3 

f 2 d()t = 

/ [k] q +at 

Q 

[n+l]q+/3 



[n + 1 }q + ft 


„2 k 


+ 


( 5 ) 

( 6 ) 


([n + l] g + P) 2 [2]q([n + l\ q + (5) 2 ’ 

g k ([k\ q + a) 2 2 g 2k {[k\ q + a) * 

([n + l]q + /5) 3 [2] g ([n + l] q + fi) 3 [3] g ([n + l] g + ft) 3 


n 2>k 


Lemma 2.2. (See [2], Lemma 2.1) The following equalities hold 

n+p 

^2b n + P ,k(q',x)q k = 1 - (1 - q)[n + p\ q x, (8) 

k = 0 

n+p 

^2b n+Ptk (q;x)q 2k = 1 - (l - q 2 ) [n + p\ q x + q( 1 - q) 2 [n + p\ q [n + p - l] q x 2 . (9) 
k = o 

Lemma 2.3. For the Kantorovich-type q-Bemstein-Stancu-Schurer operators (4), we have 

Knififix) = 1, (10) 

-.tn _L oU rr. _L 1 _L roi ™ 

( 11 ) 


K°' 


u _ 2q[n + p\ q x + 1 + [2} q a 
n ’ pA,X) [2} q ([n + l] q + fi) ’ 

(.2 \ _ (g 2 [3]q + 3g 4 ) [n + p] q [n + p- l\ q 2 [2} q [3] q a 2 + 2[3} q a + [2], 

’ P ’ q[ ,X) [2] g [3] q, ( [n + l]q + fi) 2 X + [2]q[3]q([n + l]q + (3) 2 

(4g[3] 9 a + 3q + 5 q 2 + Aq 3 ) [n + p\ 


+ - 


-x. 


[2]g[3] g ([n + 1 ] q + ft) 2 
Proof. (10) is easily obtained from (4) and (5). Using (4), (6) and (8), we have 

Kn]p,q{t’i x) 


( 12 ) 
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n+p 

^ ' bn+p,q(k] X 
k = 0 

1+fLvi. 

l» + i] « + + ' 

n+p— 1 

'\_s_ y- 

[" +1 ]« + ' S SS L 


Wg + Q , Q k 

[n + l] q + f3 [2\ q ([n + l] q + (3) 


[ n + p ] q 


'n+p,q(k;x) r + 


a 


+ 


1 - (1 - g)[ra + p] 9 x 


[n + p] g [n + 1] 9 + /3 [2] 9 ([n + 1] 9 + f3) 


n + p — 1 
k 


k+ i n _ xn+p-it-i , 1 ~ C 1 ~ g)[w + p] g a 

1 [2] 9 ([n + l] 9 + + 


+ 


a 


[?7 + 1] 9 + (3 


[n + p] 


q (l-9)[n+p]g 

X — r^, Ax + 


1 + [2] 9 a 


[n + l] q + f3 [2]([n + l] g + (3) [2} q (\n + l] q + f3) 

Thus, (11) is proved. Finally, from (4) and (7), we have 


K& q (f 2 ; x) 

V6 (k- x) ( [k] « + 2a[k] « + a2 | 

/ y u n+p,q\^i J I /r “r 

fc =0 


2g fc ([fc] 9 + a) 


-,2/c 


+ 


([n + l] 9 + /?) 2 [2] 9 ([n + 1] 9 + /3) 2 [3] 9 ([n + 1] 9 + /3) 2 


since [A:] 2 = [A] q [k — 1] 9 + q k 1 [k\ q , and from lemma 2.2, we have 


I<n’p, q ( t 2 ; x) 

n+p 

^ ] bn+p,k{Q> x) 
k=0 
n+p 

+ ^ ] ^n+p,fc(l?i 
k=0 


n+p 


A ^ + n+p,fc(ffi 


X 


[fc]g[A l]g 

([n + l]g + /3) 2 
gfc-lnu 

x) ([n + l]g+V ' ([n+l]g + /3) 2 


2a[A;] ? 


k=0 


+ 


a 


(t n + l]g + f3) 2 

2 n+p 


T ^ ^ ^n+p,fc(?) 


2g fc W, 


k=0 


[2]g([n + l]g + /3) 2 


2a n+p n+p g 2fc 

+ 1], + W + Ew(9;+ [3|([n + ll) + j3) 


n+p 


+ 


[2] 9 ([n 


k=0 

[n + p\q[n + p - l] 9 x 2 


[n + p\ q x (1 - q)[n + p\ q [n + p - l] q x 2 


([n + 1] 9 + /3) 2 
.2 


+ 


+ 


a 


+ 


2a[n + p\ q x 

+ {[n + 1] 9 + (3) 2 + ([n + l]g + /3) 2 ([n + 1], + /3) 2 

2g[n + p\ q x 2q(l - q)[n + p\ q [n + p - l] q x 2 


{[n + l\ q + f3) 2 [2] q {[n + l] q + j3)- 


[2] 9 ([?r + 1] 9 + (3y 


2a (1 - (1 - q)[n+p\ q x) 1 - (l - q 2 ) [n + p] q x + q(l - q) 2 [n + p\ q [n + p - + 


[2]g([n + l]g + (3 ) 2 


+ 


[3]g([n + l]g + (3 ) 2 


[n + p] q [n + p — 1] 9 2 (2[2] 9 a + [2] 9 + 2q)[n + p\ q [2] 9 [3] 9 a^ + 2[3] 9 a + [2] g 

X ' /r , -ii /n\o X ~r 


([ n+l] q + /3 ) 2 


[2] 9 ([n + 1] 9 + /3) 2 


[2]g[3]g([n + l]g + j3 ) 2 


(1 - g) (1 - q + 4g[3]g) [n + p\ q [n + p - l] q 2 (1 - q) (2a[3] g + [2] 2 ) [n + p\ 


[2]g[3]g([n + l]g + f3y 


x — 


[2] g [3]g([n + l]g + (3)- 


-x 


(g 2 [3] 9 + 3g 4 ) [n+p] q [n+p- l] q 2 (4q[3] q a + 3q + 5q 2 + 4q 3 ) [n + p\ q 

— X + /r ^ A^ X 


[2]g[3]g([n + 1] 9 + (3 ) 2 


[2] g [3] g ([n + 1] 9 + (3) 2 
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[2} q [3} q a 2 + 2[3} q a + [2} q 
^ [2]g[3] g ([n + l] q + (3) 2 ■ 

Thus, (12) is proved. 


□ 


Remark 2.4. From lemma 2.3, it is observed that for a = /3 = 0, we get the moments 
for the operators defined in (1), which are the corresponding results of lemma 2.1 in [2j. 

Lemma 2.5. Using lemma 2.3 and easily computations, we have 

2 q[n + p] q 


Kn,p,q(t - x; x) = 


- 1 


Kn,p, q (( t - X ) 2 ; x) < 


U 2 ]g([ n + 1 \q + P) 

(q 2 [S]q + 3q 4 ) [n+p\ q [n+p- 1] 


x I ^ a *a,/3 t \ /io\ 

+ [2] q ([n + l] q + /3) ^ 


+ 1 - 


4g[n + p\c, 


+ 


[2]g[3]g([ n + l]g + P) 2 [ 2 ]g([ n + 1]? + P) 

[2],[3 } q a 2 + 2[3 } q a + [2], ( (4g[3] 9 a + 3 q + 5 q 2 + 4 g 3 ) [n + p] q ^ p 


[2] 9 [3]qr([n + l] q + f3 ) 2 


+ 


[ 2 ]g[3] g ([n + l] q + /3) 2 


x = B n,p,q( x )- ( 14 ) 


3 Statistical approximation properties 

In this section, we present the statistical approximation properties of the operator 

iCiq by using the Korovkin-type statistical approximation theorem proved in [4], 

Let K be a subset of N, the set of all natural numbers. The density of K is defined 
by 5(K) := lim n ’ XILiXa'W provided the limit exists, where xk is the characteristic 
function of K. A sequence x := {x n } is called statistically convergent to a number L if, 
for every e > 0, 5{n € N : \x n — L\ > e} = 0. Let A := ( aj n ),j,n = 1,2, ... be an infinite 
summability matrix. For a given sequence x := {x n }, the A— transform of x, denoted by 
Ax := (( Ax)j ), is given by (Ax)j = YlPPi a jn x n provided the series converges for each 
j . We say that A is regular if lim n (Ax)j = L whenever lirnx = L. Assume that A is a 
non-negative regular summability matrix. A sequence x = {x n } is called A-statistically 
convergent to L provided that for every e > 0, liirij Yhn-\x n -L\>£ = 0- We denote this 
limit by stA — lim n x n = L. For A = C\, the Cesaro matrix of order one, A-statistical 
convergence reduces to statistical convergence. It is easy to see that every convergent 
sequence is statistically convergent but not conversely. 

We consider a sequence q := {q n } for 0 < q n < 1 satisfying 


stA ~ lim q n = 1, 

n 


If e t = t l , t 6 M + , i = 0,1, 2, ... stands for the ith monomial, then we have 

Theorem 3.1. Let A = ( a n k ) be a non-negative regular summability matrix and q := 
be a sequence satisfying (15), then for all f G C(I), x £ [0, 1], we have 


stA ~ lim 

n 


j\ a, h f — f 


= o. 

C(I) 


(15) 


{in} 

(16) 
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By (13), we have 


Q. -B. CAI 


sOl-lim Kn’,p,q n (e 0 ) - e 0 = 0. 
n C{i) 


(erx)-eUx) < 2 ^ n + P^ i + 1 + [ 2 W a 

n ’ P ' qA U ’ lU “ [2k([n + l] 9n + 0) + [2\ qn ([n + l] qri + PY 


Now for a given e > 0, let us define the following sets: 


U:={k: Kn’p, qk (ei) — ei >e},U 1 :=\k: 


2q k [n + p\ gk 

[ 2 W([™ + + P) 


-1 > 


TT f h, . 1 + [ 2 W a > -\ 

2 ' l ' [2], fc ([n + l]«+/9) “ 2 / ’ 

Then one can see that [/ C C7i U C/ 2 , so we have 


5 <k <n: I<n’p,q k (ei) - ei 


since stA — lim q n = 1 , we have 


< 5 < k < n : 


+5 < k < n : 


2 q k [n + p] qk _ > l 

[2]<j fc ([ n + l]« fc + P) 2 

1 + [2]g fc o: > e\ 

[2]q k ([ n + l]«/t + P) 2 / 


. r fa + p] 9 „ n n . r l + [2] ?n a n 

_ lim t — m — ~ 1 = °> stA ~ lim tt 77 — rn — nr = °> 
n [ n +l]g«+/^ n [2]?„([™ + l]q n + P) 

which implies that the right-hand side of the above inequality is zero, thus we have 

stA ~ lim Kn]p, qn {e 1 ) - e\ =0. 


Finally, by (10) and (12), we get 
Kn,p,q n (e 2\x) - e 2 (x) 

/ (&\q n + 3 <£) [n + p}q n [n + p- l]q n (4g„[3 \ qn a + 3 q n + 5 q\ + 4gj*) [n + p\ Qn 

“ " [2] g „[3] g „([n+%+/3)2 + [2}q n [3] qn ([n + l]q n + py 

, [2]g n [3]g n a 2 + 2 [3 ]g n a + [2]q n 

PlfcPUln + lL+W " ^ 7 " 

Since — lim q n = 1, one can see that 

n 

stA ~ lima n = stA ~ lim (3 n = stA ~ limy^ = 0. (19) 

n n n 

For e > 0, we define the following four sets 

V :=\k: Kn’p, qk (e 2 ) - e 2 > £ j , V\ := |fc : a k > |j , F 2 := {/c : A > |} > 
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E 3 := jfc : 7fc > |j • 

Hence, from (19) we obtain the right-hand side of the above inequality is zero, so we have 


5 Ik < n : 


Kn’p,q k {e 2 ) 62 


>e^ = 0, 


\C(I) 


thus 


■stA ~ lim 
n 


Kniq n {e 2 ) e2 


= 0. 


Ic(7) 


( 20 ) 


Combining (17), (18) and (20), theorem 3.1 follows from the Korovkin-type statistical 
approximation theorem established in [4] , the proof is completed. □ 


4 Local approximation properties 

Let / G C(I), endowed with the norm ||/| | = sup re/ \f(x)\. The Peetre’s K— functional 
is defined by 

k 2 {f;S) = inf {||/-5ll + '511/11} , 

g&C 2 

where 5 > 0 and C 2 = {g G C(I ) : g' , g" G C(I)} . By [3, p.177, Theorem 2.4], there exits 
an absolute constant C > 0 such that 

K 2 (f;S)<Cu2(f;VS), (21) 


where 

^2 (f;S)= sup sup \f(x + 2h)-2f(x + h) + f(x)\ 

0<h<5 x,x-\-h,x+2h£l 

is the second order modulus of smoothness of / G C(I). We denote the usual modulus of 
continuity of / G C(I ) by 

u(f;5)= sup sup \f(x + h) - f(x)\. 

0 <h<5 x,x-\-h£l 


Now we give a direct local approximation theorem for the operators K%’p, q (f,x). 
Theorem 4.1. For q G (0, 1), x G [0, 1] and f G C(I), we have 


KZ’& q {f,x)-f{x) <Cu 2 lfrJ(A5’l q (xj) +B%£ q (x)/2 + W (/; |^,(s)|) , (22) 


where C is a positive constant, An]p, q (x ) and Bn’p, q (x ) are defined in (13) and (14). 
Proof. We define the auxiliary operators 


K%£ q {f-x) = K%i q {f-x)- f 


( 2g[n + p\ q x + 1 + [2] g a \ 
V Mqdn + l]g + fi) ) 


+ f(x), 


(23) 
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x £ [0, 1]. The operators Kn’p, q {f',x) are linear and preserve the linear functions: 


I< 


a, (3 

n,p,q 


(t — x;x) = 0 


(24) 


(see Lemma 2.3). 

Let g £ C 2 . By Taylor’s expansion 


g(t) = g{x) + g'(x)(t 



u)g" (u)du, 


and (24), we get 


Kn,p,q{g ; x) = g(x) + Kn,p, q (^J ( t - u)g"(u)du ; x 


Hence, by (23), (13) and (14), we have 

Kn,p,q (j (t - u)g"(u)du\ x 


Kn,p,q(g ; X ) “ 9(x) 


+ 


» 2q[n+p\qX + l + [2]qOi 

[2]q([n+l]gr+/3) j 1 

[2] g ([n + 1 ] q + (5) 


— u g" (u)du 


< K a ’P 


( t - u)\g"(u)\du 


+ 


4 2q[n+p]gX-\-l + [2]qa 
[2]q([n+l]q+/3) 


2 q[n + p] q x + 1 + [2\ q ot 


— u 


< \ Kn’p,q ((t - xf;x) + 

Ki,q( x j) + B n,£,q( X ) 


[2] g ([?r + l] g + ( 3 ) 

2 q[n + p\ q x + 1 + [2 } q a 


[2 ]q([n + 1 }q + (3) 


\g"(u)\du 
1 2 " 

— X 


where Anlp )q (x) and Bn’p, q (x) are defined in (13) and (14). On the other hand, by (23), 
(4) and lemma 2.3, we have 


Kniq(f^) < K%£ q (f; x ) + 2||/|| < \\f\\Kn’p,q{l; x) + 2||/|| < 3||/||. (25) 


Now (23) and (25) imply 


Kn,p,q(f'i X ) “ f ( X ) 


< 


+ 


K n,p,q{f ~ 9\ x ) - (/ - 9) ( x ) + K n,p,q{g\ x) ~ g(x) 
2 q[n + p\ q x + 1 + [2 ] q a 


f 


[2] g ([n + l] q + (3) 


~ f{x) 


< 4||/-s|| + 


A ni,q( x )) + B n,p,q{x) 


+ U 


A a ’P (i 

n,p,q\ u 
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Hence taking infimum on the right hand side over all g £ C 2 , we get 


K n£,g(f\ x ) ~ f( x ) 


< 4 K 2 /; 


A n,p,q( X )) + B n,p,q ( X ) A n,p,qi X ) 


By (21), for every q G (0, 1), we have 


Kn',pMi X ) - f( X ) < GU2 /; Y (^S|p,?(®)) + B n,p,q { x )/ 2 J + W (/; A ni,q{x) ) , 


where An’,p, q ( x) and Bn’p, q (x ) are defined in (13) and (14). This completes the proof of 
Theorem 4.1. □ 


Remark 4.2. For any fixed x G [0, 1], 0 < a < (3, p G No and n G N, /ef q := {q n } be a 
sequence satisfying 0 < q n < 1 and lim n g n = 1, we have 

lim A^ A q (x) = 0 and lim B^ A q (x) = 0, 

where An]p, q (x) and Bn]p, q {x) are defined in (13) and (14). These give us a rate of point- 
wise convergence of the operators Kn’p, qn (f‘,x ) to f(x). 

Next we study the rate of convergence of the operators K n ^ q {f\x) with the help of 
functions of Lipschitz class LipMifi), where M > 0 and 0 < £ < 1. A function / belongs 
to Lip M (0 if 

\f(y) - fi x )\ < M\y - x \^ (y,xzR). (26) 

We have the following theorem. 


Theorem 4.3. Let q := {q n } be a sequence satisfying 0 < q n < 1, lim q n = 1 and f G 

n 

LipAxifi), 0 < £ < 1. Then we have 


Kn,p,q{f'i x ) - f( x ) 



(27) 


where Bn’p, q (x ) is defined in (14). 

Proof. Since Kn’p, q is a linear positive operator and / G Lip u (£) (0 < £ < 1), we have 

I Knlp, q {f\x) - f(x ) | 

< I<n’p, q (\f(t)-f(x)\-x) 

n+P [fc+rlq+a 

= ([n + 1 ]q + f3)^2 b n +P ,k{q; x )q~ k / I f(t) - f(x)\d*t 

k=0 [n-\-l\q-\-fi 

Tl+p [k+l] q +cx 

< M([n+1 ] q + fi)^2 b n+Ptk (q-,x)q~ k \ t - x\*d*t 

fc=0 [n+l]q+/3 


855 


Qing-Bo Cai 847-859 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Q. -B. CAI 


n+p 


< 


M{[n + 1 ] q + /3) Y b n+P: k(q;x)q k 


k = 0 


n+p 


[fc+l]g+Q: 
/* [n+l]q+0 

[k]g+a 

[n+l]q+p 


(t — x)^ 


5 d^t 


t [fc+l]g+Q: ^ 

[n+l]g+/3 o 

d',t 

jfc]q • ■ 1 


2-Z 

2 


M([n+ 1 }g + + ^2b n+p +q-x)q 


-k 


k = 0 


[fc+l]g+q ^ 

fln + 1] q+f > „ 

[kh+a V ' <1 

[fi+1 \q+P / 


q 


n+\ ]g+/3 

k 


[n + l] q + (3 


2=5 

2 


n+p 




k=0 

n+p 


[k+l]g+a \ 

[n+1 ]q+/3 / 


I , £ 

[ n + l]g + P\ 2 

qk 


/ [fc + ljg + o: > 

M [bn+p,k(q; x)] - ^ ( ([n + 1], + /3)6 n+P)fc (g; x)g _fc j (t - x) 2 d*t 

k — 0 \ [n + l]g+^ y 


Applying Holder’s inequality for sums, we obtain 


< 


| Kn,p,q{f-,X) ~ f(x) | 

2 — £ 

( n+p \ — g - /n+p JH%H> 

X] fc n+p,fe(g; x) ) ( + 1 ] < ? + P) h n+P,k(T, x)q~ k I [ fe] ^" +/3 (* - xfd^t 

k = 0 / \k=0 [n+l] q +/3 

M (k^ ((t - *) 2 ; *)) 2 = M [b^+x]) 1 . 


£ 

2 


Thus, theorem 4.3 is proved. 


□ 


5 Graphical analysis 

In this section, we will illustrate two examples to state the convergence of operators 
Kn’p,q(f] x) to f(x) by means of Graphs. 

Example 1: From figure 1, we can observe that as q increases, n = 50 be fixed, 
Kantorovich-type g-Bernstein-Stancu-Schurer operators given by (4) converge to the func- 
tion f(x ) = sin(27rx). 

In comparison to figure 1, let q = 0.99 be fixed, as n increases, operators given by (4) 
converge to the function as shown in figure 2. 

Example2: Similarly for different values of parameters q and n, let p = 1, a = 2 and 

(3 = 3, convergence of operators to the function f(x) = 1 — cos {Ae x ) is shown in figure 3 
and 4, respectively. 
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Figure 1: Convergence of Kn’p,q{f ; x) for n = 50, p = 1, a = 2, j3 


3 and different values of q. 



Figure 2: Convergence of Kn’p, q (f',x) for q 


0.99, p = 1, a = 2, /3 = 3 and different values of n. 
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Figure 3: Convergence of Kn’p,q{f ; x) for n = 50, p = 1 , a = 2, j3 


3 and different values of q. 



Figure 4: Convergence of Kn’p, q (f',x) for q 


0.99, p = 1, a = 2, f3 = 3 and different values of n. 
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Abstract: In this paper, we study the exact values of the generalized von Neumann-Jordan 
constant C^j(X) for X being — l-\ and l q — l\ spaces. Moreover, we shown that some 
new conditions for uniformly normal structure of a Banach space X . 

Keywords: generalized von Neumann-Jordan constant; Zoo — Zi and l q — l \ space; uniformly 
normal structure 

2000 Mathematics subject classification : 46B20. 


1. Introduction 


In order to study the geometric structure of a Banach space, many geometric constant have been 
investigated. In particular, the von Neuman-Jordan constant Cnj(X) is widely treated. In[l], as a 
generalization of the von Neuman-Jordan constant, a new geometric constant called the generalized 
von Neumann-Jordan constant cfflj(X) was introduced. It is proved that the C^j(X) is strongly 
connected with geometric structure, such as uniformly non-square, uniformly normal structure. 
Hence it’s necessary to compute the C^j(X) for some concrete spaces. 

Throughout this paper, let X = ( X , || • ||) be a real Banach spaces. We will use B\, Sx and 
ex(Bx) to denote unit ball, unit sphere of X and the set of extreme points of B\, respectively. 


Recall that the von Neumann-Jordan constant Cnj(X) of a Banach space X was introduced by 
Clarkson[3], as the smallest constant C for which, 


1 

— < 
C ~ 


\x + y || 2 + ||® — ; 


2(|M| 2 + 

holds for all x, y € X. 

An equivalent definition of the constant is 


C NJ (X) = sup{ 


\x + 


+ 2 - 


<C, 


: x G Sx , y e Bx}- 


2(IMI 2 + IMI 2 ) 

The properties of Cnj(X) have been investigated in many papers(see for instances [2], [4], [8], [9], [10]). 

Recently, a generalized form of this constant was introduced as following 

Definition l.[l] The generalized von Neumann-Jordan constant cffj(X) is defined by 


C nA X ) ■■= sup{ 2P + i(||x-r + IMb 


- 1, IIP 


where 1 < p < oo. 
It’s equivalent to 


C Nj( X ) = SU P{ 


\x + ty\\ p + ||x - ty\\ p 
2P~ 1 (l + tP) 


: x,y G Sx,0 <*<!}, 


^E-mail:yangchangsen0991@sina.com; wangtianl2527@126.com 

^supported by the National Natural Science Foundation of P. R. China(11271112; 11201127), Innovation Scientists 
and Technicians Troop Construction Projects of Henan Province(114200510011). 
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2 

where 1 < p < oo. 

Now let us collect some properties of this constant (see [1]): 

(i) 1 < C {p ](X) < 2; 

(ii) X is uniformly non-square if and only if C^j(X) < 2; 

(iii) Let r G (1, 2] and £ + \ = 1. Then for X = L r [0, 1], 

(1) if 1 < p < r then C^j(X) = 2 2 ~ p and if r < p < r then cfflj(X) = 2^ -p+1 , 

(2) if r < p < oo then C^\(X) = 1. 

In this paper, we study the exact values of the generalized von Neumann- Jordan constant 
C^j(X) for X being loo — l\ and l q — l\ space. Moreover, we shown that some new conditions 
for uniformly normal structure of a Banach space X. 


2. Main Results 

Firstly, we consider Zoo — Zi space. As C^j(X) = 2 for any Banach space X , we only consider 
the case p > 1 . 

Theorem 2.1. (loo ~ h spaces). Let p > 1 and X = loo — h which is M 2 endowed with the norm 


x = 


Then 


C^j(loo h) — „„_ 1 


|*^||oo? if xix 2 > 0, 

|x||i, if x\x 2 < 0. 
(l + to) p + l 


2P~ 1 (l + t p 0 ) 2P- 1 (l-t p 0 - 1 ) , 
where to G (0, 1) is the unique solution of the equation 


( 2 . 1 ) 


( 2 . 2 ) 


Proof. Firstly we shall show that \\x + ty\\ p + \\x — ty\\ p < 1 + (1 + t) p for any x, y G Sx and every 
t G [0,1]. 

By Minkowski inequality, for any a, (5 G [0,1] and any x\,x 2 ,yi,y 2 £ Bx with x = aX\ + (1 — 
a)x 2 , y = f3y 2 + (1 — /3)y 2 , we have 

||x + ty\\ p + ||x - ty\\ p 

= ||a(xi + ty) + (1 - a)(x 2 + ty)\\ p + ||a(xi - ty) + (1 - a)(x 2 - ty\\ p 

< ol\\x\ + ty\\ p + (1 - a)\\x 2 + ty\\ p + a||xi - t.y\\ p + (1 - a)||x 2 - ty\\ p 

= a[||/3(xi +tyi) + (1 - /3)(xi + ty 2 )\\ p + ||/3(xi - tyi) + (1 - /3)(x i - ty 2 )\\ p ] 

+(1 - a)[\\f3(x 2 + ty i) + (1 - /3)(x 2 + ty 2 )\\ p + || f3(x 2 - tyi) + (1 - /3)(x 2 - ty 2 )\\ p ] 

< aP [ ||xi + tyi|| p + ||xi - tyi\\ p ] + a(l - /3) [||xi + ty 2 \\ p + ||xi - ty 2 \\ p ] 

+(1 - a)/3[ ||x 2 + tyi\\ p + 1 1 x 2 - tyi\\ p ] + (1 -a)(l - /?)[||x 2 +ty 2 \\ p + ||x 2 - ty 2 \\ p ] 

Hence, we only need to prove ||x + ty\\ p + ||x — ty\\ p < 1 + (1 + t) p for any x, y G ex(Bx) and every 
t G [0, 1]. 

Since ex(Bx) = {(1, 0), (0, 1), (1, 1), (— 1, 0), (— 1, — 1), (0, — 1)} and we can change x into — x or y 
into —y. So we may assume that x,y = (0, 1), (1,0) or (1, 1). Obviously, for these x, y we easily 
have ||x + ty\\ p + ||x — ty\\ p < 1 + (1 + t) p for every t G [0, 1]. Therefore, 
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Let /(f) = (1 ^ t p +1 , then 




p( 1 + t) p 




(1 + t p ) 2 

Defining h(t) = 1 — t p ~ l — we have h{t) is decreasing from 1 to — on [0, 1]. Whence 

there exists an unique to G (0, 1) such that h(to) = 0. Therefore, 

r (p) tl -IX ( x + f o) P + 1 
On the other hand, by taking xq = (1, 0), yo = (to, to), we have 


Hence, 


C (p) (i -U)> ( 1 + ^o) P + 1 

Cnj[1 °° ll) - 2 p -\l + t p 0 )- 

X) (J J \ _ i 1 +t0) P + 1 

Unj[Lco ll) ~ 2P-i(l + 0’ 


where to £ (0, 1) is the unique solution of 1 — t p 1 = (y^) p 3 . 
From (2.2), we also have 


(1 + f 0 ) p + 1 — (1 + to) 

Therefore (2.1) is obtained. 

Corollary 2.2. For X = Zoo — h, we have 

C ( M(X) = 


+P-! 


l-tr 1 


i = 


i + *S 


i - t 


ip-i ■ 


a/2 — \J 2\[2 + 1 - \/5 + V2 


1.5077. 


and 


cS(V) = 


3 + 2\/2 + a/5 + 4\/2 


1.1366. 


Proof. (1) For p = |, (2.2) is equivalent to t 4 + 1 — 2t 3 — 2t — 5 1 2 = 0. 
that is 


1 


1 


t 2 + - 2(t + -) — 5. 

Hence, we can get t = 2 '^ 2+l ~ a/s+ 4\/2 and (2.3) is valid by(2.1). 

(2) For p = 3, (2.2) is equivalent to t 2 = (1 + t) 2 (l — t 2 ). Letting t = u — 1, we have 


that is 


u 4 + 1 — 2u 3 — 2u + u 2 = 0. 


o 1 . 1 , 

u H — 2 — 2 (it H — ) — — 1. 


u z 


u 


Hence, u = 


r/ 3 ) ( x \ — _ — 1 

JVjU 4(1 ~t 2 ) 2-2(V2-l)VUxi 


= s/2+l+^2V2-l and t = V2-1+V2V2-1 


. Therefore 


3 + 2y/2 + a/ 5 + 4y/2 _ 


(2.3) 


(2.4) 


1366. 
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Theorem 2.3. (l q — l\ spaces). If p > q > 1. Let X = M 2 endowed with the norm 


x\\ q , if X 1 X '2 > 0 
x\\i,if X\X 2 < 0 


then 

C^j(l q ~h) = l + 2?- p 

In order to prove this theorem, firstly we give the following lemma. 

Lemma2.4. Let a,b,c,d> 0 and p > q > 1 such that a q + b q = 1 and c 9 + d q = 1. If 0 < t < 1, 
a > ct and b < dt, then 


[( a + ct) q + (b + dt ) q ] « + (a - ct + dt - b) p < (1 + t) p + (1 + t q )*. 


Proof. Clearly, 0 < a — ct + dt — b < 1 + t. So we will consider the following two cases. 
Case I. if 0 < a — ct + dt — b < (1 + t q ) « , then 

[(a + ct) q + (b + dt .) q ] « + (a — ct + dt — b) p 
< [{a q + b q y +t{c q + d q Y«} p + {l + t q ) E « 

= (l + t) p + (1 + ^)?. 


Case II. if (1 + t q ) « < a — ct + dt — b < 1 + t, then 

[(a + ct) q + {b + dt) q ] 5 + (a — ct + dt — b) 

< ( a q + d q t q )v + ( c q t q + b q )i + a — ct + dt — b 

< (1 +t q )v +ct + b + a — ct + dt — b 

< (i + t q y + i + t. 


So, 


Thus, 


[(a + ct) q + (b + dt) q } 9 < (1 + t q ) i + 1 + t — (a — ct + dt — b). 


[(a + ct) q + (b + dt) q ] i + (a — ct + dt — b) p 

< [(1 + t q ) 9 + 1 + t — (a — ct + dt — b)] p + (a — ct + dt — b) p 

< max i [(1 + t q )« + 1 + t — u] p + u p 

«e[(l+t9)9,l+t] LV 

= (l + f)p + (l + f‘?)?. 

Proof of Theorem 2.3 

Note that ex(Bx) = {(x\,X 2 ) : x\ + x\ = \,X\X 2 > 0}. 

Now we prove that 

j|s + ty\\ p + ||x - ty\\ p < (1 + t) p + (1 + t«)9, 
holds for any x, y £ ex(Bx) and any t 6 [0, 1]. 
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Case I. If (a — ct)(b — dt ) > 0. By Minkowski inequality, we have 

|jx + ty\\ p + ||x - t.y\\ p 
= \\x + ty\\ p q + \\x-ty\\^ 

= [(a + ct) q + (b + dt) q ]v + [| a — ct\ q + \b — dt \ q ]« 

< [(a q + b q y« + ( c q t q + d q t q yf + 1 

< {i + ty + i 

< (i + ty + (i + t q )«. 


Case II. If (a — ct)(b — dt) < 0. By Lemma2.4, we have that 

\\x + ty\\ p + \\x-ty\\ p 
= \\x + ty\\ p q + || x — ty\\i p 
= [(a + ct) q + (b + dt) q ] « + (a — ct + dt — b) p 
< (l+t) p + (l + t q )«. 


Therefore, ||x + ty\\ p + ||x — ty\\ p < (1 + t) p + (1 + t q ) « is also valid for any x, y G S'x- Hence 

C (p) (l -L)< ( 1 + *) P + ( 1 + * g ) 9 

2P- 1 (l + i p ) 

On the other hand, for every t € [0, 1], taking xo = (1, 0), yo = (0, 1), we have 

C^j(l q -h) 

> \\xo+ty 0 \\ v +\\xo-ty 0 \\ p 
— 2 p ~ 1 (l+tP) 

^ (l+t)P+(l+i«)? 

2p— 1 (1+tr) 


Hence, 


cffjilq ~ h) = max v " ' v ‘ 

NjKq J te[o,i] 2P-!(1 + t p ) 


(l + t) p + (l + t q )I 


We let f(t) = (1+t) y ,)? , so 


f ' {t) = p {( i + * 9 ) E «~\t q - 1 - t p ~ l ) + (1 + - tp- 1 )} > Q 


(1 + tP) 2 


That imply f(t) is not decreasing. Hence, 


Ctfjilg ~ h) 

= 2 1 p max 4e [ 01 ] /(f) 

= 2 1_p /(l) = l + 2?“ p . 

Lemma 2 . 6 . Let p > 1 and | + | = 1 , then 

C'S(X) = 2 1 -fcS(X*)f 

and 

where X* is the dual of X. 

i 

Proof. Let l p (X) = {(xi, X2) : ||(xi, X2) || = (||xi || p + ||x2|| p ) p } and define the operator A : l p (X ) 
l p (X) by (xi , X2) !->• (xi +X2,xi — X2). Then we easily have C^j(X) = |^r- Similarly, C$j(X*) 
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M 

2 i- 


So C^j(X) = 2 1 -iC% ) J (X*)i by ||A|| = \\A*\\, and hence C$j(X*) = 2 1 ~pC^ j (X**)" ■ 


Therefore, we have C$j(X) = C^’j(X**). 

The relationship between the constant C^j(X) and the uniformly normal structure of X as follows: 
Theorem 2 . 7 . The Banach space X has uniformly normal structure if any one of the following 
conditions is valid 


lip) 


(i )C^j(X) < 
-»(g) 


/ 2p-3 \ l‘ 1 

1+V 1+2 P*' 


2 2 P -' 3 
l+(l+2 3 ~9)2 


for some p £ (l,§=§|§); 


for some q > 1, 


(ii )CZ(X*) < 2 

where p 1 + q 1 = 1. 

Proof. According to C^j(X) < 2 , we have X is uniformly non-square, so we only need to prove 
X has weak normal structure. 

Assume that X has no weak normal structure. Then it is well known (see[ 5 ])that for any e > 0 
there exists 21,22,23 £ Sx and 91^92,93 £ Sx* satisfying the following statements: 

(i) for all i / j, we have ||| Zi — Zj\\ — 1 | < e, \gi{zj)\ < e, 

(ii) gi(zj) = 1 for i = 1 , 2 , 3 , 

(hi) || As - (z 2 + a) || > 1 1 -2-2 + zi|| - e. 


Let us fix e > 0 as small as needed. Then, we can find zi, z 2 , 23 £ Sx and gi,g2,93 £ Sx* 
satisfying the above properties. 

/ / W= 3 \P ~ 1 

I i - V 1+2+^ 1 

( 1 ) Taking a = — 2 2 P s — - • We will consider the following two cases: 

Case I. If 1 1 22 + zi\\ < a. Then, 

\\ 9 i+ 92 \\ q +\\ 92 -gi\\ q 

[(9l+S2)(^)]^+[(92-9l)(^L ^)] 9 


> 


> 


i^) q +(^f) 


21 


21 

= (++ + +p§r 


Case II. If 1 1 22 + 21 1 | > a. Then, the contains two sub-cases: 

(i) If || 23 — 22 + 2i || < a. Then, 

\\9i+9'.i\\ q +\\9:i-9i\\ q 

2 9_1 '.(||s3|| , +||si|| ? ) 

[(gi+93)( Zs ~)r 4zi )]^+[(g3-gi)(^fL^)] 9 


> 




2 i 


21 


= (^) ff + (£§)*■ 


(ii) If || 23 — z 2 + 21 1 | > a. Then, 


||Z3-Z2+Z1|| P + | 

Z3-Z2-Zl|| P 

2 P~ 1 ( 

^3-^2 

p + ILi|| p ) 

aP+l 

^2++L 

-e)P 

— 2P- 1 

[(l+e) : 

P + 1] 

^ a p -h(a—£) 

P 

- 2 P- 1 [(l+e)r+l]’ 
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Letting e — > 0, and by lemma2.6 we have 




2p—3 \ p— 1 

1+ Vl + 2^r 


2 2p-3 


which contradicts to the hypothesis(i). 

(2)Taking a = 1+ ^ 1+ ^ — — . By the proof of (1), we have 


Cm\(X*) > mint f- 1, 2 1 p ( — )p| = mini 1- 1, ~ } = 

Arjv J 2i~ lJ 2 

which contradicts to the hypothesis(ii). 
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Discrete dynamical systems in soft 
topological spaces * 


Wenqing Fu, Hu Zhao 


Abstract In this paper the iteration of soft continuous functions is investigated and 
their discrete dynamical systems in soft topological spaces are defined. Some basic concepts 
related to discrete dynamical systems (such as soft tv-limit set, soft invariant set, soft periodic 
point, soft nonwandering point, and soft recurrent point) are introduced into soft topological 
spaces. Soft topological mixing and soft topological transitivity are also studied. At last, soft 
topological entropy is defined and several properties of it are discussed. 

Keywords Soft point, Soft tv-limit set, Soft nonwandering point, Soft topological mixing, 
Soft topological transitivity, Soft topological entropy 

1 Introduction and preliminaries 

The real world is too complex for our immediate and direct understanding, so we create 
models which are simplifications of the real word. In 1999, Molodtsov M introduced the con- 
cept of soft set which gives a new approach to modeling uncertainties. And he also discussed 
the application of soft set theory in many fields, such as: operations analysis, game theory, 
the smoothness of function, and so on! 2 !. Maji et al.! 3 ! and Ali et al.! 4 ! defined some operators 
of soft sets. Beyond these theoretical works of soft set, research works on its applications in 
various fields are progressing rapidly, and great progress has been achieved, including soft set 
theory in abstract algebras! 5-10 !, decision making, data analysis, information system, and so 
on! 11-14 !. The application of soft set theory in algebraic structures was introduced by Akta§ 
and gagman l 5 l, they defined the notion of soft groups and progressed some basic properties. 
Junl 6 ''] investigated soft BCK/BCI-algebras and its application in ideal theory. Dudek et 
al.! 8 ! discussed soft ideals in BCC-algebras. Zhang! 9 ! studied intuitionistic fuzzy soft rings. 
Feng et al.! 10 ! worked on soft semirings, soft ideals and idealistic soft semirings. Maji et al.! 11 ! 
first applied soft sets to solve the decision making problem that is based on the concept of 
knowledge reduction in the theory of rough sets! 12 !. Based on the analysis of the rough set 
model on a tolerance relation and the fuzzy rough set, two types of fuzzy rough sets models on 
tolerance relations are constructed and researched by Xu et al.! 13 l. Chen et al.! 14 l presented a 
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making in [11]. Yang! 15 ! combined the multi-fuzzy set and soft set, from which they obtained 
a new soft set model named multi-fuzzy soft set, and applied it to decision making. Soft set 
theory is also be used in topology. Shabir and Naz’s work! 16 ! on soft topological spaces defined 
over an initial universe with a fixed set of parameters. The notions of soft open set, soft closed 
set, soft closure, soft interior point, soft neighborhood of a point, and soft separation axioms 
(such as soft T, -space for i = 1,2, 3, 4, soft normal space, and soft regular space) were also 
introduced and their basic properties were investigated. Mint 17 ! pointed out some mistakes of 
[16] and investigated some properties of the soft separation axioms defined in [15]. Zorlutuna 
etc.t 18 ! introduced some new concepts in soft topological spaces (such as soft point, interior 
point, interior, neighborhood, continuity, and compactness). 

Motivated by Chen etc. I 19 ! and LiiJ 20 ! , this paper will investigate iteration of soft contin- 
uous functions and their discrete dynamical systems in soft topological spaces. Some basic 
concepts on dynamical systems (such as soft cu-limit set, soft invariant set, soft periodic point, 
soft nonwandering point, and soft recurrent point) are introduced in soft topological spaces, 
soft topological mixing, soft topological transitivity, soft topological entropy and its several 
properties are studied. As a result, some conclusions of discrete dynamical systems in ordi- 
nary topological spaces are generalized. Now we give some definitions and results to be used 
in this paper. 

Definition lM A soft set on a set A is a triple (. M,E,X ), where Af : E — > 2 X (the 
set of all subsets of A) is a mapping. The set of all soft sets on X is denoted by S(A, E). 

Roughly speaking, a soft set on a set X is just a family {M e } e& E of subsets of A; it can 
be looked to be a subset of A if E is a singleton. 

Let (Af, E, A), (A, E, A) G S(A ,E). If M(e) C A(e) (Ve G E), then ( M,E,X ) is called 
a soft subset of (A, E, A), denoted by (Af, E, A)C(A, E, A). If (Af, A, A)C(A, A, A) and 
(M,E,X)D(N,E,X), then (Af, A, A) and (A, A, A) are said to be soft equal, denoted by 
(Af,A,A) = (A,A,A). 

Remark it 16 ! (1) Let A be a set, and A G 2 X . Define A : E — > 2 X as A(e) = A (Ve G E), 
then (A,E, A) G §(A, A); we use A to denote this soft set (particularly, we use x to denote 
the soft set {x}). 

(2) Let A be a set, and (. M,E,X ) G S(A ,E). Then (Af', E, X) G S(A ,E), where Af' : 
E — > 2 X is defined as 

Af'(e) = A - Af (e) (Ve G E). 

Sometimes we use (Af, A, A)' to replace (Af',A, A). 

(3) Let A be a set, {(Hj, E, X)} jeJ C S(A ,E). Then (Af, E, A), (A, E, A) G S(A ,A), 

called the union (denoted as E, A)) and intersection (denoted as fl/eJ (■ Hj,E,X )) 


868 


Wenqing Fu et al 867-888 




NO. 5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


M(e) = [J Hj (e) (Ve G E) 
j&J 

and 

7V(e) = f| Hj (e) (Ve G E). 

iGJ 

(4) Let X be a set, ( H,E,X ) G S(X, E), and x G X. Write x G (. H,E,X ) if x G 
H(e ) (Ve G E), and x ^ (X, E, X) if x 0 X(e) for some e G E. 

(5) Let X be a set. The difference of the two soft sets (. M,E,X ) and ( X, E,X ) is a 
soft set (H,E,X) over X (usually, denoted by ( M,E,X ) — ( X, E, X )) which is defined by 
X(e) = M(e) - X(e) (Ve G E). 

(6) Let X be a set, and (M, E, X), (X, E, X) € S(X, E). Then 

(1) ((M, E, X)U(X , E, X))' = (M,E,X)'n(X,E,X)'; 

(ii) ((M, E, X)n (X, E, X)) r = (M, E, X)'U (X, E, X) 1 . 

Definition 2I 18 ! (1) A soft set (. M,E,X ) G §(X, E) is called elementary (or a soft point 
in X, denoted by e\i) if M(e) / 0 for some e G E and M(e') = 0 for all e! G E — {e}. 

(2) Let e^ be a soft point in X, and (X, E,X) is a soft set. If M(e) C X(e), then ej/ is 
said to be in (X, E, X), denoted by ejv/G(X, E,X). 

Definition 3^ Let X and X be two sets, E and E be two nonempty parameter sets, 
and / : E — > E and g : X — ► Y are mappings. For each (M, E, X) G S(X, E), define 


(f,g)(M,E,X) = (g-*(M),f(E),Y), 


where 

<T(M)(a) 


Then we obtain a mapping 


U g(M(e)) (Vo G E). 

f(e)=a 


(fi 9 ) : §(X, E) ► S(y, E). 


For each (X, E, X) G S(Y,E), define 


(/, 5 )" 1 (X, E, X) = 0T 1 o X o /, / _1 (E), X), 


where 

(S” 1 oXo/)(e) = 5 _1 (X(/(e))) (Ve G / -1 (E)). 
Then we obtain another mapping 

(/, 5 )- 1 :S(X,E)^S(X,E). 

Definition 4J 16 ! (1) Let X be a set, and C S(X, E) satisfies 
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(ii) 33 is closed under arbitrary unions; 

(ii) 23 is closed under finite intersections. 

Then 33 is called a soft topology on X, and ( X , 33, E ) is called a soft topological space. The 
members of 33 are called soft open sets, members of 33' = {[M',E, X) j ( M,E,X ) e 23} are 
called soft closed sets. 

(2) Let (X, 33 , E) be a soft topological space, and Y be a non-empty subset of X. Then 

33y = {( M y ,E,X ) | (M, E, X) € 33} 

is a soft topology on Y, it is called the soft relative topology on Y, and (Y, 33y,E) is called a 
soft subspace of (X, 33 ,E), where 


(My, E, X) = Yn(M,E,X ) (\/(M,E,X) € 33). 

Example 1 (1) Let X = {x\, x 2 , £3} be a 3-elenrent set, E = {ei,e2} be a 2-elenrent 

set, and 

33 = {{M l ,E,X) | i = 1, 2, ■ ■ ■ , 6} U {0, X}, 


where {M % , E, X) (* = 1,2,---, 6) are defined as follows: 


Mi (e) 


{x 2 }, if e = ei; 
{x'i}, ife = e 2 . 


M 2 (e) = 


M 3 (e) = 


M 4 (e) = | 
M 5 (e) = | 


( {xi}, if e = e 4 ; 

\ {x 3 }, if e = e 2 . 

f {^’ 3 }, if e = e 4 ; 

\ {x 2 }, if e = e 2 . 

{x 2 ,x 3 }, if e = ei; 
{xi,x 2 }, if e = e 2 . 

{xi,x 2 }, if e = ei; 
{xi,x 3 }, if e = e 2 . 


M 6 (e) 


{xi,x 3 }, if e = ei; 
{x 2 , x 3 } , if e = e 2 . 


Then 33 is a soft topology on X and hence ( X , 33 , E) is a soft topological space. 


(2) Let X = R (the set of all real numbers), E = {ei,e 2 } be a 2-element set, 


J = {A X \ X — Aisa finite subset of X} U {0, X} 


(i.e. the finite complement topology on X), and 

& = {( M,E,X ) | M(ei),M(e 2 ) € J}. 


Then 33 is a soft topology on X and hence ( X , 33 , E) is a soft topological space. 
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is the topology on A generated by the basis B = {(a, b) \ a,b £ R, a < b}), and 

3 = {( M,E,X ) | M(ei),M(e 2 ) € J}. 

Then 3 is a soft topology on X and hence (A', 3, E) is a soft topological space. 

(4) Let X = [0, 1], E = {ei,e 2 } be a 2-element set, J be the ordinary topology on X (i.e. 
J is the topology on [0, 1] generated by the basis 

B = {(a, b) | a £ [0, 1), b £ (0, 1], a < b}), 

and 

3 = {(M,L7, A) | M(ei),M(e 2 ) G J}. 

Then 3 is a soft topology on X and hence (A, 3 , E) is a soft topological space. 

Remark 2 (I)! 10 ] Let ( X,3,E ) be a soft topological space, cm is a soft point in X, 
(. N , E, X) £ §(A, Li). If there exists a (A, E,X) £ ^ such that 

e M e(A,E,X)C(N,E,X), 

then (A, Li, A) is called a neighborhood of eM- 

(2) It can be easily seen that 0, X £ 3' , and 3' is closed under the operations of arbitrary 
intersections and finite unions. It can be also seen that ( N,E,X ) 6 3' if and only if 

((A,E,X)~e M )n(N,E,X)^ 

for any eM G X and any neighborhood ( A,E,X ) of eM- 

(3) t 16 ] Let (X,3,E) be a soft topological space, and (. M,E,X ) € S (X,E). Then 

(M,E,X)=f]{(N,E,X) | (M,E,X)C(N,E,X% 

(N, E, X) € 3x} 

is called the closure of (M, E, X). Clearly, (M, E, X ) G S(A, E) is a soft closed set of (A, 3 , E) 
if and only if (M, E, A) = (M, A, A). 

(4) I 10 ] Let (A ,3,E) be a soft topological space over A, then = (M(e) j (M,E, X) € 
3} is a topology on A (e £ E). 

(5) If Li is a single point set, then a soft topological space (A, 3, E) can be seen as a 
common topological space. 

Definition 5 Let (A, 3x , E) and ( Y. , Li) be soft topological spaces. A soft function 

(/, fl ) :S(A, Li)— >§(Y,E) 

is said to be a soft continuous function from (A, 3x, E) to (Y, 3y,E) if 

(. f,g)~\N,E,Y ) £ 3 X (y(N , E, Y) £ 3y). 
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(id E ,g) :S(X,E) — +8(Y,E) 

be a soft continuous function from ( X , SFx, E) to (Y, 33y, E). Then g : X — » Y is a continuous 
function from ( X , 23£) to (Y, 33y) (Ve € E). 

Definition 6l 18 l (1) Let (X, 33 ,E ) be a soft topological space, (. P,E,X ) G § (X,E), and 
si C ,-7. If 

(J s/=(P,E,X% 

then si is called an soft open cover of (P, E, X). 

(2) Let (X,^,E) be a soft topological space, and (. P,E,X ) G §(X,E). (P, E. X) is said 
to be soft compact if every open soft cover of it has a finite subcover. If X is compact, then 
(X, 33 ^ E) is called a soft compact topological space. 

Theorem D 8 ! Let (X, 23 1 E) be a soft compact topological space, then each soft closed 
subset ( P,E,X ) is a soft compact subset of X. 

Theorem 2 Let (X, .Xx, E) and (Y, 33y . E) be soft topological spaces, and 

(id E ,g) :S(X,E) — + S(Y,E) 

is a soft function. Then the following conditions are equivalent: 

(1) (id E ,g) is a soft continuous function from (X,3Zx,E) to (Y,^y,E). 

(2) (id E ,g)~\N,E,Y) G 33^ (V (N,E,Y) G 3%). 

(3) (id E ,g)(M, E, X)C (id E , g)(M, E, X) (V(M, E, X) G§(X,fi)). 

(4) (idE^r^P, X, Y)5(id E ,g)-\P, E, Y) (V(P, E, Y) G S(Y, E)). 

Proof Straightforward. □ 

2 Discrete dynamical systems in soft topological spaces 

Let X be a topological space, and g : X — > X a continuous mapping, then the family 
{g n }neN defines a (discrete) semi-dynamical system in topological space X, where N stands 
for the set of all nonnegative integers. In addition, if g is a homeomorphism (i.e. g is a 
one-to-one correspondence and both g and its inverse mapping g _1 are continuous), then we 
can define g~ n by g~ n = {g~ l ) n (Vn G N), then {g n } n ez defines a discrete dynamical system 
in topological space X, where Z stands for the set of all integers. 

Let (X, 3?, E) be a soft topological space and 

(id E ,g) :S(X,E) — S(X,E) 

be a soft continuous function from (X, 33 .E) to (X, 23, E). It can be seen from definition 3 
that 

{g n r = orr, 
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{id E j g) n = {id E ,g) o (id E ,g) n ~ 1 = (id E o id E ,g o y n_1 ) 

= (■ id E ,g n ), 

(' id E ,g)° = (id E ,g°) = (id E ,id x ), 

where id E (resp. idx) denotes the identity mapping of E (resp., X ) onto itself. Then the 
family {(id E , g) n } n eN defines a (discrete) semi-dynamical system in soft topological space 
( X , £F,E), where N stands for the set of all nonnegative integers. If g is a one-to-one corre- 
spondence and both ( id E ,g ) and its inverse mapping (id E ,g)~ l are continuous, it can be seen 
from definition 3 that 

(<rr = G? n r o/nex-{ od 

and 

(G? n rr = ( <T) nm (Vn € N - {0}, Vm € N). 

Let 

(id E ,g)~ n = ( id E ,g~ n ) = (id E , (g n )~ l ) (Vn € IV), 

then {(id#, g) n } n &z defines a discrete dynamical system in soft topological space, and it is 
denoted by (X, (■ id E ,g )). If ( X , ^,E) is a soft compact topological space, then (X, ( id E ,g )) 
is called a soft compact discrete topological dynamical system. It is easy to show that 
(■ id El g) n (e M ) 

(Vn & Z) is a soft point when is a soft point. 

Example 2 Let us consider the soft topological space in Example 1(1). Define g : X — ► 
X as follows: 

g{x i) = x 2 , g(x 2 ) = X 3 , g(x 3 ) = x 1 . 

We will verify that both (■ id E ,g ) and its inverse mapping (Idg,*/) -1 are continuous. In fact, 

(Id s , 5 )- 1 (M 1 ,E,X) = (y 1 oMi oid E ,E,X), 

where 

S' -1 o Mi o id E {e) = g~ 1 ((M 1 )(e)) 

f 5 _1 ({^ 2 }), ife = ei; 

1 ff _1 ({^i}) 5 if e = e 2 . 
f {si}, if e = ei; 

\ {x 3 }, if e = e 2 . 

= M 2 (e) 

Thus (id E , g)- 1 (Mi, E, X) = (M 2 ,E,X) e 

(Id B , 5 )- 1 (M 2 ,E,X) = {g- 1 oM 2 oid E ,E,X), 
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5' 1 o M 2 o id E (e) = # _1 ((M 2 )(e)) 

f g~H{xi}), if e = ei; 

1 P _1 ({®3}), if e = e 2 - 
f {® 3 }, ife = ei; 

\ {x 2 }, if e = e 2 . 

= M 3 (e) 

Thus {id E ,g)-\M 2 ,E,X) = (M3, E, X) G 


{id E ,g)~\M z ,E,X) = {g-'oMzoidEiEiX), 

where 

g- 1 o M 3 o id E (e) = g~ 1 ((M 3 )(e)) 

/ 5 _1 ({^3}), ife = ei; 
1 5' _1 ({®2}), if e = e 2 . 
f {^ 2 }, if e = ei; 

\ {xi}, if e = e 2 . 

= Mi(e) 

Thus (id E , 5 )- 1 (M 3 ,£;,X) = (M U E,X) G 


(■ id E ,g ) 1 (M 4 ,E,X) = (g 1 o M 4 o id E , E, X), 

where 

S' -1 0 M 4 o id E (e) = 5 _1 ((M 4 )(e)) 

f g^dx 2 ,x 3 }), ife = ei; 
1 5 -1 ({ah,£ 2 }), if e = e 2 . 
f {x 1 ,x 2 }, if e = ei; 

1 {®3,®i}, if e = e 2 . 

= M 5 (e) 

Thus (id E , g)- 1 (M 4 , E,X) = (M 5 ,E,X) G 


( id E ,g)~\M b ,E,X ) = (g~ 1 oM 5 oid E ,E,X), 

where 

S' -1 o M 5 o icfe(e) = g~ 1 ((M 5 )(e )) 

f g~H{x i,x 2 }), if e = ei; 
1 5 -1 ({^3,®i}), if e = e 2 . 
f {ar 3 , ari}, if e = eu 
1 {iC 2 , ar 3 }, if e = e 2 . 

= Ms(e) 

Thus (id E , g )- 1 (M 5 , E, X) = (M 6 ,E,X) G 

(i4,(/) _1 (M6,T,T) = (cT 1 oM 6 oid E ,E,X), 

where 

S' -1 o M 6 o id E (e) = 3 _1 ((M 6 )(e)) 

f g^({x i,x 3 }), if e = e 4 ; 
1 5 -1 ({^2,ai3}), if e = e 2 . 
f {^ 3 ,^ 2 }, if e = ei; 

1 {xi,x 2 }, if e = e 2 . 

= M 4 (e) 
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(id E ,g)- 1 (V)) = V)e^ 

and 

(id E ,g)- 1 (X) = X e3. 

Therefore, ( id E ,g ) is continuous. 

From the above, it is easy to see that 

( id E ,g)~ l = (id E , 5 _1 ), 

since for any (M,E,X) G 3, 

{id E , g~ 1 )(M, E, X) = ((g- 1 )^ (M) , E , X) , 

where 

(g~ 1 )^( M )(e) = g~ 1 (M)(e) = g~ l o M o id E (e). 
Thus for any ( M,E,X ) G 3, 

((id E ,g)~ l )-\M,E,X) 

= (id E , g~ 1 )~ l (M, E, X) 

= {(g- l )~ l oMoid E ,E,X) 

= (g o M o id E , E, X) 

Hence 

({id E , g)- l )~ l (M\, E, X) = (g o M 1 o id E , E, X), 

where 

goMioid E (e) = g((M l )(e)) 

f £^({^ 2 }), if e = ei; 

\ 5({xi}), ife = e 2 . 
f {^ 3 }, ife = ei; 

\ {x 2 }, if e = e 2 . 

= M 3 (e) 

Thus ((id E , 5 )- 1 )- 1 (M 1 ,T;,X) = (. M 3 ,E,X ) G 3. 

(( id E ,g)- 1 )~ 1 (M 2 ,E,X ) = (goM 2 oid E ,E,X), 

where 

goM 2 oid E (e) = g((M 2 )(e)) 

f g({x 1 }), if e = ei; 

1 S'({^3}), if e = e 2 . 
f {x 2 }, if e = ei; 

\ {si}, if e = e 2 . 

= Mi(e) 

Thus ((zd^s)" 1 )" 1 ^,#,*) = (Mi, E, X) G 

((id E , 5 )- 1 )- 1 (M 3 ,F;,X) = (goM 3 oid E ,E,X), 
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goM 3 oid E {e) = g((M 3 )(e)) 

f ff({x 3 }), if e = ei; 

I g(i x 2 }), if e = e 2 . 
f {zi}, ife = ei; 

\ {x 3 }, if e = e 2 . 

= M 2 (e) 

Thus ((^ e , 5 )- 1 )- 1 (m 3 ,t;,x) = (M 2 ,E,X) G LT. 

((id E , 5 )- 1 )- 1 (M 4 ,£;,X) = ( 5 oAf 4 o?;d E ,£,X), 

where 

goM 4 oid E (e) = g((M 4 )(e)) 

f ff({x 2 ,x 3 }), if e = e 4 ; 

1 3({®i,*2}), if e = e 2 . 
f {xi,x 3 }, if e = e 4 ; 

1 {^ 2 ,^ 3 }, if e = e 2 . 

= Me(e) 

Thus ((zc/ e , 5 )- 1 )- 1 (M 4 ,T;,X) = (. M 6 ,E,X ) € LT. 

((7h E , 5 )- 1 )- 1 (Af5,i?,X) = (, goM 5 oid E ,E,X ), 

where 

goM 5 oid E (e) = g((M b )(e)) 

f g({xi ,X 2 }), if e = ei; 

\ 5 ({x 3 ,xi}), if e = e 2 . 
f {x 2 ,x 3 }, if e = e 4 ; 

1 {xi,x 2 }, if e = e 2 . 

= M 4 (e) 

Thus ((ic/ E , 5 )- 1 )- 1 (Af 5 ,^,X) = (M 4 , E, X) G 

((id E , 5 )- 1 )- 1 (M 6 ,£;,X) = (. goM 6 oid E ,E,X ), 

where 

goM 6 oid E (e) = g((M 6 )(e)) 

f ff({xi,x 3 }), if e = e 4 ; 

\ ^({^ 2 ,^ 3 }), if e = e 2 . 
f {® 2 ,®i}, if e = e 4 ; 

\ {x 3 ,xi}, if e = e 2 . 

= M 5 (e) 

Thus ((id E ,g)~ 1 )~ 1 (MQ,E,X) = (M$,E,X) G It is easy to see that 

((id E , 5 )” 1 )- 1 (0) = 0G^ 


and 

((id E ,g)- 1 )-\X) = X e£T. 

Therefore, {id E ,g)~ 1 is continuous. Hence, (X,(id E ,g)) is a soft topological dynamical sys- 
tem. 
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be an arbitrary one-to-one respondence on X. Then for any (M, E, X ) £ 22 , 


(' id E ,g)-\M,E,X ) = (g- 1 oMoid E ,E,X), 

where 

g~ 1 o M o id E (e) = g~ 1 (M(e )) (Ve £ E), 

the complement X — ° AV o idE^e) is still a finite subset of X since g is an one-to-one 

respondence, thus (id E , <?) _1 (Af, E, X) £ 22 . Therefore, ( id E ,g ) is continuous. 

On the other hand, for any ( M,E,X ) £ 22, 

((id E ,g)- l )-\M,E,X) 

= {id E ,g- l )-\M,E,X) 

= ({g- l )- l oMoid E ,E,X) 

= (g o M o id E , E, X) 

where 

g o M o id E (e) = g(M(e)) (Ve £ E), 

the complement X — g o M o id E (e ) is still a finite subset of X since g is an one-to-one 
respondence, thus 

(id E ,g)(M, E, X) £ 

Therefore, {idE^g)^ 1 is continuous. Hence, ( X,(id E ,g )) is a soft topological dynamical sys- 
tem. 

Example 4 Let us consider the soft topological space in Example 1(3). Define g : X — > 
X as follows: 

g(x) = x + 1 (Vx £ X). 

Then for every (a, 6) £ B , g(a,b) = (a + 1,6 + 1), and g~ l (a,b) = (a — 1,6 — 1), thus 
g(B) = g^ 1 (B) = B. Denote the topology on X generated by g(B) and g~ l (B) by g(J) and 
g~ l (J). Then g{J) = g~\j) = J . 

For any (. M,E,X ) £ 22, 

{id E ,g)~ 1 {M,E,X) = (g-'oM oid E ,E,X), 

where 

g -1 o M o id E (e) = <? _1 (M(e)) (Ve £ E), 

since M(e) £ J, we have £ g~ l {J) = J , thus (■ id E ,g)^ 1 (M,E,X ) £ /7. There- 

fore, (■ id E ,g ) is continuous. 

On the other hand, for any (. M,E,X ) £ 

((id E , 5 )- 1 )- 1 (Af,E,X) 

= (((ft'oMo^E,!) 

= (g o M o id E , E, X) 
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g o M o id E (e) = g(M(e)) (Ve G E), 

since M{e) G J, we have g(M(e)) G g{J) = J, thus (■ id E ,g)(M,E,X ) G Therefore, 
(ids, 5 ) _1 is continuous. Hence, (X, (id E ,g)) is a soft topological dynamical system. 

Example 5 Let us consider the soft topological space in Example 1(4). Define g : X — > 
X as follows: 

g{x) = 


2x, x G [0, §]; 
2 — 2x , x G (|, 1]. 


For every (a, 6) G H, 


5 V,**) = { 


'a b \ 

< 2 ’ 2 / ’ 


b<b 


(" 2^0 2^1 > 1 . 
L 2 > 2 /> u — 2’ 


l (§» V)> a < 5 < b- 

Thus g~ l (B) C £>. Let g~ l {J) be the topology on X generated by g~ 1 (B), then g~ l (J) C J". 
For any (. M,E,X ) G 


{id E , g)~ 1 (M, E, X) = (g- 1 o M o id E , E, X), 


where 

g^ 1 o M o id E (e) = g~ 1 (M(e)) (Ve G E), 

since M(e) G J , we have g~ 1 (M(e)) G 5 r ^ 1 (J r ) C J - , thus (■ id E ,g)~ 1 (M,E,X ) G There- 
fore, (id El g) is continuous. Hence, (X, ( id E ,g )) is a semi-soft topological dynamical system. 

Definition 7 Let (X, (id E , g)) be a soft discrete topological dynamical system and 
eM G X is a soft point. Define several soft sets as follows: 


° r b(i dB , g ){e M ) = {( id El g) n (e M ) | n G Z}, 

° rb tidE,g)( eM ^ = (( id E ,g) n {e M ) | n G X - {0}}. 

° rb {id E ,g)( e M) = {( id E ,gy n (e M ) | n G X - {0}}. 

Then we call Orb {idE ^{e M ) (resp., Orbf idE ^(e M ), 0rb \id E , g )^ e m)) the soft orbit (resp., soft 
positive semi-orbit, soft negative semi-orbit) of the soft dynamical system of ( id E ,g )• 

Let eu G X, if ( id E , g) n {eM ) = eM for some n G X — {0}, then eM is called a soft 
periodic point of ( id E ,g ), the smallest one of such integers is referred to as the soft period 
of eM- In particular, if (■ id E ,g)(eM ) = eM, then eM is called a soft fixed point of ( id E ,g )• 
Let Per{id E , g) (resp. Fix(id E , g)) be the set of all soft periodic points (resp. all soft fixed 
points) of (■ id E ,g )■ Then Fix{id E , g) Q Per{id E ,g )• 

Definition 8 Let eM G X be a soft point, then the soft set 

u(e M ) = a eJV _ {0} U«^)*(eM) I k > n}, 
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Obviously ui(eM) is a soft closed set of (X, hT, E ). If the soft topological space (X, 77, E) 
is soft compact, then u>(cm) / 0 by Theorem 7.4 in [20]. 

Definition 9 Let (. X,(id E ,g )) be a soft discrete topological dynamical system, and 
eM € X a soft point. 

(1) If for each soft open neighborhood (X, E, X) of eM, there exists an n £ X — {0} such 
that ( id E ,g) n (e M ) 

e{N,E,X), then eM is called a soft recurrent points of ( id E ,g )• The set of all soft recurrent 
points of (id E ,g) is denoted by Rec(id E ,g )• Clearly, Per(id E ,g ) Q Rec(id E , g)- 

(2) If for each soft open neighborhood (X, E, X) of ejf, there exists an n € X — {0} such 
that 

(id E , g)~ n (N, E, X)n(x, E, X) + 0. 

Then eM is called a soft nonwandering point of ( idE,g )• The set of all soft nonwandering 
points of ( idE,g ) is denoted by Q(id E ,g), he., 

£l(id E ,g) = {eM € X | e^f be a soft nonwandering point of (idE, <?)}• 

Each soft point of X — Q(id E ,g ) is called a soft wandering point. 

Definition 10 Let (idE,g) be a soft continuous function from (X,£?,E) to (X,^P,E). 

(1) ( idE,g ) is called soft topological mixing if, for any pair ( M,E,X ) and ( N,E,X ) € 2F 

of nonempty soft open sets of (X, E), there exists an n € X — {0} such that 

(id E ,g) n (M,E,X)r\(N,E,X) ^0. 

(2) ( idE,g ) is called soft topological transitivity if there exists a soft point eM € X such 
that Orb( idE)g )(e M ) is dense in X (i.e. Orb( idEtg )(e M ) = X). 

(3) A soft set (X, E, X) is said to be soft invariant of ( idE,g ) if (idE, g)(N, E, X)C (X, E,X) 
(i.e. g(N(e )) C X(e) for each e € E). 

Theorem 3 Let (X, ST , E) be a soft topological space, and (idE,g) '■ §(X, E) — > §(X, E) 
be a soft continuous function from (X, ST , E) to (X, fX . E). Then 

(1) Q(idE,g ) is a soft closed set of X, and Rec(id E , g) 

C n(id E ,g). 

(2) Orb(i dE ^(e M ), w(cm), Per(id E ,g ), Fix(id E ,g ) and fl(id E ,g) are invariant of (id E ,g)- 

(3) Q((idE, g) m ) is an invariant and closed soft set, and 

n((id E ,g) m )cn(id E ,g) (m G X - {0}). 

(4) Each soft point eM € X is a soft nonwandering point if one of the following conditions 
is satisfied: 

(i) ( id E ,g ) is soft topological mixing, g is a one-to-one correspondence, and both (id E ,g) 
and its inverse mapping (id E ,g)~ l are continuous 
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Proof (1) Suppose that a soft point e,« is not a soft wandering point of (■ id E ,g ), then 
there exists some soft open neighborhood ( N,E,X ) and some n £ N — {0} such that 

(■ id E ,g)~ n (N,E,X)r\(N,E,X ) =0. 

So all the soft points in (N,E,X) are not soft wandering points of (■ id E ,g ), it follows that 
n{id E ,g) be a soft closed set of X. 

Now let soft point eM £ Rec(id E , g), then for each soft open neighborhood ( N,E,X ) of 
eMi there exists some n G N — {0} such that (id E , <?) n (eM)C(-/V, E, X), so for any e € E, 
g n (M(e )) C N(e), thus M(e) C g~ n (N(e)), it implies that 

e M e(id E ,g- n )(N,E,X ) = (wfe, <?)- n (fV, E, X), 


then 

e M €(*4, E, X)C\ (N, E, X ), 


hence 


Rec(id E ,g)^Q(id E , g). 


(2) We only show that and Q(id E ,g) are invariant sets of (■ id E ,g ). Firstly, we have 

(id E ,g)(u(e M )) 

= (id E ,g)(f] neN _ i0 } [j{{idE,g) k (eM) \ k > n} ) 

C r\neN-{o}( id E,9){J{( id E,g) k (e M ) | k>n}) 

C n neJV _ { o}0 {(idE,g) k+1 (e M ) I k > n}) 

C HneiV-fo} 0 { (^ d E ig) k (cm ) I k>n} = u(e M ) 

Now let soft point eM&^(id E , g) and (N,E,X) a soft open neighborhood of soft point 
(id E , g)(eM), we can obtain that (id E , g)^ 1 (N, E, X) is a soft open neighborhood of soft 
point eM since ( id E ,g ) is a soft continuous function, then there exists some n € N — {0} such 
that 

(id E ,g)-H(idE,g)- n (N, E, X))n(N, E, X)) 

= (^ d E,g)~ n ((idE,g )~ 1 (N, E, X))n(id E , g)- 1 (N, E, X) 

± 0 

So 

(' id E ,g)- n (N,E,X))n(N,E,X ) / 0. 


Therefore 


(id E ,g){e M )€£l(id E ,g), 


Hence 

(id E ,g)(fl(id E ,g))C.Q,(id E ,g). 
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(4) Let (i) hold, ejnSl be a soft point and ( N,E,X ) G EE be a soft open neighborhood 
of cm • Because (id El g) is soft topological mixing, there exists some n G N — {0} such that 

(' id E ,g) n (M,E,X)n(M,E,X ) /0. 

Then 

(■ id E ,gT n (M,E,X)r\(M,E,X ) /0 

since g is a one-to-one correspondence and both ( id E ,g ) and its inverse mapping ( id El g)~ l 
are continuous. Thus eM El(id El g). 

Let (ii) hold. Then 

X = Per(id E , g)CRec(id E , g)C£l(id E , g) = Q(id E , g)C.X . 

Therefore Q(id E ,g) = X. □ 

Remark 4 If g is a one-to-one correspondence, both 

(id E ,g) :S(X,E) —>S(X,E) 

and its inverse mapping 

{id E ,g)~ l :S(X,E) — *S(X,E) 
are continuous, and (. M,E,X ) G § (X,E). Then 

( id E , g) n (M , E, X)n (M, £, X) ^ 0 

if and only if 

{id E ,g)~ n (M,E,X)n{M,E,X) /0 (VnGX-{0}). 

So tl(id E ,g) = Vt{id E ,g)~ l . 

Definition 11 Let (X,E?XiE) and (Y, E?YjE) be soft topological spaces, 

(id E ,<?) :§(x,£) — s(x,.e) 

be a soft continuous function from (X, E?x- E) to (X, E?x-, E), 

(id E ,f):S(Y,E)^S(Y,E)) 

be a soft continuous function from (Y, Ey, E) to (Y, ^y,E)). If there exists a soft continuous 
function (id E , h ) : §(X, E) — > §(Y, E) from (X, E?x,E) to (Y, Ey-,E) such that 

(id E , h) o (id E , f ) = (■ id E ,g ) o (id E , h) 

(i.e. (■ id E ,h o f) = (■ id E ,g o h) ), then (id E ,h) is said to be soft topology semi-conjugate 
from (■ id E ,g ) to (■ id E , /). If g is a one-to-one correspondence and both (■ id E ,g ) and its inverse 
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( id E ,g ) to (■ id E ,f )■ Here, we denote (■ id E ,g ) = ( id E ,f )• 

(id E ,g) 


S (X,E) 


(■ id E ,h ) 


s(h,p) 


(id E ,f) 


S(X, P) 

(' id E ,h ) 

■ §(h,p) 
fig-i 


Remark 5 (1) = is an equivalence relation. 

(2) If (■ id E ,h ) is a soft topological conjugate mapping from (id E ,g) to ( id E ,f ), then for 
each soft point eM £ X and n € TV — {0}, we have 


(id E ,h)((id E , f) n {eM)) = (id E , g n )((id E , h)(eM)), 


it follows that 


(id E ,h)(Orb {idEjg) (e M )) = Orb (idEjg) ((id E , h)(e M )), 


and it is easy to show that 


(id E ,h)(u(e M )) = v((id E ,h)(e M )); 

(• id E ,h)(Per(id E ,g )) = Per(id E ,f); 

(id E ,h) (Fix (id E , g) ) = Fix(id E ,f ); 

(■ id E ,h)(Rec(id E ,g )) = Rec(id E ,f); 

( id E ,h)(Q(id E ,g )) = tt(id E ,f). 

3 Soft topological entropy 

In this section, the definition of soft topological entropy will be given and some fundamental 
properties of the soft topological entropy will be studied. 

Definition 12 Let ( X , ( id E ,g )) be a soft compact discrete topological dynamical system, 
and a be a soft open cover of X. Denote the smallest cardinality of all subcovers (for X) of 
a by N^(a), i.e., 

N^{a) = min / \fj\ \ (3 C a and X = . 

Since X is compact soft set, N^(a) is a positive integer. Let H^(a) = log N^(a). 

Let a and (5 be two soft open covers of X. Define their join by 

aOp = {(P, E, X)C\(Q, E, X) | (P, E, X ) € a, (Q, E, X) € /?}. 
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Clearly, the join aup is a soft open cover of X . it is lYeli known that p is called a refmetnent 

of a (denoted by a -< (3) if for each ( Q,E,X ) £ /3 , there exists a ( P,E,X ) € a such that 
(Q,E,X)C(P,E,X). 

Theorem 4 Let(X, ( id El g )) be a soft compact discrete topological dynamical system, a 
and /3 be two soft open covers of X. Then the following hold. 

(1) H^(a') > 0. 

(2) if f3 -< a, then 

(3) Hx(a\JP)<Hx(a)+Hx((3). 

(4) H 5t {(id E ,g)- 1 {a)) = H^(a). 

Proof we only prove (4). Let N^{a) = n, then any subcover of a containing less than n 
elements of a would not cover X. Let 

{(P 1 ,E,X),(P 2 ,E,X),--- 7 (P n ,E,X)} 

be a subcover (for X) of a with a cardinality n, since ( idE,g ) is continuous, 

{( id E ,g)- 1 (Pi,E,X),(id E ,g)- 1 (P 2 ,E,X ), 

■■■,(id E ,g)-\Pn,E,X)} 

is a subcover (for (id E , g)~ 1 (X)) of (id E , g)~ 1 (a). By (id E , g)(X) = X we can know X = 
(id E , g)- 1 (X) , so 

{(id E ,gr\Pi, E, X ), (■ id E ,g)~\P 2 , E, X), 

■■■,(id E ,g)~\P n ,E,X)} 

is a finite open subcover (for X) of (id E , g)~ 1 (a). Therefore, 

N^{{id E ,g)~ 1 {a)) < n = N^{a) 

which implies H^.((id E , g)~ 1 (a)) < H^{a). 

Now, suppose that N ^((id E , g)^ 1 (a)) = m. Let 

{(id E ,g)-\Qi,E, X ), (■ id E ,g)~\Q 2 , E, X), 

• • • , {id E ,g)- l (Q m ,E,X)} 

be a finite open subcover (for X) of (id E , g)^ 1 (a). Therefore, 

'771 

X = \J. A{id E ,g)-\Qi,E,X)}. 

v -'2=l 

Since (id E ,g)(X) = X , then 

X = (id E ,g)(X) = \jZi{(id E ,g)- 1 (Q i ,E,X)} 

= {Ji=i{(id E ,g){id E ,g)~ 1 ((Qi,E,X))} 

= or =1 m,E,x)}. 
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{(Qi,E,X) I i = 1,2, ••• ,m} 

is a finite open subcover (for X) of a , Hence, m > N^(a), i.e. , 

Nx{{id E ,gy l {a)) > Nx(a) 


which implies 

H_x (Ns,#) -1 ^)) > 

By the above, we can get that 

H s ,((id E ,g)-\a)) = H jt (a). □ 

Theorem 5 Let(X, ( id El g )) be a soft compact discrete topological dynamical system, a 
be a soft open cover of X. Then the limit 

I -n — 1 

lim -Hx ({ J {( id El gY k (a )}) 

n—*oo Ji k=l 

exists. 

Proof. Let 

-—71-1 

On = Hx([j k=i {(id E ,gy k (a)}). 

We only need to show that 

dn-\-p fs d n dp (Vu, p G N {0})* 

From theorem 2.7(3) and (4), we have 

a n+p = (CCo {(idE,5) -fe (a)}) 

= H x((Gl=l {( id E,g)~ k (a)}^) 

0 (02 1 {(id E ,g)~ k (a)}^) 

= H^([j ^ {(ids, </)-*(«)}) 

0 {i}d E ,g )~ n OLo {NE^) _fc («)})) 

< Hx(ijl=o{(id E ,g)- k (a)}) 

+H^(OZ 1 0 {(id E ,g)- k (a)}). 

Thus a n+p < a n + a p . □ 

Definition 13 Let (X, ( id El g )) be a soft compact discrete topological dynamical system, 

let a be a soft open cover of X. Then 

~ 1 ( — n_1 \ 

Ent((id E , g), a, X) = lim -H^ ( M {{id E , g)~ k (a)} ) 

n— »oo n \'-'k = 1 / 
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is called the son topological entropy oi ( id E ,g ) dnX relative to a, and 


Ent(id E ,g) = sup {Ent((id E , g), a, X) \ 

a 

a is a soft open cover of X} 

is called the soft topological entropy of (id E ,g). 

By Theorem 1, each soft closed subset of X is a soft compact subset of X , then the 
following theorem holds. 

Theorem 6 Let (X,(id E ,g)) be a soft compact discrete topological dynamical sys- 
tem, a be a soft open cover of X, (Ai,E,X) and (A 2 ,E,X) be two closed soft sets, and 
(A lt E,X)C(A 2 ,E,X), Then 
(1) 

Ent((id E ,g),a , (A 1 ,E,X)) < Ent((id E , g) , a, ( A 2l E,X )). 

(2) 

Ent((id E ,g), (Ai,E,X)) < Ent((id E ,g ), ( A 2 ,E,X )). 

Proof. (1) Let 

— n — 1 

N(A 2 ,E,x)(\J k=0 {{id E , g)~ k {a)}) = s. 

Then there exists a soft open subcover 


{(P 1 ,E,X),(P 2 ,E,X),---,(P S ,E,X)} 


of 

- — -n— 1 

for (A 2 , E, X). Since (A\,E,X) C(A 2 ,E, X), we have 


{(P 1 ,E,X),(P 2 ,E,X),---,(P s ,E,X)} 


is also a subcover of 


for (Ai,E, X), and hence 


- — -n—l 


a) ‘(»)1) S 1 

— n—l 

= N (A 2 ,E,x)(\^j {{ids, g)~ k (a)}). 


So 


-n—l 


H (A u E,x)([J k= 0 {('idE, g) fc (a)}) 

— n—l 

< H (AM (\J, = A(idE,g)- k (a)}). 


885 


Wenqing Fu et al 867-888 



d rfiSl i y ,PUTATI0NAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 

Ent((id E ,g),a, (Ai,E,X)) 

< Ent((id E ,g),a, (A 2 ,E,X)). 


( 2 ) 

Ent((id E ,g), (Ai,E,X)) 

= suip{Ent((idE,g),(x,{Ai,E,X)) \ a is a soft open 

a 

cover of X} 

< suTp{Ent((idE,g),a,(A 2 ,E,X)) \ a is a soft open 

a 

cover of A'} 


= Ent((id E ,g), (A 2 ,E, X)). □ 

Theorem 7 Let (X,(id E ,g)) be a soft compact discrete topological dynamical system, 
and a be a soft open cover of X. Then E7it(id E ,idx) = 0. 

Proof Straightforward. 

Theorem 8 Ent(id E , g m ) > m ■ Ent(id E ,g) ( Vm G N — {0}). 

Proof As 

((< g n rr = ( <T) nm (Vn g tv - { 0 }, Vm g N), 

we have 

— - fl — ]_ '^ 777, — 1 

Ut=o {( id E ,g m )~ a \Jt=o {(id E , v) “*(«)}} 

^ 77777— 1 

= Us=o {(idE,g)~ s {u)} 

Hence 

- — ’ — Tl — 1 '—' 777-1 

%(U„0 {Ms.sT’LL {(Me.-TV))}} 

77777—1 

= H xij s=0 {(id E ,g)- s (a)}). 

Denote 

- — '777—1 

P = U s=0 {( id E,g)~ s (a)}- 

Then _ 

Ent(id E ,g m ) = Ent(id E ,g) m > Ent((id E ,g) m , {3, X) 

= ^ok H x (0 Lo 1 {(* d B,^ m ) -s 0Ilo 1 {(* d B,p)“ t (a))}}) 

= „ 1 ™ 0 m • Tk H x(07=o 1 i( id E,g)~ s (a)}) 

= m ■ Ent((id E , g),a, X). 


Hence, 


Ent(idE,g m ) > m • sup Ent((id E ,g),a,X) 

a 


= m ■ Ent(id E , g)- □ 
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In this paper, the discrete dynamical systems in soft topological spaces are defined, and 
simple examples are also given. Some basic concepts (such as soft cu-limit set, soft invariant 
set, soft periodic point, soft nonwandering point, and soft recurrent point) of the discrete 
dynamical system are introduced into soft topological spaces. Soft topological mixing and 
soft topological transitivity are also studied. At last, soft topological entropy is defined and 
several properties of it are discussed. 
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FUNCTIONAL INEQUALITIES IN VECTOR BANACH SPACE 

GANG LU, JUN XIE, YUANFENG JIN* *, AND QI LIU 

Abstract. In this paper, we prove that the generalized Hyers-Ulam stability of the 
additive functional inequality 

\\f(ax + by + cz) + f(bx + ay + bz) + f(cx + cy + a.z)|| < ||(a + b + c)f(x + y + z)|| 
in vector Banach space, where a ^ b ^ c £ R are fixed points with 3 > \a + b + c\. 


1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam [32J 
concerning the stability of group homomorphisms. Hyers m gave a first affirmative 
partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem was gener- 
alized by Aoki [1] for additive mappings and by Th.M. Rassias m for linear mappings 
by considering an unbounded Cauchy difference. The paper of Rassias [23] has provided 
a lot of influence in the development of what we call generalized Hyers- Ulam stability of 
functional equations. A generalization of the Th.M. Rassias theorem was obtained by 
Gavruta [9] by replacing the unbounded Cauchy difference by a general control function 
in the spirit of Th.M. Rassias’ approach. The stability problems for several functional 
equations or inequations have been extensively investigated by a number of authors and 
there are many interesting results concerning this problem (see BHEumi, ra-ra, 

vn-mm-mm). 

We recall some basic facts concerning generalized norm. 

Definition 1.1 (see [|I5])- Let £ be a real vector space. A generalized norm for E is a 
mapping || ■ || G : E — > denoted by 

IMIg = («i(t), ®3(x), ■■■ , Oi k (x)) 

such that 

(a) ||:r||G > 0, that is, cq(x) > 0 for all i = 1,2,--- , k; 

(b) ||x||g = 0 if and only if x — 0, that is, cq(a; ) = 0 for all i, if and only if x — 0; 

(c) ||At||g = | A | ||x||( 3 ,that is,cq(A:r) = | A | cn* (ar) ; 

(d) \\x + y\\ G < ||x|| G + ||2/|| c which means, a^x + y) < Oi{x) + cq(i/); 

2010 Mathematics Subject Classification. Primary 39B62, 39B52, 46B25. 

Key words and phrases, additive functional inequaties; Hyers-Ulam stability; vector Banach space 

* Corresponding author:yfkim@ybu. edu.cn (Y.Jin). 

1 


889 


GANG LU et al 889-896 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


2 G. LU, J.XIE, Y.JIN, AND Q.LIU 

Example 1.2. In M 2 , ||x||g = (|ah|, I^D- 

Definition 1.3. Let (. X , || • || G ) be a general normed linear space. Let x n be a sequence in 
X. Then x n is said to be convergent if there exists such that lim n ^. 0O afix n — x) = 0 

for all i — 1, 2 • • • , k. In that case, x is called the limit of the sequence x n and we denote 
it by G-lim n -> oo x n = x. 

Definition 1.4. A sequence x n in X is called Cauchy if for each e > 0 and each a > 0 
there exists n 0 such that for all n > n 0 and all p > 0, we have \\x n+p — x n \\ G < e, that is, 
^n) A ^ • 

It is known that every convergent sequence in the general normed space is Cauchy. 
If each Cauchy sequence is convergent, then the the general normed space is said to be 
complete and the general normed space is called a vector Banach space. 


2. HYers-Ulam Stability In vector Banach Space 


From now on , Let A be a normed linear space and y a vector Banach space. 

This paper, we prove that the generalized Hyers-Ulam stability of the additive func- 
tional inequality 

II f{ax + by + cz ) + f(bx + cy + bz) + f(cx + ay + az)\\ G < ||(a + b + c)f(x + y + z)\\ G 
in the vector Banach space, where are fixed points with 3 > \a + b + c|. 

Lemma 2.1. Let f : X — » y be a mapping. If it satisfies 

|| f(ax + by + cz) + f(bx + cy + bz) + f{cx + ay + a^)||c 
< \\(a + b + c)f(x + y + z)\\ G 

for all x,y,z G X and a,b,c are fixed real numbers with 3 > \a + b + c\. Then f is 
additive. 


Proof. Letting x = y = z = 0 in ( |2.1 ) for all x,y, z e X , we get 

I|3/(0)||g < ||(a + f> + e)/(0)|| o 


( 2 . 2 ) 


for a, b, c G M. 

For any z = 1,2,--- ,k, 


we get 


a*(3/(0)) < afi(a + b + c)/( 0)) 
3cq(/(0)) < | a + b + c\afif(0)), 


Thus /( 0) = 0. 


Letting x = 0 and Replacing z by — y in (2.1), we get 

\\f((b-c)y) + f((c-b)y)\\ G < ||(a + b + c)/(0)|| G = \a + b + c\ou(f (0)) =0 
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FUNCTIONAL INEQUALITIES IN VECTOR BANACH SPACE 
and so f(—x) = —fix) for all x G X. 


Replacing x by —y — z in (2.1 ), we have 


11/(0 - a)y + (c - a)z) + /((a - b)y) + /((a - c)z) || G < 0 
for all y,z € X. Then we can obtain 

f(x + y) = f(x) + f(y) 

for all x, y G X. 


□ 


Theorem 2.2. Let f : X -A- y be a mapping with /( 0) = 0. If there is a function 
ip : A" 3 — > [0, oo) such that 

|| f(ax + by + cz) + f(bx + cy + bz ) + f(cx + ay + a^)|| G 
< \\(a + b + c)f(x + y + z)\\ G + (<p(x,y,z),(p(x,y,z),--- ,<p(x,y,z)) (2.3) 


k 


and 


ip(x, y, z) := yjP ((-2)^, (~2) J x, (-2 ) 3 x) < oo 


3=0 


(2.4) 


for all x,y,z 6 A and a ^ b ^ c G M. are /ixed points with 3 > |a + b + c\, then there 
exists a unique additive mapping A : X — » y such that 
\\f(x)- A{ x)\\ g 

( \ 


< 


b + c — 2a 1 1 \ _ / 6 + c — 2a 1 1 

ip I — rX, -X, X ),---,(/?( rS, rX, X 


(a — 6) (a — c) ’ a — b ' a — c 


(a — 6) (a — c) ’ a — b ’ a — c 


V 


(2.5) 


for all x £ X . 


Proof. Letting x = —y — z in (2.3), we get 


11/(0 - a )y + ( c - «)-) + f(i a - %) + /((« - c)2)|| g 
< (</?(-?/-£,:?/, £)>••• ,<p(-y - z,y,z)) 


( 2 . 6 ) 


“V* 

k 


for all y,z e T. 

Letting y = z = ^ in ((276)), we get 


||/(x + y) + /(-x) + /(-y)|| G 


a — b a — cb — a'c — a / 


, , x y x y \ l x y x y 

< [<p[ 7 3 ~ — j 7 f 7 + 


a — b a — cb~a'c — a 


(2.7) 


for all x, z G T. 
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4 G. LU, J.XIE, Y.JIN, AND Q.LIU 

Letting x — y in ( 2.7[ ) we get 

|| 2 /(-x) + f(2x)\\ a 

< (<P 




2 a — b — c 1 1 

(a — &)(a — c) X} b^~a X ’ 

2a — b — c 1 1 

(a — 6) (a — c) X ’ V^a X ' 7^a X 


for all Thus 


/(®) - 




/(- 2x) 


-2 


G 

b + c — 2a 1 1 

/y» <y> /y 1 I ... 

7 *^5 ^ } 5 


(a — b)(a — c) ’ a — b ’ a — c 


<P 


b + c — 2a 1 1 


for all x & X . 

Hence one may have the following formula for positive integers m, l with m > l, 
1 f ((-2)‘x) - j-Xf ((-2) m x) 


(- 2 ) 

m— 1 

<y- 
- 2* 
i=i 


(- 2 )’ 


G 




(— 2)*(6 + c — 2a) (—2)* (-2) i 

(a — b) (a — c) X ’ 




(— 2)®(6 + c — 2a) (—2)* (-2)* 

/T* rp 

■ , O' . ih 


(a — 6) (a — c) ’ a — 6 ’ a — c 
for all igL That is, 


*‘((^T- 2) h>-^/((- 2 r*)) 

m— 1 1 


i=l 


1 f(-2Y(b + c- 2a) (—2)* (-2)* 

(a — 6) (a — c) ’ a — b ’ a — c 


x 


(2.8) 


for all a; G mathcalX. It follows from (2.8) that the sequence <1 - j- is a Cauchy 


sequence for all x E X . Since (V is a generalized norm space, the sequence 
converges. So one may define the mapping A : X — > (T by 

f((-2) k x) 


/((- 2)*x) 
(— 2) fc 


y4(x) := G — lim 


fc— > oo ( — 2)^ 


, VxGT 


Taking m = 0 and letting l tend to oo in (2.8b, we have the inequality (2.5). 
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It follows from ( |2.3 ) that 

|| v4(arc + by + cz ) + A{bx + ay + bz) + A(cx + cy + az)||c 

1 


= lim 

k — ^oo 


:-2 y 


||/((-2) fc (aa: + by + cz)) + f((-2) k (bx + ay + bz)) 


+f((-2) k (cx + cy + az,, ||G 

1 


< lim 

k—} OO 


lim 

k — ^oo 


(-2) fc 

1 


G 


(- 2 )* 


| (a + b + c)f((-2) k (x + y + z) 

rt(-2) k x, (-2 ) k y, (—2) k z), ■ • • , ^((-2) fc a;, (-2 ) k y, (-2) k z) 


“ V ~ 


< || (a + b + c).A(x + y + z) 


IG 


(2.9) 


for all x,y,z G A. One see that A satisfies the inequality (2.1) and so it is additive by 
Lemma (2.1). 

Now, we show that the uniqueness of A. Let T : X — s- Y be another additive mapping 
satisfying (2.5). Then one has 


\\A{x)-T(x)\\ G = 


1 A ((-2) k x) - j±-T {{-2) k x) 


(- 2 ) 


(-2 y 


G 


<24 (I p ((-2)V) - / ((-2)U) 

+ ||T((-2)V) -/((-2)U)|| C ) 




1 

< 2— r- 
- 2 k 


(b + c-2a)(-2) k (~2) k (-2) k 

(a — b) (a — c) X ’ ~^b ' X ’ 


\ 

7 


which tends to zero as k — > oo for all x G A". So we can conclude that A{x) = T{x) for 
all x G X. □ 

Theorem 2.3. Let f : X — >■ y be a mapping with /( 0) = 0. If there is a function 
ip : A" 3 — > [0, oo) satisfying (2.3) such that 


p{x,y,z) : = J^2V 

3 = 1 




< OO 


( 2 . 10 ) 


(- 2 ) 2 ’ (- 2 ) 2 ’ (— 2)2 

for all x,y,z G A, then there exists a unique additive mapping A : X — > y such that 

\\f(x)-A(x)\\ G <p{x,x,-2x) (2.11) 


for all x G X . 
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Proof. The proof is similar with Theorem (2.2), we can get 


f(x) - (-2)/ ( — 


x 


G 


( 


< 




X 


X 


(2 a — b — c)x 
2 (a — b)(a — c) ’ 2(6 — a) ’ 2(c — a) 




x 


x 


(2a — 6 — c)x 
2 (a — b)(a — c) ’ 2(6 — a) ’ 2(c — a) 


“N/"" 

k 


\ 


7 


for all x E X. 

Next, we can prove that the sequence {(—2 ) n f ^ ^ j is a Cauchy sequence for all 
x E X ,and define a mapping A : A — » y by 


A(:r) := lim (—2 ) n f 


x 


-2) f 


for all x E X that is similar to the corresponding part of the proof of Theorem (|2.2|) . □ 
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In this manuscript, we give coupled fixed point results for generalized (ip, </>)— 
weak contraction, satisfying rational type expression in the context of par- 
tially ordered G-metric spaces. The derived results generalize the result of K. 
Chakrabarti (K. Chakrabarti, Coupled fixed point theorems with rational type 
contractive condition in a partially ordered G-metric space, Journal of Mathe- 
matics, Volume 2014, Article ID 785357, 7 pages). To demonstrate our result 
and also to demonstrate the authenticity of our result from the previous one, 
we give suitable example. 

Key Words: Coupled fixed point, Mixed monotone property, Partially 
ordered G-metric space, (ip, <p )— weak contraction. 

Email-addresses: bpopovic@kg.ac.rs (B. Popovic); shoaibkhanbs@yahoo.com 
(M. Shoaib); sarwarswati@gmail.com (M. Sarwar) 


1 Introduction and preliminaries 

Fixed point theory provide one of the most important and useful technique for 
the existence of fixed point, coincidence point, common fixed point and coupled 
fixed pint for self map under different condition. It is used for the existence 
and uniqueness of the solution of mathematical model which may be in the 
form of differential equations, matrix equations, integral equations, functional 
equations, linear inequalities or mixed see ([5], [17], [19], [30]). In this area 
the first well known result proved by Banach [8] known as Banach contraction 
principle. Many authors generalized this principle in various spaces by using 
different contractive conditions ([6], [13], [15], etc.). 

In recent years, metric fixed point theory has been developed rapidly in 
partially ordered metric space. Ran and Reurings [30] extended the Banach 
contraction principle in partially ordered sets and also discuss some applica- 
tions to linear and nonlinear matrix equations. Nieto and Rodriguez-Lopez [23] 
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extended the result of Ran and Reurings and used their established result to 
obtain a unique solution for first order ODEs. Jaggi [15] construct rational type 
contraction in complete metric space. Harjani et al [13] extend the result of 
Jaggi to partial ordered complete metric space. For more details (see[13], [33]). 

Alber and Gurre [6] gave the concept of weak contraction as a generalization 
of contraction and established the existence of fixed points for a self map in a 
Hilbert space. Rhoades [31] extended this concept to metric spaces and defined 
ip-weak contraction. Dutta and Choudhury [12] generalized <^>-weak contraction 
to the concept of (ip,(p) weak contraction and studies some fixed point results. 
Zhang and Song [34] extend weak contraction for the study of two self map. 
Furthermore Djoric [11] generalized the result of Zhang and Song and studied 
common fixed point for generalized (ip, <p) weak contraction. For some other 
similar results see [22], [25], [29], [32]. 

The concept of mixed monotone mappings introduced by Bhaskar and Lak- 
shmikantham [9] and derived some coupled fixed point results. Furthermore, 
they applied their results on a first order differential equation with periodic 
boundary conditions [14]. Lakshmikanthem and Ciric [17] generalized the con- 
cept of mixed monotone mapping and established a coupled fixed point the- 
orem for nonlinear contractions in partially ordered metric spaces. Recently 
Cliakrabarti [10] investigated coupled fixed point theorems for map satisfying 
nonlinear rational type contraction and mixed monotone property in partially 
ordered G-metric space. 

In this work, using the concept of generalized rational type (ip, <p )— weak 
contraction condition, coupled fixed point results in the framework of complete 
partially ordered generalized metric spaces are investigated. Through out the 
paper R + , N and No will denote the set of all non-negative real numbers, the 
set of positive integer and the set of non-negative integer respectively. 

Definition 1. [20] Let ( X , A) be a partially ordered set and letG:XxXxX — >• 
R + be a function satisfying the following conditions: 

1. G(u,v,w) = 0 if u = v = w; 

2. 0 < G(u, u, v ) for all u,v € X with u ^ v; 

3. G(u, u, v ) < G(u , v, w ) for all u, v, w € X with v ^ w; 

G(u,v,w) = G(u,w,v) = G(v,w,u) = ... (symmetry in all three vari- 
ables); 

5. G(u, v, w) < G(u,p,p) + G(p, v, w) for all u,v,w,p £ X (rectangle inequal- 
ity). 

Then it is called a G-metric on X and the triple (X, G, A) is called partially 
ordered G-metric space. 

Definition 2. [20] The pair (X, G) is said to be symmetric G-metric space if 
G(u, v, v) = G(u , u, v) for all u, v € X . 

Example 1. (1) Let X = R + and G : X x X x X — > R + be the function defined 
is follows G(u, v, w) = max{|it — i>|, |i> — w |, |ie — w|}, for all u, v, w G X . Then 
G is symmetric G-metric on X. 
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(2) LetX = {a,b} . Define G (a, a, a) = G{b,b,b) = 0 , G(a, a, 6) = 1 ,G(a,b,b) = 
2, and extend G to X 3 by using the symmetry in the variables. Then it is clear 
that (X,G) is an asymmetric G— metric space. 

(3) Also see examples of asymmetric G— metric spaces in ([2], Example 2.6; 

[3], Example 2.2; [18], Example 2.2; [22], Example 3.f.). 

Definition 3. [20] Let ( X , G ) be a G-metric space and let a n be a sequence in 
X . A point a € X is said to be the limit of the sequence a n if 

lim G(a n ,a m ,a ) = 0 

n,m— foo 

and the sequence a n is said to be G-convergent in X. 

Definition 4. [20] A sequence a n is called a G-Cauchy sequence if for every 
s > 0, there is a positive integer N such that G(a n , a m , af) < e for all n, m, l > 

N. 

Definition 5. [20] A metric space (X,G) is said to be G-complete (or a com- 
plete G-metric space) if every G-Cauchy sequence in (X,G) is G-convergent in 
X. 

Definition 6. [9] Let ( X , X) be a partially ordered set, T : X x X — > X. Then T 
is said to have mixed-monotone property ifT(x, y) is monotone non- decreasing 
in x and monotone non-increasing in y. That is., for all x,y € X 

Definition 7. [17] Let (X, X) be a partially ordered set, and 

g : X — > X. We say T is the g-mixed monotone property if T is monotone g- 
nondecreasing in its first argument and monotone g -non-increasing in its second 
argument. That is., for all x, y € X 

xi,x 2 e X, gx i ^ gx 2 => T(xi,y) ^ T(x 2 ,y), 

2/i, 2/2 e X, gy 1 ^ gy 2 => T{x,y 1 ) > T(x,y 2 ). 

Definition 8. [9] Let T : X x X X be a map such that T(x,y) = x and 
T(y, x) = y then the pair (x, y) € X x X is called a coupled fixed point of T . It 
is clear that (x, y)is a coupled fixed point if and only if (■ y , x) is such. 

Definition 9. [17] Let TiIxIaI and g : X — > X be two map such that 
T(x,y) = gx and T(y,x) = gy then the pair (x, y) € X x X is called a coupled 
coincidence point of T and g. 

Definition 10. [17] Two maps T:IxI-/I and g : X — > X are said to be 
commutative if g(T(x,y)) =T(gx,gy). 

Chakrababati [10] proved the following results. 

Theorem 1. [10] Let (X, be a partially ordered set and let {X,G) be a 
G— complete G-metric space. Suppose T : XxX — > X be a continuous mapping 
on X having the mixed monotone property. Suppose for all (x, y ), (it, v), (w, z) £ 
XxX with ( x , y) ^ (it, v) ^ (w, z) holds 

G{T(x, y),T(u, v),T(w, z)) 

G (x, T(x, 2 /), T(x, y)) G ( u,T(u , v), T(u, iQ) G (w, T(w, z),T(w, z)) 

~ ° G 2 (x,u,w) 

+ f3G(x,u,w), 


3 


899 


Branislav Popovic et al 897-909 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


where 8a + /3 < 1. If there exist xo,2/o £ X such that £o A T(xo,yo ) and 
2/o cl T(yo,Xo), then T has a coupled fixed point (x*,y*) 6 X. 

Theorem 2. [10] Let {X, A) he a partially ordered set and let {X,G) be a 
G— complete G-metric space. Suppose T : X x X — > X and g : X — > X 
be a continues mappings on X such that T has the mixed g-monotone property. 
Suppose that T(X x X) C g(X), g commute with T and for ( x , y), ( u , v), (w, z) € 
X x X with (x, y) -< ( u , v ) A (w, z) and gx < gu ^ gw or gy h guy gz holds 

G(T(x, y),T(u , v), T(w, z)) 

G ( gx , T{x, y),T(x, y)) G ( gu , T(u, v),T{u, v)) G {gw, T{w, z), T(w, z )) 

G 2 (gx,gu,gw ) 

+ /3G(gx,gu,gw), 

where 8a + /3 < 1. If there exist £ 0 , 2/0 £ X such that gx 0 ^ T(xo,yo) an d 
9Vo t T(yo, xq) then T and g have a coupled coincidence point (x*, y t ) € X x X, 
that is., (x*, 2 /*) satisfies gx * = T(x*,2/*), gy* = T(y*,x*). 

2 Main Results 

In our main results we used the following two classes. 

1 ] £ US' if and only if 0 : [0, 00 ) — > [0, 00 ), if is continuous and non-decreasing 
function such that 1 ] (t) = 0 if and only if t = 0. 

(f> £ if and only if <f> : [0, 00 ) — > [0, 00 ), 1 ] is a lower semi continuous and 
non-decreasing function such that <j> (t) = 0 if and only if t = 0. 

Also, for more details of G-metric spaces see ([l]-[4], [7], [16], [18], [21], 
[26]- [28]). 

Remark 1. It is worth to noticing that both results in [10] without the conditions 
G 2 (x,u,w) ^ 0 that is., G(gx, gu, gw) ^ 0 are not correct. 

Now, we announce the first our result. 

Theorem 3. Let (X, A) be a partially ordered set and let ( X , G) be a G— complete 
symmetric G-metric space. Suppose T : X x X — > X be a continuous mapping 
having the mixed monotone property and satisfying 

if(G(T(x,y),T(u,v),T(w,z)) < i](M(x,u,w,y,v,z )) - </>{M(x,u,w,y,v,z)), 

(2.1) 

for all x,y, z,u,v,w £ X with G(x,u,w) ^ 0 and ( x,y ) A (u,v) A (w,z) or 
(x,y) y {u,v) y ( w,z ), where 

M (x, u, w, y, v, z) 

_ / [G(x, T(x, 2 /), T(x, y)G(u, T(u, v), T(u, v)G(w, T(w, z),T{w, z)] 

maX \ G 2 (x, u, w) 

G{x,u,w ) j, 

if £ d' and </>£$. If there exist £o,2/o £ X such that xo A T(xo,yo) and 
2/o y T(y 0 ,Xo). Then T has a coupled fixed point (x*,2/*) £ X. 
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Proof. Suppose that there exist xo,yo € X such that Xq < T (xo,yo) and y o y 
T(y 0 ,x 0 ). Further, define x n +i = T(x n ,y n ) and y„+i = T(y n ,x n ). Using 
the mixed monotone property and the mathematical induction we obtain that 
x n -< x„+i and y n y y n + 1 for all n £ N (very known method). 

Consider now 


^1) {G (xn+i , x n , x n )) — ip (G (T (xn , y n ) , T ( x n _ i , yn— i ) ; F ( x n _ i , yn— i ) ) ) • 
Using (2.1) we have that 

V* (^ (*Tn+l 5 'Em Xn )) (^U (x m 1 ? %n— 1 ? 2 /m Vn — 15 2 /n— l)) ( 2 . 2 ) 

*^m *^n— 1 ? 1 ? 2 /m J/n-l,J/n-l)) 

where 


M (x n , X n —li X n _i, y n , y n — 1? Vn—l) 

G {x n , T {x n , r/n) 5 F (x n , y n ) ) G ( Xn— 1 . F (x n — 1 > Vn—\ ) F {p^n— 1 ; !Jn— 1 ) ) 


= max 


G^ (x ni X n —i, X n — 1 ) 


G (*Tn > X n — 1 , X n — 1 ) r - 


Let G n — G (xn , , x n — i ) then, 

M {x n 5 X n — 1 5 X n — 1 1 yn > yn—i > yn— l) — max{Gn-}-i , G n } ■ 

Further we show that G n is non-incresing. Suppose their exist no such that 
Gn 0 +i > G„ 0 then from (2.2) 

^(Gn 0 + l) < ^(Cno + l) — 0(G„ o + l). 

Which implies that 0(G no +i) < 0. A contradiction. Hence G„ > G„ + i for all 
> 1. Since {G„} is a non-increasing sequence of positive real numbers there 
exists r > 0 such that 

lim G ra = r. (2-3) 

n—>oo 

We shall show that r = 0. Suppose r > 0 then applying limit in (2.2) and using 
(2.3), we have 

i/)(r) < ip(r) — f){r) < 

We obtain a contradiction. Therefore r = 0 that is., 

lim G n = 0. (2.4) 

n— >oo 

Now, we show that {x n } is a G-Caucliy sequence. Suppose that, {x n } is not 
G-Cauchy. Then, there exist e > 0 and subsequences { x n (*.)} and {x m (fc)} of 
{x n } with n(k) > m(k ) > k such that, 

G(^m(fe)Um(fe),Tnffe)) — G V k G N. (2-5) 

Furthermore, corresponding to m(k) one can choose n(k) such that, it is the 
smallest integer with n(k) > m(k) satisfying (2.5) then, 

G(x m (k), x m (^,), x n (k)—i) ^ U V k G N (2.6) 
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Now 


^ ^ G(%m(k) 7 3 'm(k) 7 %n(k)) — G(%n{k) 7 %m(k) 7 •^m(k)') 

— G(Xm(k) 7 %m(k) 7 %n(k) — 1 ) + G(x 

n(k) — 1 5 %n(k) — I7 %n(k)\ 

Taking limit A; —> 00 and using (2.4) we get 


lim G(x m (M , X tttY/c) , x n (b\) — e. 

k—>oo 


Now 


(2.7) 


G(^m(k) — 1 7 %m(k) — 1 5 %n(k) — l) G(x n (&)_ 1 5 %m(k) — 1 5 %m(k)— l) 

<G(* 

n(k) — 1 5 %n(k) 7 %n(k) ) T G(x n (k) 7 %m(k) — I7 •^m(k) — l) 
^ G(x n (fc)_i, #n(fc)7 %n{k)) T G(%n{k)-) 'Em{k)’> •^m(fe)) 

T G(x m ^) , X m (^)_i , X m (^)_i), (2.8) 


and 


G(# n (/c) , %m(k) 7 %m(k ) ) 

^ G{pCn(k) 7 %m(k) — 1 5 %m(k) — 1 ) “I” G(x m (^)_i , 7 %m(k ) ) 

^ ^{p^n{k)i %n(k) — I7 %n(k) — l) T G(x n (fc)_i, #rn(fc) — 17 %m(k) — l) 

+ G( %m(k) — 1 7 %m(k) 7 ^m(k) )> (2*9) 

Using limit A: — >• 00 in (2.8) and (2.9) and using (2.4) and (2.7) we get 


lim G(x m ^')_i , 3?m(fc)_i*£n(fc)_i ) — e. 

k—>oo 


(2.10) 


Consider 

V>(g( 

%m(k) 7 %m(k) 7 %n(k) 

— (%m(k)— 1 7 %m(k) — 1 7 *^n(fc) — 1 7 Vm(fc) — 1 7 Um(k) — 1 7 2/n(fc) — 1 )^ 

0 (^ 7 ri(fc)_l 7 3 ?m(/c) — 1 7 *^n(fc)_l 7 Vm(fc) — 1 7 7 £/n(fc) — 1 J J7 

where 


)), (2-11) 


1 ) %m(k) — li *^n(fc)— 1; Z/m(fc) — 1; 2/m(fc) — 1; Vn^k)— l) 

f [[G(^m(fc) — 1 ; %m(k) 5 %m(k) )] G(x n (/j,)_} , , ^n(fc)] 

1 G(x m (fc)_i , — 1 , £n(fc) — 1 


= max 


G{x m ^_i , — 1 , ^n(fc)— 1 ) } • 


(2.12) 

(2.13) 


Applying limit k — > oo in (2.13), using (2.7), (2.10) and (2.4) we get 
lim M[x m {}A—\,x m (k\—\ ) x n (}A—\,y rn (}A—\,y rn ik\—\,y n (k\—\) = e. (2.14) 

fc— »- oo 

Taking limit of (2.11) using (2.7), (2.14) and lower semi continuity of 4> we have 

V’(e) < V’(e) - <K<0 < V’(e). 
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which is contradiction. So e = 0. Therefore x n is a G-Cauchy sequence. Simi- 
larly by the same argument we can show that y n is a G-Cauchy sequence. By 
completeness of X, there is x*, y* € X such that x n —> x * and y n — > y * as 
n —> oo. 

Now we have to show that (x*,y*) is a coupled fixed point of T. Since T is 
continuous on X and G is also continuous in each of its variable, so 


G(T(x*, y*), x*, x*) = G( lim T(x n ,y n ), x*,x*) = G(x*, x*, x*) = 0. 

n—> oo 


Hence, we proved that T(x*, y*) = x* Similarly by the same argument we obtain 
that T(y*,x*) = y*. So (x*,y*) is a coupled fixed point of T. □ 


Theorem 4. Suppose that the conditions of Theorem 3 are valid. In addition 
suppose that for each (x,y), (u,v) € X x X exists ( w,z ) € X x X which is 
comparable to (x,y) and (u,v). Then coupled fixed point of T is unique. 

Proof. Suppose that (x*,y*), (x ,y ) € X x X are two coupled fixed points. 

Case 1 

If (x*,y*), (x',y>) are comparable then from (2.1) 


ip{G(T(x*,y*),T(x ,y ),T(x ,y ) <ip(M(x*,x ,x ,y*,y ,y ) 

- <j>(M(x*,x ,x ,y*,y ,y ), (2.15) 

where 


M(x*,x ,x ,y*,y ,y) 

G(x* , T(x* , y* ) , T(x* , y» ) ) [G(x , T(x' , y ' ) , T(x' , y )] 2 ] 


= max 


= max 


G(a 

G(x*, x*, x*)[G(x , x , x ] 
G(x*,x',x') 


, G(x*,x , x ) 


'12 


-,G(x*,x ,x ) 


Which implies that 

M(x*,x ,x ,y*,y ,y ) = G(x*,x , x ). 


From (2.15) we have 

V>(G(x*,x ,x ) = ^(G(T(x*,y*),T(x ,y ),T(x ,y ) < 0(G(x*,x ,x ), 

which is contradiction. Hence we must have x* = x . Similarly we can easily 
show that y* = y so couple fixed point is unique. 

Case 2 

If (x*, y*), (x , y ) are not comparable by Theorem 3 there is a («, r) S X x X 
comparable to (x*,y*) and (x , y ) if there is ?rio € N such that T m °(u,v) = 
(x*,y»), then 

T m o + i(w,x) = T(x*,y*) = x*, in last we get T m (u,v) = x* for m > mo this 
mean T m (u, v ) —X x* for m — X oo 
if there is no such mo then for any m > 1 

V>(G(T m (u,x),x*,x*) = ip(G(T m (u, v), T m (x*, y*), T m (x*, y*) 

< ip(M(u, x*,x*,i>,y*,y*) - </>(M(it,x*,x*,x,y*,y*), (2.16) 
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where 


M(u v,y*,y*) 

G(T m - 1 (u,v),T m (u,v),T m (u,v))[G(T m - 1 (x*,y*),T m (x*,y*),T m (x*,y*))] 2 


= max 


= max 


G(T m - l {u, v), y»), y*)) 

G(T m ~\u, v),T m - 1 (x„y,), T m_1 (a:*, y*)) 

G{T m ~ i(w, f), a;*, a:*)[G(a:*, a:*, a:*)] 5 


,G{T m 1 (u,v),x*,x*) >. 


G{T m l (u,v),x*,x*) 

Which implies that 

M(u, x*,x*,v, y*,y*) = G(T m_1 (u, v ), a;*, a;*). 
Putting M in (2.16), we have 

if>(G(T m (u, v),x*,x*) < %f{G(T m ~ l {u,v), a;*, a;*)) 
cj)(G{T m ~ 1 {u, v), a;*, a;*)). 

This implies that 

'ip(G(T rn (u,v),x*,x*) < ip(G(T m ~ l (u,v), a;*, a;*), 
since if) is non-decreasing therefore, 

G(T m (u,v), x*,x*) < G(T rn ~ 1 (u,v),x t ,Xt) 


(2.17) 


that is, {G(T m (u, v), a:*, a:*)} is a decreasing sequence of positive real numbers. 
Therefore, there is an op such that {G(T m (u, v), a:*, a:*)} — >■ oq. We shall show 
that «i = 0. Suppose, to the contrary, that a\ > 0. Taking the limit in equation 
(2.17) we get contradiction. So oq =0. Implies G(T m (u, v), a:*, x*)=0, that is., 
T m (u,v) = x *. Similarly we can show that T m (u,v) = y*, ( T m (u,v ) = x and 
(' T m (u,v ) = y . Hence the coupled fixed point is unique. □ 

The next result is the generalization of Theorem 3. Because the proof is 
similar, then it is omitted. 

Theorem 5. Let (X, ^) be a partially ordered set and let ( X , G) be a G— complete 
symmetric G-metric space. Suppose that T : X x X — > X and g : X — > X are 
a continues mappings such that T has the g— mixed monotone property. Suppose 
that T(X x X) C g(X), g commute with T and satisfying 


ip{G(T(x,y),T(u,v),T(w,z )) < ip(M(x,u,w,y,v,z ) - <j)(M(x,u,w,y,v,z), 

(2.18) 

for all x, y, z,u,v,w € X with G(gx, gu , gw) ^ 0 and (gx, gy) -< ( gu , gv ) ^ 
{gw, gz) or {gx, gy) > (gu,gv) h (gw,gz), where 


M{x, u, w, y, v, z) 

' G ( gx,T{x , y), T(x, y)) G {gu, T(u, v),T(u, v)) G (gw, T(w, z ), T(w, z)) 

G 2 (gx,gu,gw) 

G(gx, gu, gw)\ , 


= max 
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G \E r and (j> € $. If there exist Xo,yo E X such that gx o F T(xo,yo) and 
9Vo t T(yo, xq) then T and g have a coupled coincidence point (x*, g*) € X x X, 
that is., (x*,y*) satisfies gx * = T(x*,y*), gg* = T(g*,x*). 

Corollary 1. Lei (X, G) &e a partially ordered set and let ( X , G ) 6e a G— complete 
symmetric G-metric space. Suppose that T : X x X — > X and g : X — > X are 
a continues mappings such that T has the g— mixed monotone property. Suppose 
that T(X x X) C g(X), g commute with T and for 0 < k < 1 satisfying 

G(T(x,y),T(u,v),T(w,z)) < k(M(x,u,w,y,v,z), 

for all x, y , z,u,v,w € X with G{gx, gu, gw) ^ 0 and (gx, gy) -< ( gu , gv) -< 
(gw, gz) or (gx, gy) > (gu,gv) > (gw,gz), where 

M(x, u, w, y, v, z) 

f G (gx,T(x, y), T(x, y)) G (gu, T(u, v),T(u, v)) G (gw, T(w, z), T(w, z)) 
maX l G 2 (gx, gu, gw) 

G(gx,gu,gw) 


If there exist Xg, yo £ X such that gx o ^ T(xo, yo) and gyo >z T(y 0 ,Xo) then 
T and g have a coupled coincidence point (x*,y*) € X x X, that is., (x*,y*) 
satisfies gx * = T(x*,g*) ; gg* = T(g*,x*). 

Proof. The proof follows by taking ip(t) = t, <j>(t) = (1 — k)t where 0 < k < 1 in 
Theorem 5. □ 

Remark 2. For 0 < a < |, 0</3<j^ and for all x,y, z,u,v,w £ X with 
G(gx,gu,gw) ^ 0 and (gx,gy) ■< (gu,gv) ■< (gw,gz) or (gx,gy) F (gu,gv) F 
(gw,gz) we have 


<a 


G(T(x, y),T(u, v), T(w, z)) 

[G(gx,T(x, y),T(x, y)G(gu, T(u, v),T(u, v)G(gw, T(w, z), T(w, z )] 


G(gx,gu,gw) 2 

+ /3G(gx,gu,gw), 

G (gx, T(x, y),T(x, y)) G (gu, T(u, v),T(u, v)) G (gw, T(w, z),T(w, z)) 

G 2 (gx, gu, gw) 

G(gx,gu,gw)\. 


<(a + j3) max 


where k = a + fi < 1. Clearly, the relation 0 < 8a + f3 < 1 implies that Corollary 
1 is the generalization of Theorem 2. Therefore Theorem 5 is the generalization 
of Theorem 2. 

Now we give example which satisfying Theorem 5 but does not Theorem 2. 

Example 2. Let X = [0, 1] and consider the natural ordered relation in X, 
defined G:IxIxI-> R + by 

( 0, if x = y = z, 

G(x,y,z) = l 

{ ma x{x,y,zj. 
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Then ( X , G) is G— complete symmetric G -metric space. Let T : X x X — > X, 
g : X — > X , (j> : [0, oo) — > [0, oo) and if) : [0, oo) — > [0, oo) define by, 


T(x, y) = 


if x>y, 
if x < y, 


g(x) = x 2 , = 

We discuss the following cases. 

Case 1. (x,y) = (0, 0),(u,v) = (0, 0), (w, z) = (1,0) it is clear that 

( gx,gy ) ^ (, gu,gv ) ^ ( gw,gz ) or ( gx,gy ) y ( gu,gv ) y ( gw,gz ) and 


1>(G(T(0, 0), T(0, 0), T(l, 0)) < i/>(M( 0, 0, 1, 0, 0, 0) - <f>(M( 0, 0, 1, 0, 0, 0), 


where G (T(0, 0), T(0, 1), T(0, 1)) = 1 and M{ 0,1, 1,1, 1,1) = 1. 

Case 2. (x,y) = (0, l),(u,v) = (1, 1), (w, z) = (1,1) it is clear that 
(gx,gy) ^ (, gu,gv ) ^ ( gw,gz)or (gx,gy) h ( gu,gv ) >r (, gw,gz ) and 


ip(G(T( 0, 1), T( 1, 1), T(l, 1)) < ^(M(0, 1, 1, 1, 1, 1) - f(M( 0, 1, 1, 1, 1, 1), 


where G(T(0, 1),T(1,1),T(1,1)) = 0 and M{ 0,1, 1,1, 1,1) = 1. 

Case 3. (x,j/) = (0,0), (u,v) = (1, 0), (w, z) = (1,0) it is clear that 

(. gx,gy ) ^ (, gu,gv ) ^ ( gw,gz ) or (gx,gy) y {gu,gv) y ( gw,gz ) and 

^(G(T(0, 0), T(l, 0), T(l, 0)) < 1, 1, 0, 0, 0) - </»(M(0, 1, 1, 0, 0, 0), 

where G (T(0, 0),T(1, 0), T(l, 0)) = ± and M(0, 1, 1, 0, 0, 0) = 1. 

Case (x, y) = (0,1), (u,v) = (1,1), (w,z) = (1,1) again it is clear that 
(. gx,gy ) ^ (gu,gv) ^ (gw,gz) or (gx,gy) h ( gu,gv ) y ( gw,gz)and 


V>(G(T(0, 1), T(l, 1), T(l, 1)) < 1, 1, 1, 1, 1) - (j>(M(0, 1, 1, 1, 1, 1), 

where G (T( 0, 1), T(l, 1), T(l, 1)) = 0 and M( 0, 1, 1, 1, 1, 1) = 1. 

Case 5. (x, y ) = (a, n) = (0, 1), (u>, 2 ) = (1, 1) also it is clear that (gx, gy) -< 
(. gu,gv ) ^ (. gw,gz ) or ( gx,gy ) y (. gu,gv ) ^ (, gw,gz ) and 

i>(G(T( 0, 1), T(0, 1), T(l, 1)) < 1, 1, 1, 1, 1) - <f)(M(0, 1, 1, 1, 1, 1), 

where G (T(0, 1), T(0, 1), T(l, 1)) = 0 and M( 0,0, 1,1, 1,1) = 1. 

Clearly for (gx, gy) ^ ( gu,gv ) ^ ( gw,gz ) or{gx,gy) y (gu,gv) h ( gw,gz)all 
the conditions of Theorem 5 hold. So (0, 0) is i/ie unique common coupled fixed 
point of T and g. On the other side if we taking in the Case 3 a = j3 = ^ then 
Theorem 2 fail to satisfy. 
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TRIANGULAR NORMS BASED ON 
INTUITIONISTIC FUZZY BCK-SUBMODULES 

L. B. Badhurays 1 , S. A. Basliammakh 2 and N. O. Alshehri 3 


Abstract: We introduce the concept of intuitionistic fuzzy BC K -submodules of 
a BCK-module with respect to a t-norm and a s-norm and present some basic 
properties. 

Keywords : Intuitionistic fuzzy BCK-submodules, Triangular Norms, (Imagin- 
able) Intuitionistic (T, S')-fuzzy BCK-submodules. 


1. Introduction 

The theory of fuzzy sets proposed by Zadeli [11] in 1965, and later on several 
researchers worked in this field. As a natural advancement of these research works 
we get one of the interesting generalizations of the theory of fuzzy sets that is the 
theory of intuitionstic fuzzy sets propounded by Atanassov [1, 2]. In 1966 Irnai 
and Iseki [5] proposed the concept of BCK- algebra. Xi [10] applied the concept 
of fuzzy set to BCK-algebras. Also Bakhshi [3] in 2011 introduced the concept of 
fuzzy BCK-submodule of BCK-module and gave some related results. Recently, 
Badhurays and Bashammakh [4] considered the intuitionistic fuzzification of the 
concept of BCK-submodules in a BCA-module and investigated some properties 
of such BCK-modules. In this paper, we are going to introduce the notion of in- 
tuitionistic (T,S)~ fuzzy BCK-submodules by using triangular norms, say T and 
S, and investigate several properties. We obtain some results on level sets of an 
intuitionistic ( T,,S')-fuzzy BCK-submodule by using the concept of level sets and 
triangular norms. 

For the notations and terminology not given in this paper, the reader is referred 
to Atanassov [1, 2] (1986, 1994), Jun [8] (2001), Janis [6] (2010), and Zadeh [11] 
(1965). 


2. Preliminaries 

First we present the fundamental definitions. 

Definition 2.1. (Imai and Iseki [5]) a BCK-algebra is a set X with a binary 
operation * and a constant 0 satisfying the following axioms : 

(BCK1) (( x * y) * (x * z)) * (z * y) = 0 

^Department of mathematics, Faculty of Sciences, King Abdulaziz University, Jeddah, Saudi 
Arabia. E-mail address: lbadhurays@stu.kau.edu.sa 
2 Department of mathematics, Faculty of Sciences, King Abdulaziz University, Jeddah, Saudi 
Arabia. E-mail address: Sbashammakh@kau.edu. sa 
^Department of mathematics, Faculty of Sciences, King Abdulaziz University, Jeddah, Saudi 
Arabia. E-mail address: nalshehrie@kau.edu.sa 
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2 

(BCK2) (x* (x*y)) *y = 0, 

(BCK3) x * x = 0, 

(BCK4) 0 * a: = 0, 

(BCK5) x * y = 0 and y * x = 0 imply that x = y, 
for all x, y,z € X. 

A partial ordering ”<” is defined on X by i < j/ iff a; * )/ = 0. 

Definition 2.2. (Zadeli [11]) By a fuzzy set y in a nonempty set X we mean 
a function y : X i — > [0, 1] , and the complement of y denoted by y is the fuzzy set 
in X given by y{x) = 1 — y(x) for all x € X. 

Definition 2.3. (Atanassov [1]) An intuitionistic fuzzy set (IFS) in a universe 
X is an object of the form 

A = {(x,y A (x), A^(a:))|a; G X}, 

where the functions y : X \ — > [0, 1] and A : X i — > [0, 1] denote the degree of mem- 
bership (namely y A (x)) and the degree of non-membership (namely X A (x)) of each 
element x C X io the set A respectively, and 0 < y A (x)) + X A (x) < 1 for all x G X. 
For the sake of simplicity, we shall use the symbol A = (y A {x), A A (x)) for the IFS 

A = {(x,y A { x),X A (x))\x G X} 

Definition 2.4. (Atanassov [1]) Let X be a non-empty set and A = (uih), A 4 (a;)), 
B = (y B (x), X B (x)) be IFS , s of X. Then 

(1) Ac B iff y A {x) < y B (x) and A a(x) > X B (x) for all x G X. 

(2) A = B iff y A {x) = y B (x) and A a(x) = X B (x) for all x G X 

(3) A c = (A Ai^a)- 

(4) A n B = {x, nrin{/iA(ai)) y B {x)}, max{A J 4 (a;), As(a;)} : x G X}. 

(5) A U B = {x, maxl/r^rr), y B (x)}, min{A J 4 (a;), As(a;)} : x G X}. 

(6) a A = {(x,y A {x),y A (x))\x G X}. 

(7) OA = {(a:, A^(a;), A^(x))|x G X}. 

Definition 2.5. (Atanassov [1]) Let A = {y A {x), X A (x)) be an intuitionistic fuzzy 
set in M and let a G [0, 1] . Then the sets 

U{y A ,cx) = {x G M : y A (x) > a}, 

L(A a ,ci) ={xG M : X A (x) < a} 

are called a /z-level a-cut and a A-level a-cut of A, respectively. 

Theorem 2.1. (Bakhslii [3]) Let X be a bounded implicative BCK-algebra. Then 
(X, +, 0) is an X -module where ” + ” is defined as x + y = (x * y) V (y * x) and 
xy = x A y. 


Theorem 2.2. (Bakhshi [3]) A subset A of a BCK-module M is a BCK-submodule 
of M iff a — b,xa G A, for every a,b G A and x G X . 

Definition 2.6. (Bakhshi [3]) A fuzzy subset A of M is said to be a fuzzy BCK- 
submodule if for all ?n,?Bi,TO 2 G M and x G X, the following axioms hold : 

(1) A(toi + m^) > min{A(mi), A(to 2 )} 
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(2) A(m) = A(—m) 

(3) A{xm) > A(m) 

Definition 2.7. (Badhurays and Basliammakh [4]) An intuitionistic fuzzy subset 
A = (ha(x),Xa{x)) of M is said to be an intuitionistic fuzzy B CA -submodule of 
M if for all to, mi, m 2 € M and x £ X, the following axioms hold : 

(1) /i A (m 1 +m 2 ) > min{ fi A (m]_), ha ( m 2 )}, 

Aa(toi +to 2 ) < max{AA(nri), Aa(to2)}- 

( 2 ) HA(m) = HA(-m),X A (m) = X A (-m), 

(3) HA(xm) > HA(jn),\A{xm) < A^(m). 

Definition 2.8 (Klir and Yuan [9]) a triangular norm (or t-norm) T is a mapping 
T : [0,1] x [0,1] 1 — > [0,1], which satisfies the following axioms for every x,y,z,£ 
[0,1]: 

(Tl) T(x, 1) = x (boundary condition); 

(T2) y < z implies T(x,y) < T(x,z) (monotonicity); 

(T3) T{x,y) = T(y,x) (commutativity); 

(T4) T(x,T(y,z)) =T(T(x,y),z) (associativity). 

Definition 2.9. (Klir and Yuan [9]) a triangular conorm (or t-conorm) S' is a 
mapping S: [0,1] x [0,1] 1 — > [0,1], which satisfies the following axioms for every 
x, y, z, G [0,1] : 

(51) S(x, 0) = x (boundary condition); 

(52) y < z implies S(x,y) < S(x,z) (monotonicity); 

(53) S{x,y ) = S(y,x) (commutativity); 

(54) S(x,S(y,z)) = S(S(x,y),z) (associativity). 

Both t-norm and s-norm are called triangular norms. For all a, (3 € [0, 1], It is clear 
that 

T(a,/3) < min{a,/3} < max{a,/3} < S(a,/3). 

Definition 2.10. ( Jun and Hong [7]) For a f-norm T and a s-norm S, we use 

the symbols A t and Ag as the sets : 

At = {a £ [0, l]|T(a,a) = a}, 

A s = {a e [0, l]|S(a, a) = a}, 

respectively. 

Definition 2.11. (Jun and Hong [7]) We say that the intuitionistic fuzzy set 
A = (ha(x), Xa(x)) in M satisfies the imaginable property if 

Im(HA ) Q A t and /to(Aa) Q A 5. 

Definition 2.12. (Klir and Yuan [9]) The norms T and S are called dual if and 
only if 

Dl) T(x,y) = S(x,y), 

D2) S(x, y) = T(x, y) for all x, y € [0, 1] 
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A few f-norms which are frequently encountered are T), T m , and T w defined by 
Ti(a , b) = max{a + 6—1,0} (Lukasiewicz), T m (a, b) = min{a, b} (minimum) and 

, _ , min{a, b} if a = 1 or b = 1, 

u ,(a, ) •— I q otherwise (weak), f 

A few s- norms which are frequently encountered are Si,S m , and S w defined by 
Si(a, b) = min{a + b , 1} (Lukasiewicz), S m (a, b) = max{a, b} (maximum) andse 

„ , , _ , max{a, b} if a = 0 or b = 0, 

w\ a , ) ■ i ]_ otherwise (strong). ’ 

3. Intuitionistic (T, S)-fuzzy SCTL-submodules 

Throughout this paper, M is a BCK - module and T is a t-norm and S is a s- 
norm unless otherwise specified, we can extend the concept of the intuitionistic 
fuzzy BCA-submodules of M to the concept of intuitionistic (T, S)-fuzzy BCK- 
submodules in the following way: 

Definition 3.1. Let T be a f-norrn and S' be a s-norm on [0, 1]. An intuitionis- 
tic fuzzy set A = (ha,X a ) in M is called an intuitionistic fuzzy UCA-submodule 
of M with respect to f-norm and s-norm (briefly, intuitionistic (T, S)-fuzzy BCK- 
submodule of M) if it satisfies the following conditions for all m, mi, m 2 G M : 

(1) HA{m 1 +m 2 ) > T{/z^(rni),/4A(rn 2 )}, 

A^(mi +to 2 ) < S{Aa(?tii), Aa(?ti 2 )}. 

(2) n A {m) = n A (-m), X A (m) = X A {-m), 

(3) ix A {xm) > /ji A (m), X A (xm) < A A (m). 

Example 3.2. Let X = {0, 1, 2, 3} and consider the following table: 


* 

0 

1 

2 

3 

0 

0 

0 

0 

0 

1 

1 

0 

1 

0 

2 

2 

2 

0 

0 

3 

3 

2 

1 

0 


Then (A, *) is a SCA-module over itself. Define a fuzzy set ha '■ M 1 — ► [0, 1] 
by /i(0) = 0.5, n( m ) = 0.3, m € M and A^ : M 1 — » [0,1] by A^(0) = 0.3, 
X A (to) = 0.5, m € M. Let T; : [0,1] x [0,1] 1 — t [0,1] be a function defined by 
T;(a, b) = max(a + 6— 1, 0) for all a, b € [0, 1] and let Si : [0, 1] x [0, 1] 1 — t [0, 1] be a 
function defined by S/(a, b) = min(a + b, 1) for all a, b € [0, 1]. Then 7] is a f-norm 
and Si is a s-norm. By routine calculations, we know that A = (/i A (x), X A {x)) is 
an intuitionistic (T;,S;)- fuzzy BCA-submodule of M. 

Theorem 3.3. An intuitionistic fuzzy subset A of M is an intuitionistic (' T,S )- 
fuzzy BCK-submodule of M if and only if 

( 1 ) fi A {mi - m2) > T{n A (mi), H A (m 2 )}, 

Aa(wi - to 2 ) < SiXAimx), X A (m 2 )}. 

( 2 ) ha{xiti) > n A (m),X A (xm) < X A (m). 
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proof. Let A be an intuitionistic (T, S)-fuzzy HCA-submodule of M, then 
Ma(wi - rn 2 ) = /m(toi + (- m 2 )) 

> T{p A {m l ),p.A{-m 2 )) 

= T{p A {mi)^A{m 2 )), 

Similarly, \A{rni — m 2 ) < 5(A^(mi), \A{m 2 )). Condition 2 is hold by definition. 
Conversely suppose A satisfies 1 and 2. Then we have by 2 
Ha(-tti) = fj, A ((-l).m) > ha(™), 

and 

p A (m) = Ha{(~ l).(-l).m) > 

Thus A {jn) = a (—to). Similarly, A a (to) = A a (—to). 

Also we have 

Ma(wi + rn 2 ) = HA{mi - (~m 2 )) 

> T(p. A (mi), p A {.—m 2 )) 

> T(/za(toi),/m(to 2 )) 


Similarly, 


Aa(toi + m 2 ) < S(X A (m 1 ), A a(to 2 )). 
Thus A is an intuitionistic (T, S')-fuzzy B CK -submodule of M. 


Proposition 3.4. Let T and S be dual norms. If A = (ha, Aa) is an intuitionistic 
(T, S)- fuzzy BCK-submodule of M, then so is DA = ( ha,Ha )• 


Proof. For all m\,m 2 £ M, we have 

T(nA(m\),fj,A(m 2 )) < /xa(toi + m 2 ) 


and so 


T ( l - ^A( m i)> 1 - H A ( m 2 )) < 1 ~ H A ( m 1 + m 2) 

hence 


1 - T(1 - H A { m i ), 1 - H A ( m )) > 1 - (1 - Ma( to 1 + m 2 ) 
which implies 

T(1 - Jl A (mi), 1 - H A (m 2 )) > ~p, A (mi + m 2 ) 
since T and S are dual, we get 

S(HA(mi),H A (m 2 )) > ~P A ( m 1 + ™. 2 ) , 

Moreover ha( to.) = Ma(— to) imply that 

1 - n A (m) = 1 - H A (-m), 

Thus ~p A (m) = ~p A (—m). Now, let to € M and x £ X , since ha is T-fuzzy BCK- 
submodule of M, we have HA(x.m) > ha(wi). Hence 1 — HA(x.m) < 1 — /za(to) 
which implies JlXxm) < TlAiti). Therefore DA = (ha, Ha) is an intuitionistic 
(T, S ) - fuzzy B CK -submodule of M. 
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Proposition 3.5. Let T and S be dual norms. If A — (/jl A ,Xa) is an intu- 
itionistic (T, S)- fuzzy BCK- submodule of M, then so is OA = (Aa, Aa)- 


Proof. For all mi, m 2 £ M, we have 

S(\A(mi), X A (m 2 )) > A^(mi + m 2 ) 


and so 


hence 


5(1 - A A(mi), 1 - A A(m 2 )) > 1 - X A (mi + m 2 ) 


1 - 5(1 - X A (rm), 1 - X A (m 2 )) < 1 - (1 - A a (mi + m 2 )) 


which implies 

1 - 5(Aa(toi), Aa(to 2 )) < A a(to! +m 2 ) 
since T and S are dual 

1 - T(X A (mi), X A (m 2 )) < X a (mi +m 2 ) 


that is 


Moreover 


T(X A (m 1 ), X A (m 2 )) < X A (mi +m 2 ). 


A A(m) = A a (-m) 

imply that 1 — A A(m) = 1 — A a(— rn), Thus A a(tti) = A a(— m). Now, let m £ M 
and x £ X, since Aa is T-fuzzy BCK-submodule of M we have Xa(x.ui) < Aa(tj 7). 
Hence 1 — A A(x.m) > 1 — A a (to) which implies A A{xm) > X a(to). Therefore 
OH = (Aa, Aa) is an intuitionistic (T, 5) - fuzzy HCif -submodule of M. 


Combining the above two Propositions it is not difficult to verify that the fol- 
lowing theorem is valid. 

Theorem 3.6. Let T and S be dual norms. Then A = (hai Aa) an intuitionis- 
tic (T,S)- fuzzy BCK-submodule of M if and only if OA and O A are intuitionistic 
(T, S) -fuzzy BCK-submodule of M. 

Corollary 3.7. Let T and S be dual norms. Then A = (p i A , Aa) is an intu- 
itionistic (T, S)- fuzzy BCK-submodule of M if and only if n a and Aa are T-fuzzy 
BCK-submodule of M . 


From corollary 3.7 we immediately obtain the following result. 

Theorem 3.8. An intuitionistic fuzzy set A = (/xa,Aa) is an intuitionistic 
(T m , Sm)- fuzzy BCK- submodule of M if and only if the fuzzy sets pa and Aa are 
fuzzy BCK-submodule of M. 

Theorem 3.9. An intuitionistic fuzzy set A = (ha , A a) is an intuitionistic 
(T m , S m )~ fuzzy BCK- submodule of M if and only if OA = (ha,Pa) an d = 
(Aa,Aa) are intuitionistic (T m , S m )- fuzzy BCK- submodide of M. 

Proof. Let A = Aa) be an intuitionistic (T m , 5 m )-fuzzy BCK-submodule of 
M. By Theorem 3.8, we get ha = MA an d Aa are fuzzy BCK-submodule of M. 


915 


L. B. Badhurays et al 910-924 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


7 


Therefore DA = (ha,Jl a ) and O-A = (Aa,Aa) are intuitionistic (T m , 5 m )-fuzzy 
SCA-submodule of M. Conversely, assume that A = (ha, A a) and DA = (h a,~Pa ) 
and OA = (Aa, Aa) are intuitionistic (T m ,S m )- fuzzy B CK submodule of M. Then 
the fuzzy sets ha and Aa are fuzzy B CK-sub module of M. Therefore A = (ha, A a) 
is an intuitionistic (T m , S m )~ fuzzy BCK- submodule of M. 

Definition 3.10. An intutionistic (T, 5)-fuzzy B CK -submodule of M is called 
an imaginable intuitionistic (T, S)-fuzzy BCK- submodule of M if it satisfies the 
imaginable property. 

Proposition 3.11. Every imaginable intuitionistic ( T,S)-fuzzy BCK-submodule 
of M is an intuitionistic fuzzy BCK-submodule of M . 


Proof. Let A = (ha, Aa) be an imaginable intuitionistic (T, S')-fuzzy 5CA-submodule 
of M. Then 

Ha ( m\ +m 2 ) > T(/m(toi), HA(m 2 )) 

and 

Aa(toi +to 2 ) < S(X A (m 1 ), Aa(to 2 )) 

for all ?ni,m 2 £ M. 

Since A = (ha, Aa) is imaginable, we have 
min {ha (mi), ha (m 2 ) } 

= T(in\\\{HA(mi), HA(m 2 )},min{HA(m), HA(m 2 )}) 

< T(HA(mi), HA(m 2 )) 

< min{/iA (mi), ha ( m 2 ) } , 

and 


max{X A (mi),X A (m 2 )} 

= S'(max{AA(mi), A A (m 2 )}, max{AA(m), X A (m 2 )}) 

> S(X A (mi),X A (m 2 )) 

> max Aa(wi), X A (m 2 ). 

It follows that 

Ha (mi - m 2 ) 

> T(HA(mi),HA(m 2 )) 

= min{HA(mi), HA(m 2 )}, 

and 

X A (mi - m 2 ) 

< S(X A (mi),X A (m 2 )) 

= max{X A (m.i), X A (m. 2 )}. 


Now let x £ X and in £ M. Since A = (ha, Aa) is an intuitionistic (T, S)-fuzzy 
B CA-submodule of M, we have HA(xm) > HA(m) , \ A (xm) < X A (m). Therefore 
A = (ha, Aa) is an intuitionistic (T, S)-fuzzy UCA-submodule of M. 
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Note that every intuitionistic fuzzy HCW-submodule is an intuitionistic (T, S)- 
fuzzy BCK -submodule but the converse is not true as seen in the following Example. 

Example 3.12. We consider the 5CW-module M which is given in Example 
3.2. Define an intuitionistic fuzzy set A = (ha, Aa) in M 

( 0.2 if m = 1 ( 0.5 if m = 1 

Ha(i n) = s 0.3 if m = 2, 3 ; A A(m) = \ 0.3 if m = 2,3 

[ 0.5 if m = 0 { 0.1 if m = 0 

Then A = (ha,Xa) is an intuitionistic (T w , S w )-iuzzy B CX-submodule of M, but 
it is not an intuitionistic fuzzy 1? CX-submodule of M since 

Ha( 2 + 3) = ha( 1) = 0.2 < 0.3 = min(/XA(2), /za(3)). 


Proposition 3.13. If an intuitionistic fuzzy set A = (ha, Aa) in M is an imagin- 
able intuitionistic (T, S)- fuzzy BCK-submodule of M , then for all m G M, ha( 0) > 
Ha(i 7i ) and Aa(0) < A a(»7i) . 


Proof. From Definition 3.1 (3) it follows that 

Ha( 0) = /xa(O.to) > HA(m) 


and 


Aa(0) = Aa(O.to) < A A (m) 

for all me M. 


Theorem 3.14. If A = ( ha ,^ a ) is an imaginable intuitionistic (T,S)- fuzzy 
BCK-submodule of M, then the set H = {m £ M|/u(m) = /x(0)} and K = {m € 
M\\A(m) = Aa(0)} are BCK-submodule of M. 

Proof. Assume that A = (ha, Aa) is an imaginable intuitionistic (T, S')-fuzzy BCK- 
submodule of M, and let mi, m 2 € M. Since A = (ha,^a) is an imaginable 
intuitionistic (T, S)- fuzzy BCK- submodule of M, we have 

HA(mi -m 2 )> T(HA(m), HA(m)) 

= T(ha(0),ha(0 )) 

= Ma( 0) 

for all mi,m 2 G M, Using Lemma Proposition 3.11., we get ha(i 7ii —m 2 ) = ha( 0). 
Hence mi — m 2 G H. Now let x G Xand m G M. Since A = (ha,^a) is an 
intuitionistic (T, S)-fuzzy HUA-submodule of M, we have HA(x.m) > HA(m) = 
Ha( 0). Using Lemma Proposition 3.11., we get HA(x.m ) = ha( 0) and so x.m G H. 
Therefore H is a HUAT-submodule of M. By similar method, we get K is a BCK- 
submodule of M. 


Definition 3.15. Let A = (ha, Aa) be an intuitionistic fuzzy set in BCX-submodule 
M and let a, /3 G [0, 1] with a + (d < 1. Then the set 

A {<x,p) := {m G M\ha(™) > a,X A (m ) < /3} 
is called an (a, /3)-level set of A = (ha, Aa). 

Theorem 3.16. Let A = (ha,Xa) be an intuitionistic fuzzy set in M such that 
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A( a ,0) is a BCK-submodule of M , for all ( a,/3 ) € [0,1] with a + /3 < 1. Then 
A = (ha, Aa) is an intuitionistic (T, S)-fuzzy BCK-submodule of M . 


Proof. Let € M and x G X be such that A(m \ ) = (on, ft), A(m 2 ) = 

(« 2 ,/? 2 ) where a-; + ft < 1 for i = 1,2. Then m 1 ,m 2 G A (min ( aija2)jmax(/3l>/ 3 2 )), and 

SO 777i 777-2 G ^dmin(ai ,a2),max(/3i ,/32)) • 

Hence 


and 


HA(m 1 - m 2 ) > miftaA,^) > T(ai,a 2 ), 


Aa(t77i - to 2 )) < max(ft,ft>) < 5(ft,ft). 

Also, if we put s' = A(m),t' = A(m) where s' + t' < 1. Then 777 G A( s / jt n. Since 
is a BCK- submodule of Aft we have xm G It follows that 

Ha(xiti) > s' = ha(iti) 


and 


\A(xm) <t' = \a(iti) 

Therefore A = (ha,Xa) is an intuitionistic (T, Sftfuzzy HCA-submodule of M. 


The following Example shows that the converse of Theorem 3.16 is not true. 

Example 3.17. We consider the intuitionistic (T w , ftft-fuzzy UCA-submodule 
A of M which is given in Example 3.2. Then A( 0 3j0 5 ) = {2,3,0} is not BCK- 
submodule of M since 2 + 3 = 1^ A( 0 . 3 ,o. 5 ) 

Theorem 3.18. If A = (ha, A a) is an intuitionistic (T, S)-fuzzy BCK-submodule 
of Aft then A( 10 ) is either empty or a BCK-submodule of M . 


Proof. Let ?7ii,7?7 2 G A( 10 ). Then /7a ( 777 - 1 ) > 1 » /7a(?77 2 ) > 1 , Aa(t77i) < 0 
and Aa(?77 2 ) < 0. It follows from Definitions 2.10 and Theorem 3.3 that 

HA(mi 777 . 2 ) > T(HA(mi), HA(m 2 )) > T( 1,1) = 1 

and 

A a ( 777-1 - rn 2 ) < S(X A (m 1 ), X A (in 2 )) < 5(0,0) = 0, 
so 7?7i — 777 2 G A( 10 ). Let 777 . G A( 10 ) and x G X. Then 


and 


HA(xm ) > ha ( m) > 1 


Aa (xm) < Xa (ml) < 0, 

so xm G A( 10 ). 

As a generalization of Theorem 3.18, we get the following Theorem. 


Theorem 3.19. If A = ( ha,Xa ) is an imaginable intuitionistic (T,S)-fuzzy 
BCK-submodule of AT, then A( a / g) is either empty or a BCK-submodule of M for 
all a G At and (5 G A5. with a + (3 < 1. 
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Proof. Let mi, m 2 G where a € At, f3 G A s and a + /3 < 1. Then 

HAimx - m 2 ) 

> T(n A (mi), n A (m,2)) 

> T(a, a) = a 


and 

Aa(toi - m 2 ) 

< S(Aa(toi), Aa(to 2 )) 
<S(/3,/3) = /3, 

and so m\ — m 2 G Ar a ^\. Let m G -A( a)J g) and x G X. Then 


and 


p,A(xm) > /za(to) > a 


A A {xm) < Aa(to) < (3, 

so xm G A( Q /3 ) .Hence is a HCiG-submodule of M . 


Proposition 3.20. (Bakhshi [3]) A fuzzy set in M is a fuzzy BCK-submodule of 
M if and only if the non-empty U(pi, a), a G [0, 1] is a BCK-submodule of M. 

By the above Proposition , we get the following result. 

Corollary 3.21. If A = is an imaginable intuitionistic fuzzy set in 

M. Then A = (fj.A, Aa) is an intuitionistic (T, S)-fuzzy BCK-submodule of M if 
and only if the non-empty sets U(n,a) and L(A,a) are BCK- submodules of M , for 
every (a, /?) G [0, 1]. 


From corollary 3.21 we immediately obtain the following Theorem. 


Theorem 3.22. Let T be the minimum t-norm and let S the maximum s-norm 
dual ofT . Then an intuitionistic fuzzy set A = {pi a, Aa) of M is is an intuitionistic 
{T, S) -fuzzy BCK-submodule of M if and only if 

A( a ,p) '■= {m G M\n A {m) > a, A A {m) < fi} 
is a BCK-submodule of M, where (a,ff) G [0,1]. 

Proposition 3.23. Let S be a non-empty subset of a BCK-module M. Then 
an intuitionistic fuzzy set A = {pi a, Aa) defined by 

, f 1 if m. G S, , . . f 0 if m G S, 

PA(m) - j a otherwise. ’ ~ \ (3 otherwise. 

where 0<a<l,0</3<l and a + (3 < 1 is an intuitionistic (T, S) -fuzzy BCK 
-submodule of M if and only if S is a BCK-submodule of M . 

Proof. Let S' be a BCTL-submodule of M. Let mi, to G M. If TOi,to 2 G S, 
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then mi — m 2 £ S , and so 

lx A {m i - m 2 ) = 1 > 1 

= T{ 1,1) 

= T(fj, A (mi), fj, A (m2)) 

and 


X A (mi — ra 2 ) = 0 

= S(0,0) 

= S(X A (mi),X A (m 2 )) 

For mi £ S , m 2 ^ S' , we have 

fi A (mi — m 2 ) = a > a 

= T(l,a) 

= T(ii A {mi),n A {m 2 )) 

and 


\ A (mi - m 2 ) = (3 < (3 

= S(O,0) 

= S(X A (mi), X A (m 2 )) 

Similarly, for the case ni\ ^ S , m 2 £ S , we have 


fi A (m.i — m 2 ) > T(n A (mi), n A (m 2 )) 

and 


X A {mi — m 2 ) < S(X A (m 1 ),X A (m 2 )). 

For mi ^ S , 7n 2 ^ S, 


Ma(wi - m 2 ) > a 

= T(l, a) 

> T(a, a) 

= T(/j, A (mi),iJ. A (m 2 )), 


and 


X A (mi - m 2 ) < /3 

= S(0,/3) 

<S(P,I3) 

= S(X A (mi),X A (m 2 )). 


Thus for all cases, 

^4 (mi - 1712 ) > T(n A (m,i), n A (m 2 )) 

and 


A^(mi — m 2 ) < S(X A (mi), X A (m 2 )). 

Next, let m £ M and x £ X, Then, if m £ S then xm £ S and so, 

H A (xm) = 1 > 1 = /i A (m) 


and 
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If m £ S, then 


Xa^xtu) = 0 < 0 = A A{fn). 


HA(xm) > a = A(m) 

and 

A A{xm) < (3 = A a(w). 

Therefore HA(xm ) > HA(m) and \A{xm) < A a(wi)- Thus A = (ha, Aa) is an 
intuitionistic (T, S )- fuzzy BCK -submodule of M . 

Conversely, we assume A = (ha, Xa) is an intuitionistic (T, S)-fuzzy SCA-submodule 
of M. Let mi, m 2 £ S, x £ X . Then, 

/M(wi - m 2 ) > T(HA(m 1 ),HA(m2)) = T( 1, 1) = 1, 
hence ha(itii — m2) = 1 . Thus mi — m 2 £ S. Also, HA(xm) > ha(iti) = 1 implies 
HA(xm) = 1 implies xm £ S. Hence, S' is a SCAT-submodule of M . 

Corollary 3.24. Let S be a non-empy subset of a BCK-module M and let Xs 
be the characteristic function of S. Then A = (Xs,Xs) an intutionistic (T,S)~ 
fuzzy BCK-submodule of M if and only if S is a BCK- submodule of M . 

Definition 3.25. (Janis [6]) Let A = (ha,Xa) be an intuitionistic fuzzy set of 
X and let T be a f-norm. Then A T q is a subset of X defined by 

At, a = {x £ X\T(ha(x ), 1 - X A (x)) > a}, 

for every a £ [0, 1] 

Theorem 3.26. LetT and S be dual norms. If A = (ha,Xa) is an intuitionistic 
(T, S) -fuzzy BCK-submodule of M . Then 

A t , 1 = {m £ M\T(HA(m ), 1 - A A (m)) = 1} 
is a BCK-submodule of M. 

Proof. Let mi, m 2 £ At, 1 . Then, 

T(ha(ixii - m 2 ), 1 - a (mi ~ m 2 )) 

> T(T(HA(m 1 ), A (m2)),l - S( A (mi), A(m 2 ))) 

= T(T(HA(m 2 ), (HA(mi)),T(l - X A (m\), 1 - X A (m 2 ))) 

= T(HA(m 2 ),T(HA(mi),T(l - A A (mi), 1 - X A (m 2 )))) 

= T(HA(m 2 ),T(T(HA(m 1 ), 1 - X A (mi)), 1 - X A (m 2 ))) 

= T(H A (m 2 ),T( 1 - A A (m 2 ),T(HA(mi), 1 - Aa^)))) 

= T(T(HA(m 2 ), 1 - X A (m. 2 )),T(HA(m.i), 1 - AA(mi))) 

= T(1,1) = 1 

Thus, we have T(HA(m\ — m 2 ), 1 — A^(mi — m 2 )) = 1 Therefore mi — m 2 £ At, 1 . 
Also, let x £ X and m £ At, i- Then T(nA(m), 1 — A a(iti)) = 1. Further, 
T(HA(xm), 1 — A A(xm)) > T(H A (m ), 1 — A A(m)) = 1. Therefore xm £ At, i- Hence, 
At, 1 is a is a HCA-submodule of M. 
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For any tringular norm T, the level set Ax.a of an intuitionistic (T, 5')-fuzzy BCK- 
submodule of M is not necessarily to be a B CK -submodule of M. However, if T 
is the minimum tringular norm, then all level sets Ax, a of an intuitionistic (T, S)- 
fuzzy HCA-submodule of M are BCK -submodules of M. 

Theorem 3.27. Let A = (ha,X a ) be an intuitionistic (T m , S m )- fuzzy BCK- 
submodule of M such that T m , S m are dual. Then for every a G [0, 1], 

Ar m , a = {m G M\T(n A (m), 1 - X A (m)) > a} 
is a BCK-submodule of M. 


Proof. Let A = (ha(x), A a{x)) is an intuitionistic (T m , S' TO )-fuzzy HCA'-submodule 
of M. Let mi, m 2 G At.. Then, 

T m (n A (m. i - m 2 ), 1 - a (mi - m 2 )) 

> T m (T m (ia A (mi), ha (m 2 ) ) ? 1 Sm (\ A (mi),\ A (m 2 ))) 

= T m (T m (H A (m 2 ), (H A (mi)),T m (l - A A (mi), 1 - A A (m 2 ))) 

= T rn (H A (m 2 ),T m (H A (m 1 ),T m (l - X A (mi), 1 - Aa(»ti 2 )))) 

= T m (H A (m 2 ),T m (T m (H A (m.i), 1 - X A (mi)), 1 - A A (m 2 ))) 

= T m (H A (m 2 ),T m ( 1 - X A (m 2 ),T m (H A (mi), 1 - X A (m!)))) 

= T m (T m (H A (m 2 ), 1 - X A (in 2 )),T m (H A (mi), 1 - X A (mi))) 

P Pm(c^, A) — (X 

Thus, we have 


Therefore, mi 
Further, 


TmMmi - m 2 ), 1 - i(m! - m 2 )) > a 
m 2 G Also, let a; G A and m G AT TO , a - Then 

T m (H A (m), 1 - A A (m)) > a 


Tm(H A (xm), 1 - A A (xm)) > T m (H A (m ), 1 - A A (m)) > a. 

Therefore we have T m (H A (xm), 1 — A A (xm)) > a. Hence xm G AT m>a . Thus Ar m a 
is a is a HCA'-submodule of M. 


Definition 3.28. Let A = (ha, A a) be an intuitionistic fuzzy set of X , let T 
and S be dual norms. Then Ar.s.a is a subset of X defined by 

A t ,s, i = {x G XT(ha(x),S(ha(x),X a (x))) > a} 
for every a G [0,1]. 

Theorem 3.29. Let A = (ha, X a ) be an intuitionistic (T, S )- fuzzy BCK-submodule 
of M, then 

At.s , i = {m G M\T(n A (m), S(n A (m), X A (m))) = 1} 
is a BCK-submodule of M. 

Proof. Let A = (ha, X a ) be an intuitionistic (T, 5)-fuzzy HCA-submodule of M. 
Let m A ,m 2 G AT t s,i, then 

T(H A (mi),S(H A (mi),X A (mi))) = 1 
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and 

T(n A (m2),S{nA(m 2 ), Aa(to 2 ))) = 1. 

Therefore /a A {mi) > 1 and n A {i ti 2 ) > 1 which mean that fi A (mi) = 1 and 
/ G 4 (to 2 ) = 1. From monotonicity of T, we have, 

T(/x A (mi - m,2),S{nA(m 1 - m 2 ), Aa(toi - m 2 ))) 

> T(T(/j, A {mi - m 2 )), - m 2 ))) 

> T(T(/j, A (m), n A (m)), T(/j, A (m), n A {m ))) 

= T(T(1, 1), T(l, 1)) 

= r(i,i) = i 

Therefore, T(/j, A (mi — m 2 ), S(fi A {mi — m 2 ), \ A (mi — m 2 ))) = 1 implies mi, m 2 G 
At,s, i- Also, let x G A and to € At,s,i- Then, T(n A (m), S(/j, A (m), X A (m))) = 1. 
which impliese n A (m) = 1. Now, 

T(n A {xm),S{ii A {xm),\ A {xm))) 

> T [ha (xm ) , ha {xm) ) 

> T(fi A (m), ii A (m)) 

= T{ 1 , 1 ) = 1 

Thus, we have, T{fi A {xm),S{ii A {xm),\ A {xm))) = 1. Therefore, ;rm € At,s,i. 
Hence, At g 1 is a HCA'-submodule of M. 

Theorem 3.30. Let A = (/ x A ,\ A ) be an intuitionistic (T m , S m )- fuzzy BCK- 
submodule of M such that T m , S m are dual. Then for every a € [0, 1], 

At, s, a = {m G M\T(fi A (m), S(n A (m), \ A (m))) > a} 
is a BCK-submodule of M. 


Proof. Let A = (fj, A ,X A ) is an intuitionistic (T m , SAJ-fuzzy HCA-submodule of 
M. Let mi, m 2 G At,s,ol, then 

T m (fJ, A {mi), S m (n A (mi), X A (mi))) > a 

and 


T TO (/iA(m 2 ) (/xa(to 2 ), Aa(to 2 ))) > a. 

Therefore /j. A (mi) > a and ia A (m .2 > a. Due monotonicity of T rn , we have, 


Tm(^ A ( m i ~ ni2),S m (fj, A {m 1 - m 2 ),\ A (mi - m 2 ))) 

> T m (fj. A (mi - to 2 )), (fJ, A (mi - to 2 ))) 

= MA(m! - to 2 ) 

> T m (fi A (mi), ia A (m 2 )) 

A (cr, o) 

= a 


Therefore, T m (fj, A (mi — m 2 ), S m (n A (mi — to 2 ),Aa(to,i — m 2 ))) > a and hence 
toi — to 2 G AT m ,s m>a - Also, let m. G AT m ,s m ,a and x £ X. Then, 

Tm(H A (m) ili A (m),\ A {m))) > a. 
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which impliese /j, A (m) > a. From monotonicity of T m , we have, 

T m (n A (xrn) (ii A (xm), X A (xm)) 

> T m (ij, A (xm), ii A {xm)) 

= n A {xm) 

> n A(m ) 

> a 

Thus Sm^HAixrn), \A{xm)) > a. Therefore, xm G ^4T m ,5 m ,a- Hence, 

is a BCK - submodule of M. 


4. Conclusion 

One of the generalizations of fuzzy BCK- submodules, namely, intuitionistic 
(T,S )- fuzzy BCK- submodules was defined and some properties of intuitionistic 
{T,S )- fuzzy RCA-submodules are investigated. Also, some related results on level 
sets of an intuitionistic (T,*S)-fuzzy HCA-submodule are investigated. These in- 
vestigations of generalized fuzzy on HCA-modules could be enable us to discuss 
further study in this field. 
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Abstract 

The purpose of this paper is to introduce some new sequence spaces of fuzzy numbers defined by 
lacunary ideal convergence using generalized difference matrix and Orlicz functions. We also study 
some algebraic and topological properties of these classes of sequences. Moreover, some illustrative 
examples are given in support of our results. 

Keywords and phrases: Ideai convergence; fuzzy number; difference sequence; Oriicz function; lacunary se- 
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1 Introduction and preliminaries 

The concept of ideal convergence is the dual (equivelant) to the notion of filter convergence introduced by 
Cartan [4] . The filter convergence is a generalization of the classical notion of convergence of sequences of 
real or complex numbers and it has been an important tool in the study of functional analysis. Nowadays 
many authors studied this notion from various aspects and applied this notion to various problems 
arising in the convergence theory. Kostyrko et al. [13] and Nuray and Ruckle [23] independently studied 
in detalis about the notion of ideal convergence which is based upon the structure of the admissible ideal 
/ of subsets N of natural numbers. Later on it was further investigated by many authors, e.g. Tripathy 
and Hazarika [26], Mursaleen and Mohiuddine [22] and references therein. 

Let S' be a non-empty set. Then a non empty class I C P(S) is said to be an ideal on S if and only 
if (i) € /; (ii) I is additive; (iii) hereditary. An ideal / C P(S) is said to be non trivial if I <j> and 

S £ I. A non-empty family of sets F C P(S) is said to be a filter on S if and only if (i) <f> £ F (ii) for 
each A, B £ F we have A n B £ F; (iii) for each A £ F and each B D A, we have B £ F. For each ideal 
/, there is a filter F(I) corresponding to I i.e. F(I) = {K C S : K c £ /}, where K c = S — K. We say 
that a non-trivial ideal / C P(S) is an admissible ideal on S if and only if it contains all singletons, i.e. 
if it contains {{s} : s € S}. Recall that a sequence x = (xk) of points in R. is said to be /-convergent to 
the number £ (denoted by I-limXk = £) if for every e > 0, the set {k £ N : \xk — £\ > e} £ I. 

We used the standard notation 9 = (k r ) to denote the lacunary sequence , where 9 is a sequence of 
positive integers such that ko = 0, 0 < k r < k r+ i and h r := k r — k r - ± — > oo as r — » oo. The intervals 
determined by 9 will be denoted by J r = (fc r _i, k r \ and the ratio (r ^ 1) by q r (see [8]). 

The notion of lacunary ideal convergence for sequences of real numbers and fuzzy numbers, respec- 
tively, has been defined and studied in [27] and [9]. Let / C 2 N be a non-trivial ideal. A real sequence 
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x = (. Xk ) is said to be lacunary I-convergent to Lgi, in symbol we shall write Ig-lvmx = L, if for every 
s > 0, the set 

| r G N : j- ^ \x k ~ L\ > e j> € I. 

I r fceJr J 

Throughout the paper we use w to denotes the set of all real sequences x = ( Xk )• The difference 
sequence spaces have been introduced by Kizmaz [12] by using the difference operator A as follows: 


Z{ A) = {(x k ) G w : A x k G Z}, 


for Z = £oo,c,cq and A Xk = A 1 Xk = Xk — Xk+i for all k G N, where the standard notations c 
and Co are used to denote the set of bounded, convergent and null sequences, respectively. Later this 
idea was generalized by Et and Qolak [6] by considering A” instead of A, where (A n Xk) = A 1 (A”“ 1 a;fe) 
for n > 2 and all k G N. In case of n = 0 we obtain Xk ■ Tripathy et al. [28] presented another 
generalization of difference sequence spaces by introducing the operator A^ and is given by A^x = 
(A m x k) = (A^ — — A r ^ 1 Xk + m) so that A ^Xk has the following binomial representation: 

n / 

a”» = E(- 1 )'' L 

v-0 A 

for all k G N. If we take n = 1, then Z(A^) is reduced to Z( A m ) which was introduced by Tripathy and 
Esi [25], in this case the operator A m x is given by A m a; = (A m Xk) = ( Xk — Xk + m ) for all k,m G N. The 
choice of m = 1 in the definition of Z{ A 7 ^) gives us the difference sequence spaces introduced by Et and 
Colak [6]. Ba§ar and Altay [1] introduced the generalized difference matrix B(r, s ) = (b n k(r, s)) by 




! r, if k = n; 

s, if k = n - 1; 

0, if 0 < k < n — 1 or k > n. 


for all k, n G N and all non-zero real numbers r, s. The generalized difference matrix B n of order n has 
been recently defined by Ba§arir and Kayikgi [2] and its binomial representation is given by 

S nx k = it ( n ) rn ~ v s v x k - v , 


for all n G N and r,sGi - {0}. Another generalization of above difference matrix was given by Ba§arir 
et al. [3] as B^ m) , where B™ m) x = (B^ m) x k ) = {rB™~^x k + sB™~fx k -m) and B° (m) x k = x k for all k G N, 
which is equivalent to the following binomial representation: 

n , 

B( m ) x k = X] f 

i /=0 v 

In [24], Orlicz introduced functions nowadays called Orlicz functions and constructed the sequence 
space (L M ). Krasnoselskii and Rutitsky further investigated the Orlicz space in [14]. Some recent related 
work we refer to Mohiuddine et al. [19,20]. A function M : [0, oo) — > [0, oo) is said to be an Orlicz 
function if it is non-decreasing, continuous, convex with M( 0) = 0, Mix) > 0 as x > 0 and M(x) — > oo as 
x — > oo (see [24]). It is well known that if M is a convex function and M( 0) = 0, then M( Xx) < A M(x) 
for all A G (0, 1). An Orlicz function M is said to be satisfy A 2 -condition for all values of u, if there 
exists a constant K > 0 such that M(Lu) < KLM{u ) for all values of L > 1 (see, Krasnoselskii and 
Rutitsky [14]). 


r n V S V Xk-mv 
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Lindenstrauss and Tzafriri [16] introduced the sequence space £m by using the notion of Orlicz function 
£m = £ w : ^ M < 00 > for some P > o| ■ 


and proved that this space is a Banach space with the norm 


1*11 = inf | P >0: J2 M 


< 1 


Every space £m contains a subspace isomorphic to the classical sequence space i v for some 1 < p < oo. 
The space t p , 1 < p < oo is itself an Orlicz sequence space with M(t) = |f| p . 

A sequence space E is said to be (i) normal (or solid) if ( otkXk ) £ E whenever (xk) £ E and for all 
sequence (a*,) of scalars with |afc| < 1 for all k £ N, (ii) symmetric if (x^k)) G E, whenever (xu) £ E, 
where tt is a permutation of N. 

Let £ be a sequence space and K = {k\ < k 2 < ■••} C N. A sequence space of the form Aj| = 
{{xk n ) £ u! : ( k n ) £ E} is called a K-step space of E. A canonical preimage of a sequence (xk n ) £ A is 
a sequence (yk) £ w and is defined by 


Vk 


Xk, if k £ K 
0, otherwise. 


A canonical preimage of a step space Aj| is a set of canonical pre-images of all elements in Af-. We say 
that E is monotone if E contains the canonical pre-image of all its step spaces. Note that every normal 
space is monotone (see [11], pp. 53). 

A sequence x = ( Xk ) £ £ oo (the space of bounded sequences) is said to be almost convergent , denoted 
by c, if all of its Banach limits coincide. Lorentz [17] introduced this sequence space as follows: 


c = < x £ 


: \ivntjk(x) exists uniformly in j 


where 


tjk(x) 


x j A x j + 1 + ■■■ + *j+fe 

k + 1 


It is clear that 

k 

\ Y, x i+i for fe > i; 

i= 1 

Xj for k = 0. 

Zadeh [29] introduced the concept of fuzzy set theory and its applications can be found in many 
branches of mathematical and engineering sciences including management science, control engineering, 
computer science, artificial intelligence. Matloka [18] introduced the bounded and convergent sequences 
of fuzzy numbers and proved that every convergent sequence of fuzzy numbers is bounded. Later, various 
classes of sequences of fuzzy numbers have been defined and studied by Colak et al. [5], Et et al. [7], 
Mursaleen and Ba§arir [21], Hazarika [10] and references therein. 

Now recalling some notions of fuzzy numbers which we will used to prove our main results. Throughout 
the paper we used w F , c F and c F to denote the set of all, bounded, convergent and null sequence 

spaces of fuzzy numbers, respectively. A fuzzy number A is a fuzzy subset of the real line R i.e. , a 
mapping X : R — > J(= [0, 1]) associating each real number t with its grade of membership X(t). A fuzzy 
number X is said to be (i) upper-semi continuous if for each e > 0, A _1 ([0, a + e)) for all a £ [0,1] is 
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open in the usual topology of R, (ii) convex if X(t) > X(s) Al(r) = min{X(s), X(r)} for s < t < r (iii) 
normal if there exists to E R such that X(to) = 1. 

We used the notation X a to denotes a-level set of a fuzzy number X, 0 < a < 1 and is given by 
X a = {t £ R : X(t) > a}. The set of all normal, convex and upper semi-continuous fuzzy number with 
compact support will be denoted by R(J) and the fuzzy number we mean that the number belongs to 
R(J). We used the symbol D to denote the set of all closed and bounded intervals X = [x\,X 2 ] on R. 
For any two sets X,Y £ D, we define X < Y if and only if X\ < y\ and X2 < 2/2 ■ A metric d on D is 
given by d(X,Y) = max{|a;i — 2 / 1 1 , | CC 2 — 2 / 2 1 } - It is easy to see that (D,d) is a complete metric space. 
Also, the relation < is a partial order on D. 

The absolute value |X| of X € R( J) is given by 


\x\(t) = 


max{X(f), X(— t)}- f if t > 0, 

0, if f < 0. 


Suppose that d : R(J) xR(J) — > R is a mapping such that d(X, Y) = sup 0<a<1 d(X a , Y a ). Then (R(J), d) 
is a complete metric space. 

We define X < Y if and only if X a < Y a , for all a £ J. By 0 and 1 we denotes the additive and 
multiplicative identities in R(J), respectively. 

A sequence u = ( Uk ) of fuzzy numbers is said to be (i) bounded if the set {uk : k £ N} of fuzzy 
numbers is bounded, (ii) convergent to a fuzzy number uq if for every e > 0 , there exists ko £ N such 
that d(uk,Uo) < e, for all k > no, (iii) I-convergent (see [15]) if there exists a fuzzy number uq such that 
for each e > 0, the set {k £ N : d(uk , uo) > e} £ I. We write J-lim Uk = uo, (iv) I-bounded if there exists 
K > 0 such that the set {k £ N : d(.Uk, 0) > K} £ I. 


2 Main results 


Throughout the article we assume that I is an admissible ideal of N. In this section, we introduce the 
following definitions. We introduce some new strongly almost ideal convergent sequence spaces using the 
generalized difference matrix and Orlicz function M. Let us consider a sequence p = ( pk ) of positive 
real numbers and let m, n be any nonnegative integers. For some p > 0, we define the following sequence 
spaces. 


K /f (M, 0, B? m) ,p)] = i ( u k ) G w* : l r £ N : 


1 


E 

fee Jr 


M 


' d(tj k (B^ m) u k ),0)' 


[w if (M, 9 , B? m) ,p)} = ( u k ) G w F : r G N : - ^ 


keJr 


Pk 


> £ > G /, uniformly in j G N 


M 


d(tjk(B™ m )Uk), uq) 


> £ / £ I, 


uniformly in j £ N and for some uq £ 


[w F (M, 9, Bf m) ,p)} = (u fc ) £ w F : sup — 
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E 

fee Jr 


M 




< oo, uniformly in j £ N 


WJZ (M, e , B? m) ,p)} = l (u fc ) G w* : 3/l > 0 s.t.lr £ N : 


E 

k£.Jr 


M 


, 0) 


"I Pk 


> K > G /, uniformly in j G N > . 


Particular cases: 


(i) If p = (pfc) = 1 for all k G N, we denote [u^ F (M, 0, B™ m) ,p)\ = [w^ F (M, 0, -B" to) )], 

= [w£(M,0,B[* m) )] and 

(ii) If M{x) = x, we denote [w£ F (M, 0, £” m) ,p)] = [w£ F (0, 5" m) ,p)], [w /F (M, 0, £” TO) ,p)] = 

[^ F (0,^ m) ,p)], [wi F (M, 0, B" m) , p)] = [w^(e,B^ m) ,p)] and [w£(M,9, B? m) ,p)} = 

(iii) If 0 = (2 r ), we denote [w£ F (M, 0, B™ m) ,p)\ = [w 1 ^ (M, B™ m) ,p)\, [w IF (M, 0, B™ m) ,p)] = 

[w IF (M,B£ m) ,p)\, [w F (M,e,B? m) ,p)] = [w^(M,B£ m) ,p)\ and [w^{M, 0, B£ m) ,p)\ = 

[^{M,B^ mV p)}. 

Throughout the manuscript, we will used the following well-known inequality. Suppose that p = ( p k ) 
is a sequence of positive real numbers with 0 < pu < sup fc pfc = H, D = max{l, 2 F ~ 1 }. Then 

|ofc + b k \ Pk < D(\a k \ pic + |6fc| Pfe ) for all k G N and a k , b k G C. 

Also |a| Pfc < max{l, |a| F } for all a G C. 

Now we are ready to give our main results as follows. 


2.1. Let p = ( p k ) be a bounded sequence of positive real numbers. The spaces 

L^o v— ,</, J" m) ,p)], [w IF (M,d, £” m) ,p)], [ui F (M,6», Bp m) ,p)], and [uif^ (M, 9, B" m) , p)] are closed with 
respect to addition and scalar multiplication. 


Theorem 

\rrJF(T\,f n 


Proof. We prove the result only for the space [w IF (AI, 9, B™ m j,p)]. The others can be treated similarly. 
Let u = ( u k ) and v = (v k ) be two elements of [w IF (M, 9, B™ m yp)\ and 01,02 be scalars. Let e > 0 be 
given. Then there exist positive numbers pi,p 2 such that 


and 



M 


d {tj fc(-®(m) u fc), u 0 ) 

Pi 



Q 



M 


' d(tj k (Bf m) v k ),v 0 ) 


P2 



(uniformly in j G N) 


(uniformly in j G N). 


Let P 3 = max(2|oi|pi, 2 |o 2 |p 2 )- Since M is non-decreasing and convex function, we have 


1 

h r 


E 

k£.J r 


M 


' d(t jk (B^(aiu k + a 2 v k )), or u 0 + a 2 v 0 ) 


P3 


-I Pk 
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fee Jr 


< 


k£j r 


M 


M 


' aid(tj k (B^u k ), mo ) 

P3 

Q(t jk (B^ m) u k ),u 0 )' 


E 


fee Jr 


M 


' a 2 d(t jk (Bf m) v k ),v 0 ) 


P3 


1 Pfc 


Pi 


■E 

fee Jr 


M 


Pi 


Vk 


uniformly in j. Therefore, we have 
i 

’ fceJ, 


£ "t5: 


^ ^ d(tj k (B^ m j(aiUk + a 2 v k )), a!U 0 + a 2 v 0 )\ 


P3 


> £> C P\JQ £ I. 


uniformly in j. This yields (apu + a 2 v) G [w 1F ( M , 9, B™ m yp)]. This completes the proof. 
Theorem 2.2. Let Mi and M 2 be two Orlicz functions. Then 

(i) [Z(M 2 , 9, B? m) , p)} C [Z(M 1 M 2 , 0, B? m) ,p)}. 

(ii) [Z{M U 9, B? m) ,p)] n Z(M 2 , 9, B™ m) ,p)\ C [Z(M 1 + M 2 , 9, B? m) ,p)], 
where Z = m!q F , w if , u;;^f , m} f . 

Proof, (i) Let u = ( u k ) G [m} /f (M 2 , 0, -Bp„),p)] and let e > 0 be given. For some p > 0, we have 


reN: y£ 

k k£j r 


Mo 


d(tjk (Bf rn ^ Mfe) . mq) 


P 


□ 


M > e I, 


uniformly in j G N. Choose A with 0 < A < 1 such that M\[t) < e for 0 < f < A. We define 

d(tj k (B( m )U k ), mq ) 


Mfc = 


(2.1) 


and consider 


lim \Mi(v k )] Pk = lim \Mi(v k )] Pk + lim [Mi(v k )] Pk . 

fee N;0<«fe<A keW;v k <\ feeN;v fc >A 


Therefore, one obtains 

, lim [Mi(v fc )] Pfc < [Mi(2)] h lim \v k ] Pk , {H = supp fc ). 

/cGN;t;fc<A /cGN;vfc<A ^ 

For the second summation (i.e. v k > A), we go through the following procedure. We have 

Mfc Mfc 


It follows from the fact that Mi is convex and non-decreasing, 

Mfc \ 1 


Ml (M fe ) < Ml (l + y) < ^Mi(2) + ^Mi 


1 , r ( 2^fc 

A 


Since Mi satisfies A 2 -condition, we can write 


Mi(u fc ) < l^Mi(2) + 1 K y Mi (2) = FfyMi(2). 


This yields the following estimates: 


(2.2) 


lim [Mi(v/ C )] p ' t < max{l, (FfA 1 Mi(2)) H | lim [ufc] Pfe . 

fc£N;i;fc>A fcGN;vfe>A 


(2.3) 
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It follows from (2.1), (2.2) and (2.3) that 


(u k ) G [w IF (M 1 .M 2 ,6, B? m) ,p)\. 


Hence, [w IF (M 2 , 9, B™ m) ,p)\ C [w if (Mi.M 2 , 9, H” m) ,p)]. 


(ii) Let ( u k ) € [w IF (Mi, 9, B™ m yp)\ fl [w IF (M 2 ,6, B^ m yp)\. Let e > 0 be given. Then there exists 
p > 0 such that 


GN:-]T M : 


■> U 0 ) 


> £ > G / (uniformly in j G N) 


E M - 


d(tjk(.B ( m \Uk) , u-o) 


The rest of the proof follows from the following relation: 


> e > € I (uniformly in j G N). 


r G N : — y] (Mi + M 2 ) 


d{tjk(B,s u k), uq ) 


C i r G N : — ^ M] 


d(tjk(B,sUk), Uq) 


U rGN:-^ M, 


d{tjk{B( m) Uk), Uq) 


Note that if we take M\(x) = M(x) and M 2 (x) = x for all x G [0, oo) in the above theorem, then 
we obtain the following corollary: 


Corollary 2.3. One has [Z {6 , B™ m) , p)\ C [Z(M, 9 , B™ m) ,p)}, where Z = w^ F , ui IF , wff , w^. 

As in classical theory, the following is easy to prove. 

Theorem 2.4. (a) If M\(x) < M 2 (x) for all x G [0, oo), then [Z(M\, 9, B™ m yp)] C [Z(M 2 ,9,B™ m yp)] 

for Z = Wq F , w IF and wf^. 


(b) Ifni < n 2 then [Z(9, B^,p)} C [Z(9, B^,p)} for Z = wl ) F ,w IF and w£>. 

Theorem 2.5. Let M be an Orlicz function. Then 

[wq F (M,0, B" m) ,p)] C [w IF (M, 6, B" m) , p)\ C [w^(M,e,B? m) , P )} 
and the inclusions are proper. 

Proof. Suppose that (u k ) G [ w IF (M , 9, B™ m yp)\. Let e > 0 be given. Then there exists p > 0 such that 

f _ 1 \ , r (d(tjk{B , ( L m) Uk),u 0 )\-\ ] T 
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Clearly, 


M f <Ktjk(B? m) u k ),0) \ < i m / d(t jk (B™ m) u k ),u 0 ) \ + / d( Mo ,Q) 


Taking supremum over k on both sides of above inequalities implies that (u k ) £ [w F (M, 9, B” m yp)]. 
Thus, we have [w IF (M,9, Bf m) ,p)] C [w F (M,9, Bf m) ,p)]. 

The inclusion [wq F (M, 9, B^ ,p)] C [w IF (M, 9, B™ m yp)\ is obvious. 

We now show that the inclusion is strict in the above theorem by constructing the following 
illustrative example. 


Example 2.1. Suppose that 9 = ( 2 r ) and M(x) = x for all x £ [0, oo). Suppose also that r = 1, s = —1, 
n = 1, m = 2. Let us define the sequence (u k ) of fuzzy numbers by 

f f t + 1 if -f <*<0; 

«fc(f) = < -£i+l if 0<f < 

[ 0 , otherwise, 

where k = 2* (i = 1, 2, 3, ...), otherwise u k (t) = 0. For a £ (0, 1], the a-level sets of u k and B}^u k are 

r 1 « f [|(a-l),|(l-a)] if k = 2 i ,i = 1, 2, 3, ... 

k 1 [0, 0] , otherwise 


[5(2) Mfc] — 


,i _ j [|(a- 1 ) 1 3( 1 -«)] for k = 2 * 


otherwise . 


It is easy to prove that < [Tj] a < ^ for a £ (0, 1], where [Tj] a = [tj,k(B} 2) Uk)] a = J2l=i B ( 2 ) u k\ a - 


Because 




^[ 1 ( 0 - l.),i(l -a)] for k = 2 z ;j>l 

[0, 0] , otherwise 


[tj,k{B( 2) M fc)] — 


[|(a- 1 ),i(!-a)] if j = 0 


otherwise . 


Thus (Tj) is /-bounded but not /-convergent. 


Theorem 2.6. The inclusions [Z(M,9, B™ m ^,p)\ C [Z(M,9, B™ m yp)\ are strict for n > 1. In gen- 
eral [Z (M , 6 , B^ m y p)\ C [Z(M, 9, B™s,p)] ( i = 1,2, ...,n — 1) and f/e inclusion is strict, where 

r 7 IF ^ IF ^ IF 

Z = ,w lr ,wf Q . 

Proof. Suppose that u = (u k ) £ [u>q F (M, 9, B™~^,p)\. Let e > 0 be given. Then there exists p > 0 such 
that _ 

jr e N , i ■£ M ^ (t,t(B< ”)‘" t) ' 0) j ” > e J 6 I. 

Since M is non-decreasing and convex it follows that 

( d(tjk(BV m )U k ), 0 ) \1 
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< 


M 


2 p 


< D 


1 M f d(tj k (B( m -) u k ), 0) 


< DK 


where K = max{l, Therefore we have 


P 

on— 1 


D 


1 m 


M 


d(tjk(B( m j w.fc),0) 


P 


DK 


P 

-yn — 1 


M 


d(tjk(B™ m) Ufc+i), 0) 


P 




k£.Jr L 


M 


d{tjk(B™ m jUk), 0) 

2 ~p 


> £ 


i.e., 


cireN: DK J~ 


fee Jr 


M 


d{tjk(B( m j itfc), 0) 


> £ 


U \reN:DK-Y, 


kej r L 


M 


d(tjk(B( m j Wfc+i),0) 


>£ , 




fee Jr 


M 


d(tjk(B™ m jUk), 0 ) 
2 p 


>£} £ I. 


Hence, (u k ) G [w^ F (M, 9, B™ m) ,p)\. 

We now show that the inclusion is strict in the above theorem (Theorem 2.6) by constructing the 
following illustrative example. 


Example 2.2. Let 9 = ( 2 r ) and M(x) = x for all x € [0, oo) Suppose also that r = 1, s = —1, n = 2, 
to = 2 and p k = 1 for all k G N. We now dehne the sequence {u k ) of fuzzy numbers by 

[ -pr 1 +1 , if k 2 - 1 < t < 0; 

Wfc(t) = | — W+l + 1 > if 0 < t < k 2 + 1; 

[ 0 , otherwise. 

For a G (0, 1], the a-level sets of u k , B^u k and B?^u k are as follow: 

[uk] a = [(1 — ot)(k 2 — 1), (1 — a)(k 2 + 1)]), 

and 

[B\ 2) u k ] a = [(1 - a){Ak - 6), (1 - a)(4 k - 2)], 

[B‘( 2 ) u k\ a = [4(1 — a), 12(1 — a)]. 

It is easy to verified that the sequence [Bj 2 fU k } a is not /-convergent but [B? 2 *,u k ] a is /-convergent. □ 

Theorem 2.7. Let 0 < p k < q k < oo for each k. Then [Z(M,6, B™.,p)] C [Z(M,6, B™ m .,q)] for 
Z = Wq F and w IF . 
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Proof. Let (uk) E [wq(M, 0 , Then there exists a number p > 0 such that 


r€N:-]T 


fee Jr 


M 


'd(t jk (Bf m) u k ), 0) 


>£> e I 


(uniformly in j G N). 


For sufficiently large k, since p k < q k for each fc, therefore we obtain 


r G 


"4E 


fceJr L 


M 


' d(tjk(&( m) Uk),0) 


> £ , 


4 eN: rE 


fceJr 


M 


d(tjk(B™ m jUk), 0 ) 


-I Pk 


>£>€/, 


uniformly in j G N, i.e. (u k ) G [w£ F (M, 9, B™ m) , g)]. 

Similarly, we can show that ]w IF (M, 0, B™ m yp)\ C [w IF (M, 0, B™ m yq)\. 


□ 

IF 


Corollary 2.8. (a) Let 0 < inf fc p fc < p k < 1. Then [Z {M , 9 , B™ m) , p)] C [Z(M, 0, for Z = Wq 

and w IF . 

(b) Let 1 <p k < sup k p k < oo. Then [ Z(M , 6», C [Z(M, 0, B” m) ,p)] for Z = w ^ and w IF . 

Theorem 2.9. If I is an admissible ideal and I ^ If , then the sequence spaces [ Wq F (M , 9, B™ m yp)] and 
w IF (M,9, B™ m) ,p)\ are neither normal nor monotone, where If denotes the class of all finite subsets of 
N. 


Proof. To prove our result, we construct the following example. 


Example 2.3. Suppose that M(x) = x for all x G [0, oo) and r = 1, s = —1, n = 1, m = 1. Consider 
that / = Ig, where Is = {A C N : asymptotic density of A (in symbol, <5 (j 1)) = 0} and note that Is is an 
ideal of N, and p k = 1 for all k gN. We now define the sequence (■ u k ) of fuzzy numbers by 


u k (t) 


1 + t — k , if t G [k — 1, k \ ; 
1 — t + k , if t G [k, k + 1] ; 
0 , otherwise. 


Let us define 


Oik 


1 , if k is odd; 

0 , if k is even. 


Thus ( a k u k ) ^ [wq F (M,6, B™ m j,p)] and w IF (M,6, B™ m yp)]. Therefore, we conclude that the spaces 
[wq F (M, 9, B™ m yp)] and w IF (M,0, B™.,p)] are not normal and hence these spaces are not mono- 
tone. □ 


Theorem 2.10. If I is an admissible ideal and I ^ If, then the sequence space [Z(M,0, B™,,p)] is not 
symmetric, where Z = Wq F ,w IF . 

Proof. We shall prove the result only for the space [w IF (M, 9, B™ m yp)\ with the help of the following 
example. For other space, the proof is similar so we omitted. 
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Example 2.4. Suppose that M{x) = x for all x € [0, oo) and r = 1, s = — 1, n = 1, m = 1. Let I = Is 
and pk = 1 for all k £ N. We now define the sequence (uk) of fuzzy numbers by 

! t — Ak + 1 , if t € [4fe — 1, 4fc]; 

— t + Ak + 1 , if f e [4fc, 4/c + 1] ; 

0 , otherwise. 

Thus, we have (uk) € [w IF (M, 9, B™ m yp)]. But the rearrangement (vk) of (uk) defined as 

Vk = {«l, U4, U 2 , Ug, U3, U\Q, U5, U25, Ug, ...}. 

This implies that (vk) ^ [ w IF {M , 6, B™ m yp)]. Hence [ w IF {M , 9, B™ m yp)\ is not symmetric. □ 
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Abstract 

In the paper, the authors establish an exponential representation for a function involving the 
gamma function and originating from investigation of the Catalan numbers in combinatorics, 
find necessary and sufficient conditions for the function to be logarithmically completely mono- 
tonic, introduce a generalization of the Catalan numbers, derive an exponential representation 
for the generalization, and present some properties of the generalization. 
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1 Introduction 


It is known nuncu that, in combinatorics, the Catalan numbers C n for n > 0 form a sequence of 
natural numbers that occur in tree enumeration problems such as “In how many ways can a regular 
ro-gon be divided into n— 2 triangles if different orientations are counted separately?” whose solution 
is the Catalan number C n _ 2 . Explicit formulas of C n for n > 0 include 


C n = 


1 (2 n\ 2"(2n-l)!! If 2 n 


n + 1 V n 


(n + 1)! 


n \n — 1 


= 2 Fi( 1 - n, — n; 2; 1) = 4 "E ( ” f + * /2) , (1) 

V7rr(n + 2) 


where r(z) = / 0 °° t z 1 e ( dt for 9?(z) > 0 is the classical Euler gamma function and 


oFq(dl, ■ ■ ■ i O'p'i bi, ■ • ■ , bq ; z) — 'y ' 


n—0 


(^l)n ' ' ' (^p)n % 
(bi)n ■ ■ ■ (b q ) n n! 


( 2 ) 


1 
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is the generalized hypergeometric series defined for a* £ C and b, £ C\{0,— 1, — 2,...}, for positive 
integers p, q £ N, and in terms of the rising factorials (x) n = IIfc=o( a: + &)■ ^he asymptotic form 
for the Catalan function C x is 

4 X / 1 91 145 1 

x yjii \x 3 / 2 8 x 5 / 2 + 128 x 7 / 2 

see ini m nn nil I2U Recently, among other things, the formula 


on n i / L.\ " 1 

IR- 2 ™) 


n! z — ' 2 fc 
fc— 0 ^=0 


m — 0 


2 n 

n! 


E 


/c=0 


k\ 

2k 


f2n — k — l\ 

V 2 ( n - *0 / 


[2(n 


k) - 1]!! 


was found in na Theorem 3]. For more information on the Catalan numbers C n , please refer to 
two monographs and references cited therein. 

In the paper ]20], motivated by the explicit expression ([l]), the authors established an integral 
representation of the Catalan function C x for x > 0. 


Theorem 1.1 ([5DJ Theorem 1]). For x > 0, we have 
^ _e 3 / 2 4 x ( X + 1 /2) x \[°°l( 1 

^(:r + 2) x +3/ 2 exp IJ 0 t{e^ 1 ~ 




(3) 


Recall from 0 Chapter XIII], [HO Chapter 1], and |25] Chapter IV] that an infinitely differen- 
tiable function / is said to be completely monotonic on an interval I if it satisfies 0 < (— 1 ) k f^ k \x) < 
oo on I for all k > 0. Recall from m that an infinitely differentiable and positive function / is 
said to be logarithmically completely monotonic on an interval I if 0 < (— l) fc [ln/(x)]f fe ) < oo hold 
on I for all k £ N. For more information on logarithmically completely monotonic functions, please 
refer to urns. 

The formula ([3]) can be rearranged as 


In 


r0f(x + 2) x + 3 / 2 1 

e 3 / 2 4: x (x + \/2) x x _ 


1 1 1 
e t - 1 ~ t + 2 


fe-‘/ 2 - e 


~ 2t )e~ xt dt. 


(4) 


Since the function | (^rzy — \ + |) positive on (0, oo), the right-hand side of Q is a completely 
monotonic function on (0,oo). This means that the function 


(x + 2) x + 3 / 2 
4 x (x + l/2) x : 


(5) 


is logarithmically completely monotonic on (0, oo). Because any logarithmically completely mono- 
tonic function must be completely monotonic, see in Eq. (1.4)] and references therein, the func- 
tion ([5]) is also completely monotonic on (0, 00). 

By virtue of ([l]), the function ([5]) can be rewritten as 


{x + 2) x+3 / 2 r(a; + 1/2) 

{x + l/2) x T{x + 2) 


( 6 ) 


Hence, the logarithmically complete monotonicity of © implies the logarithmically complete mono- 
tonicity of (|6|. The function ([6]) is the special case F 1 / 2 ^{x) of the general function 


F a ,b{x) 


T{x + a){x + b) x+b ~ a 
(; x + a) x T(x + b) 


a, b £ K, 


x > — nhn{a, b). 


(7) 


2 


938 


Feng Qi et al 937-944 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.5, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


We notice that the function F a ^(x) does not appear in the expository and survey articles mm and 
plenty of references therein. Therefore, it is significant to naturally pose an open problem below. 

Open Problem 1.1 ( [20l Open Problem 1]). What are the necessary and sufficient conditions on 
a, b £ R. such that the function F a ^{x) defined by ([7]) is ( logarithmically ) completely monotonic in 
x £ (— minja, 6}, oo) ? 


This problem was answered in HE Theorem 2] as follows. 

Theorem 1.2 (HE Theorem 2]). The sufficient conditions on a, b such that the function [^^(x)]^ 1 
defined by ([7]) is logarithmically completely monotonic in x £ (— minja, 6}, oo) are (a, b ) £ D± (a, b), 
where 

D± (a, b) = {(a, b) : a s? b, a > 1} U | (a, b) : a b, a < - 

The necessary conditions on a, b for the function [P ai b(x)] ±:L to be logarithmically completely mono- 
tonic in x £ (— min{a, b}, oo) are a(a — b) ^ 

The aims of this paper are to establish an exponential representation for the function F a ^(x), 
to find necessary and sufficient conditions on a,b for [^ 7 ' a .,b(cc)] ±1 to be logarithmically completely 
monotonic on [0, oo), to introduce a generalization of the Catalan numbers C n , and to derive an 
exponential representation for the generalization of C n . 

The first main result in this paper can be stated as the following theorem. 

Theorem 1.3. For a,b > 0, the function F a ^{x) defined by Q has the exponential representation 


F a ,b(x ) = exp 


b — a + 


i o 


OO ^ 

t 





( 8 ) 


on [0, oo) and the function [T’ a> 6( a: )] ±1 logarithmically completely monotonic on [0, oo) if and only 
if (a, b) £ D± (a, b). 


Comparing § with ([8]) hints and stimulates us to consider the three-variable function 

C(a,6;z) = ^f 6 ) K(o),K(6)>0, K(s) > 0. 

T(a) \a J T(;z + b) 


( 9 ) 


Since C(|,2;n) = C n for n > 0 is of the form 0» we can regard C(a,b;x) as an analytical 
generalization of the Catalan numbers C n . For uniqueness and convenience of referring to the 
quantity C(a, b\ x), we call C(a, b; x) the Catalan-Qi function and, when taking x = n £ {0} U N, 
call C(a,b;n) the Catalan-Qi numbers. 

By virtue of the integral representation ([8]) in Theorem 1.3 we immediately derive an integral 
representation for the Catalan-Qi function C(a,b ; x). 


Theorem 1.4. For a, b > 0 and x > 0, we have 


C(a, 6; x) 


m 

T(a) 


( x + a) x 

\a J ( x + b) x+b ~ a 


x exp b 






( 10 ) 
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Remark 1.1. Can one give a combinatorial interpretation of the Catalan-Qi function C(a,b',x ) 
defined by Q and its integral representation (10)? 

In [22] and related references therein, the following simple properties of the Catalan numbers 
Cr, are listed: 


C„ +I = ft, = ^11(4* -2), £^ = 1, 


Y 

n— 0 


n + 2 

- 2n h(2x) 


(n+ 1)! 11 v n ^4” 

v ' fc= 1 n—l 


x 


(2 n)\ x 


rr» ' v 

, e 2x [l 0 (2x)-h(2x)\ = ^C n — - 


n — 0 


(11) 

( 12 ) 


where 




^ k\T(u + k+l) \ 2 J 


fc= 0 




2 k+v 


for v £ K. and z £ C, see [U p. 375, 9.6.10], is the modified Bessel function of the first kind. 
Corresponding to these properties, the following properties of the Catalan-Qi function C(a,b;z) 
can be obtained. 


Theorem 1.5. For n > 0 and 5i(z) > 0, we have 

7 —1— n / 7 \ 71 71 1 

C(a,b;z + 1) = - yC(a,b;z)-, C(a,b;n) = ( -) JJ 

a z + b \a J ■ L± b + k 

y ' k — 0 


a + k 


n—l 

Jin 


) C M n ) = b >a + 1 > 1; 

1 , b 


OO In / 7 \ yi / 7 \ 

5Z 6; n ) tJyI = lF2 ( a; 2 ’ 6; 4^^ ) ; C ( a ’ n) = iFj f a; 5; -x J . 

n— 0 V y* \ / n—0 ' ' ' 


Remark 1.2. When a = 1 and 5 = 2, the formulas in Theorem 1.5 become those listed in (11) 


and (12). 


1.5 


Remark 1.3. The last two formulas in Theorem 

iFi(a; b- £ x ) can be regarded as the generating functions of the Catalan-Qi numbers C{a , b; n). 


show that the functions i-F 2 (a; ^,6; j^x 2 ) and 


2 Proofs of Theorems 1.3 to 1.5 


We are now start out to prove Theorem |1.3| by two approaches and to prove Theorems 1.4 and 1.5 
First proof of Theorem ]! ,3[ Taking the logarithm of F a Jx) gives 

In F a ^(x) = lnr(a; + a) — a;ln(a; + a) — lnr(a; + b) + (x + b — a) ln(a: + b) = f a (x) — fa{x + b — a). 
Differentiating twice with respect to the variable x of f a J) yields 

fa{ x )=i’{x + a)-\n{x + a) + — < ^ 1 and f"{x)=J(x + a) ° ■ 

x + a x + a (x + aY 


4 
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By virtue of the formulas 

poo j.n p —zt poo 

</,(") ( z ) = (-l) n+1 / — d t and T{z) = k z t 2 

Jo 1 — e Jo 


-l e ~ kt 


d t 


for Sft(z) > 0, 5ft (k) > 0, and n G N in [TJ p. 260, 6.4.1] and Q], p. 255, 6.1.1], we obtain 


— - --a \te 


f'd( x - a) = 4>'(x) - 1 - 4 = [ ( 

x x Jo \l-i 

Accordingly, we have 

[In -Fa, 6 (z)]" = fa(x) - f”(x + b-a ) = ^ ^ 1 _ 1 f _ t - ]■ 


cU. 


e _ (a:+a ) t _ e -(x+6)tj dt 


1 

1 - e-* 


a 1 tie at — e 


y 


(13) 


~ m e~ xt dt. 


The famous Bernstein- Widder theorem, [551 P- 161, Theorem 12b], states that a necessary and 
sufficient condition for f(x) to be completely monotonic on (0, oo) is that /( x) = / 0 °° e _xt d/i(t), 
where /i is a positive measure on [0, oo) such that the above integral converges on (0,oo). Hence, 
in order to find necessary and sufficient conditions on a,b such that the function [lni 7 ' a! b(a;)] ,, is 
completely monotonic on (0, oo), it is necessary and sufficient to discuss the positivity or negativity 
of the function 

1 1 
1 — e -t t 


- - - a )t(e- at - e~ bt ) 


(14) 


on (0, oo). 

It is clear that the factor e~ at — e~ bt is positive (or negative, respectively) if and only if b > a 
(or b < a, respectively). Since the function — ^ = j- — j + 1 is strictly increasing on (0, oo) 

and has the limits lim t _ ) .Q+ ( 1 _\- t — j) = \ and linp-nx, ( 1 _ 1 e - t — |) = 1, see ESI US! and references 
therein, the factor 1 _^_ t —\—a is positive (or negative, respectively) on (0, oo) if and only if a < \ 
(or a > 1, respectively). Consequently, the function (14) is 

1 . positive if and only if either b > a and a < \ or b < a and a > 1 , 

2. negative if and only if either b < a and a < ^ or b > a and a > 1. 

As a result, the function ±[lnF al ^l(a;)] ,, is completely monotonic on (0,oo) if and only if (a, 6) € 
D±(a,b). 

By a straightforward computation, we see that 


lim [lni 7, al b(:r)] , = lim 


, , . ,, . x + b a(b — a) 

ip{ x + a) — ip(x + b) + In — : h 


■ + a (x + a) (x + b) 


= 0 


(15) 


for all a, b £ R. This implies that, if and only if (a,b) £ D±(a 1 b), the first logarithmic derivative 
satisfies [In F a j t (x)}' ^ 0. By the definition of logarithmically completely monotonic functions, we 
conclude that, if and only if (a, b) € D±(a, b), the function [i 51 a ,6(a ; )] ±1 is logarithmically completely 
monotonic on (0, oo). 
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give 


Integrating from u to oo with respect to x on the very ends of ( 13 ) and considering the limit ( 15 ) 

1 


-[In F a , b {u)}' = 


1 


— e 


- t --~a\[e -e 


~ at ~-bt\ e ~ut dt. 


Further integrating with respect to u from x to oo on both sides of the above equality and employing 
the limit lim^^oo F aj b(x) = e b ~ a reveal that 

lni^Or) = 6 - a + jf° ^ - \ - a) (e~ at - e~ bt )e~ xt d t. 


The first proof of Theorem|1.3|is thus complete. 


□ 


Second proof of Theorem 1.3 As did in the proof of HH Theorem 1], employing the formula 

i„r W = i„(V27 + jf \ - 1 + 1) e- d , 

in [231 (3-22)] and utilizing In b = 


lnF„, s (x) = 6-o+(a-l)lni±|+^ (1-1 + 

)dt + l 


du in jTJ p. 230, 5.1.32] yield 
1 


e* — 1 J t 


e~ at - e~ bt ) 


d t 


= b — a+ | a- - 


C°° -Xt 

(e~ bt - e~ at ^ 


00 / 1 1 1 
- - - + 


= b-< 


f 1 

( 1 
a 

1 

1 

1 ) 

Jo t ’ 

V 2 

2 

t 

e* - 1 J 


2 t e* — 1 It 


z- M _ e- at )e- xt dt 


„-xt 

1 e~ at - e~ bt ) 


d t 


= b — a + 


t 


a+ t ~ r^=d (l 


r bt - e~ at )e~ xt dt. 


The rest of the second proof is the same as in the first proof after the equation (13 1. The second 
proof of Theorem |1.3| is complete. □ 

Proof of Theorem QT^] This follows from straightforwardly combining Q and ([8]) with Q. □ 

Proof of Theorem]! . 5\ It is easy to see that 


C(a,b;z + 1) = 


T(6) f “ +1 T (0 + a + 1) b z + a T(b) { b\~ T(z + a) bz + a 

W) 


T(;s + 6+l) az + bT(a)\aJ T (2 + 6) az + b 


-C(a, 6; z). 


Consequently, when taking z = n — 1, 


C(a, 6; n) = — \ C(a,b;n - 1) = f-') 

a n + b — 1 \a J 


b\ n + ci — ln + a — 2 
n + b — 1 n + b — 2 


C(a , 6; n — 2) 


b\ n n + a — 1 n + a — 2 a+la 


a J n + b — 1 n + b — 2 6+16 


C(a, 6; 0) = 


n n—1 

n 

k — 0 


a + k 
b + k’ 
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By ([9]), it follows that 



C(a , b; n) 


r («) h 


r(n + a) 
T(n + b) 


T(b)T{a + l)T(b- a-1) 
I fa) r(b)T(b-a) 


a 

b — a — 1 


The last two formulas in Theorem 1.5 can be straightforwardly derived from the definition 
of the generalized hypergeometric series. The proof of Theorem |1.5| is complete. 


© 

□ 


Remark 2.1. This paper is a companion of the articles [6H71I12UI31 QH nHU20] and the preprints flOl 
Il8j and is a revised version of the preprint nn. 
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Semiring structures based on meet and plus ideals in lower 

BCK - -semilattices 
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Abstract. The notion of the meet set based on two subsets of a lower BCK-semilattice X is introduced, and related 
properties are investigated. Conditions for the meet set to be a (positive implicative, commutative, implicative) 
ideal are discussed. The meet ideal based on subsets, and the plus ideal of two subsets in a lower BCK-semilattice 
X are also introduced, and related properties are investigated. Using meet operation and addition, the semiring 
structure is induced. 


1. Introduction 

Ideal theory has an important role in the development BCK / BCI - algebras (see [1, 3, 4]). 
It was shown in [5] that if X is a BCK- algebra then (A", <) is a poset, and moreover if X is 
a commutative BCK-algebra, i.e., x * (x * y) = y * (y * x) holds in X, then (A, <) is a lower 
semilattice. Palasinski [7] discussed properties of certain ideals in BCK-algebras which are lower 
semilattices. 

In this paper, we introduce the notion of the meet set based on two subsets of a lower BCK- 
semilattice X and we discuss conditions for the meet set to be a (positive implicative, commuta- 
tive, implicative) ideal. We also introduced the meet ideal based on subsets, and the plus ideal 
of two subsets in a lower BCK-semilattice X. We investigate several related properties, and we 
induce the semiring structure by using meet operation and addition. 

2. Prliminaries 


A B CK/BCI - algebra is an important class of logical algebras introduced by K. Iseki and was 
extensively investigated by several researchers. 

An algebra (A; *, 0) of type (2, 0) is called a BCI -algebra if it satisfies the following conditions 
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(I) (Vx, y, z E X ) (((x * 2 /) * (x * z)) * (z *y) = 0), 

(II) (Vx , y E X) ((x *(x*y))*y = 0), 

(III) (Vx G X) (x*x = 0), 

(IV) (Vx, y E X) {x *y — 0, y * x = 0 x = y). 

If a fid-algebra X satisfies the following identity 

(V) (Vx E X) (0*x = 0), 

then X is called a BCK-algebra. Any BCK/BCI - algebra X satisfies the following conditions 
(al) (Vx E X) (x * 0 = x), 

(a2) (Vx, y, z E X) (x < y =>■ x*z<y*z, z*y<z*x), 

(a3) (Vx, y, z E X) ((x * y) * z = (x * z) * y), 

(a4) (Vx, y, z E X) ((x * z) * (y * z) < x * y) 

where x < y if and only if x * y = 0. A BCK - algebra AT is called a /ow;er BCK -semilattice (see 
[6]) if X is a lower semilattice with respect to the fidl -order. 

A subset A of a BC K/ BCI - algebra X is called an ideal of X (see [6]) if it satisfies 

0 G A, (2.1) 

(Vx G X) (Vy E A) (x *y E A =>• x E A) . (2.2) 

Note that every ideal A of a fidl /fid-algebra X satisfies the following implication (see [6]). 

(Vx, y E X) (x < y, y E A =>• x G A) . (2.3) 

For any subset A of A", the ideal generated by A is defined to be the intersection of all ideals of 
X containing A, and it is denoted by (A). If A is finite, then we say that (A) is finitely generated 
ideal of X (see [6]). 

A subset A of a fidl-algebra X is called a commutative ideal of X (see [6]) if it satisfies (2.1) 
and 

(Vx, y E X) ifi/z E A) ((x * y) * z E A => x * (y * (y * x)) E A) . (2.4) 

A subset A of a fidl -algebra X is called a positive implicative ideal of X (see [6]) if it satisfies 
(2.1) and 

(Vx, y,z E X) ((x * y) * z E A, y * z E A =>■ x * z E A) . (2.5) 

A subset A of a fidl-algebra X is called an implicative ideal of X (see [6]) if it satisfies (2.1) 
and 

(Vx, y E X)(\/z E A) ((x * (y * y)) * z E A =>• xG A). (2.6) 

A proper ideal P of a lower fidl-semilattice X is said to be prime if it satisfies 

(Va, b E X) (a f\b E P =>■ a G P or b E P) . (2.7) 
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We refer the reader to the books [2, 6] for further information regarding BCK/ BCI- algebras. 

3. Meet and plus ideals 

In what follows, let X be a lower BCK -semilattice unless otherwise specified. For any 
nonempty subsets A and B of X, we consider the set 

K := {a A b \ a £ A, b G B} 

where a A b is the greatest lower bound of a and b. We say that K is the meet set based on A and 
B. Note that A D B C K, but the reverse inclusion is not true as seen in the following example. 

Example 3.1. (1) Consider a lower BCK -semilattice X = {0, 1, 2, 3, 4} with the following Cayley 
table. 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

1 

0 

1 

2 

2 

2 

0 

2 

0 

3 

3 

1 

3 

0 

3 

4 

4 

4 

4 

4 

0 


For A = {2, 3} and B = {1, 4}, we have 

K := {a A b \ a G A, b G B} = {0, 1, 2} ^ A fl B. 

(2) Consider a lower HC/l-scmilattice X = {0, 1,2, 3, 4} with the following Cayley table. 

* 0 1 2 3 4 

T o o o o o 

110 0 11 
2 2 1 0 2 2 

3 3 3 3 0 3 

4 4 4 4 4 0 

For subsets A = {1, 2, 3} and B = {1, 3, 4} of A", we have 

K := {a A b \ a G A, b G B } = {0, 1, 3} ^ {1, 3} = A fl B. 

The following example shows that the set K {a A b \ a e A, b e B} may not be an ideal of 

X for some subsets A and B of X. 

Example 3.2. Let X = {0,1, 2, 3, 4} be a lower B C Jb-sem i 1 at t i ce in Example 3.1(1). For 
A = {2, 3} and B = {1, 4}, we have 

{a Ab \ a e A, b e B} — {0, 1, 2}, 

which is not an ideal of X. 

We provide conditions for the meet set K {a A b \ a e A, b £ B} based on A and B to be 
an ideal. 
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Theorem 3 . 3 . If A and B are ideals of X , then so is the meet set 

K := {a A b \ a e A, b G B} 

based on A and B. 

Proof. Obviously, 0 G K. Let x G K and y*x G K for x, y G X. Then x = aAb and y*x = a' A b' 
where a, a' G A and b, b' G B. Since aAb<a and A is an ideal, we have x = a A b G A. Similarly, 
we have 

y * x = a' A b' < a! G A. 

Since A is an ideal of X, it follows that y G A. By the similar way, we get y G B. Therefore, 

y = y Ay e {a Ab \ a e A, b G B} = K 

and K is an ideal of A". □ 

Lemma 3.4 ([6]). For an ideal A of a BCK -algebra X , the following are equivalent. 

(i) A is positive implicative. 

(ii) (VT, y G X) ((x * y) * y e A x*yeA). 

Lemma 3.5 ([6]). For an ideal A of a BCK-algebra X , the following are equivalent. 

(i) A is commutative. 

(ii) (VT, y e X) (x * y e A =$■ x * (y * (y * x)) e A) . 

Lemma 3.6 ([6]). Let A be an ideal of a BCK-algebra X . Then A is implicative if and only if 
A is both positive implicative and commutative. 

Theorem 3 . 7 . If A and B are positive implicative (resp., commutative, implicative) ideals of X , 
then so is the meet set 

K {a A b \ a G A, b G Bj 

based on A and B. 

Proof. Assume that A and B are positive implicative ideals of A". Then A and B are ideals of X, 
and so the set K := {a A b \ a G A, b G B} is an ideal of X by Theorem 3.3. Let (x * y) *y e K 
for every x, y G A". Then (x*y)*y = a A b for some a G A and b G B. Since aAb<a and A is an 
ideal, we have (x * y) * y e A. Similarly, (x * y) * y e B. Since A and B are positive implicative 
ideals, it follows from Lemma 3.4 that x * y e A and x * y e B. Therefore 

x * y — (x * y) A {x * y) G {a A b \ a G A, be B} = K, 

and so K is a positive implicative ideal of A" by Lemma 3.4. 

Now suppose that A and B are commutative ideals of X. Then A and B are ideals of X, and 
so the set K := {a A b \ a G A, b G B} is an ideal of X by Theorem 3.3. Let x *y G K for every 
x, y e X. Then x * y = a A b for some a G A and b G B. Since a A b < a and a A b < b, it follows 
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that x*y E AnB. Since A and B are commutative, we have x*(y*(y* x)) £ An B by Lemma 
3.5. Hence 

x * (y * (y * x)) = (x * (y * (y * x))) A (x * (y * (y * x))) 

E {a A b \ a E A, b £ B} — K, 
and therefore K is a commutative ideal if X. 

Now, if A and B are implicative ideals of X , then they are both positive implicative and 
commutative by Lemma 3.6. Thus K is both a positive implicative ideal and a commutative 
ideal of X, and so it is an implicative ideal of X. □ 

Given two nonempty subsets A and B of X, we consider the ideal of X generated by the meet 
set K {a A b \ a £ A, b £ B} based on A and B. 

Definition 3.8. For any nonempty subsets A and B of X, we denote 

A A B ({o A b | a £ A , b £ H}) 

which is called the meet ideal of X generated by A and B. In this case, we say that the operation 
“A” is a meet operation. If A — {a}, then {a} A B is denoted by a A B. Also, if B — {&}, then 
A A {6} is denoted by A A b. 

Obviously, A A B = B A A for any nonempty subsets A and B of X. If A and B are ideals of 
X, then 

AAB = {o A b | a £ A ? b £ B }. 

Example 3.9. For two subsets A = {2,3} and B = {1,4} of X in Example 3.1, the meet ideal 
of X generated by A and B is A A B = ({0, 1, 2}) = {0, 1, 2, 3}. 

For any nonempty subsets A, B and C of X, we have 

AC B, ACC ^ AC B AC. (3.1) 

The following example shows that there are subsets A, B and C of X such that A C B and 
A C C, but B A C £ A. 

Example 3.10. Consider a lower BCK -semilattice X = {0, 1,2, 3, 4} with the following Cayley 
table. 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

1 

0 

1 

2 

2 

2 

0 

2 

0 

3 

3 

3 

3 

0 

3 

4 

4 

4 

4 

4 

0 


For subsets A = {0, 1}, B = {0, 1, 2, 3} and C = {0, 1, 2, 4} of X, we have 
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BAC=({bAc\beB, c G C}) = { 0, 1, 2} £ {0, 1} = A. 
Proposition 3.11. If A, B and C are ideals of X, then 

A A {0} = {0}. 

A A B = An B. 

(A A B) A C = A A (B A C) = {a A b A c \ a G A, b G B, c G C}. 


(3.2) 

(3.3) 

(3.4) 


Proof. It is clear that A A {0} = {0}. Using (3.1), we have An B C A A B. Let x G A A B. 
Then there exist a G A and b G B such that x = a A b. Since a A b < a and a A b < b, we have 
x G A fl B by (2.3). Hence A A B = A n B. The result (3.4) is straightforward. □ 

Corollary 3.12. If A, B and C are ideals of X , then the condition (3.1) is valid. 

By Proposition 3.11, we know that for ideals Ai, A 2 , ■ ■ ■ , A n of X 

n 

A ^-i '■= A\ A A 2 A ■ ■ ■ A A n 

— {ai A «2 A ■ ■ • A a„ | a\ G A\, 02 G A2, ■ ■ ■ , a n G 

n 

=ru- 


i= 1 


(3.5) 


2=1 


For any nonempty subsets A and B of A", denote by A + B the ideal generated by A U B, 
and is called the plus ideal of A and B. The operation “+” is called the addition. Obviously, 
A, B C A + B, A + {0} = A and A + B = B + A. 

Example 3.13. Consider a lower BCK -semilattice X = {0, 1,2, 3, 4} with the following Cayley 
table. 


* 

0 

1 

2 

3 

4 

IT 

0 

0 

0 

0 

0 

1 

1 

0 

0 

1 

0 

2 

2 

2 

0 

2 

2 

3 

3 

3 

3 

0 

3 

4 

4 

4 

4 

4 

0 


For subsets A = {1, 3} and B = {2} of A", we have 

A + B = (AUB) = {0,1, 2, 3}, 

which is a plus ideal of X. 

Proposition 3.14. For any nonempty subsets A and B of X , we have A A B C A + B. 
Proof. If x G A A B, then there exists Zi, z 2 , ■ ■ ■ , z n G {a A b \ a G A, b G B} such that 

(••• ((x * Zi) * z 2 ) *■■■)* z n = 0 . 


(3.6) 
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For each i G {1, 2, • • • , n}, we have Zi — di A 6* where di E A and 6* G B. Thus 

Qi' A b j ^ CL j E A C A U B C A T B, 

and so Zi E A + B for all % G {1, 2, • • • , n}. Since 0 G A + B, it follows from (3.6) and (2.2) that 

x G A + B. Hence A A B C A + B . □ 

Given two nonempty subsets A and B of X, we note that every ideal / of A" is represented by 
the meet ideal based on some A and B , and every ideal J of X is represented by the plus ideal of 
A and B. But we know that they are different, that is, I ^ J in general as seen in the following 
example. 

Example 3.15. Consider a lower HCTl-scmilattice X = {0, 1,2, 3, 4} with the following Cayley 
table. 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

1 

0 

2 

2 

2 

0 

2 

2 

3 

3 

3 

3 

0 

3 

4 

4 

4 

4 

4 

0 


For two subsets A = {1} and B = {2,3} of X, the ideal / = {0,1} is represented by the meet 
ideal based on A and B as follows 

I — (AA B) — ({0, 1}) = {0, 1}. 

Also the ideal J = {0, 1, 2, 3} is represented by the plus ideal of A and B as follows: 

j = A + B = (AUB) = ({1, 2, 3}) = {0, 1, 2, 3}. 

We know that I ^ J. 

The following example shows that the reverse inclusion in Proposition 3.14 is not true in 
general. 

Example 3.16. Consider a lower BCK -semilattice X = {0, 1, 2, 3, 4} which is given in Example 
3.13. For subsets A = {1, 2} and B = {1, 3} of X, we have 

A AH = ({0,1}) = {0,1} 

and 

A + H = ({ 1,2, 3}) ={0,1, 2, 3}. 

Thus A + B A A B. 

For any nonempty subsets A, B and C of X, consider the following condition. 

ACC, BCC A + BCC. (3.7) 

The following example shows that the condition (3.7) is not valid in general. 
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Example 3.17. Consider a lower BCK -semilattice X = {0, 1,2, 3, 4} with the following Cayley 
table. 


* 

0 

1 

2 

3 

4 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

1 

1 

2 

2 

2 

0 

2 

2 

3 

3 

3 

3 

0 

3 

4 

4 

4 

4 

4 

0 


For subsets A = {1, 3}, B = {2, 3} and C = {1, 2, 3} of X, we have 

A + B = (A U B) = {0, 1, 2, 3} £ C. 

We provide conditions for the implication (3.7) to be hold. 

Proposition 3.18. If A and B are nonempty subsets of X and C is an ideal of X, then the 
implication (3.7) is valid. 

Proof. Let A and B be subsets of X and C be an ideal of X such that A C C and B C C. If 
x £ A + B, then 

(■■■((x*z 1 )*z 2 )*---)*z n = 0 (3.8) 

for some zi,z 2 , ■ ■ ■ ,z n £ A U B. It follows that Zi £ C for all i = 1,2,--- ,n and 0 G C. Since C 

is an ideal of X, it follows from (3.8) and (2.2) that x £ C . Therefore A + B C C. □ 

Let A be an ideal of a .BCT-algebra X and S' be a subset of X with a nilpotent element. Then 

x £ (A U S) if and only if (• • • ((x * Si) * s 2 ) * ■ ■ ■ ) * s n £ A 

for some Si, s 2 , ■ ■ ■ ,s n £ S (see [2]). Since every element of a BCK -algebra is nilpotent, we can 
apply the result above to BCK -algebras as follows. 

Lemma 3.19. Let A an ideal of a BCK -algebra X. For any subset S of X, we have 
x £ (A U S) if and only «/(••• ((x * si) * s 2 ) * • • • ) * s n £ A 
for some s\, s 2 , • • • , s n £ S. 

Lemma 3.20 ([2]). Let X be a commutative BCK-algebra and x,y,z £ X. Then 

(x A y) * (x A z) = (x A y) * z. 

Theorem 3.21. For any ideals A, B and C of a commutative BCK-algebra X , we have 
AA(B + C) = (AAB) + (AAC) and {B + C) A A = (B A A) + (C A A). 

Proof. Note that A A B C A and AABCBCB + C. It follows from (3.1) that 

AABCAA(B + C). 

Similarly A AC C A A (B + C), and thus 
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(A A B) + (A A C) C A A (B + C) 

by Proposition 3.18. Now let x G A A (B + C). Then x = a A z for some a G A and z G B + C = 

(B U C). It follows from Lemma 3.19 that there exist ci, C 2 , • • • ,c n £ C such that 

(••• ((z * ci) * c 2 ) *•••)* c n e B. (3.9) 

Note that a A ci, a A C 2 , • • • , a A c n G A A C. Using Lemma 3.20 and (a3) induces 

((a A z) * (a A ci)) * (a A c 2 ) = ((a A * ci) * (a A c 2 ) 

= ((a A * (a A c 2 )) * ci 

= ((a At)* c 2 ) * Ci 
= ((a A z) * ci) * c 2 

which implies from Lemma 3.20 and (a3) again that 

(((a A z) * (a A Ci)) * (a A c 2 )) * (a A C3) 

= (((a At)* ci) * c 2 ) * (a A c 3 ) 

= (((a A t) * (a A c 3 )) * ci) * c 2 
= (((a A ^) * c 3 ) * ci) * c 2 

= (((a A z) * ci) * c 2 ) * c 3 . 

By the mathematical induction, we conclude that 

(• • • (((a A z) * (a A Ci)) * (a A c 2 )) *•••)* (a A c„) 

(3.10) 

= (• • • (((a At) * Ci) * c 2 ) *•••)* Cn. 

The inequality a A z < z implies from (a2) that 


(• • • (((a Az) * C!) * C 2 ) *■■■)* Cn <(■■■ ((z * C]_) * C 2 ) * ■■■) * Cn. (3-11) 

Since (• • • ((z * c i)) * c 2 ) *■■■)* c n 6 B and B is an ideal, it follows from (2.3) that 

(• • • (((a A z) * Ci) * c 2 ) *•■■)* c n G B. (3-12) 

Note that (• • • (((a At)*Ci)*c 2 )*---)*c n <aAt<a and a € A, and so 

(• • • (((a A t) * Ci) * c 2 ) * ■ ■ ■ ) * c„ 6 d. (3.13) 

Combining (3.10), (3.12) and (3.13), we have 

(• • • (((a A z) * (a A ci)) * (a A c 2 )) *•••)* (a A c n ) € A A B. (3-14) 

Since a A Ci, a A c 2 , • • • , a A c n E A A C, it follows from Lemma 3.20 that 

x = a A z e ((A A B) U (A A C)) = (A A B) + (A A C ). (3.15) 


Consequently AA(B+C) = (AAB) + (AaC). Similarly we have (B+C) AA = (BAA)+(CaA). □ 
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Through our discussion above, we make a semiring as follows. 

Theorem 3.22. Let T(X) be the set of all ideals of a commutative BC K -algebra X . Then 
(Z(X),+,A) is a semiring, that is, two operations + and A are associative on 1(X) such that 

(i) addition + is a commutative operation, 

(ii) there exist {0} G Z(A") such that A + {0} = A and A A {0} = {0} A A = {0} for each 
A G T.{X), and 

(iii) the meet operation A distributes over addition (+) both from the left and from the right. 
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Abstract 

In this paper, we investigate some properties of solutions of some types of g-shift 
difference differential equations. In addition, we also generalize the Rellich-Wittich- 
type theorem about differential equations to the case of g-shift difference differential 
equations. Moreover, we give some example to show the existence and growth of 
some g-shift difference differential equations. 
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1 Introduction and Some Results 

The main purpose of this paper is to investigate some properties of solutions of some 
g-shift difference differential equations by using Nevanlinna theory in the fields of com- 
plex analysis. Thus, we firstly assume that readers are familiar with the basic results 
and the notations of the Nevanlinna value distribution theory of meromorphic func- 
tions such as m(r, /), JV(r, /), T(r,f), •••, (see Hayman [15], Yang [33] and Yi and 
Yang [34]). For a meromorphic function /, we use S(r,f) to denote any quantity sat- 
isfying S(r,f) = o(T(r, /)) for all r outside a possible exceptional set of finite loga- 
rithmic measure, §(/) denotes the family of all meromorphic function a(z) such that 
T{r,a) = S(r,f) = o(T(r, /)), where r — > oo outside of a possible exceptional set of 
finite logarithmic measure. Besides, we use S\(r, /) to denote any quantity satisfying 
Si(r, /) = o(T(r, /)) for all r on a set F of logarithmic density 1, the logarithmic density 
of a set F is defined by 

If 1 , 

inn sup / -at. 

r— too log?’ 7[l,r]nF ^ 

For convenience, we claim that the set F of logarithmic density can be not necessarily 
the same at each occurrence. 

*The author was supported by the NSF of China (11561033), the Natural Science Foundation of 
Jiangxi Province in China (20151BAB201008), and the Foundation of Education Department of Jiangxi 
Province (GJJ150902) of China. 
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About forty years ago, F. Rellich, H. Wittich and I. Laine investigated the existence 
or growth of solutions of some differential equations (see [17, 18, 20, 22]) and obtained 
the following results. 

Theorem 1.1 (see [17, Rellich]). Let the differential equation be the following form 

w'(z) = f(w), (1) 

If f{w) is transcendental meromorphic function of w, then equation (1) has no non- 
constant entire solution. 

Theorem 1.2 (see [26, Wittich]). Let 

$(z,w) =J^a (i) (z)w i °(w') il ■■■(w^) in 

be differential polynomial, with coefficients a^\(z) are polynomials of z. If the right-hand 
side of the differential equation 

®(z,w) = f(w), (2) 

f(w) is the transcendental meromorphic function of w, then equation (2) has no non- 
constant entire solution. 

Remark 1.1 H. Wittich [26] studied the more general differential equation than equation 

(!)■ 

Later, Yanagihara and Shimomura extended the above type theorem to the case of 
difference equations (see [25, 31, 32]), and obtained the following two results 

Theorem 1.3 (see [25, Shimomura]). For any non-constant polynomial P(w), the dif- 
ference equation 

w(z + 1) = P(w(z)) 

has a non-trivial entire solution. 

Theorem 1.4 (see [31, Yanagihara]). For any non- constant rational function R(w), the 
difference equation 

w(z + 1) = R(w(z)) 

has a non-trivial meromorphic solution in the complex plane. 

After theirs work, by using Nevanlinna theory in complex difference equations (see 
[1, 3, 7, 8, 11, 12, 14]), many mathematicians have done a lot of researches in difference 
equations, difference product and ^-difference in the complex plane C, there were a 
number of articles (including [5, 13, 16, 19, 24, 36]) focused on the existence and growth of 
solutions of difference equations. In addition, K. Liu, H.Y. Xu and X. G. Qi investigated 
some properties of complex g-shift difference equations [23, 24, 28]. Inspired by these 
papers, the purpose of this paper is to study the above Relliclr-Wittich-type theorem of 
g-shift difference differential equation. 
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Definition 1.1 We call the equation as q-shift difference differential equation if a equa- 
tion contains the q-shift term f(z + c), q-difference term f(qz) and differential term f'(z) 
of one function f(z) at the same time. 

We consider the g-shift difference differential equation of the form 

n 

Cl(z,w) :=5I aj ( 2 )n ( w ° ) ('7j 2 + c j)* J ) = p s[f ML ( 3 ) 

J j=l 

where aj(z) are polynomials of z and qj,Cj £ C \ {0}, P m [f] is a polynomial of / of 
degree m, 

Pm[f } = d m (z)f m + d m -ffz)f m - X + • • • + d 0 (z), 

and d m (z ), . . . , do(z) are polynomials of z, and obtain the following results. 

Theorem 1.5 For equation (3), if s > 1 and f is a transcendental meromorphic func- 
tion, then equation (3) has no non-constant transcendental entire solution with zero order. 


Theorem 1.6 Under the assumptions of Theorem 1.5, the q-shift difference differential 
equation 

J J — I 

has no non-constant transcendental entire solution with zero order, where s > 1, and 
P s [f ] and Qt[f] are irreducible polynomials in f. 

In 2012, Beardon [4] studied entire solutions of the generalized functional equation 

f(qz) = qf(z)f'(z), /( 0) = 0, (4) 

where q is a non-zero complex number. Beardon [4] obtained the main theorem as follows. 

Theorem 1.7 [4]. Any transcendental solution f of equation (4) is of the form 

f(z) = z + z(bzV + •••), 

where p is a positive integer, b ^ 0 and q £ K. p . In particular, if q £ 1C, then the only 
formal solutions of (4) are O and I, where IC,IC p ,0 and T were stated as in [4]- 

In 2013, Zhang [35] further the growth of solutions of equation (4) and obtained the 
following theorem 


Theorem 1.8 [35, Theorem 1.1]. Suppose that f is a transcendental solution of (4) for 
q £ 1C, then we have 


P{f) < 


log 2 
log \q\ ’ 


where 


p{f) = limsup 

r— »•+ OO 


log T(rJ) 
log r 


where K. is stated as in Theorem 1.7. 
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Inspired by the ideas of Xu [27, 30] and Beardon [4], we investigate the growth of 
solutions of some g-shift difference differential equations and obtain the following results. 

Theorem 1.9 Suppose that f is a solution of 

f{qz + c) = pf{z)f'{z), (5) 

where q,c, rj £ C\ {0} and \q\ >1. If f is a transcendental entire function, then we have 

log 2 


p(f) < 


logM' 


Furthermore, if f is a polynomial, then f is a polynomial of degree 1, that is, f(z) = 
a\Z + do, where 

_ q _ qc 

a i — —* a o — -yry — r- 

The following example shows that equation (5) had a transcendental entire solution. 
Example 1.1 Let q = 2,c = 2ir and p = 2. Then f(z) = sin 2 satisfies equation 

f(2z + 2n) = 2 f(z)f(z), 

and 


P(f) = 1 = 


log 2 
log 2' 


We also investigate the existence and growth of solutions of equation (5) when the 
constant p in equation (5) is replaced by a function, and obtain the following result. 


Theorem 1.10 Let f be a transcendental solution of equation 

f(qz + c) n = R(z)f(z)\f u \z)Y , 


(6) 


where q,c,G C and \q\ > 1, n,j,s are positive integers and R(z) is rational function in 
z. If f is an entire function, then n < s + 1 and 


P(f) < 


log(s + 1) — logn 

log M 


Furthermore, if n = 1 and f is a meromorphic function with infinitely many poles, then 
we have 

< M) < ,(/) < “ >s( f + , , , + 1> . 

log \q\ log \q\ 

The following example shows that equation (6) has transcendental entire and mero- 
morphic solutions. 

Example 1.2 Let q = 2,c = 2-Ki, n — 1 and s = 1, then f(z) = ze z satisfies system 

2 z + 2m 


f(2z + 2m) = ~~ ' f{z)f{z). 

z(z + 1) 


and 


PU) = 1 < 


log 2 
log 2' 
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Example 1.3 Let q = 2,c = iri, n = 1 and s = 1, then f(z) = satisfies equation 


f(2z + 2i n) = 


(2z-2)(2z + 27ri) 2 


Wof{z)f'{z), 


and 


log2 = i <„,/) = ,,/) = i < 1063 


log 2 “ log2 

Theorem 1.11 Let f be a transcendental solution of the equation 

f{qz + c) n = <p(z)/( 2 )[/ w (>)] s , 


( 7 ) 


where q,c,G C and |</| > 1, n,j , s are positive integers and p(z) is a small function with 
respect of f . If f is a meromorphic function with N(r , /) = S(r, f), then n < s + 1 and 
/ satisfies 


P(f ) < 


log(s + 1) — logn 
log |g| 


Furthermore, ifn = 1 and f has infinitely many poles, and the number of distinct common 
poles of f and ^ is finite, then we have 


P(f ) 


log(s + 1) 

log M 


The following example shows that equation (7) has transcendental meromorphic so- 
lution / with the order p(f) = 

Example 1.4 Let n = j = s = 1 and q = \/2 , c = ^=, then f(z) = e* 2 satisfies 
equation 

Thus, (p(z) = TTreSe 2 with T(r,(p) = S(r,f) and the order of f(z) satisfies 


PU) = 2 


log 2 — log 1 

\ lo § 2 


2 Some Lemmas 


Lemma 2.1 (Valiron-Mohonko) . [18] Let f(z) be a meromorphic function. Then for 
all irreducible rational functions in f, 


z,f(z)) 


eie aiWm* 
e ;= 0 bjWW’ 


with meromorphic coefficients ai(z),bj(z), the characteristic function of R(z, f(z)) sat- 
isfies 

T(r, R(z , /(*))) = dT(r , /) + 0(*(r)), 
where d = ma x{m,n} and \I/(r) = maxjj {T(r, af), T(r, bj)}. 
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Lemma 2.2 (see [23]). Let f(z) be a nonconstant zero-order meromorphic function and 
q £ C \ {0}. Then 

fiqz + vY 


m 


/(*) 


= Si (r, /). 


Lemma 2.3 (see [28]). Let f(z) be a transcendental meromorphic function of zero order 
and q , 77 be two nonzero complex constants. Then 

T(r , f(qz + 77 )) = T(r, f(z)) + Si(r, /), N(r, f(qz + 77 )) < iV(r, /) + Si(r, /). 

Lemma 2.4 (see [34, P-37] or [33]). Let f(z) be a nonconstant meromorphic function 
in the complex plane and l be a positive integer. Then 

N(r, /“>) = N(r, f ) + M(r, /), T(r, /«) < T(r, /) + W(r, /) + S(r, f). 

Lemma 2.5 Lei q,c £ C \ {0} and f(z ) be a nonconstant meromorphic function with 
zero order. Then for any positive finite integer k, we have 


/ (fc) {qz + c) 

/(* ) 


= <Si(r, /), 


and 


m (r, f {k \qz + c)) < m(r, f) + Si(r,f). 
Proof: It follows from Lemma 2.2 that 


/ (fc) (qz + c) 
f(z) 

Moreover, we have 


< 777, 


/ (fc) (g 2 


f(qz + c) 


f{qz 


/(*) 


= Si(r,f). 


(r,fW(qz + c)) 


r , ~ — + C V (^) ) < rn{r, f) + 5i(r, /). 


/(*) 


This completes the proof of Lemma 2.5. 


□ 


Lemma 2.6 (see [11]). Let $ : (l,oo) — > (0, 00 ) be a monotone increasing function, and 
let f be a nonconstant meromorphic function. If for some real constant a £ (0, 1), there 
exist real constants K\ > 0 and K 2 > 1 such that 

T(r , /) < Ki$(ar) + K 2 T{ar , /) + 5(ar, /), 
i/ie?r i/ie order of growth of f satisfies 

log I< 2 


P(f) < 


— log a 


lim 

r->+oo log r 


Lemma 2.7 (see [9]). Let f(z) be a transcendental meromorphic function and p(z) = 
PkZ k + Pk-iZ k + • • • + pi z + Po be a complex polynomial of degree k > 0. For given 
0 < 6 < \pk\, let X = \pk\ + S, p = \pk \ — S, then for given e > 0 and for r large enough, 


(1 - e)T{pr k , /) < T(r, / o p) < (1 + e)T{\r k , /). 
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Lemma 2.8 (see [2, 10] or [6]). Let g : (0, +oo) — > R,h : (0, +oo) — ► R be monotone 
increasing functions such that g(r) < h(r ) outside of an exceptional set E with finite 
linear measure, or g(r) < h(r), r ^ H U (0, 1], where H C (l,oo) is a set of finite 
logarithmic measure. Then, for any a > 1, there exists r$ such that g(r ) < h(ar) for all 
r > r 0 . 


3 Proofs of Theorems 1.5 and 1.6 

3.1 The proof of Theorem 1.5 

Suppose that w be non-constant entire solution of equation (3) with zero order. Let 
Ei = {z : |w(z)| > 1} and E 2 = {z : \w{z)\ < 1}, then we have 


w)\= '£aj{z)Wz))> 


Xi ( w 'jqiz + g) 
w(z) 


w'{q ni z + c rai )V 
w(z) 


< 


MzTEj\aAz)\ 


Ej\aj(z)\ 


w’(qiz+ci) 


w'(q ni z+c ni ) 

w(z) 


w(z) 


w'(qiz+a) 

ll 

w'(q ni z+c„ 1 ) 

w(z) 


w(z) 


if z G El, 
if z G E 2 , 


where A = max{Ai}, Aj = ii + • • • + i ni . It follows from Lemma 2.2 and Lemma 2.5 that 

m(r,fl(z,w)) = + J ^ log + w)\d6 < \m(r, w) + Si(r, w). 

And since w{z) is a non-constant entire function, we have N(r,w ) = 0. Thus, we have 
N(r, f l(z, w)) = 0 and 

T(r, Cl) = m(r, Cl) < Xm(r, w) + Si(r, w) = A T(r, w) + Si(r, w). (8) 

Since P s [f(w)] is a polynomial of f(w), we can take a complex constant a such that 

p s[f(w)} ~a = [f(w) - ai] ■ ■ ■ [f(w) - a s ], 

where ai ,a s are complex constants, and there at least exists a constant /3 G 
{a\, . . . , a s }, which is not a Picard exceptional value of f(w). Let (j , j = 1, 2, ... ,p be 
the zeros of f(w) — /3, where p is an any positive integer with p > 1. Then it follows 




1 


j = i 


iv — ^ . 


■) < N(r, 


1 


f(w) - /3 


) < N(r, 


1 


Ps[f{w)] - a 


)• 


( 9 ) 
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Thus, by using the second main theorem and (8), (9), we can get that 


(P - 2 )T(r, w)<^2 N (r, — + S{r, w) 
t=i 


< N(r, 


1 


p s[f{w)} - a 

< T(r, P s [f(w)]) + S(r, w) 

< T(r, fl(z, w)) + S(r, w) 

< XT (r, w ) + Si (r, w) . 

It follows from (8) and (10) that 

{p— 2 — A )T(r, w ) < Si(r, w). 


) + S(r,w) 


(10) 


( 11 ) 


Since w is transcendental and p is arbitrary, we can get a contradiction with (11). Hence, 
we complete the proof of Theorem 1.5. 


3.2 The proof of Theorem 1.6 

By using the same argument as in Theorem 1.5, and applying Lemma 2.1, we can prove 
the conclusion of Theorem 1.6 easily. 


4 The proof of Theorem 1.9 

Suppose that f is a solution of (5). If / is a polynomial of degree m > 1, let 

f(z) = a m z m + a rn -\Z m 1 + • • • + ao, 

where a m , . . . , ao are complex constants. From (5), we have 

a m (qz + c) m + a m -i(qz + c) m_1 H h a 0 

=r](a m z m + a m _i 2 m_1 H h a 0 )[ma rn 2 m_1 + (m - l)a m _i 2 m_1 H h ai]. (12) 

By computing the degree of two sides in z in (12), we can get that in = 2m — 1, that is, 
to = 1. Thus, f(z) can be rewritten as f(z) = a\Z + ao- It follows 

a\(qz + c) + a 0 = rj(aiz + a 0 )a i, 

that is, 

aiq = r/af 1 aic + ao = rjaiao- 

Thus, we have a i = |, a 0 = v (T +q ) ■ 

If / is a transcendental entire function, from Lemma 2.4, we have 

T(r, f(qz + c)) < 2 T(r, /) + S(r, f) < 2(1 + £ )T(/3r, /), (13) 
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for sufficiently large r and any given (3 > 1, er > 0. By Lemma 2.7 and (13), for 9 = 
|</| — 5(0 < 5 < |g|, 0 < 9 < 1), I = 1,2 and sufficiently larger r, we get 

(1 ~ e)T{6r, f) < 2(1 + e)T(/3r, /), 


outside of a possible exceptional set E of finite linear measure. From Lemma 2.8, for any 
given 7 > 1 and sufficiently large r, we obtain 


(l-e)T(0r,/)<2(l+e)T( 7 /3r,/). 


(14) 


that is, 


(15) 

Since \q\ > 1, we can choose S > 0 such that 9 > 1, and let e — > 0, 5 — > 0, /3 — > 1, 7 — > 1, 
and for sufficiently large r, by Lemma 2.6, we have 


P(f) < 


log 2 


logoi' 

Thus, this completes the proof of Theorem 1.9. 


5 Proofs of Theorems 1.10 and 1.11 

5.1 The Proof of Theorem 1.10 

Since R(z) is a rational function, then we have T(r,R(z)) = O(logr). If / is a tran- 
scendental entire function, similar to the argument as in Theorem 1.9, we can get 
P(f) < Iog(s i :^ 1 ° Sra easily. 

If / is a meromorphic function, by Lemma 2.1 and Lemma 2.4, it follows from (6) 
that 

T(r, f{qz + c)) < + 5 + 1 T(r, f(z)) + S(r, /). 

n 

Since \q\ > 1, by Lemma 2.7 and using the same argument as in Theorem 1.9, we have 

n ( f\ ^ log(sj+s+l) — logn 

P\J)^ logM 

Suppose that n = 1. Since R{z) is a rational function, we can choose a sufficiently 
large constant R(> 0) such that R(z) has no zeros or poles in {z G C : \z\ > R}. Since 
/ has infinitely many poles, we can choose a pole zq of / of multiplicity r > 1 satisfying 
\z f) \ > R. Thus, it follows that the right side of the equation (6) has a pole of multiplicity 
Ti = (s T 1)t + sj at zq, and / has a pole of multiplicity at qz$ + c. Replacing z by 
qzo + c in equation (6), we have that / has a pole of multiplicity 12 = (s + 1 )ti + sj at 
q 2 Zo + qc + c. We proceed to follow the step above. Since R(z) has no zeros or poles 
in {z G C : \z\ > R} and / has infinitely many poles again, we may construct poles 
C k = q k Zo + q k ~ 1 c H + c,k € N+ of / of multiplicity 77 satisfying 

i~k — (s + 1 )t 7 _i + sj = (s + l) k r + sj[(s + l) fe + • • • + 1], 
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as k — > oo, k € N. Since \q\ > 1, then |£fc| — ► oo as k — > oo, for sufficiently large k, we 
have 


t(s + l) k < (r + j)(s + l) k - j = rt<r+rH h r fc < n(|Cfc|,/) 

<n(\ q \ k \z 0 \ + \C\(\ q \ k - 1 +--- + \q\ + l),f). 

Thus, for each sufficiently large r, there exists a k G N+ such that 

k— 1 k 


r G [\q\ k \zo\ + \C\ Y \q\\ l?l (fc+1) N + \c\ Y 191*), 


i = 0 


2=0 


that is, 


k > 


log r- log(|zo| + I^ptr) - log - log \q\ 


log |q| 


Thus, it follows from (17) that 


n(r, /) > t(s + l) fe > Ki (s + 1) lo g | g | ; 


where 


- l°g(Pol + | g '|Yl 1 ) — lo S | J| C 1 1 -1°8 I 


Ki = t(s + 1)" 


Since for all r > ro, 


Ki(s + < n(r,f) < ^^lV(2r,/) < k^ 9 T ( 2r ’^’ 


it follows from (18) that 


P(f) > Kf) > 


log (s + 1) 


log \q\ 

Thus, this completes the proof of Theorem 1.10. 


(16) 


(17) 


(18) 


5.2 The proof of Theorem 1.11 

By using the same argument as in Theorem 1.10, we can prove the conclusion of Theorem 
1.11 easily. 
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Abstract 

In this paper, we considered a matrix inequality constrained linear matrix operator minimization problems 
with a particular - structure, some of whose reduced versions can be applicable to image restoration. We 
present an efficient iteration method to solve this problem. The approach belongs to the category of Powell- 
Hestense-Rockafellar augmented Lagrangian method, and combines a nonmonotone projected gradient type 
method to minimize the augmented Lagrangian function at each iteration. Several propositions and one the- 
orem on the convergence of the proposed algorithm were established. Numerical experiments are performed 
to illustrate the feasibility and efficiency of the proposed algorithm, including when the algorithm is test- 
ed with randomly generated data and on image restoration problems with some special symmetry pattern 
images. 
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matrix equation, matrix minimization problem, matrix inequality, augmented lagrangian method, image 
restoration. 

2000 MSC: 65F30, 65H15, 15A24 


1. Introduction 

Let m,n, l\, s\,h , S 2 be positive integers. Let 2fl(X; A\, ■ ■ • ,A p ) be a linear mapping from K mX ” onto 
M /|X ' S| and Q(X,E\,- ■ ■ ,E q ) be a linear mapping from M" !X " onto M /2X,S -, where A,- (i = 1 and Ej 

{j = 1 , ,q) with suitable sizes are the parameter matrices. In this paper we are interested in solving the 
following constrained matrix minimization problem 

minimize - |^(X; A i , • • • , A p ) - C 

subject to XeS (1-1) 

L<g(X;E u --- ,E q )<U. 

where || • || denotes the Frobenius norm, the symbol > means nonnegative, the set S c M" !X " shows the 
constraint, C e R llXS> and L, U e R l2XS2 are given matrices. In general, S c R'" x " is a linear space 
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possessing special structures, such as symmetry/skew- symmetry, centrosymmetry/centro skew-symmetry, 
mirror-symmetry/mirror-skew-symmetry, /'-commuting symmetry/ skew-symmetry with respect to a given 
symmetric matrix P, Toeplitz matrix and so on. It is obvious that the linear operator equation in ( 1 . 1 ) is quite 
general and includes several linear matrix equations such as the Lyapunov and Sylvester matrix equations 
which are shown in Table 1 . For an instant, the Lyapunov matrix equation 


a\xa 2 +A t 2 XA x = -c 


is equivalent to the linear operator equation in (1. 1), if we define the operator J - 1 as: 

LR : X A\XA 2 +A t 2 XA { . 


Table 1: One-sided and two-sided Lyapunov and Sylvester matrix equations. 


Name 

Matrix equation 

Continuous-time (CT) Lyapunov 

A { X + XA\ +BB 1 = 0 

Generalized continuous-time (CT) Lyapunov 

A\XA 2 +A{XAi = -C 

Generalized discrete-time (CT) Lyapunov 

A*'XA l +A 1 7 XA 2 = -C 

Continuous-time (CT) Sylvester 

A[X + XA 2 = C 

Discrete-time (DT) Sylvester 

+ X = C 

Generalized Sylvester 

AiXA* + A 3 XA j 4 = C 


Throughout we always assume that the matrix operator inequality in model (1.1) is consistent with 
these given matrices Ej, L, U and unknown X e S, then we known that the solution set of Problem (1.1) is 
nonempty. 

The interest that we have in this problem stems from the following reasons. Firstly, by using the vec 
operator vec(.) and the Kronecker produc ®, the model (1.1) can be equivalently rewritten as the convex 
linearly constrained quadratic programming(LCQP) in the vector-form 

minimize f(x) = ^x r Qx + g T x + c ^ 2 ) 

subject to / < Gx < u, 


where 


and 


Q = P t M t MP, g = -P T M T vec(C), c = ^vec(C) T vec(C) 
Px = vec(X), 1 — vec{L), u = vec(U). 


(1.3) 

(1.4) 


The matrices M and G are the Kronecker product of the parameter matrices (4,}^ and {Ej} q . ={ which satis- 
fies vec(LR{X\ A\, . . . ,A p )) = Mvec(X) and vec(Q(X\ E \,.. . , E q )) = Gvec(X), respectively. Specifically, in 
(1.3)-(1.4), P is the matrix that characterizes the elements X e S by vec(X) = Px in terms of its indepen- 
dent parameter vector x of X[18]. In theory, the model (1.2) can be solved by some classical optimization 
methods, such as interior point method, active set method, trust region method, Newton method, and other 
available methods. In particular, Delbos F. in [2] considered the vector LCQP(1.2) by using an augmented 
Lagrangian method and given a global linear convergence of the proposed algorithm. However, using this 
transformation will on the one hand destroy the original structure of the unknown matrix X e S if the linear 
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subspace S has some special symmetrical structure. On the other hand, using this transformation will result 
in a coefficient matrix in large scale, and then increase computational complexity and storage requirement. 
Indeed, taking l = m- n- s = p = q- 200 in (1.1), then the matrices Q and G in the transformed model 
(1.2) have sizes of about 40000 x 40000. For these reasons, it cannot be a practicable method for solving 
Problem (1.1) by the vec operator and the Kronecker produc if the system scale is large. In this paper we 
will consider directly from the perspective of matrices. 

Secondly, various simplified versions of Problem (1.1) have been studied extensively. If we drop the 
matrix inequality constraint, then Problem (1.1) is reduced to the minimization problem with special struc- 
tures. Methods proposed for solving such problems can be broadly classified into two classes, including 
factorization techniques for small size problems, based on the special structure of the linear subspace S that 
produce a low-dimensional problems that are then solved using direct methods[3, 4, 5, 6, 7, 8, 9, 10, 11], 
and iterative schemes, for large-scale problems, based on Krylov subspace-type methods, such as the well- 
known Jacobi and Gauss-Seidel iterations[12, 13], the conjugate gradient-type methods[14, 15] and the least 
squares QR(LSQR) methods[16, 17, 18] and so on. On the other hand, if we simplify the general matrix 
inequality constraint in (1. 1) into the nonnegative constraint X > 0 or the bound constraint L < X < U, then 
the similar problem has been studied with Dykstra’s alternating projection algorithm[19, 20] and spectral 
projection gradient method[21]. In particular, Problem (1.1) can be regarded as a natural generalization 
of the problems in [21, 22, 23], The authors in [21] considered the following constrained minimization 
problem 


They propose a globalized variants projected gradient method and apply the left and right preconditioning 
strategies to solve (1.5). While the authors in [22, 23] devoted to solve the matrix equation AX = B or 
minimize || AX - B\\ with special structures under the constraint CXD > E, respectively. The problems 
considered in [22] and [23] can be transformed into least nonnegative correction problems based on the 
fact that close-form optimal solutions of AX = B or minimizing || AX - 7?|| with special structures can 
be readily derived, and then some fixed point-like algorithms can be applied to solve these transformed 
problems. However, all these previous ideas show difficulties when dealing with the Problem (1.1), due to 
the generalization of the objection function and the matrix operator inequality, so that either the projection 
onto the set {X e M mx "|L < Q(X) < U } is not available, or a close-form optimal solution of minimizing the 
objection function in (1.1) with X e S is not tractable. 

Thirdly, we consider the application of the model (1.1) in image restoration. In fact, the authors in 
[21, 24] consider the problem of image restoration, combined with a Tikhonov regularization term, as a 
convex constrained minimization problem by use a Kronecker decomposition of the blurring matrix and the 
Tikhonov regularization matrix. And then they propose and show the effectiveness of their approaches, a 
globalized variants projected gradient method [21] and a conditional gradient-type method[21], to restore 
some blurred and highly noisy images. However, in this paper, we are only concerned with the restoration 
problems with some special symmetric pattern images, which have not yet studied in [21, 24]. Moreover, 
to the best of our knowledge, this class of image restoration problems have received little attention in the 
other literature. The main difficult is due to the fact that the restore image should preserve the same special 
symmetric structure with the original images. In this paper we undertake some significant attempts in this 


In this paper, we will propose and study an algorithm in the framework of the classic Powell-Hestenes- 
Rockafellar augmented Lagrangian method, first suggested by Hestenes [25] and Powell [26], and devel- 
oped by E.G. Birgin [27, 28] for solving Problem (1.1). The classic PHR-AL method is a fundamental and 



subject to X e Q = {X e M mx " : L < X < U }. 


mxn 


(1.5) 


i= 1 


field. 
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effective approach in inequality-constrained optimization. The algorithm effectively combines a nonmono- 
tone projected gradient type method to minimize the augmented Lagrangian function at each iteration. We 
will give several propositions and one theorem on the convergence of the proposed algorithm, and apply it 
to solving Problem (1.1) with randomly generated data and comparing it with existing methods. We also 
apply our approach, combined with a Tikhonov regularization term, to restore some blurred and highly 
noisy symmetric pattern images. 

Throughout this paper, we use the following notations. Let e-, be the ith column of the identity matrix 
h and S* = (e<., ty_i , . . . ,e\), i.e., the kth backward identity matrix. Let 0 be the zero matrix of suitable 
size and P$ be the Euclidean projection onto set <S.We write s/ i: .[ 0 to indicate that Sk is a (not nec- 
essarily decreasing) sequence of non-negative numbers that tends to zero. We denote N = {0, 1, 2, . . .j. 
For A = {ciij) € M mx ", A+(or A_) be the matrix with the (/, /)- entry equals to max{0, a,/}(or m i n { 0 , «,/!), 
respectively. For A,B € W ,,xn , denotes a matrix with the i/th entry being equal to min|r/,y, /?,,), 

(A,B) = trace{B 1 A) denotes the inner product of matrices A and B. Then R" !X " is a Hilbert inner product 
space and the norm generated is the Frobenius norm || • ||. For any linear operator £ form M' HX ' ! onto M /|X,Sl , 
there is another operator called the adjoint of £, written X. 1 : M /|X,Sl — > M mx ". What defines the adjoint is 
that for any two matrices X e M mx " and Y eM /|X!l , 

(£(X),Y) = (X,£ T (Y)). 

The rest of this paper is organized as follows. In section 2, we will briefly characterize the application 
of model (1.1) in image restoration. Based on the classic augmented Fagrangian method, in section 3 we 
propose, analyze and test an algorithm for solving the inequality-constrained matrix minimization problem 
(1.1). Some numerical results are reported in section 4 to verify the efficiency of the proposed algorithm. 
Numerical tests on the proposed algorithm applied to some special image restoration problems are also 
reported in this section. 


2. The application of model (1.1) in image restoration 


For completeness, in this section we briefly characterize how to apply the model (1.1) into image restora- 
tion and we refer to [21, 24] for detailed description. Consider solving the following model in image 
restoration with Tikhonov regularization: 


1 A 2 

min -\\Hx-g\\l + —\\Tx \\\, 

l<x<u 2 2 


(2.6) 


where || • |h is the 2-norm. In image restoration, H will be the blurring operator, g the observed image, 
T the regularization operator, A the regularization parameter, and x the restored image to be sought. The 
constraints represent the dynamic range of the image. 

The minimizer of (2.6) can be computed by the following linear system 

H a x = H T g, where H A = H T H + A 2 T t T. (2.7) 


In some practical problems in image restoration, often the system (2.7) may not be consistent due to mea- 
surement errors in the data matrices, and hence it is useful to consider the following minimization problem 
with constraints 

mml||//,,.v-H r g ||;. (2.8) 
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Here we assume that the matrices H and T can be separated as Kronecker product of matrices with a 
smaller size, i.e., H = H\ <g> Hi and T = T\ ®T 2 . In the case of nonseparable, one can still obtain an 
approximation solution of H\ and Hi by solving the Kronecker product approximation problem (KPA) of 
the form (H\, Hi) = argmin^ H - Hi ® Hi\\[29). Then, (2.8) can be written as 


min 

L<X<U 


1 

2 


[(Hi 7 H^ <g> (Hi 7 Hi) + A 2 (Ti 7 Ti) ® (T 2 t T i)]vec(X) - (H { ® H 2 ) T vec(G) 


(2.9) 


where X, G, L and U are the matrices such that vec(X) = x, vec(G) = g, vec(L) = / and vec(U) = u. If some 
special symmetry pattern images are considered, by using some properties of the Kronecker product, (2.9) 
is then written as 

min i || AiXBi + A 2 A 2 XB 2 - cf 1Q) 

subject to L < X < U, X e S, 

with A\ = Hi 1 Hi, Bi = Hi 7 H\, A 2 - T 2 1 T 2 , B 2 = T 7 T i and C = H 2 GHi and S is the matrix set whose 
elements have the same symmetry structure with the original images. The parameter A in (2.10) is a scalar 
need to be determined, and its optimal value can be obtained by the classical Generalized cross-validation 
(GCV) method[21, 24], which is chosen to minimize the GCV function defined by 


GCV(A) = 


\\Hx A -g\\l 

{; trace(I - HH^H 7 )} 2 


||(7 - HH- l H T )g\\j 
[trace(I - HH~ l H 7 )} 2 ’ 


where H \ = H 1 H + A 2 T 7 T . Then, the method proposed for solving Problem (1.1) could be applied directly 
to the model (2.10) by considering the linear matrix operators SB(X) - A\XB\ + A 2 A 2 XB 2 and Q(X) = X. 


3. Augmented Lagrangian method for solving Problem (1.1) 

In this section we propose a matrix-form iteration method, in the framework of the classic Powell- 
Hestense-Rockafellar augmented Lagrangian(PHR-AL) method, to compute the solution of Problem (1.1). 
We then prove some convergence results for the proposed algorithm at the end of this section. For conve- 
nience, the two linear matrix operators will be simply denote by ^l(X) and Q(X) in the following discussion. 

Lemma 1. Assume x* is a local minimizer of the quadratic program 

min f(x) = -x T Mx + g T x + c subject to Gx > b, 

xeR s 2 

then there exists a vector y* such that 

Mx* +g- G T y* = 0, Gx* > b, (y*,Gx* - b) = 0, y* > 0. 

Theorem 1. Matrix X* e M mx " is a solution of Problem (1.1) if and only if there exists nonnegative matrices 
Y*, Y* € VJ 2y ' S2 such that the following conditions are satisfied: 

' P s {3 l T (W(X*) - C) - 0 t (Y\ - T*)j = 0 
Q(X*) - L > 0 

• U-Q(X*)> 0 (3.11) 

(Y* V @(X*)-L) = 0 
. (Y*, U - @(X*)) = 0. 
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Proof. Assume that there are nonnegative matrices Y*,Y* 6 M /2X,V2 such that the conditions (3.11) are 
satisfied. Let 

/m = lHx)-c|| 2 

and 

J(X) = f(X ) + ( Y\,L - Q(X)) + (Y*,g(X) - U). 

Then for any W e S, we have 

f(X* + W) 

= \wmx* + w)~ c\\ 2 + (y*,l- g(x* + wo) + ( Y*,g(x * + w)-u) 

= f(X*) + ±mw)\\ 2 + (&{W),&{X*) - c) - (t* - Y*,g(W)) 

= fix*) + \\\ft(W)\\ 2 + (w,f \ T {J[{X*) - C) - g r (Y\ - Y*)) 

= Jon + ±\mw)\\ 2 + \{w,p s (^ T mx*) - o - g T (v; - yp)) 

= nx*) + \mw)\\ 2 

> fix*). 

This implies that X* is a global minimizer of the function /(X). Since (Y*,g(X*)-L) = 0, (Y*, U~g{X*)) = 
0 and /(X) > /(X*) for all X € S, we have 

/(X) > /(x*) + (y;,l- g(x*)) + (x;,g(x*) -u)- (y*,l- g{X)) - (Y* 2 ,g{x) - u) 

= fix*) - {y* v l- g{X)) - {Y* 2 ,g(X) - u). 

Hence, we have from Yj > 0 and T( > 0 that /(X) > f(X*) for all X e A with g(X) - L > 0 and 
U - g(X) > 0. Hence X* is a solution to Problem (1.1). 

Conversely, assuming that X* is a solution to Problem (1.1), then X* certainly satisfies the Karush- 
Kuhn-Tucker conditions of Problem (1.1). That is, there exists a nonnegative matrix Y* such that satisfies 
conditions (3.1 1). 

We now define the following Powell-Hestenes-Rockafellar(PHR) Augmented Lagrangian function 

L p (X,Z u Z 2 ) = l -mX) - C|| 2 + II (L - g(X) + ^)J| 2 + f||(^(X) -u + ^) + || 2 , (3.12) 

where Z i > 0 and Z 2 > 0 are the Lagrangian multiplier matrices and p > 0 is the penalty parameter. Clearly, 
the partial derivative of function L p (X, Z\.Zf) with respect to X is given by 

v x l p (x,z u z 2 ) = ^ r (^i(X) - c)- P g T |(l - g(X) + ^) + - (g(X) -u + ^) + J . 

The augmented Lagrangian method proposed by E.G. Birgin et al in in [27, 28] (with necessary modifica- 
tions) to solve Problem (1.1) can be described as follows: 

Algorithm PHR-AL. (The PHR-AL method for solving Problem (1.1).) 

1. Input coefficient matrices A,-, Bfi = 1, . . . p) in the linear operator J[ and matrices £), Efi = 1, . . . q) 
in the linear operator g. Input matrices C, L, U and a large parameter matrix Z max > 0. Input y > 1, 
r € (0, 1), pi > 0, a small tolerance s > 0 and tolerance su I 0. Choose initial matrices Z, and Z 2 
with 0 < Z 1 ? Zt < Z max . Set k 1. 
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2. Compute X k as an approximate stationary point of 

k k 

minimize L Pk (X,Z l , Z 2 ) subject to XeS. 

That is, compute X k such that ||/ 3 6’{VL /iJ .(A' / \ Z, , Z 2 )}| < Sk- 

3. Define 

A = ft + Pk(L - 0(X*))) + , Z\ = (t + Pk {Q{X k ) - U)) + . 

4. If k = 1 or 

(|| mx k ) - l,A)~ f + ||{t/ - Q(x k ), z k y || 2 ) 1/_ 

< r^\{g(X k -') - L,Z[- 1 }.|| 2 + ||{C7 - Q{X k ~ x ), Z k ~^f^ 2 , 


(3.13) 


(3.14) 


define pk + 1 = pk ■ Else, define pk+\ = ypk- 

5. If 

(||p 5 {VL p ,(^,zJ,Z^))|| 2 + \\{Q(X k ) - L,Z k }_ If + ||{C7 - Q(X k ), Z k }_\\ 2 ^ < s, 

then stop. 

k+\ k+ 1 k+ 1 k+ 1 -=k+ 1 • • k+ 1 

6. Update Z, and Zt with 0 < Z, , Z 7 < Z„ i(IV in such a way that (Z , ) i; - = (Zj' )' 7 and (Z 0 ),y = 
(Z^)' 7 if 0 < (Z*)y , (A)ij < (Z max )ij, i=\,2,...,p,j=\,2,...,q. 

7. Set k <— ^ + 1 and go to step 2. 

Problem (3.13) in Algorithm PHR-AL is a linear constrained matrix minimization problem. It is cer- 
tainly solvable for all the known matrices and the scalar pk . Here we will use the spectral projected gradient 
(SPG) method to compute the approximation stationary point X k of problem (3.13). The SPG method is a 
nonmonotone projected gradient type method for minimizing general smooth functions on convex sets [27]. 
The SPG method is simple, easy to code, and does not require matrix factorizations. Moreover, it overcomes 
the traditional slowness of the gradient method by incorporating a spectral step length and a nonmonotone 
globalization strategy. The main steps of SPG algorithm (with necessary modifications) to compute an 
approximate stationary point of problem (3.13) can be described as follows: 

Algorithm SPG. ( Compute an approximate stationary point of problem (3.13)) 

k —k _ 

1. Input matrices Z\ and Z 2 ; an integer M > 1, parameters a m \ n > 0, a max > a m ; n , y € (0, 1), 0 < cr\ < 
o "2 < 1 and a i £ [o mm , « max ]. Choose an initial matrix Xi £ S and let i <— 1. 

2. If||P 5 {VL p ,(X ; -,ztz A 2 )j|| < Sk, stop. (In this case, X t is an approximate stationary point of problem 

(3.13).) ~ f 1 

3. Compute dXj = - a t Ps { V L Pk ( A; , Z^ , Z 2 ) } . Let 4=1. 

4. Compute X = X ,■ + AdXj. 

5. If 

Lp k (X, z\,z\) < max L Pk (Xi-j, z\,Z* \) + yA (dX„ VL Pi (X„ z\, Z 2 )\ , (3.15) 

define 4, = 4, X i+] = X, .v f = X i+] - X h y, = VL pt (A /+ i,Z A ,Z 2 ) - VL P/t (X,-,Z A ,Z 2 ). Then goto step 6. 
If (3.15) does not hold, define A new £ [rr]4, rr 2 4], Let 4 = A new and goto step 4. 
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6. Compute bj = ( Si,yt ). If bi < 0, let a,- = a max , otherwise, compute 

a t = ( Si , Sj), on = min{tr max , maxto^, «,/£»,)}. 


7. Let i <— i + 1 and goto step2. 

In the practical implementation of Algorithm PHR-AL, similarly to [27], we take the parameters y = 5, 
r = 0.5, p i = 1, and the large matrix Z max with all elements equal to 10 1() . The initial matrices Z { and 
Z 2 are chosen as Z, = Z 2 = 0 . For the implementation of Algorithm SPG, similarly to [30], we take the 
parameters M = 10, y = 1CL 4 , a m j n = 10 -30 , a max = 10 30 , tri = 0.1, cr 2 = 0.9, A new = ( cr\A + cr 2 A)/ 2 and 
ao = 1. The initial matrix X\ is chosen as the (k - l)th approximate solution of Algorithm PHR-AL. 

Lemma 2. Assume that X* is limit point of a sequence generated by Algorithm PHR-AL and the sequence 
Pk is bounded, then we have 

L < Q{X*) < U. 

Proof. Let K be an infinite subset of N such that lim X k = X*. Since lim p^ = °° when (3.14) does not hold, 

ke K k—>oo 

the boundedness of pk implies that there exists ko £ N such that (3.14) takes place for all k > k 0 - Therefore, 
\im\\{g{X k ) - L,z\}_\\ = 0 and \im\\\U - Q{X k ),Z k }\\ = Q. 

ke K 11 11 keK 11 z 11 

Note that Z k > 0 and Z( > 0 for all k e IM, we have 

lim (L - Q{X k )) + = 0 and lim (Q(X k ) - U) + = 0 , 


that is, Q{X*) - L > 0 and U - Q{X*) > 0. 

Lemma 3. Assume that X* is limit point of a sequence generated by Algorithm PHR-AL, then X* is a 
first-order stationary point of the problem 


minimize 


(L - G(X*)), 


+ 


igix*) - uf 


subject to X e S. 


(3.16) 


In other words, X* e S satisfies 


Ps{$ T {(L - Q(X*)) + - (Q(X*) - L) + )) - 0. 


Proof. Let 1C be an infinite subset of N such that 1 i m X k = X*. Consider first the case in which the sequence 

ke K 

Pk is bounded. By the proof of Lemma 2, we have that 

lim ||(L - 0{X k ))A\ = 0 and lim \\{Q{X k ) - L)J = 0. 

Note that 

1 0 r ((l - ^(X*))J| < | (L - ^(X*))J| and || Q r ((g{X*) - t/) + )|| < |(^(X*) - u ) + \\ , 
we have that 


lim 

keK 


G t {(l - G(x k )) + - (G(x k ) - u) + )\\ = 0 . 


Since X k e S for all k, this implies the desired result in the case that j/yfi is bounded. 
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Assume now that { p k \ is not bounded. Therefore there exists an infinite sequence of indices US' c IK 

such that lim p k = oo. Note that s k i 0 and \\PfVL /)/: (X k , Z, , Z 2 ) Ml < s k , we have 
ke k' 11 1 ’ll 


lim 

keK 



Therefore we have 


lim 

keK 


Ps 


\j{ r (j{(x k )-c)- pkQ 1 


{l ~ 0{X k ) + — 
v Pk 


ft T (ft{X k ) - c)jp k -G T (l~ 0{X k ) + 


) + - ($(X k ) - u 
■) + - (0(**) - u 



= 0 . 


= 0 . 


£ —P 

Since {X A j, (Z, | and {Z 2 } arc bounded, we obtain 

||^{^ r ((L - 9{X*)) + - (Q{X*) - U) + ) }|| - 0. 

This implies that X* is a stationary point of (3. 16). 

Theorem 2. Assume that X* is limit point of a sequence generated by Algorithm PHR-AL and the sequence 
{ pk } is bounded, then X* is a solution to Problem (1.1). 


Proof. Let K be an infinite subset of N such that 

lim X k = X* , lim pk = p* , lim z\ - Z, and lim Z^ = Z~, . 

keK keK keK keK 

By Lemma 2, we have L < G(X*) < U. Since 

\\p s [VL Pk (X k ,z\,Z 2 )}\\<e k 

holds for all e k [ 0, we have 

||p 5 {vvcr,z;,^))|| = o. (3.17) 

Let 

Y *1 =P*(L- mX) + Z*i/P*) + and 7* - p* (g{X*) -U + Z 2 /p*) + , 
then Y* > 0 and Y* > 0, and, from (3.17), we have 

P s [j[ T (2R{X*) - c) - 0 t (Y* - Z*)| = 0 . 

Since {pk\ is bounded, then there exists ko e N such that (3.14) takes place for all Ic > k(). Hence, we have 

lim \g(X k ) - L, Zf)_ - [Q{X*) - L, Z*}_ = 0 

k— >oo 

and 

lim {17- 0(X k ), Z 2 }_ = {17- Q{X*), Z*}_ = 0, 

k — *oo z 

which imply that (G(X*) - L, Z*) = 0 and (U - Q{X*), Z*) - 0. By the definition of Z A , Z A and 7*, Y* 
we know that (Zp; 2 > 0 if and only if (Ypq > 0 and (Z*)ij > 0 if and only if (7 2 ), 2 > 0 (/ = 1, 2, . . . , Z 2 , 
j = 1,2, , s 2 ). So we have {Q{X*) - L, 7*) = 0 and (U - 0(X*), 7*) = 0. Hence X* satisfies conditions 
(3.1 1). By Theorem 1, we know that X* is a solution to Problem (1.1). 
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4. Numerical examples 

In this section, we first report some numerical results when Algorithm PHR-AL is implemented to 
solve Problem (1. 1) with random data, and then we illustrate the applicability when the algorithm is applied 
to solve the model (2.10) in image restoration. All the tested algorithms were coded by MATLAB 7.8 
(R2009a) and all our computational experiments were run on a personal computer with an Intel(R) Core i3 
processor at 2.13 GHz with 2.00 GB of memory. 


4.1. Tested with random data 

In this example, we test the two linear operators as Xi(X) = A\XB\ + AjXBi and Q(X) = E\XF\. and S 
as the set of all real m x n rectangular centrosymmetric matrices[31]. 

Example 1. Given the matrices A\,B\,A 2 ,B 2 ,E\,F\,C,L and U in Matlab style as follows: 

A i = randn(l\,m), B \ = randn{n, s\), Ai = randn{l\,m), Bn - randn{n, s\), 

E i = rand(l 2 ,m), F\ = rand(n,s 2 ), C = A\XB\ + A 2 XB 2 , 

L = E[XF\ - 10 * ones(h, S 2 ), U = E\XF\ + 10 * ones{h, S 2 ), 


where X = Z + S m ZS n with Z = rand(m,n). Matrices L, U and C are chosen in this way to guarantee that 
Problem (1.1) is solvable. 

Note that the Algorithm PHR-AL involve an outer iteration and an inner iteration, the convergence 
stopping criterion of the outer iterations are all set to be s = 10 s , and the small tolerance e* in the inner 
iterations is set to 


£0 = 10° and Sk 


0.l£jt_l if £ k -] > £, 

&k - 1 if £/t-l ^ 6- 


(4.18) 


The largest number of the inner iteration is set to be 200. We consider the following two cases to be tested: 
(a) l\ > m and si > n and (b) < m and sq < n. 


Table 2: Numerical results for the case (a) l\ > m and Ji > n in Example 1. 


s\,l2, S 2 

CPU 

|]X*-X|] 

m 

10,10,10,10,10,10 

0.1248 

5.1294xl0~ n 

30,18,20,30,25,30 

0.3588 

3.4006xl0~ 13 

50,50,50,50,50,50 

3.4476 

1.2540xl0~ 12 

80,60,70,100,80,80 

4.0404 

6.7827xl0~ 14 

100,100,100,100,100,100 

13.3537 

6.7580xl0~ 14 

150,100,100,150,120,120 

10.1401 

4.8226X10- 15 

150,150,150,150,150,150 

44.2263 

4.7307xl0 -14 

200,180,180,200,150,150 

53.3367 

1.2976xl0 -14 

250,250,250,250,200,200 

161.7106 

1.1052xl0 -13 


For case / 1 > m and ,V| > n. Problem (1.1) has unique solution and the true solution is X. Therefore in 
Table 2, we report the mean computing time in seconds and the mean relative error based on their average 
values of 10 repeated tests with randomly generated matrices A\,B\,A 2 ,B 2 ,E\ and F \ for each problem 
size. Here the relative error is defined as Re = l|X T X|1 , where X* is the estimated solution. 


For case / < n and s < n, as Problem(l.l) has multiple solutions, the algorithm is not guaranteed to 
converge to the solution X, it is not meaningful to record the relative errors. In this case, we report the mean 
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Table 3: Numerical results for the case (b)/j < m and si < n in Example 1. 


li,m,n, s\,h, *2 

CPU 

\\A\XBi +A 2 XB 2 -C || 

6,10,10,6,10,10 

0.1560 

9.3373xl0- y 

15,30,25,15,20,20 

0.7644 

1.4437xl0~ y 

30,60,75,35,50,50 

4.2432 

3.2598xl0~ 10 

50,120,125,65,80,80 

17.6749 

2.6637xl0~ lu 

50,200,200,50,100,100 

43.9299 

7. 1933x10-“ 

70,150,150,70,120,120 

44.9595 

1.7993xl0- lu 

100,200,200,100.150,150 

132.8817 

1.7718xlO- 10 

100,300,300,100,180,180 

348.3970 

5.1966x10-“ 


computing time in seconds and the mean residual \\A\XB\ + AnXBj - C|| (see Table 3) based on 10 repeated 
tests with randomly generated matrices A, B, E and F for each problem size in each test. 

4.2. Application to image restoration with some special symmetry pattern images 

In this subsection, we test the efficiency when Algorithm PHR-AL is applied to solve the model (2. 10) in 
image restoration. We only focus on some special symmetry pattern images. The original image is denoted 
by X in each example and it consists of m x n grayscale pixel values in the range [0, d\ with d = 255 is the 
maximum possible pixel value of the image. Let x = vec(X) denotes the vector obtained by stacking the 
columns of X and H represents the blurring matrix. The vector g = Hx represents the associated blurred 
and noise-free image. In our tests, similarly to [24], we generated a blurred and noisy image g by 

SNR 

g = g + n 0 x o-jf x 10 20 , 


where no is a random vector noise with a zero mean and a variance equal to one, and SNR is the signal to 
noise ratio defined by 

at 2 , . 

SNR = 101og 10 (— |), 

°"n 

where a 2 , and cr 2 are the variance of the noise and the original image, respectively. The performance of the 
Algorithm PHR-AL and its comparison are evaluated by the peak signal-to-noise ratio (PSNR) in decible 
(dB): 

PSNR(X) = 101o glo (j ^— — jj|) = 101o glo 

In all the tests, the largest number of the involved inner iteration(Algorithm SPG) in the Algorithm 
PHR-AL is set to be 20. The algorithm started with the degraded images and terminated when the relative 
difference between the successive iterates of the restored image satisfy 


R 


error 


\\X k+l - X A ]| 


< 0.5 x 10“ 2 . 


Example 2. In the first example, we consider th e” butterfly” original image of size 192 x 254 and is shown 
on the left side of Figure 1. The original image has perfectly mirror-symmetry[32], that is, the pixel value 
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Original image 

1 



Figure 1: Original images. Left: "Butterfly” (mi rror-symmetric). Right: ” PlayCard-K-Heart” (centro-symmetric). 


matrix X can be expressed as X = (X/ , X/ S n ), where X/ is the left half of the matrix X. Actually, we have 
\\X - 'P i s'(A)|| = 0, where S is the set of all real 192 x 254 column mirror-symmetry matrices and 


Ps(X) = 


x L + x R s n x L s n + x R 


VXe 


o 192x254 


where X R is the left half and the right half of X. The blurring matrix H is chosen to be H = H\ <g> Hi e 
m I92 2 x 254-_ where Hi _ j//n | € R 1 92x1 92 and Hi _ e r 254x254 ^ the Toeplitz matr ices whose entries 

are given by 



0, otherwise 


and = (rT' K-JIS-V 

v { 0, otherwise. 


In this example we choose the band r = 3 and the variance cr = 0.4. A random Gaussian noise, with 
SNR = 15 dB, was added to produce a blurred and noisy image G with PS NR(G) = 8.1411. The blurred 
and noisy image is shown on the left side of Figure 4. The restoration of the image from the degraded image 
is obtained by solving the minimization problem (2.10) using the PHR-AL algorithm. The regularization 
matrix T is chosen to be T = T\ ® 74 £ R l922x254 ~, where T \ = / 1 y 2 and 74 is the tridiagonal matrix, of 
size 254 x 254, generated by vector (1,2, 1). The optimal value of the parameter A = 0.015 was obtained by 
using the GCV method. The corresponding GCV curve is plotted on the right side of Figure 2. 

The restored image obtained by using Algorithm PHR-AL is given on the left of Figure 4, the relative 
error was Re(X) = 1.2521 x 1 0 1 with PSNR(X ) = 21.0231, and the iterations are terminated after 3 itera- 
tions with a cpu time of 13.9309 s. Table 1 reports on more results for three levels of noise corresponding 
to different SNR = 5, 10, 15 and to different values of cr = 0.35,0.55,0.85 given in the definition of the 
blurring matrices H\ and Hi in Example 2. 

Example 3. In the second example, the original image is the ” PlayCard-K-Heart ” image of size 628 x 423 
and is shown on the right side of Figure 1. The original image is centrosymmetric, that is, the pixel value 
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Table 4: Results for Example 3. 


(T 

SNR(dB) 

^ opt 

PS NR(G)(dB) 

PSNR(X)(dB) 

Re(X) 

CPU-times(s) 


5 

0.036 

5.3075 

19.6357 

1.4690x10-* 

23.4002 


10 

0.025 

6.0042 

20.9344 

1.2650x10-' 

17.8621 

0.35 

15 

0.017 

6.4097 

21.3394 

1.2073x10-' 

18.0337 


20 

0.011 

6.6397 

21.6077 

1.1706x10-' 

18.3145 


25 

0.007 

6.7709 

21.9395 

1.1267x10-' 

19.5781 


5 

0.036 

8.3142 

18.7410 

1.6284x10-' 

29.6090 


10 

0.025 

9.3290 

21.1153 

1.2389x10-' 

40.3419 

0.55 

15 

0.018 

9.9286 

21.8547 

1.1378x10-' 

38.4386 


20 

0.012 

10.2655 

21.9397 

1.1267x10-' 

28.2830 


25 

0.008 

10.4569 

21.1417 

1.2351x10' 

18.8137 


5 

0.035 

8.4387 

18.5387 

1.6667x10-' 

38.4542 


10 

0.026 

9.4712 

20.7428 

1.2932x10-' 

39.1875 

0.85 

15 

0.019 

10.0763 

20.9952 

1.2561x10' 

27.9086 


20 

0.014 

10.4170 

20.5296 

1.3253x10-' 

12.9949 


25 

0.010 

10.6154 

20.7946 

1.2855x10-' 

18.8137 


GCV function, minimum at ^=0.01 7 GCV function, minimum at X=0.023 




X X 

Figure 2: The GCV curve for the Example 2 with the optimal value of ,1 = 0.017 (left) and the GCV curve for the Example 3 with 
the optimal value of A = 0.023. 


Blurred and noisy image Restored image with >.=0.01 7 



Figure 3: The blurred and noisy image (left) with PSNR(G) = 8.1411, r - 3 and <x = 0.45 and the restored image (right) with 
PSNR(X) = 21.0231 andtfe(X) = 1.2521 x 10 *. 
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matrix X satisfies X = S (, 28 XS 423 . Actually, we have ||A-Ps(X)|| = 0, where S is the set of all real 628 x423 
rectangle centrosymmetry matrices and P$ = ^{X + >S 628 AS 423 ) for any X e M 628x423 . The blurring matrix 
H is chosen to be H = Hi ® Hi € M 256 x256 , where H \ = 1(28 is the identity matrix and Hi = |/;' 2) | is the 
Toeplitz matrices of dimension 423 x 423 given by 

/z (2) = ( 2^T’ 
l J \ 0 , otherwise. 

The blurring matrix H models a uniform blur. The regularization matrix T is chosen to beT = T| ® 73 £ 


Blurred and noisy image 


Restored image with ^.=0.023 




Figure 4: The blurred and noisy image (left) with PSNR(G) = 8.0481. r = 3 and <x = 0.45 and the restored image (right) with 
PS NR(X) = 20.1459 and Re(X) = 1.5784 x 10 *. 

R 256 "x 256-, w j iere j ! anc j Tl are similnr to the ones given in Example 2. In this example we set r = 3 and 
a random Gaussian noise, with SNR = 15 dB, was added to produce a blurred and noisy image G with 
PSNR(G ) = 8.0481. The obtained image is shown on the middle of Figure 2. The optimal value of the 
parameter A = 0.023 was obtained by using the GCV method. The corresponding GCV curve is plotted on 
the right side of Figure 2. 

The restored image obtained by using our proposed Algorithm PHR-AF is also denoted by X and it is 
given on the right side of Figure 4. The relative error was Re{X) = 1.5784 x 10 1 with the PS NR(X) = 
20.1459. The iterations are terminated after 5 iterations with a cpu time of 86.9699s. 

5. Conclusion 

In this paper, we consider solving a class of inequality constrained matrix-form minimization problems, 
whose various simplified versions have been studied extensively. These matrix-form minimization problems 
problem can be transformed into the convex linearly constrained quadratic programming in the vector-form 
by using the vec operator vec{.) and the Kronecker produc ®. However, using this transformation will 
destroy the preindicated linear structure of the unknown matrix and will increase computational complexity 
and storage requirement. In this paper we will consider the problem from a general point of view and 
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directly from the perspective of matrices. We propose, analyze and test a matrix-form iteration algorithm 
framework with the augmented Lagrangian method for solving this problem and its reduced versions which 
arc applicable in image restoration. The numerical results, including when the algorithm is tested with some 
randomly generated data and on some image restoration problems with special symmetry pattern images, 
illustrate the effectiveness of the proposed algorithm. 
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Some properties on non-admissible and admissible functions 
sharing some sets in the unit disc * 

Feng-Lin Zhou 

Department of Informatics and Engineering, Jingdezhen Ceramic Institute, 

Jingdezhen, Jiangxi, 333403, China 
< e-mail: zhoufenglin@jci.edu.cn> 


Abstract 

In this paper, we deal with the uniqueness problem of two non-admissible functions sharing 
some values and sets in the unit disc, and also investigate the problem on an admissible 
function and a non-admissible function sharing some values and sets. Some theorems of this 
paper improve the results given by Fang. In addition, the results in this paper analogous 
version of the uniqueness theorems of meromorphic functions sharing some sets on the whole 
complex plane which given by Yi and Cao. 

Key words: uniqueness; meromorphic function; admissible; non-admissible. 

Mathematical Subject Classification (2010): Primary 30D 35. 

1 Introduction and main results 

We should assume that reader is familiar with the basic results and the standard notations of the 
Nevanlinna value distribution theory of meromorphic functions (see Hayman [6] , Yang [14] and 
Yi and Yang [18]). For a meromorphic function /, we use S(r, /) to denote any quantity satisfying 
S(r,f) = o(T(r, /)) for all r outside a possible exceptional set of finite logarithmic measure, and 
use C to denote the open complex plane, C := C|J{oo} to denote the extended complex plane, 
and D = {z : \z\ < 1} to denote the unit disc. 

R. Nevanlinna [10] proved the following well-known theorems. 

Theorem 1.1 (see [10]) If f and g are two non-constant meromorphic functions that share five 
distinct values <21,02,03,(14,05 IM in C, then f(z) = g(z). 

After this work, the uniqueness of meromorphic functions with shared sets and values attract- 
ed many investigations (see [18]). Moreover, the uniqueness theory of meromorphic functions is 
an important subject in the value distribution theory. In this paper, we mainly investigate the 
uniqueness of meromorphic functions with slow growth sharing some sets in the unit disc. 

We firstly introduce the following basic notations and definitions of meromorphic functions in 
D(see [2, 4, 7, 12, 8, 13, 22]). 

Definition 1.1 (see [12]). Let f be a meromorphic function in D and lim,.^!- T(r, /) = 00. Then 

D(f) := limsup 

r-n~ -log(l-r) 

is called the (upper) index of inadmissibility of f . If D(f) = 00 , f is called admissible. 

*This work was supported by the NSF of China (11561033), the Natural Science Foundation of Jiangxi Province 
in China (20151BAB201008), and the Foundation of Education Department of Jiangxi of China (GJJ150902). 
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Definition 1.2 (see [12]). Let f be a meromorphic function in D and linv^y- T(r, /) = oo. Then 


p(f) := limsup 

r— >-l _ 


log+ T(r, /) 
log(l - r) 


is called the order (of growth) of f. 

The Second Main Theorem for admissible functions (see [12, Theorem 3]) is very important in 
studying the uniqueness of two admissible functions in the unit disc D, which was proved by in 
2005. 

Theorem 1.2 (see [12, Theorem 3]). Let f be an admissible meromorphic function in O, q be a 
positive integer and aq, a- 2 , . . . , a q be pairwise distinct complex numbers. Then, for r — > 1~ , r ^ E, 

(Q ~ 2 )T(r, /) < £ N (V, + S(r, /), 

where E C (0,1) is a possibly occurring exceptional set with f E jff- < oo. If the order of f is 
finite, the remainder S(r,f) is a O ^log y^y^j without any exceptional set. 

In 2005, Titzhoff [12] also obtained the five values theorem for admissible functions in the unit 
disc D as follows. 

Theorem 1.3 (see [5, 12]). If two admissible functions f,g share five distinct values, then f = g. 

From Theorem 1.2(see [12, Theorem 3]), we can easily obtain a lot of theorems similar to 
meromorphic functions in the complex plane. In 1999, Fang [5] investigated the uniqueness of 
admissible functions sharing two sets and three sets and obtained a series of theorems. In 2015, 
Xu, Yang and Cao [15] investigated the problem on shared values of admissible function and non- 
admissible function, and obtained some interesting results. Inspired by Xu, Yang and Cao [15] and 
Fang [5], we further study the problem on shared-sets of admissible function and non-admissible 
function in the unit disc. 

The following theorem also plays a very important role in studies non-admissible functions 
sharing some sets in this paper. 

Theorem 1.4 (see [12, Theorem 2]). Let f be a meromorphic function inD au<ilim r _ > , 1 - T(r, /) = 
oo, q be a positive integer and a±, a 2 , ■ ■ ■ , a q be pairwise distinct complex numbers. Then, for 
r —> 1~, r E, 

(■ q ~ 2)T(r, /) < N (r, — - — \ + log — + S(r, /). 

j =1 \ J a j / i r 

Remark 1.1 In contrast to admissible functions, the term log in Theorem l.f does not nec- 
essarily enter the remainder S(r,f) because the non-admissible function f may have T(r,f) = 
O(logy^y). 

Remark 1.2 We can see that S(r,f) = o^logy^y^j holds in Theorem 1.) without a possible 
exception set when 0 < D(f) < oo. 

The following lemma for non-admissible functions in the unit disc is used in this paper. 
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Lemma 1.1 (see [15]). Let f(z) be a meromorphic function in D and lim r ^\- T(r, f) = oo, 
aj(j = 1, 2 ,q) be q distinct complex numbers, and kj(j = 1, 2, . . . , q) be positive integers or oo. 
If f is a non- admissible function, then 


and 


+ log J—+S(r,f), 
1 — r 



1 

f-aj 



kj + 1 


T(r,f)< 


Q 

E 

7=1 


k< JV. 


kj + 1 



+ log J— + S(r,f), 
1 — r 


where n k )(r, is used to denote the zeros of f — a in \z\ < r, whose multiplicities are no 

greater than k and are counted only once, N^^r, jzjj) is the corresponding counting functions, and 

= 1 ,7V fcj .)(r, — ) = N(r , jz^t) an d ^zpy = 0 if kj = oo, S(r,f ) is stated as in Theorem 

1 J .2. 3 ^ 


The main purpose of this paper is to deal with the problem of two non-admissible functions 
sharing some sets, and an admissible function sharing some sets with an non-admissible function. 
Section 2, the uniqueness of two non-admissible functions sharing some sets in D are investigated 
and some results showed that the number and weight of sharing sets is related with the index of 
inadmissibility of functions in D. In section 3, the problem of an admissible function and a non- 
admissible function sharing some sets is studied, and one of those results shows that admissible 
function and non-admissible function can share at most five distinct values with reduced weighted 
1. 


2 The uniqueness and sharing sets of non-admissible func- 
tions in the unit disc 

Let S be a set of distinct elements in C and X C C. Define 

E(S,B,f) = U {z € B| f a (z) = 0, counting multiplicities} , 

aes 

E(s,n,f) = U {z € B| f a (z) = 0, ignoring multiplicities}, 

aes 

where f a (z ) = f(z) - a if a G C and f^z) = 1 /f(z). 

For two non-constant meromorphic functions f,g, we say / and g share the set S CM(counting 
multiplicities) in D if E(S, D, /) = E(S, D, g)\ we say / and g share the set S IM(ignoring mul- 
tiplicities) in D if E(S, D, /) = E(S, H,g). In particular, as S = {a} and a € C, we say / and g 
share the value a CM in D if E(a,U>,f) = E(a,B>,g), and we say / and g share the value a IM 
in D if E(a, D, /) = E(a, D, g). We use E k )(a, D, /) to denote the set of zeros of / — a in D, with 
multiplicities no greater than k, in which each zero counted only once. We say that f(z) and g{z) 
share the value a with reduced weight k in D, if E k ^ (a, D, /) = E^ (a, D, g). If D = C, we have the 
simple notation as before, E(S, f),E(S, f),E k ~ ) (a, f) and so on(see [18]). 

The deficiency of a G C with respect to a meromorphic function / on the unit disc D is defined 

by 

m(r, ~r— ) N(r,~r—) 

6{a, f) = 5(0, / - a) = lim inf S - — = 1 - lim sup f , 

r-n- T(r,f) r— >i - T ( r J) 
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and the reduced deficiency by 


0(a,/) = 0(0,/ - a) 


1 — lim sup 

r—t 1“ 


N (r,jh) 

T(r,f) ■ 


We now show our main theorems. The first theorem can be called five values theorem of 
non-admissible functions. 

Theorem 2.1 Let fi and f 2 be two non-admissible meromorphic functions in the unit disc D 
satisfying 1 < D(f 1 ),D(f 2 ) < oo, and /i,/ 2 share aj(j = 1,2, 3, 4, 5) IM. Then fi(z) = f 2 (z). 


Remark 2.1 From Theorem 2.1, we can get that fi(z) = f 2 (z) if fi,f 2 share five distinct values 
and D(/i), D(f 2 ) > 1. However, the conclusion holds in Theorem 1.3 under the condition which 
/i , f 2 are admissible functions, that is, D(fi) = oo, and D(f 2 ) = oo. Thus, we can see that 
Theorem 2.1 is a greatly improvement of Theorem 1.3. 


In order to prove Theorem 2.1, we will prove the following general results of two non-admissible 
functions sharing some sets. 

Theorem 2.2 Let /i and f 2 be two non-admissible meromorphic functions in the unit disc D 
satisfying 0 < D(fi), D(f 2 ) < oo. Suppose that 


Sj = {aj,aj +b, . . . ,aj + (l — 1 )b}, j = l,2,...,q, 


with b ^ 0, Si fl Sj = 0, (i ^ j) and q > 2 + max 
integer less than or equal to x. Let kj ( j = 1,2,. 


D(h) 


D(h) 


j | , where [x] denotes the largest 


. . , q) be positive integers or oo satisfying 



k\ > k 2 > ■ ■ ■ > k q 

(i) 

and 




E kj ) (Sj,n,f 1 ) = E k . ) (s j ,n,f 2 ), (j = i , 2 , . . . , q ) . 

(2) 

Furthermore, let 




q l-l 


and 


0 (/*) = 0 (°’ ~ a ) “ 5Z 0 (°’ “ ( a i + s& ))’ (* = 2 )» 

a j—1 s—0 


A 1 _ EJLi 1 Ej=o ^(°> h - ( a j + sb)) + fcj + <5(0, /i - (dj + sb)) 


+ 


k m + 1 

( lm — 3 1 + T)k m (21 — 1 )k n 

k m + 1 k n + 1 


j=m s=0 k i + 1 

+ 0 (/i)-2, 


A _ Ej=i E s =o /2 (aj + sb)) ' k J + ^(0’ f 2 — ( a j + sb)) 

A2 ~ v n n k~ri 

j—n s=U J 

(In — 3/ + l)k n (21 — l)k m f ^ 

+ o + i k^r + e(/z) " 2 ’ 

where m and n are positive integers in {1,2, ... ,q) and a is an arbitrary complex number or oo. If 

mi " { ' 4l '' 42 > - wtt wry and ™* {Al ' A * }> dwIdw {3) 

Then /i (z) = f 2 (z). 
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By letting l = 1, q = 5 and k\ = &2 = • • • = k$ = oo in Theorem 2.2, we can get Theorem 2.1 
easily. Now, we start to prove Theorem 2.2 as follows. 

Proof of Theorem 2.2: Suppose that fi(z) ^ f 2 (z). From the second fundamental theorem in 
the unit disc (Theorem 1.4) we have 


q l — l 

(ql+p-2)T(r,f 1 ) < EE F 

1= 1 s=0 

+ log 


1 — r 


fi - ( dj + sb) 
■ S(r,f i). 


fc= i 


1 


E* '.tE 


/i - d k 


By dehnition we have 

N 


< (1 - 0(0, h - 4)) T(r, /i) + 5(r, /i). 


From Lemma 1.1 and the definition of deficiency, it follows that for s € {0, 1, . . . , l — 1} 
N O’ fi - {cij + sb) t 

k~fl Nkj) ( r ’ /i - (Oj + sb)) + k~+l N ( r> 


< 


< 


kj — 

N kj ) I r, 


kj H- 1 


fi - (dj + sb) J kj + 1 


fi - (aj + sb) 


(1 - 5(0, /i - (dj + sb))) T(r, fi) 


Thus, we obtain 

{ql +p- 2)T(r,/i) 


q l-l 


< IE (1 — 0(0, fi — d k )) > T(r, fi) + EEEf T ^)(r, 

J j'=l s— 0 3 


^k= 1 


fi - (aj + S&) 


) 


f <? i- 1 i 

+ < EE /TEn; (! -<5(0,/i - {dj + sb))) \ T(r, /i) + log +S(r,f 1 ). 
(j=i«=o 3 J ' 

Since 0(0, / — a) > 0 for any meromorphic function / and any complex number a € C. 
Without loss of generality, we assume that there exist infinitely many d such that 0(0, f\ — d) > 0 
and d {dj + sb : j = 1, 2, . . . , q and s = 0, 1, . . . , l — 1}. We denote them by d k [k = 1,2,..., oo). 
Obviously, 0(/i) = E^ =1 0(O, fi — d k )- Thus there exits a p such that E^ =1 0(O, fi—d k ) > 0(/i) — £ 
holds for any given £ (> 0). Noting that 


1 > 


ki 


> 


k\ + 1 &2 T 1 

we can deduce that 

(ql + P ~ 2 )T(r, A) 

kn 


> . . . > 


kg > 1 

kq + 1 2 


< (P — 0(/i) + £ ) T(r, fi) + 


q l—l 

EE^ 


{ m—l l—l 

EE 

1=1 s=0 

{ q l-l 

EE 

1=1 s=0 


kj T 1 k rn + 1 


*>>» + 1 ^ jr'o ' k]) V ’ h - + sb) 


(1 — 5(0, fi — (dj + sb))) > T(r,fi) 


1 - 5(0, fi - (dj + sb)) 


kj + 1 


T(rji) + log 


1 — r ’ 
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namely, 


l(m — 1 )k„ 
kra T 1 


+ B 1 -e) T(r, /i) < E E 


1 


j — 1 s=0 


+ log 


/i - (dj + sb) 


) 


1 — r ’ 


where 


B i = 


Eb=i Xb=o f 1 ( a J sb)) + ^ kj + 6(0, /i — {dj + s6)) _|_ ^ _ 9 


fc m + 1 


j—m s—0 


kj + 1 


By a similar discussion as above, we also have 

q i— 1 


l(n — 1 )k n 


k n + 1 


+ B ‘ - £ ) T(r ’ /2) < § s TTPr" 1 -' (?’ /,-<E‘>) + 106 rb- 


where 


B 2 = 


Ej=l Es=0^(0)/2 (d j + sfr)) + y-v yy kj + (5(0, / 2 ~ (Oj + s6)) | o 

fcj + 1 

j=n s=0 J 


k n + 1 


Hence 


l(m — 1 )fc„ 

k m + 1 

4 J— 1 


+ H 1 -e )T(rJ 1 ) + 


l(n — l)h 


, n "-m w r 
J=1 s=0 


k n + 1 

9 J-l 


/i - (dj + sb) ' ' jrif^kn + l 


+ B 2 -S j T(r,h) 


h - (dj + s6) ' 


+2 log 


1 


1 — r 


We now assert that fi(z) — f 2 (z) ^ s 6 , s = 1,2 ,.. . ,1 — 1. Otherwise, we get that (j = 
1,2, ...,<?) are the Picard exceptional values of /) , and that cij + (l — 1)6 (j = 1,2, ...,q) are 
the Picard exceptional values of / 2 - By <7 > 2 + and Theorem 1.4, we get a contradiction. 

Similarly, we have f 2 (z) — fi(z) ^ sb, s = 1, 2, . . . , l — 1. 

By condition (2) and the first fundamental theorem, we have 


1 


q l — l 

S Nki) b A _ (°j + s6 ) 

1-1 


< N r. 


1 


’ A - /2 


E ^ r ’ 


1 


Si - h - sb 


l-l 


E^b 


1 


/ 2 - fi - s6 


<(2/-l)(T(r,/ 1 )+T(r,/ 2 )) + 0(l). 


and 


q i— 1 


1 


§ S 7Vfej) ^ “ (°J + S& ) 

l-l 


< N 


1 


’ fi - Si 


E^b 


1 


Si- Si- sb 


l-l 


+Eb- 


1 


h - Si -sb 


<(2l-l)(T(r,Si)+T(rJ 2 )) + 0(l). 
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Therefore, from the above discussion we obtain 

" l (TO — 1 ) kn 


km Y 1 


+ B\ — e ) T(r, /i) + 


l(n — 1 )k n 

k n + 1 


+ B 2 -e)T(r,f 2 ) 


< (21 - 1 ) 


k m + 1 k n T 1 


(T(r, fi) + T(r, f 2 )) + 2 log 


1 


1 — r ' 


namely, 


(Ai - e) T(r, /i) + (A 2 - e) T(r, f 2 ) < 2 log 


1 — r 


Since 0 < D(f 1 ) 1 D(f 2 ) < oo, we have S(r, fi) = o (log ,S(r, f 2 ) = o (log T 
the definition of index, for any e satisfying 


0 < 2e < min < D(f 1 ), D(f 2 ), max{A 1; A 2 } - 


D(fi) + D(f 2 ) J ’ 


( 4 ) 

And from 

( 5 ) 

(6) 
( 7 ) 


there exists a sequence {r t } — ► 1 such that 

T(r u fi) > (D(f r) - e) log , T(r t , / 2 ) > (D(f 2 ) - e) log , 

1 — r t 1 - r t 

for all t — > oo. From (4)-(6), we have 

[(D(/i) - e)(A! - e) + (D(/ 2 ) - e)(A 2 - e) - 2] log — ' — < o ("log — ' — 

1 -r t \ 1 -r t 

From (7) and e being arbitrary, the above inequality contradicts to (3). Therefore, the proof of 
Theorem 2.2 is completed. 

We can get the following corollaries from Theorem 2.2. 

Corollary 2.1 Let kj (j = 1, 2, ... , q) be positive integers or oo satisfying (1), and let f\ and f 2 

be two non-admissible meromorphic functions in the unit disc D satisfying 0 < D(fi), D(f 2 ) < oo 

and (2). Suppose that 

Sj = {aj,aj + b, . . . ,aj + (l — 1)6}, j = 1, 2, . . . , q, 

with b ^ 0, Si D Sj =0, (i j) and q > 2 + max ( pjpjrj , D(f 2 ) ] }’ w k ere M denotes the largest 

integer less than or equal to x. If 

q i - 1 , 


^ ^ kj + 1 

j— 3 s=0 ■> 


+ 


(2 - 2 l)k 3 
k 2 + 1 


>2 + 


D(fi) + D(f 2 ) ’ 


Then f ± (z) = f 2 (z). 

Proof: Let m = n = 3. Noting that B(/,:) > 0 and A (0, fi — ( aj + sb)) > 0 for j = 1, 2,. . . , q and 
* = 1,2, one can deduce from Theorem 2.2 that Corollary 2.1 follows. □ 

The following corollary is an analog of a result due to H.-X. Yi (Theorem 10.7 in [18], see also 
[21]) on C. 

Corollary 2.2 Let fi and f 2 be two non-admissible meromorphic functions in the unit disc D 
satisfying 0 < D(fi), D(f 2 ) < oo. Suppose that 

Sj = {aj,aj +b, . . . ,aj + (l — 1)6}, j = 1, 2, . . . , q, 


with b 0, Si D Sj = 0, (i ^ j) and 
q > max I 4 + 


(D(fi) + D(f 2 ))l 


, 2 + max 


D(h 


D(h)\ 


If E(Sj, D, A) = E(S jt D, / 2 ), (j = 1, 2, . . . , q). Then h(z) = f 2 (z). 
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Proof: Let k\ = k 2 = • • • = k q = oo. One can deduce from Corollary 2.1 that Corollary 2.2 follows 
immediately. □ 

Let 1 = 1. Then it is easily derived the following corollary from Corollary 2.1, which is an analog 
of the Corollary of Theorem 3.15 in [18]. 

Corollary 2.3 Let dj (j = 1,2,..., q) be q distinct complex numbers in C, and kj ( j = 1,2,..., q) 
be positive integers or oo satisfying (1), and let f\ and f 2 be two non- admissible meromorphic 
functions in the unit disc D satisfying 0 < D(fi), D(f 2 ) < 00 and E k .^ (aj, D, fi) = E k .j(aj, D, f 2 ). 
Set D := nhn{D(/i), D(f 2 )}. Then 

(i) if D > 1, q = 7 and k 7 > 2, then fi(z) = / 2 (z); 

( ii ) if D > 1, q = 6 and kg > 4, then fi(z) = f- 2 (z); 

(Hi) if D > 2 and q = 7, then fi(z) = f 2 (z); 

(iv) if D > 3, q = 6 and k 3 > 2, then fi(z) = f 2 (z); 

(v) if D > 6 , q = 5, k 3 > 3 and k 3 > 2, then fi(z) = f 2 (z); 

(vi) if D > 10, q = 5 and k^ > 4, then fi(z) = f 2 (z); 

(vii) if D > 12, <7 = 5, k 3 > 5 and k 4 > 3, then fi(z) = f 2 (z); 

(viii) if D > 42, q = 5, k 3 > 6 and k± > 2, then fi(z) = / 2 ( 2 ). 

We now state another main theorem. 

Theorem 2.3 Let f 1 and f 2 be two non- admissible meromorphic functions in the unit disc D 
satisfying 0 < Z?(/i), H(/ 2 ) < 00 . Suppose that 

Sj = {c + aj,c + ajW , . . . , c + ajW 1 ^ 1 }, j = 1 , 2 , . . . , q, 

with aj ^ 0 , (j = 1 , 2 , . . . , q), w = exp(^), SiCiSj = 0 , (i ^ j) and q > 2 +max j 
Let kj (j = 1,2,..., q) be positive integers or 00 satisfying (1), and 

E k . ) (S j ,®,f 1 ) = E k . ) (S j ,®,f 2 ), (j = 1,2, ... ,q). ( 8 ) 

Furthermore, let 


D(h ) 


DU 2 ) 


q l-l 


e(/i) = E 0 (°’ /i - a ) - E E 0 (°’ /< - ( c + «X))> (i = 1. 2), 

a j — 1 s— 0 


and 


. _ <^(°> A - ( c + a j wS )) +<5(0,/i - (c + ajW s )) 

3 ; ; + LL *7+i 

j—m s— (J J 


km + 1 
l(m — 2)k m lk n 


km T 1 k n T 1 


+ B(/i)-2, 


„ E"=l El =0 <5(0, /2 - (c + djW s )) ^ ^ 

^ = — • — + EE 

j—n s— 0 


kj + (5(0, / 2 — (c + aj W s )) 


+ 


k n + 1 

/(? 7 , 2)k n Ikm 

kn T 1 km + 1 


kj + 1 


+ 0(/ 2 )- 2 , 


where m and n are positive integers in {1,2, ... ,q} and a is an arbitrary complex number or 00 . If 

mi ” WTTD05), and m “ l4 - <ll> i)|/,)E i ) ' <9> 

T/ien (fi(z) - c) J = (/i(z) - c) z . 
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Proof: We assume that (fi(z) — c) 1 ^ (/ 2 (z) — c) 1 . Without loss of generality, we assume that 
there exist infinitely many d such that 0(0, /i — d) > 0 and d ^ {c + a,jW s : j = 1,2 ,q and s = 
0, 1, . . . , l — 1}. We denote them by dk (k = 1,2,..., oo). Obviously, 0(/i) = SfcLi @(0, fi — dk)- 
Thus there exits a p such that /i ~ dk) > ©(/i) — £ holds for any given £ (> 0). 

Using a similar discussion as in the proof of Theorem 2.2, we obtain 


l{T k m + i m +B3 - £ ) nrJi)+( l ^ r J) P 1 +B i -e)T(r,f 2 ) 


< 


q l-l 

EE 

1 = 1 s=0 

+2 log 


k n T 1 

q l-l 


k m + 1 


N k d ){r, 


fi - ( c + ajw 8 )' 




1 = 1 «=0 


k n T 1 


f 2 - ( C+CLjW s ) 


1 — r ’ 


where 


^ _ ^1= i £ s= c/(0,/i ( c + cijW s )) + ^1 + A ~ ( c + ajw 8 )) + _ 9 


1 


j—m s— 0 


kj + 1 


^ _ E=i ^s=o ( c + cijW s )) fcj- + (5(0, ,/*2 - (c + a,jW s )) + _ 9 


fcn + 1 


% + 1 


j—n s = 0 

Furthermore, from condition (8) and the first fundamental theorem, we have 


EE^)( j 


1 


1=1 «=0 


fi - ( c + ajW s ) 


) < N(r, ■ 


1 


(/1 - c) ( - (/ 2 - c) z ^ 
</(T(r,/ 1 )+T(r,/ 2 )) + 0(l). 


and 


q 1-1 

EE f y( r ’ 

1=1 «=0 


1 


/ 2 - (c + a,w s ) 


) < iV(r, ■ 


1 


(fi-cy-(f 2 -cy ] 
</(T(r,/ 1 ) + T(r,/ 2 )) + 0( 1). 


Therefore, from the above discussion we obtain 
l(m — \)k. 


< l 


km + i +B >~ £ ) ^ « + (' i KT ] r + - £ I r < r - « 

K ^ (T(r, fi) + r(r,/ 2 ))+ 2 log 1 


k m + 1 k n + 1 


1 — r ’ 


namely, 

(■ A 3 -e)T(r,f 1 ) + {A 4 - e)T(r, / 2 ) < 2 log j-E (10) 

Since 0 < D(f 1 ),D(f 2 ) < 00 , we have 5(r,/i) = o (log ,S(r,f 2 ) = o^log^). And from 
the definition of index, for any £ satisfying 

0 < 2£ < min|D(/ 1 ),D(/ 2 ),max{A 3 ,A 4 } - ’ ( U ) 
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there exists a sequence {r t } — ► 1 such that 

T{r u h) >{D{h)-e) log — , T(r t , f 2 ) > (D(/ 2 ) - e) log — , (12) 

1 -r t 1 - r t 

for all t -A oo. From (10)-(12), we have 

[(D(/i) - e)(A 3 - e) + (T>(/ 2 ) - s){A 4 - e) - 2] log — ' — < o ("log — *— ) . (13) 

1 - r t \ 1 - r t ) 

From (13) and e being arbitrary, the above inequality contradicts to (9). 

Therefore, the proof of Theorem 2.3 is completed. □ 

We have an analog of a result due to H.-X. Yi (Theorem 10.8 in [18], see also [21]). 

Corollary 2.4 let fi and f 2 be two non- admissible meromorphic functions in the unit disc D 

satisfying 0 < D(fi), D(f 2 ) < oo. Suppose that 

Sj = {c + aj,c + ajw , . . . , c + ajW 1 ^ 1 }, j = 1, 2, . . . , q, 

with aj 7 ^ 0, (j = 1,2,..., q), q > 2 + f + D{fl) l D{h) , w = exp(^), Sj n Sj = 0, (i £ j). If 
E (Sj, D,/i) = for j = 1,2 ,...,q, then (fi(z) - c) 1 = {f 2 (z) - c) 1 . 

Proof: Let m = n = 1 and k\ = k 2 = ■ ■ ■ = oo. Noting that 0(/)) > 0 and <5(0, /j — (a^ + sb)) > 0 

for j = 1, 2, . . . , q and i = 1,2, Then Corollary 2.4 follows immediately from Theorem 2.2. □ 

3 The problem of sharing sets of admissible function and 
non-admissible function in the unit disc 

We now show that an admissible function can share sufficiently many sets concerning multiple 
values with another non-admissible function as follows. 

Theorem 3.1 If fi is admissible and / 2 is a non-admissible satisfying lim,,^- T(r, / 2 ) = oo, 
aj(j = 1, 2, . . , , q) be q distinct complex numbers, and let kj(j = 1,2 ,... ,q) be positive integers or 
oo satisfying (1). Then 

E k .)(a j ,B,f 1 ) = E kj )(aj,B,f 2 ), (j = 1,2 ,...,q). 

and 

ST , ( TO ~ bfcm _ 9 n 

. kj +1 km + 1 

do not hold at same time. 

Theorem 3.2 If fi is admissible and f 2 is a non-admissible satisfying lim,,^- T(r,f 2 ) = oo. 
Suppose that 

Sj = {c + aj, c + ajW, . . . ,c + ajW 1 ^ 1 }, j = 1, 2, . . . , q, 

with aj ^ 0, ( j = 1.2 ,q). w = exp(^), S t n Sj = 0, (* ^ j). Then E(S j ,B,f 1 ) = E(Sj, D, f 2 ) 

for j = 1, 2, . . . , q, and q > 1 + f can not hold at the same time. 

To prove the above theorems, we require the following lemmas. 

Lemma 3.1 (see [12, Lemma 1]). Let f(z), g(z) satisfy lim r _ >1 - T{r,f ) = oo and lmp,^- T{r,g) = 
oo. If there is a K £ (0, oo) with 

T{r,f) < KT(r,g) + S(r,f) + S(r,g), 

then each S(r,f) is also an S(r,g). 
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Lemma 3.2 If fi is admissible and f 2 is a non- admissible satisfying lim^i- T(r, / 2 ) = oo, aj(j = 
1,2 ,...,q) be q distinct complex numbers, and let kj(j = 1,2 be positive integers or oo 
satisfying (1). Set A 5 = Bq + ^ m ~A l +^ km . Then (2) and A 5 > 0 do not hold at same time, where 
Bi,Sj(j = 1,2 , ,q) are stated as in Theorem 2.1. 

Proof: Suppose that (2) and A 5 > 0 can hold at the same time. Since fi{z) is an admissible 
function, using the same argument as in Theorem 2.2 and from Theorem 1.2 and Lemma 1.1, for 
any e(0 <2e < A§), we have 


(m — 1 )lk n 
krn T 1 


q l-l 


+ B 1 -e)T(r,f 1 )<Y / Y, 


j — 1 s=0 


l. 


k m + 1 


N kj)(r, 


1 

/i - ( a j + sb ) 


) + SirJi), 


where B\ is stated as in Section 2. 

Since A is admissible and / 2 is non-admissible, we can get that fi{z) ^ f 2 {z). Thus, by 
condition (2) and the first fundamental theorem, we have 


q i-i _ 

i r ’ 

1=1 s =0 


h - + sb) J <N V ’ fi - f -2 




l - 1 


S=1 


S = 1 


1 


fi- h- sb 


+ Y, N ( r ’T—7— 


f 2 fi sb 


<(2Z-l)(T(r,/ 1 ) + T(r,/ 2 )) + 0(l). 

From the two above inequality, we get 

( [(m - 3) * + 1]fc - +Bl -e) T(r , A) < (2 !~^ TO r(r, f 2 ). 

\ k m + 1 J k m + 1 

Since 0 < e < A 5 , we have + B\ — e > 0. From (14), we have 

rp( r \ s' 1 _ 1 )km rr / r \ 

T ir,h)<J— n -— r T (r , h) . 


(14) 


(15) 


From Lemma 3.1, (15) and Ar x _ e 2 [r 1 ^ m > 0, we can get that each S{r,fi) is also an S{r, A). 
Since fi(z) is admissible and f 2 {z) is non-admissible, we can get T(r, f 2 ) = S(r,fi). Thus, we 
have 


T(r, / 2 ) = S{r, A) = S{r, f 2 ) = o(T(r, f 2 )). 


This is a contradiction. Hence, we can get that (2) and A 5 > 0 do not hold at the same time. □ 


Lemma 3.3 If fi is admissible and f 2 is a non-admissible satisfying lim,,^!- T(r, f 2 ) = oo, aj(j = 
1,2 ,...,q) be q distinct complex numbers, and let kj(j = 1,2 ,...,q) be positive integers or oo 
satisfying (1). Set A e = B 3 + . Then (8) and A e > 0 do not hold at same time, where 

B 3 , Sj(j = 1,2, ... ,q) are stated as in Theorem 2.3. 

Proof: Suppose that (8) and A e > 0 can hold at the same time. Since fi(z) is an admissible 
function, using the same argument as in Theorem 2.3 and from Theorem 1.1 and Lemma 1.1, for 
any e(0 < e < A e ), we have 


(m — T)lk n 
k m + 1 


q l—l 


+ B 3 -e T(r,A)<EE 


h 

^ m. ATT 


3 = 1 s=0 


km + 1 


NkAr, 


A ^ ( c + ajW s ) 


) + S{r, fi), 
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where B 3 is stated as in Section 2. 

From the assumptions of Lemma 3.3, we can get that — c ) l (/ 2 ( 2 ) — c) 1 . Thus, by 

condition (8) and the first fundamental theorem, we have 


t't^r 

3 = 1 s =0 


1 


r) < N(r, 


1 




fi - (c + a,jW s ) ’ (/1 - c) 1 - ( f-2 - c) 1 

</(T(r,/ 1 ) + T(r,/ 2 )) + 0( 1). 

From the two above inequality, we get 


(m — 2)lk n 
km Y 1 


+ B 3 -e)T(r,f 1 )< 


Ikn 


km Y 1 


T(rJ 2 ). 


Since 0 < £ < A 6 , we have 2 ^ rn + — e > 0. From (16), we have 

rri/ f \ s' ^ _ f \ 

' ’ A) - A^i~kZ+r T(r ' h) - 


(16) 


(17) 


From Lemma 3.1, (17) and 4s 1 _ j ^+1 > 0, we can get that each S(r , / 1 ) is also an ^(r, / 2 ). Since 
/1 ( 2 :) is admissible and / 2 (z) is non-adnrissible, we can get T(r, / 2 ) = S^r, / 1 ). Thus, we have 


T(r, / 2 ) = 5(r, / 1 ) = S(r, / 2 ) = o(T(r, / 2 )). 


This is a contradiction. Hence, we can get that (8) and A§ > 0 do not hold at the same time. 

Thus, the proof of Lemma 3.3 is completed. □ 

Proof of Theorem 3.1: Let l = 1, and since B(/,:) > 0 (i = 1,2) and <5(0, /i — aj) > 0 

(j = 1,2,..., q ), the assertion follows from Lemma 3.2. 

Proof of Theorem 3.2: Let fci = fc 2 = • • • = k q = 00 , and since B(/,:) > 0 (* = 1,2) and 

<5(0, /1 — aj) >0 (j = 1, 2, . . . , q), the assertion follows from Lemma 3.3. 

It is very interesting to consider distinct small functions instead of distinct complex numbers 
(see [9, 11, 17], etc). Thus it may be interesting to consider the following questions: 


Question 3.1 What condition on two non-admissible functions in the unit disc D sharing small 
functions will guarantee that the two non-admissible functions are identical? 


Question 3.2 How many small functions can an admissible function and non-admissible function 
in the unit disc D share at most? 
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THE FIXED POINT ALTERNATIVE TO THE STABILITY OF AN 
ADDITIVE (a, /^-FUNCTIONAL EQUATION 

SUNGSIIC YUN\ CHOONKIL PARK 2 *, AND HEE SIK KIMK 3 * 


Abstract. In this paper, we solve the additive (cc, /3)-functional equation 

f{x) + f(y) + 2f(z) = af(/3(x + y + 2 z)), (0.1) 

where a, fi are fixed real or complex numbers with a ^ 4 and afi = 1. 

Using the fixed point method and the direct method, we prove the Hyers-Ulam 
stability of the additive (a, /^/-functional equation (0.1) in Banach spaces. 


1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam 
[24] concerning the stability of group homomorphisms. 

The functional equation f(x + y) — f(x) + f(y) is called the Cauchy equation. In 
particular, every solution of the Cauchy equation is said to be an additive mapping. 
Hyers [9] gave a first affirmative partial answer to the question of Ulam for Banach 
spaces. Hyers’ Theorem was generalized by Aoki [1] for additive mappings and by 
Rassias [18] for linear mappings by considering an unbounded Cauchy difference. A 
generalization of the Rassias theorem was obtained by Gavruta [8] by replacing the 
unbounded Cauchy difference by a general control function in the spirit of Rassias’ 
approach. See [5, 7, 14, 15, 20, 21, 19, 22, 23, 19, 25] for more information on functional 
equations. 

We recall a fundamental result in fixed point theory. 

Theorem 1.1. [2, 6] Let (X,d) be a complete generalized metric space and let J : 
X -A X be a strictly contractive mapping with Lipschitz constant a < 1. Then for 
each given element x G X , either 

d(J n x , J n+1 x ) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) dfj n x, J n+l x) < oo, Vn > n 0 ; 

(2) the sequence {J n x} converges to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in the set Y = {y e X \ d(J n °x , y) < oo); 

(4) dfy.y^Y^dfy.Jy) for allyeY. 

In 1996, G. Isac and Th.M. Rassias [10] were the first to provide applications of 
stability theory of functional equations for the proof of new fixed point theorems 
with applications. By using fixed point methods, the stability problems of several 

2010 Mathematics Subject Classification. Primary 39B52, 39B62, 47H10. 

Key words and phrases. Hyers-Ulam stability; additive ( a , ^/-functional equation; fixed point 
method; direct method; Banach space. 
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functional equations have been extensively investigated by a number of authors (see 
[3, 4, 12, 13, 16, 17]). 

In Section 2, we solve the additive (a, /^-functional equation (0.1) in vector spaces 
and prove the Hyers-Ulam stability of the additive (a, /^-functional equation (0.1) in 
Banach spaces by using the fixed point method. 

In Section 3, we prove the Hyers-Ulam stability of the additive (a, /3 ) -functional 
equation (0.1) in Banach spaces by using the direct method. 

Throughout this paper, assume that X is a normed space and that Y is a Banach 
space. Let a, P be fixed real or complex numbers with and a/3 = 1. 

2. Additive (a, /^-functional equation (0.1) in Banach spaces / 

We solve the additive (a, /^-functional equation (0.1) in vector spaces. 

Lemma 2.1. Let X and Y be vector spaces. If a mapping f : X — y Y satisfies 

f(x) + f(y) + 2 f(z) = af(P(x + y + 2 z)) (2.1) 

for all x,y, z E X , then f : X — > Y is additive. 

Proof. Assume that / : X — > Y satisfies (2.1). 

Letting x = y = z = 0 in (2.1), we get 4/(0) = af( 0). So /( 0) = 0. 

Letting y = —x and z — 0 in (2.1), we get f(x) + f (—x) = 0 and so f(—x) = —f(x) 
for all x E X. 

Letting x = —2 z and y — 0 in (2.1), we get f(—2z) + 2f(z) = 0 and so f(2z) = 2 f(z) 
for all z E X. Thus 



for all x E X. 

Letting z = — i n (2.1), we get 

f(x) + f(y) - f(x + y) = f(x) + f(y) + 2/ = 0 

and so 

f(x + y) = f(x) + f(y) 

for all x, y E X. □ 

Using the fixed point method, we prove the Hyers-Ulam stability of the additive 
(a, /3)-functional equation (2.1) in Banach spaces. 

Theorem 2.2. Let <p : A" 3 — » [0, oo) be a function such that there exists an L < 1 with 



for all x,y,zEX. Let f : X — y Y be a mapping satisfying /( 0) = 0 and 

\\f(x) + f(y) + 2f(z) - af (P(x + y + 2z))\\ < <p(x,y,z) (2.3) 

for all x,y, z E X . Then there exists a unique additive mapping A : X — > Y such that 

\\f(x) - A(x)\\ < 2 ^ L _ — (cp (x,x,-x) + (p( 2x,0,-x)) (2.4) 

for all x E X . 
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Proof. Letting y = x and z = —x in (2.3), we get 

||2/(®) + 2/(-x)|| < <p(x,x,-x) (2.5) 

for all 

Replacing x by 2x and letting y — 0 and z = — x in (2.3), we get 

\\f(2x) + 2f(—x)\\ < <p(2x, 0, —x) (2.6) 

for all x E X. 

It follows from (2.5) and (2.6) that 

11/(2®) — 2/(x)|| < <p(x, x, -x) + <p( 2x,0,-x) (2.7) 

for all x E X. 

Consider the set 

S :={h: X -A Y, h( 0) = 0} 
and introduce the generalized metric on S: 

d(g, h) = inf {/i E M + : ||^(x) — h(x) || < (. x , x, —x) + tp (2x, 0, — x)), Vx E X} , 

where, as usual, inf <f> = +oo. It is easy to show that (S,d) is complete (see [11]). 
Now we consider the linear mapping J : S — > S such that 

Jg(x) ■= 2 9 

for all x E X. 

Let g, h E S be given such that d(g, h ) = e. Then 

\\g(x) - h{x) || < e((p(x,x, -x) + tp (2x, 0, -x)) 
for all x E X. Hence 

\\Jg( x ) — Jh(x)\\ = 2g(^j-2h(^j < 2e (|, |y-|) + V (®, 0, 

< 2e— (<p> (x, x, —x) + p (2x, 0, —x)) = Le(ip (x, x, —x) + p (2x, 0, —x)) 

for all x E X. So d(g, h) = e implies that d(Jg, Jh ) < Le. This means that 

d(Jg, Jh) < Ld(g, h ) 

for all g, h E S. 

It follows from (2.7) that 



< -{(p(x,x,-x) + (p{ 2x,Q,-x)) 

for all x E X. So d(f, J f) < T 2 - 

By Theorem 1.1, there exists a mapping A : X — > Y satisfying the following: 

(1) A is a fixed point of J , i.e., 

A (x) = 2A (|) (2.8) 

for all x E X. The mapping A is a unique fixed point of J in the set 

M — {g E S : d(f,g ) < oo}. 
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This implies that A is a unique mapping satisfying (2.8) such that there exists a 
p G (0, oo) satisfying 

\\f(x) - A(x)\\ < [jt(<p(x,x,-x) + <p( 2x,0,-x)) 

for all x G X] 

(2) A) — * 0 as Z — * oo. This implies the equality 


for all x G X; 

(3) d(f,A) < jzr^d{f, Jf ), which implies 


\\f(x) - A(x)\\ < 


-((p ( x , x, —x) + p> (: 2x , 0, —x)) 


2(1 - L) 

for all iGl. 

It follows from (2.2) and (2.3) that 

|| ^4(ar) + A(y) + 2 A(z) - aA (/3(x + y + 2^))|| 


= lim T 

n— >oo 


/ © +/ (f) +2/ (|;) ~ af 


x + y + 2z 
2 n 


< lim 2 n (p , — ) = 0 

— rc— s-oo r V 2 n 2 n 2 n 


for all x,y, z G X. So 

A(x) + A(y) + 2 A(z) — aA (f3(x + y + 2z)) = 0 
for all x,y,z G X. By Lemma 2.1, the mapping A : X —> Y is additive. 


□ 


Corollary 2.3. Let r > 1 and 6 be nonnegative real numbers, and let f : X — > Y be 
a mapping satisfying 

II f(x) + f(y ) + 2 f(z) - af (fi(x + y + 2z))\\ < 0(||x|| r + ||i/|| r + ||^|| r ) (2.9) 

for all x,y, z G X. Then there exists a unique additive mapping A : X — > Y such that 

Wf(x)-A(x)\\<^±feM r 

for all x G X . 

Proof. The proof follows from Theorem 2.2 by taking p>(x, y, z) = 0(||(c|| r + IM| r + IMD 
for all x,y,z G X. Then we can choose L = 2 1 ~ r and we get the desired result. □ 


Theorem 2.4. Let p> : A" 3 — > [0, oo) be a function such that there exists an L < 1 with 

( x y z\ 

(p{x,y,z) < 2 Lip - 

for all x,y,z G A". Let f : X — > Y be a mapping satisfying /( 0) = 0 and (2.3). Then 
there exists a unique additive mapping A : X — > Y such that 

ll/M - -4(x)|| < „„ 1 ,A v(x,x,-x) + ip( 2x,0,-x)) 


2(1 - L) 


for all x G X . 
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Proof. It follows from (2.7) that 

f(x) - \f( 2x ) < ^(p ( x > x ? ~ x ) + <P ( 2 A °> ~ x )) 

for all x £ X. 

Let (S, d ) be the generalized metric space defined in the proof of Theorem 2.2. 

Now we consider the linear mapping J : S — >■ S such that 

1 

J 9{x) ■= ^ g( 2x ) 

for all 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 2.5. Let r < 1 and 6 be positive real numbers, and let f : X — >• Y be a 
mapping satisfying (2.9). Then there exists a unique additive mapping A : X — > Y 
such that 

\\f( x )-A(x)\\<LPLe\\ x f 

for all x G X. 

Proof. The proof follows from Theorem 2.4 by taking tp(x, y, z) = ^(||a;|| r + |||/|| r + ||^|| r ) 
for all x,y,z G X. Then we can choose L = 2 r_1 and we get desired result. □ 

3. Additive (a , /^-functional equation (0.1) in Banach spaces II 

In this section, using the direct method, we prove the Hyers-Ulam stability of the 
additive (a, /^-functional equation (2.1) in Banach spaces. 

Theorem 3.1. Let tp : X 3 — y [0, oo) be a function and let f : X — > Y be a mapping 
satisfying /( 0) = 0 and 

*( IlB ,z):=g2y(T |,T) < oo, 

\\f(x) + f(y) + 2f(z) -af(p(x + y + 2z))W < p{x,y,z) (3.1) 

for all x,y, z G X. Then there exists a unique additive mapping A : X — y Y such that 

II f(x) ~ A(x)|| < ^(T(t, x, -x) + ( 2x, 0, -x)) (3.2) 

for all x G X. 

Proof. It follows from (2.7) that 



for all x e X. Hence 
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for all nonnegative integers m and l with m > l and all x G X. It follows from (3.3) 
that the sequence {2 k f(^)} is Cauchy for all x G X. Since Y is a Banach space, the 
sequence {2 k f(ff)} converges. So one can define the mapping A : X — > Y by 

for all x G X. Moreover, letting l = 0 and passing the limit m — > oo in (3.3), we get 
(3.2). 

Now, let T : X — y Y be another additive mapping satisfying (3.2). Then we have 


\\a(x)-t(x)\\ = 
1 2 q A 


2«A[- 
2? 


< 


X 
29 
X X 


2 q f 


2 q T ( — 


+ 


x 


2i 29 2 9 


<2^ — ,— , + 2 9 T — ,0, 

\ 0/7 * 0/7 ‘ 0/7 V 0/7 * * 0/7 


29 
2 q T 
2x 


2 q f 


x 


29 


29 


which tends to zero as q — * oo for all x G X. So we can conclude that A(x) = T(x) 
for all x G X. This proves the uniqueness of A. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 3.2. Let r > 1 and 6 be nonnegative real numbers, and let f : X — > Y be 
a mapping satisfying (2.9). Then there exists a unique additive mapping A : X —> Y 
such that 

\\{(x)^A(x)\\< 2 fffe\\x\\ r 

for all x G X . 

Proof. The proof follows from Theorem 3.1 by taking (p(x, y, z ) = 0(||a;|| r + |M| r + IMD 
for all x,y,z G X. □ 

Theorem 3.3. Let tp : X 3 — » [0, oo) be a function and let f : X — y Y be a mapping 
satisfying /( 0) = 0, (3.1) and 


OO ^ 

V(x,y,z) := J2 < 00 

j=o Z 

for all x,y, z G X . Then there exists a unique additive mapping A : X — > Y such that 
\\f(x) - A(x)\\ < ^(tf(x,x, -x) + T(2a:,0, -x)) (3.4) 

for all x G X . 

Proof. It follows from (2.7) that 


f(x) - 2 /( 2a; ) 


< 2 (T Oc x > ~ x ) + T ( 2x i °> ~ x )) 
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for all x G X. Hence 
1 




m — 1 


<£ *f(**)-m /( 2 'N 


3=1 


m-1 , i 1 \ 

^ £ {^rM 2 A Vx,-Vx) + ^(V+'x.O.-Vx)) (3.5) 

for all nonnegative integers m and l with m > l and all x G X. It follows from (3.5) 
that the sequence {^/( 2 n x)} is a Cauchy sequence for all x G X. Since Y is complete, 
the sequence {^f(2 n x)} converges. So one can define the mapping A : X — » Y by 

A(x) := lim — /( 2 n x) 

K ’ n—too 2 n V 

for all x G X. Moreover, letting l = 0 and passing the limit m — > oo in (3.5), we get 
(3.4). 

The rest of the proof is similar to the proofs of Theorems 2.2 and 3.1. □ 


Corollary 3.4. Let r < 1 and 6 be positive real numbers, and let f : X — >• Y be a 
mapping satisfying (2.9). Then there exists a unique additive mapping A : X — > Y 
such that 

\\f(x)-A(x)\\<t±Zf, M r 

for all x G X. 

Proof. The proof follows from Theorem 3.3 by taking (p(x, y, z) = 0(||a;|| r + |M| r + IMD 
for all x,y,z G X. □ 
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Abstract 

By introducing the concept of /3[/-order functions, we study the error in approximating 
Dirichlet series of infinite order in the half plane by Dirichlet polynomials. Some necessary 
and sufficient conditions on the error and regular growth of finite j3u - order of these functions 
have been obtained. 

Key words: /3-order, /3j/-order, Regular growth, Dirichlet series. 
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1 Introduction and basic notes 

Consider Dirichlet series 


f{s) = ^ 2 a n e XnS , s = a + it, ( 1 ) 

n— 1 

where 

0 < Ai < A2 < • • • < X n < ■ ■ ■ 1 A„ — > 00 as n — > 00; ( 2 ) 

s = a + it ( a,t are real variables); a n are nonzero complex numbers and 

limsup(A ra+ i - A„) = h < +00, ( 3 ) 

n — >-+oo 

li msup h!pd = o, (4) 

n->-\-oo 


*The first author was supported by The Natural Science Foundation of China(11561033, 11301233), the Natural 
Science Foundation of Jiangxi Province in China (20151BAB201008), and the Foundation of Education Depart- 
ment of Jiangxi of China (GJJ150902). The second author holds the Project Supported by Guangdong Natural 
Science Foundation(2015A030313628) and The Training plan for Outstanding Young Teachers in Higher Education 
of Guangdong(Yqgdufel405). 
t Corresponding author 
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then from (2) and (3), by using the similar method in [19] or [15], we can get 


lim sup 

n—> oo 


n 


= E < +oo, 


lim sup 

n—>o o 


logn 


= 0. 


( 5 ) 


Then the abscissas of convergence and absolutely convergence is 0, that is, f(s) is an analytic 
function in the left half plane 77 = {s = cr + if:(7<0,t€:IR}. 

We denote D to be the class of all functions f(s) satisfying (2)-(4) and analytic in Res < 0, 
denote D a to be the class of all functions f(s) satisfying (2)-(3) and analytic in Re < a where 
—oo < a < +oo. Thus, if — oo < a < 0 and f(s) £ D , then f(s) £ D a \ if 0 < a < +oo and 
f(s) € D a , then f(s) € D. We denote II fc to be the class of all exponential polynomial of degree 
almost k , that is, 

n fc = jx^'e V b k ) £ C k 

For f(s) £ D, 

M(a,f)= max \f(a + it)\, m(a, f) = max{|a n |e <7An } 

— oo<t<oo n> 1 



are called, respectively, the maximum modulus, the maximum term of f(s) for Res = cr < 0. 
Definition 1.1 Let f(s) £ D, the order of f{s) can be defined by 


p = lim sup 

<7 — ^0 


loglog + M(tx,/) 
- log(-cr) ’ 


where log" 1 " x = < !° gX 

6 \ 0 x < 1 

For p = 0, 0 < p < oo, p = oo, f(s) can be called, respectively, zero order, finite order, 
infinite order Dirichlet series. Considerable attention has been paid to the growth and the value 
distribution of analytic functions defined by Dirichlet series; see [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 
13, 14, 16, 17, 18] for some results. 

For f(s) £ D a , —oo < a < +oo, we denote E n (f, a) by the error in approximating the function 
/(a) by exponential polynomials of degree n in uniform norm as 


En(f,a)= inf \\ f ~ P \\a, n = 1 , 2 ,..., 

where 

ll/-p||a= max \f(a + it)-p(a + it)\. 

— 00< t <+00 

In 2010, the authors [17] investigated the relations between the error E n (f,a) and the growth 
order of /(s), and obtained some equivalence relation between E n (f, a) and the regular growth of 
f(s) with finite order as follows: 


Theorem 1.1 (see [17]). Let f(s) £ D be of finite order p, then for any real number — oo < a < 0, 

7 np hmip 

log+ M(a, f) _ , _ log+ [E n (f, a)e - “ A " +1 l 


lim , , x 


= 1 


lim sup 

n— >-+oo 


BC/i 


1 y log + [-E„(/,a)e aA "+i] 

and there exists a increasing, positive integer sequence {n„} satisfying 

log+ \E nv (f,a)e~ aX ^ 


= i; 


lim 

I/— >-+o o 


Blh 


log + \E nu (f,ot)e a ^i^+i 


= i, 


lim 

v—t+o O A. 


^iz + l 


= 1, 


1017 


Hong-Yan Xu et al 1016-1028 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


where B = — and U\(r) = r p ( r \ p(r) satisfies the following conditions: 

(i) there exists a real number ro > 0, p(r) is nonnegative, continuous, monotone on [ro,+oo), 
and tends to p as r — » +oo; 

(ii) lim r _j. +00 p'(r)r logr = 0,; 

(Hi) Ui(kr) = [/c p + o(l)][/i(r)(r — ► +oo) for every positive integer k, and U\{r) is an increasing 
function on r > r' 0 > ro- 


Recently, the authors [18] further investigated the relations between the error E n (f,a) and the 
growth order of /(s) when /(s) has infinite order, by introducing the concept of /3-order. 


Theorem 1.2 (see [18]). Let f(s) £ D be of finite /3-order pp, then for any real number —oo < 
a < 0, we have 


lim sup 

n—to o log \ n 


f3{K) 

log log+ (£?„_!(/, a)e -aA " ) 


= PP- 


Remark 1.1 In Theorem 1.2, the definitions of (3- order and the function (3{x) will be introduced 
in Section 2. 


Thus, a question arises naturally: what will happen when pp = oo in Theoreml.2? 

In this paper, we will investigate the above question by using the type functions U 2 (x) to 
enlarge the growth of the denominator — log(— a) and obtain the main results as follows. 

Theorem 1.3 If Dirichlet series f(s) £ D of infinite /3-order, then we have 


lim sup 

CT — ^0 


/3(log+ M(a, F)) 

log U 2 (±) 


= T 


lim sup 

< 7 — >-0 + 


/3(log + m(cr,F)) 
lQ g U 2 (z^) 


= T, 


where 0 < T < 00 and U 2 (x) = x p ^ satisfies the following conditions 

(i) p(x) is monotone and linx^oo p(x) = 00 ; 

(ii) linx^ = l > where x ' = * ( X + log u 2 (x) ) ■ 

Remark 1.2 From Lemma 2.1 and Lemma 1.1 in Section 2, we can prove the conclusion of 
Theorem 1.3 easily. 


Remark 1.3 This type function 1 / 2 ( 2 ;) is different from the type function U\{x) in Theorem 1.1. 


Remark 1.4 If Dirichlet series f(s) of infinite order has infinite /3-order and satisfies 


lim sup 

<7 — ^0 — 


/3(log + M(q,/)) 

log ^(4) 


= T, 


then T is called the fiu-order of Dirichlet series f(s). 


(6) 


Theorem 1.4 If Dirichlet series f(s) £ D with infinite /3-order, then for any fixed real number 
—00 < a < 0, we have 


where 


lim sup 

(7 — ^0 — 


/3(log + M(cr, /)) 
!°g u 2 (z^) 


= T 


lim sup 'k n (/, a, A n )=T; 


^ n (f,a, A„) = 


/3(A„) 


log U : 


2 \log + [E n -i(f,a)e- aX n] 


(7) 


1018 


Hong-Yan Xu et al 1016-1028 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Remark 1.5 From Theorem 1.4, we can see that the type function 1 / 2 ( 2 :) is more simple then the 
type function of Wang [16]. 


Theorem 1.5 Under the assumptions of Theorem 1-4, we have 
/3(log + M(a,f)) 


lim 

(t — y 0 


log U 2 (^) 

and there exists a subsequence {A„( p )} C {A„} satisfying 


= T +=+ the right hand of (7) is verified , 


lim v E'„(p)(/, a, A„( p) ) =T, and lim " (p) \ = 1, 

p -^ 00 p(A„( p+ i)j 


p—>o O 


where 


^n(p) {f, A n(p) ) 


/?(A n(p)) 


log U 2 


A n(p) 

log+ [®n(p- 1) (/,a)e _ “ A "(p) ] 


(8) 


Remark 1.6 From Theorem 1.5, we get the necessary and sufficient conditions for the limit about 
the regular growth of f(s), however, Wang [16] only gave the necessary and sufficient conditions 
for the superior limit. Thus, our results of this paper are more accurate than the previous form 
[16]. 


2 Some Lemmas and the concept of /3-order 


According to observations, we find that to study the growth of Dirichlet series better, many 
mathematicians proposed the type functions U ( x ) to enlarge the growth of the denominator log 
or —a (see [13, 4, 12]), or use some function to control the molecular M(a, f) or m(cr, /) in the 
definition of order. In this paper, we will deal with the growth of Dirichlet series of infinite order 
by using a class of functions to reduce M(cr, f) or m(a, /) which is better than the previous form. 
So, we firstly give the definition of /3-order of Dirichlet series as follows, which is an extension of 
[ 10 ]. 

Let 5 be the class of all functions f)(x) satisfies the following conditions: 

(i) /3(x) is defined on [a, +oo), a > 0, and positive, strictly increasing, differential and tends to 
+00 as x — t + 00 ; 

(ii) x(3'(x) = o(l) as x -» +oo. 

Definition 2.1 ([18]). If Dirichlet series f(s) of infinite order satisfies 


lim sup 

< 7— >-0 + 


/3(log+ M(a, /)) 

lo g3y 


* 


= P , 


where ft{x) £ S, then p* is called the [3-order of f(s). 


Remark 2.1 Obviously, the functions h(x) = log p x,p > 2 ,p £ N + satisfy the conditions (i) and 
(ii), where p is a positive integer, and logj^ x = logo; and log p x = log(log p _ 1 x). Thus, p-order is 
regard as a special case of (3-order of Dirichlet series. 


Remark 2.2 Furthermore, [3-order is more precise than p-order to some extent. In fact, forp(> 2) 
is a positive integer, we can find function f3(x) £ £ and a positive real function M{x) satisfying 


lim. up W ° g A fM) =(, 

oj-poo log X 


(0 < t < oo), 
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and 


log (log M(x)) 

iim sup 


logx 


= oo, and limsup 

x—>oo 


log p+ i(logM(x)) 
log a: 


= 0 . 


For example, let 


M(x) = exp p+1 {(tlogx) 1/d }, (3{x) = (log p+1 x) d , 


where t is a finite positive real constant and 0 < d < 1, we can get that p p (M) = oo, p p+ i(M) = 0 
and pp{M) = t, where p p (f) denote the p-order of f , and pp{f) the /3-order of f. 


Remark 2.3 If p* = oo in Definition 2.1, then f(s) is called a Dirichlet series of infinite (3-order . 


Lemma 2.1 (see [16]). Let (3(x) G £ and <p{x) be the function satisfying 

log+ ip(x) 


lim sup ■ 


logx 


= Q, (0 < e < oo), 


if M(x) satisfies limsup^^ ^ lo , s M (D) _ u q). Then we have 


log X 

limsup = 

x—>oo log X 


Proof: To prove this lemma, two cases will be considered as follows. 

Case 1. If <p(x) is not a constant. From the assumptions of Lemma 2.1, we can get that 
<p(x) — > oo as x — > oo. Then, for sufficiently large x, we have <p(x) > 1. From (3(x) G 5 , we have 
linia^oo log M(x) = oo. Then from the Cauchy mean value theorem, there exists £(log M(x) < 
f < (3(x)\ogM(x)) satisfying 


(3(jp(x) log M(x)) - (3(\ogM(x)) = (3'(C) = , 

log(y>(x) logM(x)) — loglogM(x) (log^)' 


that is, 

/3 (tp(x) log M(x)) = (3(logM(x)) + log(p(x)(;P'(t). (9) 

Since x(3'(x) = o(l) as x — > +oo and limsup^.^^ = g, (0 < g < oo), by (9), we can get the 

conclusion of Lemma 2.1. 

Case 2. If tp(x) is a constant. By using the same argument as in Case 1, we can prove that 
Lemma 2.1 is true. 

Thus, this completes the proof of Lemma 2.1. □ 

The following lemma plays an important role to deal with the growth of Dirichlet series, which 
shows the relation between M(o , /) and m(cr, /) of such functions. 


Lemma 2.2 ([19]). If Dirichlet series (1) satisfies (2) (3), then for any given e G (0, 1) and for 
cr(< 0) sufficiently reaching 0, we have 

m(a,f) < M(a,f) < K(e)—m((l-e)a,f), 

— G 

where K(e) is a constant depending on £ and (3). 

Lemma 2.3 If f(s) G D a (— oo < a < +oo), then for any positive integer n G N+ := N\{0}, we 
have 

K\e aX " <K 2 E n _itf,a), 

where K 2 > 1 is a real constant. 
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Proof: From the definition of E n (f,a), there exists p(s) € n„_i such that 

\\f-p\\ a <K 2 E n _ 1 (f,a). (10) 

Since f(s) € D a and from [19, P.16], for any real numbers to ,$(7^ 0), we have 

1 r R 

lim - / e m dt = 0 
fi->+ 00 R J to 

and 

1 r R 

o„e“ A " = lim — / /(a + it)e~ Xrilt dt. 

R^oo R J tQ 

From (11), for any real number x 7/ 0, we have 

1 t R 

lim - / e x(a+it) dt = 0. 
fl^oo R J t0 

Thus, from (12) and (13), for any pi(s) € II n _i, we have 

1 f R 

a n e aXrl = lim — / [/(a + it) — pi(a + it)]e~ Xnlt dt, 

R J t0 


( 11 ) 

( 12 ) 

(13) 


that is, 

|a n |e“ A " < ||/ -pi||a 


(14) 


From (10) and (14), we can prove the conclusion of Lemma 2.3. 


□ 


3 The proof of Theorem 1.4 


We prove the conclusions of Theorem 1.4 by using the properties of two functions /3(x) and 
C/ 2 (a;), this method is different from the previous method to some extent. 

We first prove ” 4= ” of Theorem 1.4. Suppose that 


lim supff' n (/,a, A n ) 

n—> oo 


lim sup 

n—> oo 


^(A„) 

log C/2 ^ l og + [E n -i{f ,a)e~ aXn ] ) 


= T. 


(15) 


Let 

A n = E n _i(f,a)e~ aXri , n= 1 , 2 ,..., 
then for any positive real number r > 0, for sufficiently large n, we have 

^((r+eiog^^)), 

where 7(0;) is the inverse functions of /3(x). Let V^a:) and C/ 2 (:r) be two reciprocally inverse 
functions, then we have 

Thus, we have 

\og + {A n e Xn<T ) < X n f^V 2 (exp|^^ ; /3(A„)J^ + uj . (16) 
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For any fixed and sufficiently small a < 0, set 


that is, 


G = 7 | (T + r) log U 2 | — + 


+ 


' log U 2 (i)_ 


log^(^) 


= V 2 exp 


— cr 


T + r 


/3(G) 


(17) 


If A„ < G, for sufficiently large n, let V 2 (exp j jtpy/3(A„)|^ > 1, from a < 0,(16), (17) and the 
definition of U 2 (x), we have 

-1 \ 


log + A n e Ana < G [V 2 exp 


1 


T + r 


/?(A„) 


1 


< G = 7 (T + t) log U 2 h 


—a 




< 7 (^( r + T ) log 
If A n > G, from (16) and (17), we have 

log + A n e Xna <\ n ((v 2 fexp 


(1 + o(1))G 2 { — 


(18) 


1 


< A„ | I h 

— (J 


T + t 
1 


13(G) 


+ cr 


-1 


•log^(^) 

For sufficiently large n, from (18) and (19), we have 


log+ A n e* ntT <7 (T + r) log 


(l + o(l))U 2 


+ tr <0. 


1 

— cr 


(19) 


Since A n = E n -\e aXn and r is arbitrary, by Lemma 2.1, Lemma 2.3 and Theorem 1.3, we can get 

■■msup« 1 ° 8 ) M1 7 /)) <r. 


Suppose that 


mu uuu _ 

log u 2 (^~) 


/8(log + M(a,f)) 

hm sup - tt ' T x — = ij < T. 


*^o+ log u 2 {^) 


Thus, there exists any real number e(0 < e < ^), for any positive integer n and any sufficient small 
cr < 0, from Lemma 2.2, we have 


1 


log + \a n \e Xn<T < log M(cr, /) < 7 y(T — 2e) log U 2 { — )j . 
From (15), there exists a subsequence {A„( p )}, for sufficiently large p. we have 


P(K( P )) > (T — e) log U 2 


Mp) 


log + A n(p) 


( 20 ) 


( 21 ) 
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Take a sequence {cr p } satisfying 


7 (v — 2e) log f/ 2 ( ) = 


log + +.,,, 


From (20) and (22), we get 


log + g4„ (p) + \ n ( p )(T p < 'y f(r) — 2e) log t/ 2 ( ^ ^ ■ 

V J 1 + log U 2 ( log+ ^ (p) ) 


that is, 


1 < A„( p ) 


-cr p l 0 g + A n(p) 


1 + 


log U 2 ( 


^(P) 


log+ A„ (p) 


) 


Thus, we have 


( 22 ) 


U2 ( ) < U2 


i(p) 


1 + 


log Ai( P ) l log C/ 2 ( 


^(p) 


log + -A»(p) 


<[/ 2 


1 + 0(1) 


A, 


(p) 


log A n(p ) 


From (22) and (23), we have 

A n(p) 


A n(p) — 


log + A n ( p) 

A n(p) 

log + A n{p) 


1 


7 (T- 2e)log?7 2 ( — ) 1 + log[/ 2 ( 


A, 


(p) 


' log A n(p) ' 


7 ( (*7- 2e)(l + o(l)) log £/ 2 ( ^ (p) )| ( 1 + log (7 2 ( 

V iog + 7i n(p) y \ 


a t 


(p) 


(23) 


log A„ (p) 


) ■ 


Thus, from the Cauchy mean value theorem, there exists a real number £ between i og + 71 j 4 ) ( ^ (1 + 

log ^( log+t^) “ 2e)(i + o(i)) log ^ 2 ( log + n ^ (p) ) and 7(77 - 2e)(l + o(l)) log ^ 2 ( log +"^ (p) ) such 

that 


P(\ n{p) )=P ( Xn(p) 1 1 1 ' TT 1 K(P) 


Since 


log + A n(p) 


1 + log f/ 2 (- + 

log + A n{p) 

A, 


7 ( (?7 - 2e)(l + o(l)) log U 2 { X + ip) 

Y 1 


= 0^7 ^(T - 2 e)(l + o(l)) logt/ 2 ( lo ^ + 
A n(p) 


(p) 


log 


log A n(p ) 

A n(p) s') 


) 


log + A n(p ) 


1 + log U 2 ( + 

log A n(p) 


mo, 


lim 

p— >• OO 


log U 2 ( 


a(p) 


log+ A n(p ) - 


then for sufficiently large p 1 we have 


Tog + g 4 „ (p) ' 


log ( 1+7+ 0 + log 1,2 < 1+7+ )) ) 


= 0, 


/ 3 (A „( P )) = (77- 2e)(l + o(l)) log t/ 2 ( 


^n(p) 

log + A r 


(p) 


-) + iF 2 £S'(01ogE/ 2 ( 


^n(p) 

log + A r 


(p) 


(24) 


where /l 2 is a constant. 
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From (21), (24) and 77 < T, we can get a contradiction. Thus, we can get 

log (7 2 (i) 

Hence, the sufficiency of Theorem 1.4 is completed. 

We can prove the necessity of Theorem 1.4 by using the similar argument as in the proof of the 
sufficiency of Theorem 1.4. 

Thus, the proof of Theorem 1.4 is completed. 


4 The Proof of Theorem 1.5 


We will consider two steps as follows: 

Step one: We first prove the sufficiency of Theorem 1.5. From the conditions of Theorem 1.5, 
for any e(> 0), there exists a subsequence {A„( p )} such that 


A n (p) > 7 f {T - s) log U 2 


A n(p) \ \ /3(A n ( p )) 

,log + A n{p) J J ’ P^oo .4(A„ (/ ,ij;) 


= 1, 


(25) 


that is 
A 


(26) 


(27) 


lo ^ >i( ^ ^ < ^2 (^exp |^-^^(A„ (p) )|^ , log + A n(p) > X n(p) V 2 (^exp |^— /3(A„ (p) ) 

Take the sequence {<Xp} satisfying 

A " m = ^ ((r - «) log u 2 (-1- + „ plog ^ (= L,) ) . 

W + *„iog iky = F ( exp . 

For any sufficiently small a < 0 and — oo < a < o < 0, we have 

OO OO 

E n -i(f,a) < \\f-Pn-iWa. < Y l«fc|e Afc “ < M(a,f)Ye XUa - a \ 

k=n k—n 

where p„_i(s) = a fce AfcS . From (3), we take 0 < h' < h satisfying A„+i — X n > h! for any 

integer n > 1. Thus, for sufficiently small a < 0 such that cr > f , from (27) we have 

OO 

E n -i(f, a) < M{<j , f)e x ^ a ~^ Y e (Afe - A " )( “- CT) 

k—n 

oo 

< M (<r, f) e ^(oc-*) e -%h' n ^ e f h'k 

k—n 

= M(a,f)e Xn{a - a) (l -e^y 1 . 

Then for sufficiently small er < 0 and — oo < a < a < 0, we have 

> K 3 E n _ 1 (f,a)e- x ^ a ~^ = K 3 A n e x "° , (28) 
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where K 3 = 1 — e^ h . For sufficiently small cr < 0, we take cr p < a < <j p +i, from (25), (26) and 
(28), we have 


log + M{a, /) > log + A n{p) + A n ( p) (Jp + 0(1) 
/ 

1 


(29) 


T-e 
/ 

1 


> A nip) ^exp 

> 7 ^(T - e)\ogU 2 + 

> (l + o(l ))7 ( (T — e) log U 2 


/3(A„( P ))|^ +<jpj+0(l) 


+ 0(1) 


~ a P a P lQ g ^( 3^)7 J U 2 (^)-l 

-J_ + 1 ^ 

-°p+i cr p+ i log 02(3^) yy iogJ 7 2 (=^) - 1 


- (1 + ° (1)h [ {T - £) bg U2 {^ + log0 2 (I)-l- 


Set 


1 


1 


-cr alogU 2 ( ^) 


F-=r, r 1 + 


1 


= R, R[l + 


1 


log U 2 {R) 


= R', 


log U 2 (r), 

by using a simple calculation, we can get R' > Thus, from the definitions of U 2 (x) (ii), we 
can get 

lr»cr TJ^(r\ 

(30) 


limsup . l0gt ' 2( |' ) . = 1 . 


Since 


CT ^o- logt/ 2 ( — ) 

l0 ^ log U-2 ( -+ ) — 1 

limsup — j— — = (J, 

log U 2 (-^) 


and from Lemma 2.1, (29) and (30), we have 

lim 5u p W o S + MK/)) =r 

^0- log u 2 (~^) 

Step two: The necessity of the Theorem 1.5 will be proved as follows. From Theorem 1.4, we 
can get that the right hand of (7) is verified. Next, we will prove that ( 8 ) also holds. We take a 
positive decreasing sequence {£i}(0 < £* < T),£j — > 0(z — > 00 ). 

Set 


Fi= In: T„(/, a, A„) = 


/?(A„) 


lo S U * (lo^A-) 


> T — £,; 


(31) 


it follows that Vz, Fj 7 ^ <F and F, ; C +)_!. For each z, we arrange the n(G Fj) in an increasing 
sequence {n^{p)}^L x , then we consider the two cases in the following. 

Case 1. Suppose that lim „_ > . +00 / 3 1+ ( ‘ )(P+1 ^ = 1 for any z. Then there exists N t G Fj(z g N + ), 

when n( l \p) > Ni, we have 


P (^n (i >(p+l)) ^ , 

P (A n (i)(p)) 

Note F i+ i c Fj, take iVj + i > AT*, denote F- the subset of Fj 

F( = {n £ Fi : N t < n < N i+1 }, 
thus the elements of F/ satisfy (31) and (32). 


(32) 
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Therefore let F = Ui^i F'% and arrange the n(G E') in an increasing sequence {n„}. Thus, the 


necessity of Theorem 1.5 is proved. 

Case 2. If there exists i € N + satisfying lim„_ > .-|- 00 / / rt( ‘ )(p+1 P A 1, then since A, 

\ i I • ^^n(*)(p+ Ip 

*n(0(p), we get lim^ +00 / 3(A n(i) J ) 

with {n^(p)}) and positive real constant r > 0, it follows that 


n (0(p_|_l) ^ 


get lim„->.+oo " (l)( p+ 1 > ) > i. Hence there exists {n^\pk)} C {n^^(p)} (still marked 


ft ( A n cj (p+i ) ) 

[3 (A n (o^) 


> 1 + T. 


Let 


i'(l) = n^(l), n'(2) = n^(3), • • • , n'(p) = nS l \2p — 1), 


7 rh = r>b 


n"(l) = n^(l), n ,, (2) = n^(4), • • • , n"(p) = n^(2p), • • • 
where {n'(p)}, {n"(p)} are two increasing positive integer sequences, and 

n"(p)<n'(p+ 1), P(X n "( p )) > (l + r)/3(A„/ (p) ), ^ = 1, 2, - - - . 

From (31), for any sufficiently large p, when n ^ Ft satisfies n'(p) < n < n”(p), there exists a 
positive real number 6 > 0 such that 


A« < 7 ( {T — S) log Uz(- 4^—) ) , 




log + A n J log + An 


> ^2 ( exp{^-^/3(A„)} 


Thus we have 


Set 


log + A n e aXn < A„ 


V 2 (exp{^/3(A„)} 


G = 7 ( (T — S) log U 2 | ^ + 


'iog Ul (^y) 


that is, 


1 

— (J 


o' log U 2 (zy) 
If A n > G, from (34) and (35), we have 


= V 2 exp 


T-S 


/3(G) 


(33) 


(34) 


(35) 


log + A„e aXn < A. 

If A„ < G, from (34) and (35), we have 


V 2 (exp{5^y/3(A„)} 


T <J 1 <0. 


(36) 


log+|an|e CTA " <G = 7 (T - 6)\ogU 2 — + 


log U 2 ( zy ) 


—a 


Choose the sequence {a p } satisfying 


V 2 exp 


T-6 


(3 (An" (p ) ) 


-1 


(37) 


(38) 
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from the assumptions of the necessity of Theorem 1.5, there exists an integer N 2 £ N + such that 
V2 ^exp j 5tz^/?(A n ) > 1. Then for n > N 2 , we have 


log + A n e r7pXn < X n ( V 2 ( exp { ^-^/3(A„) 


When n > n"{p ), it follows A„ > and from (38), we have 

log+ A n e apXn < A„ 


+ o v 


^2 ^exp|^-^/3(A„// (p) )|^ +cr p j=0. 


For sufficiently large v, we have X n 'r p ) > A„ as N 2 < n < n'(p), and 


-1 


log + A n e apXp < A „/ (p) ^2 (^exp{^— ^/3(A n )}J + a p J . 

Since A n /( p ) < 7 ^j^ :/ 9(A n //(p))^ and a p < 0, from the definition of a p , N 2 , we can get 
log+ A n e r,pXn < 7 < 7 log U 2 


~Or 


Thus, from (36), (37), (39) and (40), we have 


log+ A n e° pXp < 7 I (T - 5) log U 2 I — + 


1 


—a 


' log U 2 (^y) 


as n > N 2 . 


By Lemma 2.2, we have 


Hm W°g + "fr,/» < r _ <<r . 


CT„— >0“ 


■oe^(=fe) 

From (41), Theorem 1.3, we can get a contradiction with the following equality 


lim /3(log + M(a,/)) _ T 


cr—>0~ 


log U 2 [^) 

Thus, the proof of Theorem 1.5 is completed by Step one and Step two. 


(39) 


(40) 


(41) 
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Abstract 

In the present paper we establish several fuzzy differential subordinations regardind the operator / (to, A, l), 
given by I (m, X,l) : A ->• A, I (m, A, l) f (z) = z + (^b+f^) a i z3 and A = {/ € H{U), f(z ) = 

z + ci 2 Z 2 + . . . , z £ U} is the class of normalized analytic functions. A certain fuzzy class, denoted by 
Sljr (to, A, l) , of analytic functions in the open unit disc is introduced by means of this operator. By making 
use of the concept of fuzzy differential subordination we will derive various properties and characteristics of 
the class SIj: (to, A, l) . Also, several fuzzy differential subordinations are established regarding the operator 
/ (to, A, l). 

Keywords: fuzzy differential subordination, convex function, fuzzy best dominant, differential operator. 

2000 Mathematical Subject Classification: 30C45, 30A20. 

1 Introduction 

S.S. Miller and P.T. Mocanu have introduced [10], [11] and developed [12] in the one complex variable 
functions theory the admissible functions method known as "the differential subordination method” . The 
application of this method allows to one obtain some special results and to prove easily some classical results 
from this domain. 

G.I. Oros and Gh.Oros [13], [14] wanted to launch a new research direction in mathematics that combines 
the notions from the complex functions domain with the fuzzy sets theory. 

In the same way as mentioned, we can justify that by knowing the properties of a differential expression 
on a fuzzy set for a function one can be determined the properties of that function on a given fuzzy set. We 
have analyzed the case of one complex functions, leaving as ’’open problem” the case of real functions. We are 
aware that this new research alternative can be realized only through the joint effort of researchers from both 
domains. The ’’open problem” statement leaves open the interpretation of some notions from the fuzzy sets 
theory such that each one interpret them personally according to their scientific concerns, making this theory 
more attractive. 

The notion of fuzzy subordination was introduced in [13]. In [14] the authors have defined the notion of 
fuzzy differential subordination. In this paper we will study fuzzy differential subordinations obtained with the 
differential operator studied in [3] using the methods from [4] , [5] . 

Denote by U the unit disc of the complex plane, U = {z £ C : \z\ < 1} and TL(U) the space of holomorphic 
functions in U . 

Let A n = {/ € 'H{U) : f(z) — z + a n+ \z n+1 + . . . , z £ U} with A\ = A and TL[a,n] = {/ € THU) : f(z) = 
a + a n z n + a n+ iz n+1 + . . . , z € U} for a € C and n € N. 

Denote by /C = j/ € A : Re Z f,ff + 1 > 0, the class of normalized convex functions in U. 

In order to use the concept of fuzzy differential subordination, we remember the following definitions: 

Definition 1.1 [9] A pair (A, Fa), where Fa : X -» [0, 1] and A = {x £ X : 0 < Fa(x) < 1} is called fuzzy 
subset of X . The set A is called the support of the fuzzy set (A, Fa) and Fa is called the membership function 
of the fuzzy set (A, Fa)- One can also denote A = supp(A, Fa)- 
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Remark 1.1 In the development work we use the following notations for fuzzy sets: 

Ff(D) (/ (z)) =supp(f (D) , F f{D y ) = {z G D : 0 < F f{D) f (z) < 1}, 

F 9 (d) ( 9 (z)) =supp(g (D) , F g(D y) = {z G D : 0 < F g(D) g (z) < 1}, 
p(U) =supp(p(U) ,F p ( Uy ) = {z eU : 0 < F p{u) {p{z)) < 1}, 

q (U) =supp(q (U) , F q{u y ) = {z G U : 0 < F q{u) ( q (z)) < 1}, 

h(U) =supp(h (U) , F h ( Uy ) ={z €U : 0 < F h(u) (h(z)) < 1}. 

We give a new definition of membership function on complex numbers set using the module notion of a 
complex number z = x + iy, x, y € R, \z\ = \/ x 2 + y 2 > 0. 

Example 1.1 Let F : C — » R + a function such that Fc (z) = \F (z)\, V z G C. Denote by Fc (C) = {z G C : 

0 < F (z) < 1} = {z G C : 0 < \F (z)\ < 1} =supp( C, Fc) the fuzzy subset of the complex numbers set. 

Remark 1.2 We call the subset Fc (C) = {z G C : 0 < |F (^r)| < 1} = Ujr (0, 1) the fuzzy unit disk. 

Example 1.2 Let F : C — > R+, F (z) = g~j*j , where \z\ = \J x 2 + y 2 > 0. A fuzzy subset of the com- 
plex numbers set is A = {z £ C : 0 < Fa(z) < 1} =supp(A, Fa) = {z £ C : \z\ < 2}, where Fa{z) = 
J F(z), z G {\z\ < 2} 

\ 0, « £C-{\z\ < 2}. 

We show that the fuzzy subset is nonempty. Indeed, for z = 0, Fa (0) = F (0) = 1, so z = 0 G A. More 
we see that the fuzzy subset A contains all the complex numbers with the properties |z| < 2 and all the complex 
numbers for which \z\ > 2 not belong to A, i.e. supp(A , Fa) = {z G C : x 2 + y 2 < 4}. 

Remark 1.3 The membership functions can be defined otherwise and we propose that each choose how to define 
according to their research. 

Definition 1.2 ([13]) Let D C C, zq G D be a fixed point and let the functions f,g G TL ( D ). The function f 
is said to be fuzzy subordinate to g and write f -<jr g or f ( z ) g (z), if are satisfied the conditions: 

V f (^o) = 9 (to) , 

2) F f(D) f (z) < F g(D) g (z), zeD. 

Definition 1.3 ([If, Definition 2.2]) Let %[ : C 3 x U — > C and h univalent in U , with if (a, 0; 0) = h (0) = a. If 
p is analytic in U, withptfS) = a and satisfies the (second- order) fuzzy differential subordination 

F^^xU)’tKp(z), zp' (z ) , z 2 p"(z)\z) < F h(u) h{z), z G U, (1.1) 

then p is called a fuzzy solution of the fuzzy differential subordination. The univalent function q is called a 
fuzzy dominant of the fuzzy solutions of the fuzzy differential subordination, or more simple a fuzzy dominant, if 
F p (u)P{ z ) < F q (u^q(z), z G U , for allp satisfying (1.1). A fuzzy dominant q that satisfies F q (jj)q(z) < F q ^q{z), 
z G U, for all fuzzy dominants q of (1.1) is said to be the fuzzy best dominant of (1.1). 

Lemma 1.1 ([12, Corollary 2.6g.2, p. 66]) Let h G A and L[f](z) = G (z) = [ Jfh(t)dt, z G U. If 

R e + l) > z G U, then L (/) = G G AC. 

Lemma 1.2 ([15]) Let h be a convex function with h( 0) = a, and let 7 G C* be a complex number with Re 7 > 0. 
If p G TL[a , n] with p (0) = a, ip : C 2 x U — > C, (p (z) , zp' (z ) ; z) = p(z) + ^ zp ' (z) an analytic function in U 

and F i , {C 2 xU) (p(z) + ± zp'(z )) < F h(u) h{z), i.e. p(z) + ±zp'{z) h(z), z G U, then F p(U) p(z) < F g(u) g(z) < 

F h (u)h{z), i.e. p(z) g(z) -< jf h(z), z G U, where g(z) = n fl /n fj h(t)t 7 ^ n ~ 1 dt, z G U. The function q is 
convex and is the fuzzy best dominant. 

Lemma 1.3 ([15]) Let g be a convex function in U and let h(z) = g(z)+nazg' (z), z G U, where a > 0 and n is a 
positive integer. Ifp{z) = g(0) +p n z n +p n +iz n+1 + . . . , z G U, is holomorphic in U and F p ^m ( p(z ) + azp'(z)) < 
Fh(u)h{z), i.e. p(z) +azp'(z) -<jr h(z), z G U, then F p nj\p(z) < F g (jj^g(z), i.e. p(z) -<jr g(z),z G U, and this 
result is sharp. 

We will study the following differential operator, known as multiplier transformation. 
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Definition 1.4 For f £ A = {/ € R(U) : f(z) = z + a 2 z 2 + . . . , z £ U}, m € NU {0}, A, l > 0 ; the operator 
I (to, A, l) f(z) is defined by the following infinite series I ( m , A, l ) f(z) = z + Y^jL n + 1 ( ^"z+i^ 1 ) djzF 

Remark 1.4 It follows from the above definition that (l + 1) I (to + 1, A, l ) f(z) = [l + 1 — A] / ( to , A, l ) f(z) + 
A z(I (m, A, l) f(z)Y, z £ U. 

Remark 1.5 For l = 0, A > 0, the operator D™ = I (m, A, 0) was introduced and studied by Al-Oboudi [2], 
which is reduced to the Salagean differential operator [16] for A = 1. The operator I ( m , 1, l) was studied by Cho 
and Srivastava [8] and Cho and Kim [7]. The operator I (to, 1, 1) was studied by Uralegaddi and Somanatha [17] 
and the operator I (a, A, 0) was introduced by Acu and Owa [1[. Cata§ [6] has studied the operator I p (m,X,l ) 
which generalizes the operator I ( m , A, l) . 


2 Main results 


Using the operator I ( m , A, l) we define the class Si]] ( m , A, l) and we study fuzzy subordinations. 

Definition 2.1 Let f (D) =supp(f (D) ,Fj( D [) = {z £ D : 0 < Ff^ D )f(z) < 1}, where Ff(D)' Is the member- 
ship function of the fuzzy set f ( D ) asociated to the function f. 

The membership function of the fuzzy set (pf) ( D ) asociated to the function pf coincide with the membership 
function of the fuzzy set f ( D ) asociated to the fuction f , i.e. F (/if)(D) (( pf ) (z)) = F H D)f (z), z£ D. 

The membership function of the fuzzy set (/ + g) ( D ) asociated to the function f + g coincide with the half 
of the sum of the membership functions of the fuzzy sets f ( D ), respectively g ( D ), asociated to the function /, 
respectively g, i.e. P(/+ 9 )(d) ((/ + ff) (z)) = F ^ p > /( - ) + F g( p ) gU) , z £ D. 

Remark 2.1 F^ +g ^ D ^ ((/ + g) (2)) can be defined in other ways. 

Remark 2.2 Since 0 < Ff(D)f ( z ) < 1 and 0 < Fg^g (z) < 1, it is evidently that 0 < -F 1 (/+ 9 )(d) ((/ + g) (z)) < 
1, z £ D. 


Definition 2.2 Let S £ (0,1], A, l > 0 and m £ N. A function f £ A is said to be in the class Si]] (m, A, l) if 
it satisfies the inequality -F(j( m) A,z)/)'(m (I (to, A, l) f (z))' > 5, z £ U. 


Theorem 2.1 The set Si]] (m,X,l) is convex. 


Proof. Let the functions fj ( z ) = z+J 2 < jL 2 , k = 1, 2, z £ U, be in the class Si] r (to, A, l). It is sufficient 
to show that the function h (z) = gifi (z) + 772/2 (z) is in the class SI ] (to, A, l) with 771 and 772 nonnegative 
such that 771 + 772 = 1. 

We have h! ( 2 ) = ( 771/1 + 772 / 2 )' (z) = pif[ (z) + p 2 f 2 (z), z£U, and 
(I (to, A, Z) h (z))' = (I (to, A, l ) ( 7 x 1/1 + 7 * 2 / 2 ) (z))' = pi (I (to, A, l) /1 (z))' + p 2 ( I (m., A, l) f 2 ( 2 ))'. 

From Definition 2.1 we obtain that 


F(i( m ,\,i)hY(u ) (I ( m > 0 h ( z ))' — -f 1 (/(m,A,0(iii/i+/i 2 / 2 )) , (t/) ( TO ’ 0 (M1/1 + M2/2) (z))' — 

F(I(m,\,l)(ti 1 f 1 +ii2t2))'(U) (Mi (I ( m i •-V 0 fi ( z))' + p 2 (I (to, A, l) f 2 (2))') = 

) (#*i (T( t 71, A, i)/i ( 2 ) ) / ) TT 1 (^ 2 / (T7i,x,i)/ 2 ) / (e) (^2 (7(m,A,/)/ 2 (z)/) _ 


2 

Since /1, / 2 € S/jr (to, A, Z) we have 5 < P(/( m ,A, l)h)'(u) i 1 ( > A, Z) /1 (2))' < 1 and 

^ < ^(/(ra,A,I)/ 2 )'(t/) ( m > 0 f-2 (z)) < 1, -2 € U. 

Therefore 5 < - F ^c^.x.o Jl v(^)(J(*",A,i)/i( g ))'+f- tJ(m . A . oj2V ( Cy )(J(r»,A,i)/ 3 ( g ))^ < x and wg obtain thftt 
5 < P(/( TO , a, ;)/»)'([/) (^ (to, ^7 0 h ( Z )Y < 1 ) which means that h £ SI ] (to, A, Z) and S'/jr (to, A, Z) is convex. ■ 

We highlight a fuzzy subset obtained using a convex function. Let the function h(z) = jz], z £ U. After 

+ l) = Rejzz > 0, so h £ K, and h(U) = {2 £ C : Re2 > 


a short calculation we obtain that Re 


t zh" 

{~h 7 l 


0}. We define the membership function for the set h(U) as F h (jj)(h(z)) = Reh(z), z £ U and we have 
F h (u)h (z) =supp(/i(Z7) ,F h{u) ) = {2 e C : 0 < F h{u) (h(z)) < 1} = {z £ U : 0 < Rez < 1}. 


Remark 2.3 In this case the membership function can be defined otherwise too and we recommend that those 
interested to make it in accordance with their scientific concern. 
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Theorem 2.2 Let g be a convex function in U and let h(z) = g (z) + ^r^zg' (z) , where z G U, c > 0. If 

f G STjr (to, A, l) and G (z) = I c (/) (z) = f z t c f ( t ) dt, z GU, then 

F{i(mXi)f)'(u){I f (z))' < F h(u) h{z) , i.e. (/ (to, A, l) f (z))' -<jr h (z) , z GU, (2.1) 

implies F(i( m ,\,i)Gy(U) (I (to, 0 G (z)) < F g (jj^g (z), i.e. (/ (m, A, l) G (z))' g (z), z € U, and this result is 

sharp. 

Proof. We obtain that 

z c+1 G{z) = (c + 2) [ t c f (t) dt. (2.2) 

Jo 

Differentiating (2.2), with respect to z, we have (c + 1) G (z) + zG' ( z ) = (c + 2) / (z) and 

(c + 1) / (to, A, l) G(z) + z (/ (to, A, l ) G (2))' = (c + 2) L (to, A, /)/(*), U. (2.3) 

Differentiating (2.3) we have 

(/ (to, A, l) G (z))' H — -j— z (I (to, A, Z) G (z))" = (I (to, A, l) f (z ))' , z GU. (2.4) 

Using (2.4), the fuzzy differential subordination (2.1) becomes 

Fi(m,\,i)G(u) (V {m, A, Z) G (z))' + ( 7 ( TO > A ’ 0 G (-))") < Fg(jj} ( 2 ) + ^j^zc/' (z)^ • (2.5) 

If we denote 

p(2) = (J(m,A,l)G(2))', 2£U, (2.6) 

then p GH[ 1,1]. 

Replacing (2.6) in (2.5) we obtain F p{u) (p(z) + ^ Z P ' (z)) < F g{u) (g (z) + ^zg' (z)j, z G U. 

Using Lemma 1.3 we have F p{u) p (z) < F g(u) g (z) , z G U, i.e. P(/( to ,a,;)G)'([/) i 1 («+ A > 0 G (z))' < F g(u) g (z), 
z G U, and g is the fuzzy best dominant. We have obtained that (L™G (z))' ~<jr g (z), z G U. m 

Example 2.1 If f G Sljr (l, \ , A ), then f ( z ) + \zf" (z) ~<jr ^ ( 2 ) + §~G" {z) where 

G(z) = Jf f 0 z t.f (t) dt. 

Theorem 2.3 Let h (z) = /3 € [0, 1) and c > 0. If A, l > 0, m G N and I c (/) (z) = / Q 2 t c / (t) dt, 

z G U, then 

I c \si£ (to, A, Z)1 C (to, A, l ) , (2.7) 

where ft* = 2/3 — 1 + (c + 2) (2 — 2/?) j^dt. 

Proof. The function h is convex and using the same steps as in the proof of Theorem 2.2 we get from 
the hypothesis of Theorem 2.3 that F p ([/) (p(z) + -^zp’ (z)^ < fh(u)h{z), where p(z) is defined in (2.6). 
Using Lemma 1.2 we deduce that F p{u) p (z) < Fg^g (z) < F h{ u)h(z) , i.e. P(i( TOi a,;)G)'(e/) (I ( m , A, l) G (z))' < 

F g (u)9 ( z ) < (2) , where g (z) = fj t c+ 1 1+( \^f 1]t dt = 2/3-1+ (c+2 z ) c ( +7 2/3) / Q z £j^di. Since 5 is convex 

and 5 ([/) is symmetric with respect to the real axis, we deduce 

Fi { m,\,i)G(u ) ( I ( m , A, Z) G (z))' > minF fl(C7) 5 (z) = F g{u) g (1) (2.8) 

]*l=i 

and /3* = g (1) = 2/3 — 1 + (c + 2) (2 — 2/3) gdt. 

From (2.8) we deduce inclusion (2.7). ■ 

Theorem 2.4 Let g be a convex function, g( 0) = 1 and let h be the function h(z) = g(z) + zg'(z), z G U. If 
A, l > 0, to G N, / G Al and satisfies the fuzzy differential subordination 

FtHmXVfYwi 1 f ( z ))' < F h (u)h{z) , be. (I (m, \,l) f(z))' -<? h(z), zGU, (2.9) 

t/ien fj/m, a, ;)/(C 7) < F g (jj)g{z), i.e. 7 ( m ’ A +/(--) ^(z;), z G U, and this result is sharp. 
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Proof. Consider p(z) = a( +ti ) = l + p 2 z 2 + ..., z £ U. We deduce 

that p £ H[ 1, 1]. 

Let I (m,\,l)f(z) = zp(z), for z £ U. Differentiating we obtain (/ (m, X,l) f(z))' = p(z) + zp'(z), z £ U. 
Then (2.9) becomes F p( jj) ( p(z ) + zp'{z)) < F h{ jj)h{z) = F g{u) (g(z) + zg'(z)) , z £ U. 

By using Lemma 1.3, we have i+cz+z) < F g{u) g(z), z £ U, i.e. P(/( m , a, l)f)'(u) < F g ^j)g{z), 

z £ U . We obtain that J ( m,A ^)/( g ) g( z ), z £ U, and this result is sharp. ■ 

( zh » ( 2) \ 1 

1 + "h'iz) ) > — 2 ’ Z ^ 

and h( 0) = 1. If A, l > 0, m £ N, / £ A and satisfies the fuzzy differential subordination 


F (i{m,\,i)f)\u){ I {™>\l)f{z))'<F h (y)h{z), i.e. (I (to, A, l) f(z)) r +jr h(z), z£U, 


( 2 . 10 ) 


then Jj(m, a, 0/(u) J(m,A ^ )/(z) < F q{u) q(z), i.e. Um+,i)fU) ^ g ( 2; ) ) ^ g [/, w/iere q(z) = \ h{t)dt. The 
function q is convex and it is the fuzzy best dominant. 

Proof. Let p(z) = U m Ad)f(.z ) ; z £ U, p £ +1, 1]. Since Re ^1 + z £ U, from Lemma 1.1, 

we obtain that q ( z ) = 4 ff h.(t)dt is a convex function and verifies the differential equation asscociated to the 
fuzzy differential subordination (2.10) q (z) + zq' (z) = h (z), therefore it is the fuzzy best dominant. 

Differentiating, we obtain (I (m, A, l) f{z))' = p(z)+zp'(z), z £ U and (2.10) becomes i+m (p(z) + zp'(z)) < 
F h{u)h(z), z £ U. 

Using Lemma 1.3, we have F p(u) p(z) < F q(u) q(z), z £ U, i.e. F I(mtXJ)f(u) ^hM£Ul < F q{u) q(z), z £ U. 
We have obtained that 7 ( m +)l( z ) z £ U. m 

Corollary 2.6 Let h(z) = 1+< ^~^ z a convex function in U, 0 < /3 < 1. If A, l > 0, m £ N, / £ A and verifies 
the fuzzy differential subordination 

F{i(m,\,i)f)'(u) {I ( m i \ l) f( z ))' < F h(u)h{z), i.e. (/ (to, A, l) f{z))' -<? h(z), z £ U, (2.11) 

then P/( m , a, i)f(u) < F g{u) q(z), i.e. ^ z ^ jj, where q is given by q(z) = 2/3 - 1 + 

2fl . - 1 In (1 + z ) , z £ U. The function q is convex and it is the fuzzy best dominant. 


Proof. We have h{z) = 1+( y^„ 1) ~ with h (0) = 1, h' (z) = and h" (z) = yyyryr; therefore 

Re ( + 1 \=Re(\fA=Re( i-pcose-ipsinA = 1 -p 2 > 0 > 4 

V h' (z) J \ 1-j-z J \ 1+p cos 6-\-ip sin 6 J 1+2/9 cos 0-\-p 2 2 

Following the same steps as in the proof of Theorem 2.5 and considering p(z) = W'+O/U) ^ ^e f UZZ y 
differential subordination (2.11) becomes P/( to ,a, i)f(u) ( p( z ) + zp'(z)) < F h ^h(z), z £ U. 

By using Lemma 1.2 for 7 = 1 and n = 1, we have F p(u) p(z) < F q(u) q{z ), i.e., Pj( m ,A,q/(e/) < 

F g(E/) g (z) and g (z) = \ f* h (t) dt = \ fj 1+( ^f 1]t dt = 2/3-1 + In (1 + z) , z £ U. m 

Example 2.2 Let h (z) = with h (0) = 1, h! (z) = an d h" (z) = 4 




(*) 

(z) 


1+2 
+ 1 ) = Re 


(l+zf 


(l+f) = = i+zpcosfl+p^ > 0 > the function h is 


Since Re 
convex in U. 

Let f (z) = z + z 2 , z £ U . For n = l, m = 1, l = 2, A = 1, we obtain I (1, 1, 2) / (z) = | / (z) + \zf (z) = 
z+fz 2 . Then (7 (1, 1, 2) / (z))' = l + |z and 7(1 'h2)/(*) = l+|z. We haveq{z) = \ f* ±=*dt = -1 + 21n(4+z) . 
Using Theorem 2.5 we obtain 1 + |z L=|, z £ U, induce 1 + |z — 1 + 21n D+ 2 ) ; z £ U. 

Theorem 2.7 Let g be a convex function such that g (0) = 1 and let h be the function h(z) = g (z) + zg' (z), 
z £ U. If A, l > 0, to £ N, / £ A and the fuzzy differential subordination 


_ f zl (m + 1, A, l) f (z )\ ' ( 

f/ (m ,A,D/(iD ( /(mAZ)/( * } ) < F HU)h(z), i.e. 


z7 (m+ l,A,0/(z)V 


+jrh(z), z£U (2.12) 


/ (m, A, Z) / (z) 

doZds, t/ien F J(m , A ,q /([/) 1 ^ F g(u)9{z), i.e. ~<r9(z), z £ U, and this result is sharp. 
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Proof. Consider p{z) = . We have p' (z) = ~ P( z ) ' and we 


obtain p{z) + z-p' (z) = ' 

Relation (2.12) becomes P p (c/) ( p{z ) + zp'(z)) < F h ^h{z) = P s ([/) (g(z) + zg'(z)) , z £ U. By using Lemma 
1.3, we have F p{u) p(z) < F g{u) g(z), z £ U, i.e. Jj( TO , a, ;)/([/) - F a(U)g(z ), z £ U. We obtain that 

J(m+1,A,Z)/U) a ( z ) zG TJ - 

Theorem 2.8 Let g be a convex function such that g( 0) = 1 and let h be the function h(z) = g(z) + zg'(z), 
z £ U. If X,l > 0, m £ N, / £ A and the fuzzy differential subordination 
Fi(m,\,i)f(u ) (^r 1 ( TO + A ’ 0 / ( 2 ) + ( 2 - yr) 7 ("i, A, l) f (z)) < F h{u) h(z), i.e. 

l ^I(m + l,XJ)f(z)+(^2- l ^jl(m,X,l)f(z)^h(z), z£U (2.13) 

holds, then F I ^ rn ^ l)f( j J) [I{m.,X 1 l)f{z)]' < F g{u) g(z), i.e. [I (m, A, l) f(z)]' ^jf g(z), z £ U. This result is 
sharp. 

Proof. Let p(z) = (I (to, X,l) f (z))' . We deduce that p £ TL{ 1,1]. We obtain p(z) + z ■ p' (z) = 
I (m, A, l) f {z) + z(I (to, A, l) f (z))' = I (m, A, l) f (z) + a+l)7(m+l,A,Z)/(z)-(Z + l-A)J(m,A,Z)/( z ) = 

l ±±I(m + l,X,l)f (z) + (2-^)1 (m,X,l)f(z). 

The fuzzy differential subordination becomes F p ^ /) (p(z) + zp'(z)) < F h (jj)h{z) = F g ^ ( g(z ) + zg'(z )) . By 
using Lemma 1.3, we have F p{u) p(z) < F g{u) g(z), z £ U, i.e. F 7(TO) x,i)f(u) (I (m, A ,1) f(z))' < F g{u) g(z ), z £ U, 
and this result is sharp. ■ 

Theorem 2.9 Let h be an holomorphic function which satisfies the inequality Re 1 + > —A, 2 : € U, 

and h (0) = 1. If A, Z > 0, m £ N, f £ A and satisfies the fuzzy differential subordination 
Fi(m,\,i)f(u) (yr-f (to + 1, A, l) f ( 2 ) + (2 - i ± i ) / (to, A, Z) / ( 2 )) < F h{u) h(z), i.e. 


I(m,X,l)f(z ) 


I (to + 1,A ,l)f(z) + 2 — / (to, A, Z) / ( 2 ) Zi( 2 ), z £ U, 


then F I{mM)f(u) (I (m, X,l) f(z))' < F q{u) q{z), i.e. (J (m, X,l) f(z))' ^jf q(z), z £ U, where q is given by 
q(z) = t f 0 h(t)dt. The function q is convex and it is the fuzzy best dominant. 

Proof. Since Re ^1+ > — 5 ’ z ^ U, from Lemma 1.1, we obtain that q(z) = ! ff h(t)dt is a 

convex function and verifies the differential equation asscociated to the fuzzy differential subordination (2.14) 
q ( 2 ) + zqf ( 2 ) = h(z), therefore it is the fuzzy best dominant. 

Considering p ( 2 ) = (/ (to, A, Z) f (z))', we obtain p( 2 )+ 2 j/( 2 ) = A±!j (m + 1, A, Z) / (2)+(2 — At!) / (m, A, Z) / ( 2 ) , 
z £ U. Then (2.14) becomes F p ^ (p(z) + zp'(z)) < F h ^h(z), z £ U. 

Since p £ TL[ 1, 1], using Lemma 1.3, we deduce F p{u) p(z) < F q(u) q(z), z £ U, i.e. F/( m , a, ;)/([/) (I ( m, A,Z ) f(z))' < 
F q (u)q{z), z £ U. We have obtained that (/ (to, A, Z) f{z))' q(z), z £ U. m 

Corollary 2.10 Let h(z) — be a convex function in U, where 0 < f3 < 1.//A, Z > 0, to £ N, / £ A 

and satisfies the differential subordination Fj^ m x,i)f(u) (Mp/ (to + 1? A, Z) / ( 2 ) + (2 — At!) / (m, A, Z) / ( 2 )) < 
Fh(u)Hz), i-e. 

~f~I (to + 1) A, Z) / ( 2 ) + ^2 — I (to, A, Z) / ( 2 ) h(z), z£U, (2.15) 


then L/( m , a, ()/([/) (I {m,X,l) f(z))’ < F q< jj)q(z), i.e. {I (to, A, Z) f(z))' ^jf q(z), z £ U, where q is given by 
q(z ) = 2/3 — 1 + 2(1 — (3) ln ( 1+z ) ; f 0 r z £ U. The function q is convex and it is the fuzzy best dominant. 

Proof. Following the same steps as in the proof of Theorem 2.8 and considering p{z) = (/ (to, A, Z) f ( 2 )/, 
the fuzzy differential subordination (2.15) becomes P p (f/) ( p(z ) + zp'(z)) < F h pj)h(z), z £ U. 

By using Lemma 1.2 for 7 = 1 and n = 1, we have F p ^p(z) < F q ^q(z), i.e., L/( m ,A,z)/(i 7 ) (I ( to , A, Z) /(z))' < 
F q (u)q(z), i.e. (/ (to, A, Z) /( 2 ))' ^jf 5 ( 2 ), z £ U, and q{z) = \ ff h(t)dt = \ ff 1+(2 / + ~ t 1]t dt = 2/3 — 1 2(1 — 

ft) \ ln (2 + 1), z£U. ■ 
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Example 2.3 Let h ( z ) = a convex function in U with h (0) = 1 and Re + l) > — \ (see Example 

2 . 2 ). 

Let f (z) = z + z 2 , z € U. For n = 1, m = 1, l = 2, A = 1, we obtain I (1, 1, 2) / (z) = | / ( z ) + \zf (z) = 
z + | z 2 and (/ (1, 1, 2) / ( z ))' = 1 + | z. We obtain also l -^I (to + 1, A, l) f (z) + (2 — ^±1) I (to, A, l) f (z) = 
3/ (2, 1, 2) f (z) - I (1, 1, 2) / (*) = 2z + 4z 2 , where I (2, 1, 2) / (z) = § J (1, 1, 2) /(*) + § (/ (1, 1, 2) / (*))' = 
32 + fz 2 . We have q{z) = \ f* £=f dt = -1 + 21n( g 1+z) . 

Using Theorem 2.9 we obtain 2z + 4 z 2 -<jr jff), z £ U, induce 1 + 1 2 -<jr — 1 + 2 ln ^ ' z ) . z £ U. 
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Abstract 

In this paper we obtain some subordination and superordination results for the operator IR™\ n and we 
establish differential sandwich-type theorems. The operator IR™'™ is defined as the Hadamard product of 
the multiplier transformation I ( m,\,l ) and Ruscheweyh derivative R n . 

Keywords: analytic functions, differential operator, differential subordination, differential superordination. 

2010 Mathematical Subject Classification: 30C45. 

1 Introduction 

Consider H (U) the class of analytic function in the open unit disc of the complex plane U = {z € C : \z\ < 1}, 
T~L{a,n ) the subclass of T~L{U) consisting of functions of the form f(z) = a + a n z n + a n+1 z n+1 + ... and 
A n = {/ £ 77(C/) : f(z) = z + a n+1 z n+1 + . . . , z € U} with A = A\. 

Next we remind the definition of differential subordination and superordination. 

Let the functions / and g be analytic in U. The function / is subordinate to g , written / -< g 1 if there exists 
a Schwarz function w, analytic in U, with tn(0) = 0 and \w{z)\ < 1, for all z £ U, such that f(z) = g(w(z)), for 
all z £ U . In particular, if the function g is univalent in U, the above subordination is equivalent to /( 0) = g(0) 
and f(U) C g{U). 

Let ip : C 3 x U — > C and h be an univalent function in U . If p is analytic in U and satisfies the second order 
differential subordination 

ip{p(z), zp'(z),z 2 p''(z)] z) -< h(z), for z £ U, (1.1) 

then p is called a solution of the differential subordination. The univalent function q is called a dominant of 
the solutions of the differential subordination, or more simply a dominant, if p -< q for all p satisfying (1.1). A 
dominant q that satisfies q -< q for all dominants q of (1.1) is said to be the best dominant of (1.1). The best 
dominant is unique up to a rotation of U. 

Let ip : C 2 xU — » C and h analytic in U. If p and xp ( p (z ) , zp' (z ) , z 2 p" (z) ; z) are univalent and if p satisfies 
the second order differential superordination 

h(z) ~< tp(p(z),zp'(z),z 2 p" (z) ;z), z G U, (1.2) 

then p is a solution of the differential superordination (1.2) (if / is subordinate to F, then F is called to be 
superordinate to /). An analytic function q is called a subordinant if q -< p for all p satisfying (1.2). An 
univalent subordinant q that satisfies q -< q for all subordinants q of (1.2) is said to be the best subordinant. 

Miller and Mocanu [6] obtained conditions h, q and xp for which the following implication holds h(z) -< 
i’(p(z),zp l (z),z 2 p"(z);z)=>q(z)^p(z). 

For two functions f(z) = z + 'PZJL i a j z and g(z) = z + 'PZ°j°=2 b j ^ analytic in the open unit disc U, 
the Hadamard product (or convolution) of / (z) and g(z), written as (f * g) (z) is defined by f (z) *g{z) = 
if *g){z) = z + "A — 

We need the following differential operators. 

Definition 1.1 [5] For f £ A, m € NU {0}, A, l > 0, the multiplier transformation I (rn, A, l) f(z ) is defined by 
the following infinite series I (m, A, l) f(z) z + (^R+r^) a j z ^ ■ 
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Remark 1.1 We have (l + 1) I (to + 1, A, l) f(z) = (l + 1 — A) I (to, A, l) f(z) + A^ ( I (to, A, l) f(z))', z € U. 

Remark 1.2 For l = 0, A > 0, the operator D™ = I (to, A, 0) was introduced and studied by Al-Oboudi , which 
reduced to the Salagean differential operator S m = I (to, 1, 0) for A = 1. 

Definition 1.2 (Ruscheweyh [8]) For f G A and n G N, the Ruscheweyh derivative R n is defined by R n : A — > 
A, 

R°f{z) = f(z),R 1 f(z) = zf{z),... 

(n + l)R n+1 f(z) = z(R n f(z))' + nR n f(z), z £ U. 

Remark 1.3 If f £ A, f(z) = z + J2pL 2 a j zj > then Rn f ( z ) = z + J2JL 2 i)i a i zj f or z ^ u - 

Definition 1.3 ([2]) Let A, l > 0 and n,m £ N. Denote by IR ™‘™ : A — > A the operator given by the 
Hadamard product of the multiplier transformation I (to, A, l) and the Ruscheweyh derivative R n , IR™’™ f (z) = 
( I (to, A, l) * R n ) f (z) , for any z £ U and each nonnegative integers to, n. 

Remark 1.4 If f £ A and f(z) = z + J2™ =2 ajZ j , then IR™’™ f (z) = z + YfT =2 (^Tjir^) i)\ a j zj > 

z£U. 

Using simple computation we obtain the following relation. 

Proposition 1.1 [l]For to, n G N and A > 0 we have 

i R7 \,i~ 1,n f ( z ) = l -^^i R ™;™f{z) + j^z (iR^rnz)) (i.3) 

Definition 1.4 [7] Denote by Q the set of all functions f that are analytic and injective on U\E (/), where 
E (/) = {C G dU : lim/ (z) = oo}, and are such that f (£) ^ 0 for ( G dU\E (/). 

Lemma 1.1 [7] Let the function q be univalent in the unit disc U and 9 and f> be analytic in a domain D 
containing q{U ) with <p{w) ^ 0 when w G q(U ). Set Q (z) = zq' (z) <p (q (z)) and h(z) = 6(q(z)) + Q{z). 
Suppose that Q is starlike univalent in U and Re > 0 for z £ U. If p is analytic with p{ 0) = < 7 ( 0 ), 

p(U) C D and 9 (p (z)) + zp' (z) <j> (p (z)) -< 9 (q (z)) + zq' (z) <j> (q {z )) , then p(z) -< q(z) and q is the best 
dominant. 

Lemma 1.2 [f] Let the function q be convex univalent in the open unit disc U and v and <f> be analytic in a 
domain D containing q (U). Suppose that Re ( ) > 0 for z £ U and 2. ip (z) = zq 1 (z) <f> ( q ( 2 )) is starlike 

univalent in U . If p(z) G H [q (0) , 1] n Q, with p ( U ) C D and v ( p ( 2 )) + zp' (z) (p {p (z)) is univalent in U and 
v {q (z)) + zq' (z) <p {q {z)) -< v (p (z)) + zp' (z) <p {p (z )) , then q{z) -< p ( z ) and q is the best subordinant. 


2 Main results 


We intend to find sufficient conditions for certain normalized analytic functions / such that q\ (z) -< 

( 2 ) 

t +5 -< q 2 (z ) , z £ U, 0<S<1, where <71 and q 2 are given univalent functions. 


6 7 K m+ i ,„ /(z) 


(iRZff(z)) 

z s IR m+1,n f(z) 

Theorem 2.1 Let — 73+7 G R (U) and let the function q(z ) be analytic and univalent in U such that 

[ IR x ,1 /(*)) 

q(z) 0, for all z £U. Suppose that is starlike univalent in U. Let 


R e(|, w + | s y, ) + i + ,GW- 2 GW')>o. 

\P P q (z) q( z )/ 

for a,(,/3,/iGC, P 0, z £ U and 


(/+!), <i+i)i R ?; 2 ’ n f( z ) 


tp™r (“> P\ z ) ■= a + P — J — h P 


A IR™ f 1,n f (z) 


(2.1) 


( 2 . 2 ) 
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(/ + 1 ) (1 + 5) (*) , z s IRZt hn f (z) Z 25 (lR^' n f (z)) ' 

P \ rr>m+l,n f, X + ^ / \1 +s + ^ „ \2+25 


A IR^ n f{z) 
If q satisfies the following subordination 




cr( a >ft« 2: )" :a +^( 2: )+^(3(’)) +/3 


Z(f{z) 

9 ( z ) ’ 


z 5 IR m+1,n f(z) 

for a, £, pi, ft £ C, (3 0, then T — ry+y -<; q(z), and q is the best dominant. 

K IR x,’i R z )> 

z s IR rn+1,n f(z) 

Proof. Consider p(z) := — ry+y, z £ U, z ^ 0, f £ A. Differentiating we obtain p' (z) = 

[iRxj /(*)) 

<5(i+z) z g - 1 iRZt 1,n f(*) , m _ (t+l)(l+<) 

A (/«: T;rnA) 1+s A («™i n /(*)) 1+4 A (/^r/o) 2+5 

By using the identity (1.3), we obtain 

*?/(*) g([+i) i + 1 iR 7j r2,n f ( z ) (i+mi+s)iR?; l ’ n f{z) 

p{z) A A (*) A LR™ +1 ’"/ («) ' 1 j 

By setting 9 (w) := a + £w + pw 2 and <j>{w) := it can be easily verified that 6 is analytic in C, (f> is 
analytic in C\{0} and that (■ w ) 0, w £ C\{0}. 

Also, by letting Q (z) = zqf ( z)cp(q{z )) = /3 £ f^ and h (z) = 9 (q (z))+Q (z) = a+pq (z)+p (q (z)) 2 +py^ :> . 
we find that Q (z) is starlike univalent in U . 

We get h' (z) = (z) + 2 pq (z) q' (z) + /?|g> + fiz<Q£ - fiz (0) 2 and = %q (z) + 2 fq 2 (z) + 1 + 

- g"( Z ) _ ygfifiL 
z g( z ) z <?(~) ' 

So we deduce that Re = Re (§ 9 ( z ) + ^ 9 2 (z) + 1 + z^y - z 9 q jyy'j > 0. 

By using (2.4), we obtain a + fp(z)+p (p (z)) 2 + fi^yp^y = 

n , q Cl+D (j+i) /^+ 2 -/C) _ , (i+i)(i+i)< 1 ”/W , r AiRZV-nz) z^jiRZt^fiz)) 2 
p a a iRi+^ nx ) i a /^+ i ’"/(*)^ + ^(/fl™ i »/(*)) i+4 (/fl™r/o) 2+2a ' 

By using (2.3), we have a + (p (z) + p {p {z)) 2 + -< a + ^q (z) + p (q (z)) 2 + /3 . 

z s IR m+1,n f(z) 

Appying Lemma 1.1, we obtain p(z) -< q(z), z £ U, i.e. rr+y -< q(z), z £ U and q is the best 


dominant. 


(iRlff(z)) 


Corollary 2.2 Let m, n £ N, A, l > 0. Assume that (2.1) holds. If f £ A and ip™’™ (a, ft, p; z) -< a + P \XbI + 
l l (i+sf) + (i +^yy+Bz) ’ f or a ’ IL € ^ C, (3 zfi 0 , — 1 < B < A < 1, where ip™'™ is defined in (2.2), then 


1 IR \) RA) l+Az l+Az ■ 


( i r ZTRz )) 


!+ 6 ^ 1+Bz’ 


is the best dominant. 


Proof. For q (z) = ytjrgf , — 1 < B < A < 1 in Theorem 2.1 we get the corollary. ■ 

Corollary 2.3 Let m,n £ N, A ,1 > 0. Assume that (2.1) holds. If f £ A and ip™'™ (a, ft, p; z) -< a + 
? + P (l^i) + i-^ 2 , for a,p),p,f £ C, 0 < 7 < 1, /3 ^ 0, where ip™'™ is defined in (2.2), then 

z s IR , Pf 1 - n f(z) ( ij_,\Y /, , \7 

t i TT+y A an d Am. i S the best dominant. 

( iRZ’i n f(z)) 1+s V-z) \ l ~z) 

Proof. Corollary follows by using Theorem 2.1 for q (z) = , 0 < 7 < 1. ■ 


Proof. Corollary follows by using Theorem 2.1 for q (z) = ; 0 < 7 < 1- ■ 

Theorem 2.4 Let q be analytic and univalent in U such that q{z) ^=0 and be starlike univalent in U . 

Assume that 

Re ( 1 9 (z) q’ (z) + ~z~q 2 ( 2 ) q’ (^)) > 0, for f, fi,p£C, (3^ 0. (2.5) 
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If f £ A, .fy+s € W [q (0) , 1] fl Q and ip™’™ (a, /?, /x; z) is univalent in U, where if™’™ (a, (3, /x; z) is as 

defined in (2.2), then 

a + £,q(z) + p (q (z)f + ^ -<! if ™\™ (a, /?, /x; z) (2.6) 

q ( z ) 

z 5 IR rn+1,n f(z) 

implies q (z) -< — u+y, z £ U, and q is the best subordinant. 

(IRA /(*)) 

6 T p>rn+l,n j?/ \ 

Proof. Consider p (z) := ^ wt+I , z £U, z =£0, f £ A. 

( IR x,\ /(*)) 

By setting v ( w ) := a + + /xu > 2 and <p (w) := £ it can be easily verified that v is analytic in C, <f> is 

analytic in C\{0} and that p ( w ) ^ 0, w € C\{0}. 

Since it follows that Re = Re (§q (z) q' (z) + 2 f g 2 {z) q' (z)) > 0, for 

a, (3, /x £ C, n ^ 0. 

By using (2.4) and (2.6) we get a + £g (z) + /x (q (z)) 2 + -< a + (p (z) + p (p (z)) 2 + l3z ^ ) z) . Applying 

z s IR m+1,n f(z) 

Lemma 1.2, we obtain q(z) <p (z) = T — A+y , z £ U, and q is the best subordinant. ■ 

( IR x,i /CO) 

z s IR rn+1,n f(z) 

Corollary 2.5 Let m, n £ N, A, l > 0. Assume that (2.5) holds. If f £ A, — (y+y G R [q (0) , 1] Cl Q and 

( i R x,\ RR) 

a + ^T+ 5 § + M (t+S§) + (i+l iiii+Bz) (a,/3,P',z ) , for a,/?,£,/x £ C, (3 £ 0, -1 < B < A < 1, where 

ip™’™ is defined in (2.2), then f+sf A (/a™*" /( )) 1+l5 ’ an ^ I+sf the best subordinant. 

Proof. For q (z) = ^+gf , — 1 < S < A < 1 in Theorem 2.4 we get the corollary. ■ 


Corollary 2.6 Let m,n £ N, A, l > 0. Assume that (2.5) holds. If f £ A, 


(i R Zrm) 


y+y eW[g(0),l]nQ and 


+ £ (i^f) + P (l=f) + ^ ^T) 71 ( a ^,h'iZ ) , for a,P,p,£ £ C, P ^ 0 , 0 < 7 < l, where ip™)™ is defined 


in (2.2), then 


T 1 z s IR” 


(iRxffW) 


f !+a , and (irf) the best subordinant. 


Proof. For q ( z ) = (r=f) > 0 < 7 < 1 in Theorem 2.4 we get the corollary. ■ 
Combining Theorem 2.1 and Theorem 2.4, we state the following sandwich theorem. 


Theorem 2.7 Let q\ and q 2 be analytic and univalent in U such that q± (z) ^ 0 and <72 (z) ^ 0, for all 
z £ U, with and being starlike univalent. Suppose that q\ satisfies (2.1) and <72 satisfies (2.5). 

z s IR rn+1,n f(z) 

if f £ a, £ % [q (0) , 1] fl Q and ip™’™ (a, (3, p; z) is as defined in (2.2) univalent in U, then 

(IR X,’l R z )) 

a + £< 7 i (z) + n(q\ (z)) 2 + Pz ^ z) -< ip™)™ ( a,/3,n;z ) -<! a + £q 2 (z) + p(q 2 (z)f + , for a,P,p,,£ £ C, 


z°IR" 


1 f(.Zj 

(3 7 ^ 0, implies <71 ( 2 ) -< — ry+y -< <72 (z), and q± and q 2 are respectively the best subordinant and the best 

(i R xj RA) 

dominant. 


For qi (z) = , q 2 (z) = \+g 2 2 l , where —1<B 2 <Bi<A 1 <A 2 < 1, we have the following corollary. 


z s IR m+1,n f(z) 

Corollary 2.8 Let m,n £ N, X,l > 0. Assume that (2.1) and (2.5) hold. If f £ A, T — A+y £ 

( IR x,\ RA) 

n[q(0),l]nQ anda + (^f z +/x + ( 1 /1 % { i+b iz) < (pt,P,K z) A a + CiHS (l+5if) + 

(i+l a~xi+b 2 ~) > f or ck, /3, /+, £ C, (3 ^ 0 , — 1 < B 2 < Bi < Ai < A 2 < 1, where ip™’™ is defined in (2.2), 

then -< 1 — ry+y -< hence )tp lZ and ]t^ 2Z are the best subordinant and the best dominant, 

l+B lZ (lR™ff( z )) l+Bzz' 

respectively. 


l-\-Bi z 


1+B 2 z 
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For qi (z) = ) > 92 (z) = > where 0 < 71 < 72 < 1, we have the following corollary. 

z s IR m+1 ’ n f(z) 

Corollary 2.9 Let to, neN, A,!>0. Assume that (2.1) and (2.5) hold. If f £ A, T — A+ 7 - £ % [q (0) , llfl 

(i R \l f(z)) 


Qanda+^j^j +/z §) +^# -< V’™;" («,£, m; z) ~< <*+£ (i=f) (l=f) + nr|r , fora, j3, p,£ 

( \ 'Yl rr>m+l,n <■/ \ 

J ^ )^ 1 +’ 5 

(l^f) an d (i^f) are the best subordinant and the best dominant, respectively. 


+ (f^l) 72 ’ hence 


Changing the functions 9 and <f> we obtain the following results. 

Theorem 2.10 Let T — Affj G H ( U ) , / € A, z £ U , m, n £ N, A, l > 0 and let the function q(z) be 

( IR x,\ /(*)) 

convex and univalent in U such that q (0) = 1, z £ U . Assume that 


Re 


a+/3 q"(z ) 

P <f(z) 


> 0 , 


(2.7) 


for a, (3 £ C, P ^ 0, z £ U, and 


P(l + 1) z s IR™+ 2 ’ n f(z) 


iPZf ^pA) := 


j T>m,n p / 

IR x l f(z 


+ \a + 


( 

p( i +s)i , + i ) z i (iR^nz)f 


/»(! + 1 )\ 


' t r>rn,n £ / 

J R x 1 fi z 


1+5 


( 2 . 8 ) 


A 


(m :ff w) 


2+5 


If q satisfies the following suboi'dination 

ipTf ( a > z ) -< a 9 ( z ) + /W ( 2 :) 


(2.9) 


Jrnm+i.n n 

for a, (3 £ C, (3 0, z £ U, then — — 


(«”«"/(*)) 


-< <7(2), z £ U, and q is the best dominant. 


z s IR m+1 ' n f(z) 

Proof. Consider p (z) := 7 - — rj+y, z £ U, z ^ 0, / £ A. The function p is analytic in U and p (0) = 1. 

( IR x ,1 /(*)) 

Differentiating we 2 et o' (z) - 5(i±0 , J+i A~ 1 iRf)f 2 ’ rl f(z) (m)(1 +s) 

Differentiating we get p (z) — A + a a (/ *™. V(z)) ’+‘ ' 

By using the identity (1.3), we get 


zp’ (z) = 


l + l z s IR™+ 2 ' n f (z) 6(1 + 1) z s IR™j 1,n f (z) {l + l)(l+S) zS { I K? 1 ’ n f{ z )y 


(lR?ff( z j) 


1+5 


(lR?ff{zj) 


1+5 


( 


\ 2+<5 

iKff( z )) 


( 2 . 10 ) 


By setting 9 (w) := aw and <j)(w) := f3, it can be easily verified that 9 is analytic in C, <f> is analytic in C\{0} 
and that <j) ( w ) ^ 0, w £ C\{0}. 

Also, by letting Q (z) = zq' (z) <f> (q (z)) = (3zq' (z) , we find that Q (z) is starlike univalent in U. 

Let h(z) = 9 (q (z)) + Q (z) = aq (z) + (3zq' (z). We have Re = Re > 0. 

By using (2.10), we obtain ap(z)+pzp' (z) = W A +1) 

( IR x,\ /(*)) 

/ 3(l+5)(i + l) AjlRZA^fiA) 

A (i r ZTRA) 

z s IR m+1,n f(z) 

have p(z) + q(z), z £ U, i.e. T — rr+y -< q(z), z £ U, and q is the best dominant. 

( IR xl /(*)) 


, a - 


m + lA 


A ) (Jfl™i"/W) 


1 + 3 " 


2 +s~. By using (2.9), we have ap (z) + )3zp' (z) + aq (z) + f3zq' (z) . From Lemma 1.1, we 
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Corollary 2.11 Let q(z ) = , z £ U, — 1 < B < A < 1, to, n £ N, A, l > 0. Assume that (2.7) holds. If 


f £ A and if™]™ (a, /?; z) -< f or @ *= C, (3 ^ 0, —1<B<A<1, where if™} 11 is defined ir. 

(2.8), then ,{!+<> ~< ]Xr 1 > an ^ \+r1 * s best dominant. 


{iRT.rm) 


Proof. For q (z) = jxgf , — 1 < B < A < 1, in Theorem 2.10 we get the corollary. ■ 

Corollary 2.12 Let q (z) = ^ j^f) ,m,n £ N, l > 0. Assume that (2.7) holds. If f £ A andtf™’™ (a,/3;z) -< 


z s IR™+ x ’ "/(*) 

(iRf : rf( Z) y +s 


-< 


a (y^f) + yzS ’ f ora 'P G C, 0 < 7 < 1, (3 y 0, where if)™’™ is defined in (2.8), then 

, and (iirf) is the best dominant. 

Proof. Corollary follows by using Theorem 2.10 for q ( z ) = , 0 < 7 < 1. ■ 

Theorem 2.13 Let q be convex and univalent in U such that q( 0) = 1. Assume that 

Re (^q' ( 2 )^ > 0 , for a, (3 £ C, /3 ^ 0 . 

If f £ €H[?(0),l]flQ and V’™;" (o, /?; z ) is univalent in U , where V 1 ™/" (a, /?; z) is as defined 


( 2 . 11 ) 


in (2.8), then 


aq (z) + fizq’ (z) -< ip™[ n (a, /3; z) 


( 2 . 12 ) 


z s IR m+ 1 ,n f(z) 

implies q (z) -< — rr+r, 8 £ C, S 0, z £ U, and q is the best subordinant. 

( IR x,’i RR) 


z s IR m+1,n f(z) 

Proof. Consider p (z) := T — r^ry, z £ U, z 7 ^ 0, / £ A. The function p is analytic in U and p (0) = 1. 

( IR x} /CO) 

By setting v (w) := aw and </> (w) := (3 it can be easily verified that v is analytic in C, <f> is analytic in C\{0} 
and that <j> (w) 7 ^ 0, w £ C\{0}. 

Since ^(g(*)) = $ q ' (*)» it; follows that Re ( ^(q(zjj ) = Re (f ql (~)) > °> for a, (3 £ C, (3 0. 

Now, by using (2.12) we obtain aq(z) + (3zq' (z) -< ap(z) + (3zp' (z) , z £ U. From Lemma 1.2, we have 

? m + 

X A ,1 


q{z) -<p(z) = 


Z 5 1 R™ f 1,n f (z) 


( i R Zi n H z )) 


iqry, z £ U, and q is the best subordinant. 

: I+B§> —1<B<A<1,z£ 

% G R [q (0) , 1] Cl Q, and + 

5 t r>rn + 1 


Corollary 2.14 Let q(z) = }~t R z , — 1 < B < A < 1, z £ U, m,n £ N, X,l > 0 . Assume that (2.11) 


holds. Iff £ A, xl 

(iRx.l R*)) 

— 1<B<A<1, where ifix’™ is defined in (2.8), then \\ R Z Z ~< 


R [q (0) , 1 ] nQ, and -< (a, # z ) , for a, (3 £ C, /3 7 ^ 0, 

i+Az . RiRff^RA nr ,p l+Az , 
i+ Bz (/*£■»/(*)) 


1 + 5 , and is the best subordinant. 


Proof. For q (z) = j+gf , —1 < B < A < 1, in Theorem 2.13 we get the corollary. 


( \ 7 dr R m+l,n f( x 

X^x) ,m, n G N, A ,1 > 0. Assume that (2.11) holds. If f £ A, j — gyr — tt+t G 
H [q (0) , 1] n Q and a (xirf ) + (xzf ) ^ V’y)" («; z ) > for a, ft £ C, 0 < 7 < 1, (3 ^ 0, where is 
defined in (2.8), then (izf) 7 ^ ^ (l^) 


is the best subordinant. 


Proof. Corollary follows by using Theorem 2.13 for q ( z ) = (yirf ) , 0 < 7 < 1. ■ 
Combining Theorem 2.10 and Theorem 2.13, we state the following sandwich theorem. 
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Theorem 2.16 Let q\ and q 2 be convex and univalent in U such that qi (z) 7 ^ 0 and (72 (z) 7 ^ 0, for all 

z s IR m+1,n f(z) 

z GU. Suppose that q± satisfies (2.7) and <72 satisfies (2.11). If f G A, — tt+t EW[g(0),l]nQ , and 

y IR x,i /(*)) 

ip™/ 1 (a,0;z) is as defined in (2.8) univalent in U, then aqi (z) + 0zq[ {z) -< ip™'/ 1 {a,0\z) -< aq 2 (z) + 0zq 2 (z) , 

z 5 IR m+1,n f(z) 

for a, (3 G C, 0 7 ^ 0, implies q± (z) -< — rr+y -< <72 (z), z G U, and q± and q- 2 are respectively the best 

{ IR x,\ fO) 

subordinant and the best dominant. 

For q-\ (z) = {±4^, q 2 ( z ) = Yl/fl , where — 1 < B 2 < B\ < A\ < A 2 < 1, we have the following corollary. 


Corollary 2.17 Let m,n G N, A, l > 0. Assume that (2.7) and (2.11) hold for qi (z) = and q 2 {z) = 


T+^> respectively. If f G A, y^/ f(z) y+s e U[q{0),l]nQ and ^ ( a > # 2 ) 

f lj (f+B^zG ’ z G U, for a,0 G l 

1+A,z \ * S ' R Zt' n n*) , 1+A,z 


-< , z G U, for a, (3 G C, 0 0, —1 < B 2 < Bi < Ai < A 2 < 1, where ip™)/ 1 is defined in 


(2.2), then yqrgyl ft z G U, hence j+ijyr and i+bII are the best subordinant and the 

best dominant, respectively. 

For qi (z) = ) j 92 (z) = > where 0 < 71 < 72 < 1, we have the following corollary. 

Corollary 2.18 Let m,n G N, A, l > 0. Assume that (2.7) and (2.11) hold for qi (z) = (lirf) and 92 (z) = 
(f^f) > respectively. If f G A, € R [9 (0) , l]n Q and a (yirf ) +i^y# (rrf) < ^™)/ ( 0 :, 0\ z) 

ft a (yirf) , z G U, for a, 0 G C, 0 7 ^ 0, 0 < 71 < 72 < 1, where ip™/ 1 is defined in (2.2), 


then ( F>-£ 


71 z s ir'z+ i '"hz) 

(iK:rno) 1+d 

the best dominant, respectively. 




m- 


-< J , z G U, hence 


^V 1 and ( 1 f2 


(ft) 


are the best subordinant and 
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FUZZY STABILITY OF A CLASS OF ADDITIVE-QUADRATIC 
FUNCTIONAL EQUATIONS 


CHANG IL KIM AND GILJUN HAN* 


Abstract. In this paper, we consider the following functional equation 
af(x + y) + bf(x - y) + cf(y - x) 

= (a + b)f{x) + cf(-x) + (a + c)f(y) + bf(-y) 

for a fixed real numbers a, b, c with a = h + c and a 7 = 0 . We study the 
fuzzy version of the generalized Hyers-Ulam stability for it in the sense of 
Mirmostafaee and Moslehian. 


1. Introduction and preliminaries 
In 1940, Ularn proposed the following stability problem (cf. [20]): 

“Let Gi be a group and G 2 a metric group with the metric d. Given a constant 
5 > 0, does there exists a constant c > 0 such that if a mapping / : Gi — > 
G 2 satisfies d(f(xy),f(x)f(y)) < c for all x,y G Gi, then there exists a unique 
homomorphism h : G\ — » G 2 with d(f(x ), h(x)) < 5 for all x € Gi?” 

In the next year, Hyers [11] gave a partial solution of Ulanrs problem for the case of 
approximate additive mappings. Subsequently, his result was generalized by Aoki 
[1] for additive mappings, and by Rassias [19] for linear mappings, to consider the 
stability problem with unbounded Cauchy differences. During the last decades, the 
stability problems of functional equations have been extensively investigated by a 
number of mathematicians ([5], [6], [7], [10], [18]). 

Recently, the stability in fuzzy spaces has been extensively studied ([3], [12], [15], 
[16], [17]). The concept of fuzzy norm on a linear space was introduced by Katsaras 
[14] in 1984. Later, Cheng and Mordeson [4] gave a new definition of a fuzzy norm 
in such a manner that the corresponding fuzzy metric is of Kramosil and Michalek 
type [13]. In 2008, for the first time, Mirmostafaee and Moslehian [16], [17] used 
the definition of a fuzzy norm in [2] to obtain a fuzzy version of stability for the 
Cauchy functional equation 

(1-1) /(x + y) = f{x) + f(y) 

and the quadratic functional equation 

(1-2) fix + y) + fix -y)= 2 fix) + 2 f{y). 


2010 Mathematics Subject Classification. 39B52, 39B72, 46S40. 

Key words and phrases, additive-quadratic mapping, fuzzy almost quadratic-additive map- 
ping, fuzzy normed space. 
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We call a solution of (1.1) an additive mapping and a solution of (1.2) is called 
a quadratic mapping. Also, 

f(x + y) + fix -y)- 2 f(x) - f(y) - f(—y) = 0 
is called Drygas functional equation(see [8], [9] for detail.). It is easy to see that 
the function f(x) = px 2 + qx is a solution of Drygas functional equation and so we 
can expect that a solution of Drygas functional equation is an additive-quadratic 
mapping. 

Now, we consider the following functional equation 

af(x + y) + bf(x - y) + cf(y - x) 

= (a + b)f(x) + cf ( x) + (a + c)f(y) + bf(-y) 

for fixed real numbers a, b, c with a = b + c and a / 0 and show the generalized 
Hyers-Ulam stability of (1.3) in a fuzzy sense [18]. 

Definition 1.1. Let X be a real vector space. A function N : X x R — [0, 1] is 
called a fuzzy norm on X if for all x, y £ X and all s, t £ R, 

(Nl) N(x,t) = 0 for t < 0; 

(N2) x = 0 if and only if N(x , t) = 1 for all t > 0; 

(N3) N(cx, t ) = N(x, ) if c ^ 0; 

(N4) N(x + y,s + t) > min{A/'(a;, s), N(y, t)}; 

(N5) N(x, •) is a nondecreasing function of R and lim^oo N(x,t) = 1; 

(N6) for any x ^ 0, N(x,-) is continuous on R. 

In this case, the pair (X, N) is called a fuzzy normed space. 

Let (X, TV) be a fuzzy normed space. A sequence {x n } in X is said to be con- 
vergent in (X, N) if there exists aniel such that lim,,-^ N(x n — x,t) = 1 for 
all t > 0. In this case, x is called the limit of the sequence {x n } in (X,N) and one 
denotes it by N — limn-^ x n = x. A sequence {x n } in X is said to be Cauchy if 
for any e > 0, there is an m £ N such that for any n > m and any positive integer 
p, N(x n + P — x n , t) > 1 — e for all t > 0. 

It is well known that every convergent sequence in a fuzzy normed space is 
Cauchy. A fuzzy normed space is said to be complete if each Cauchy sequence in it 
is convergent and a complete fuzzy normed space is called a fuzzy Banach space. 

2. Solutions and the Generalized Hyers-Ulam stability of (1.3) 

In this section, we investigate solutions of (1.3) and prove the generalized Hyers- 
Ulam stability of (1.3) in fuzzy Banach spaces. Throughout this section, we assume 
that (X,N) is a fuzzy normed space and (Y,N') is a fuzzy Banach space. In 
Theorem 2.3, it can be concluded that any solution of (1.3) is additive-quadratic. 
We start with the following lemma. 

Lemma 2.1. Let f : X — > Y be an odd mapping satisfying (1.3). Then f is an 
additive mapping. 

Proof. Since a / 0, /( 0) = 0. Since / is an odd mapping, the functional equation 
(1.3) can be written by 

(2.1) af(x + y) + {b- c)f(x -y) = (a + b- c)f(x) + (a-b + c)f(y) 
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for all x,y £ X. Interchanging x and y in (2.1), we have 

(2.2) af(x + y)-(b- c)f(x - y) = (a + b- c)f(y) + (a-b + c)f(x) 
for all x,y £ X. By (2.1) and (2.2), 

af(x + y) = af(x) + af(y) 

for all x, y € X and since a ^ 0, / is additive. □ 

Lemma 2.2. Let f : X — ► Y be an even mapping satisfying (1-3). Then f is a 
quadratic mapping. 

Proof. Since a / 0, /( 0) = 0. Since / is an even mapping, the functional equation 

(1.3) can be written by 

(2.3) af(x + y) + {b + c)f(x -y) = (a + b + c)f(x) + (a + b + c)f(y) 
for all x,y £ X. Letting y = —y in (2.3), we have 

(2.4) af(x — y) + (b+ c)f(x + y) = (a + b + c)f(x) + (a + b + c)f(y) 
for all x, y € X. Since a = b + c, by (2.3) and (2.4), we have 

2 af(x -y) + 2 af(x + y) = 4 af(x) + 4 af(y) 
for all x, y £ X and since a ^ 0, / is a quadratic mapping. □ 

Combining Lemma 2.1 and Lemma 2.2, we have the following theorem. 

Theorem 2.3. Let f : X — > Y be a mapping. If f satisfies (1.3), then f is an 
additive- quadratic mapping. 

For any mapping / : X — > Y, we define the difference operator Df : X 2 — »• Y 

by 

Df Or, y) = af{x+y)+bf(x-y)+cf(y-x)-(a+b)f(x)-cf(-x)-{a+c)f(y)-bf(-y) 

for all x,y € X. For a given q > 0, the mapping / is said to be a fuzzy q-almost 
additive-quadratic mapping if 

(2.5) N\Df(x , y), t + s) > min{7V(a;, t q ), N(y, s 9 )} 
for all x, y £ X and all positive real numbers t, s. 

Theorem 2.4. Let q be a positive real number with q ^ 1, \ and f : X — »• Y 
a fuzzy q-almost additive-quadratic mapping. Then there exists a unique additive- 
quadratic mapping F : X — > Y such that 

(2.6) 

[ sup s<t {N(x, (1 - 2 p-1 ) 9 |a| 9 s 9 )}, if q> 1 

N(F(x) - f(x),t) > l sup s<t {N(x, (2 p- 1 - 1) 9 (2 - 2(r-V) q \a\ q s q )}, if | < q < 1 
[su Ps<t {7V(x, (2P- 1 - 2) 9 |a| 9 s 9 }, if 0 < q < | 

holds for all x £ X and all t > 0, where p = 4 . 
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Proof. By (2.5), (N2), and (N4), since a = b + c, we have 

N'(Df( 0,0), = 0), -pr) > N'(0, n = l 

2\ci\ 

for all t > 0 and by (N2), /( 0) = 0. 

Case 1. Let q > 1 and define a mapping J n f : X — > Y by 

_ /( 2"aQ + /(- 2 n x) /( 2 n x) - f(-2 n x) 

n J \ ) 2 . 4 n 2 • 2 n 

for all x £ X and all positive integer n. Then we have 


(2.7) 


Jnf(x) - J n+1 f(x) 
2 n+1 - 1 


2 n+1 4- 1 

Df(~ 2 n x, -2 n x) — 7„+, Df( 2 n x, 2 n x) 


a ■ 2 ■ 4 n+1 ’ ’ a ■ 2 ■ 4 n + 1 ' 

for all x £ X and all positive integer n. By (2.5), (2.7), (N3), and (N4), we have 

(2.8) 


m+n— 1 


N'{J m f(x) - Jm+nf{x), ^ 


2 pl 

[of • 2 : 


■n 


m+n— 1 


m+n— 1 


= N'( J2 [Jif(x)-J i+ if(x)}, J2 


2 pi 

W2' 


■n 


2 pi 


> mi n{N'(Jif(x) - J i+1 f(x), t p ) \ m<i<m + n- 1} 

H • 2 l 

oi+l _ 1 2 i+1 -1- 1 

> — - — -—-Df(—2 i x, —2 i x) - — — +— Df(?x, 2*x), — — t p ) 

1 a • 2 • 4 l+1 ; a-2-4*+ 1 v ’ |a| • 2* ' 

m. <i<m + n— 1} 

•)< i 1 .. I fpi Li _ I y)l>< 

> min{min{fV / ( Df(2 l x,2 l x), , , f p ), 


K a - 2 ■ 4 i+1 ' 


lal • 4* +1 


oi+i _ i i2 i+1 — 112 P ® 

iV/( aT+4^ D/( ~ 2 ' a: ’ ~ 2 ^’ |o| • 4 i+1 * P)} I m<i<m + n-l} 

> min{min{fV , (Z)/(2*x, 2 l x),2 pl+1 t p ), N'(Df(—2' l x, —2 l x), 2 p,+1 t p )}\m < i < m + n — 1} 

> min{min{fV(2*x, 2*t), iV(— 2*a;, 2*t)} | m<i<m + n— 1} 

= N(x, t) 


for all x € X, all t > 0, and all positive integers m,n. Let e > 0 be given. Since 

lim t yoo N(x,t) = 1, there is a t\ such that N{x,t\) > 1 — e. Let <2 > t\. Since 

p < 1, Y^Lo | a ^2 71 ^2 i s convergent. Let s > 0. Then there is a positive integer k 

such that < s f° r m,n> k and so by (2.8), we have 
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N'{J m f(x) - J m+n f(x),s) 

m+n— 1 


2 pl 


>N'(j m f(x)-j m+n f(x), J2 rh*® 

a • 2 } 

i=m 

> N(x,t 2 ) 

> 1 - e 

for all x £ X. Hence { J n f(x )} is a Cauchy sequence in ( Y,N '). Since ( Y,N ') is a 
fuzzy Banach space, we can define a mapping F : X — > Y by 

F(x) = N’ - lim J n f{x) 

n— >oo 

for all x £ X. Letting to = 0 in (2.8), we have 


(2.9) 


N'{f(x) — J n f(x),t) > N(x, 


t q 


-m— 1 2 P i 


-) 


Ei=0 |o|.2‘J“ 

for all x £ X, all positive integer n, and all t > 0. By (N4), we have 
N'(DF(x,y),t) 

> min{N'(a[F - J n f](x + y), ^), N'(b[F - J n f](x - y), ^), 

(2.10) N'(c[F - J n f]{y - x), ^ ),N’((a + b)[F~- J n f]{x), ^) 

- N\c[F - J n f](—x), ^), N'((a + c) [F - J n f](y ), ^) 

- N'(b[F - Jnf\(-y), ^), N\J n Df{x , y), *-)} 

for all x, y £ X and all positive integer n. The first seven terms on the right-hand 
of (2.10) tend to 1 as n — > oo and by (N4), we have 

t , 


( 2 . 11 ) 


N'(J„Df(x,y), -) 

> mi-w Dfi ~T :■ - 2n>) ,b,N'( Df( r: ■ 2ny) . b. 


2 • 4" 


2 • 4" 


Df(-2 n x,-2 n y) t ,.Df(2 n x, 2 n y) t 

JV 1 o on ) dJi JV 1 o on > oil 


2 • 2™ 8' v 2 • 2 n 
for all x,y £ X, all positive integer n and all t > 0. By (N3) and (2.5), we have 


(2.12) 


Df(±2 n x,±2 n y) t 
[ 2 ■ 4 n ’ 8 J 

= N'(Df(±2 n x, ±2 n y, 4 n ~H)) 

> mm{N(2 n x, 2 q{2n ~ 3 h q ) 1 N{2 n y 1 2 q{ - 2n ~ 3 h q )} 

> min{N(x, 2 ( 2q -^- 3q t q ), N(y , 2 { - 2q -^ n ~ 3q t q )} 


for all x, y £ X, all positive integer n, and all t > 0. Since q > 1, by (2.11) and 
(2.12), we have 

lim N\J n Df(x,y), t ~) = 1 
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and so by (2.10), N'(DF(x,y),t) = 0 for all x,y € X and all t > 0. By (N2), 
DF(x,y) = 0 for all x,y £ X and by Theorem 2.3, F is additive-quadraic. 

Now we will show that (2.6) holds. Let x £ X, t > 0, s > 0 with 0 < s < t and 
0 < e < 1. Since F(x) = N' — linin^oo J n f(x ), there is a positive integer n such 
that 

N'(F(x) - Jnf(x), t-s)> 1-e 

and so by (2.9), 

N'(F(x) — 

> min {N’(F(x) - J n f{ x), t - s), N'(J n f(x) - f(x), s)} 

s Q 

> minjl — e,N(x, ; t — )} 

— i *■ ■ v > rv^"- 1 2P’ in n 

L2_A=0 |a|-2‘j 

> minjl — e, N(x, (1 — 2 p ~ 1 ) q s q \a\ q )}. 
and so we have (2.6). 

To prove the uniqueness of F, let F\ : X — > Y be another additive-quadratic 
mapping satisfying (2.6). Then 

F(x) - F^x) = J n F(x) - J n F\(x) 

for all x £ X and all positive integer n. Hence by (N4), (N5), and (2.6), we have 

N\F(x)-F 1 (x),t) 

= N'(J n F(x)-J n F 1 (x),t) 

> min {N'(J n F(x) - J n f(x), ^), N' (J„Fi(a;) - J n f(x), ^)} 

> £ ,P(— 2-XI-/I-2-,) t 

— l\ O A n. ’o/’ V O An, ’q/’ 


2 • 4" 


2 • 4 r ‘ 


AT F(2 n x) - f(2 n x) t AT F (-2 n x) - f(-2 n x) t 

V O Orj. ’ o / ’ v O or?. ’ O ' ’ 


2 • 2 r 


2 ■ 2 r 


A F 1 (2 n x)^f(2 n x) t , Fi(—2 n x) — f(—2 n x) t 
1 2 . 4 n ’ 8 ’ ^ 2-4” ’ 8 '’ 

Ar F 1 (2"a;)-/(2" a ;) t F 1 (-2 n x) - f(-2 n x) t 

1 2.2 n ’8 j ’ ^ 2-2” ’ 8'"* 

> sup{A r (2 n a;, (1 - 2 p ~ 1 ) q 2^-^ q s q \a\ q )} 

S<t 

> sup{iV(a;, (1 - 2 p - 1 ) q \a\ q s q 2 (q - 1)n - 3q )} 

S<t 

for all x,y £ X, all positive integer n and all 0 < s < t. Since q > 1, 
lim sup{fV(a;, (1 - 2 p - 1 ) q \a\ q s q 2 < ~ q - 1 '> n - 3q } = 1 

n— >00 s<t 

and so N'(F(x) — Fi(x), t) = 1 for all t > 0. Hence F = F- t . 


Case 2. Let \ < q < 1 and define a mapping J n f : X — » Y by 
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for all x € X and all positive integer n. Then we have 
Jnf(x) ~ J n+ lf(x) 

on on 

(2.13) = ^£/(2- (n+1) z, 2~( n+1 ^x) - -£>/(- 2~^x, -2~^x) 

* „ £>/( 2 n x, 2 n x ) * Df(—2 n x, - 2 n x ) 

a ■ 2 • 4 n+1 v ' a ■ 2 • 4 n+1 v ' 

for all x £ X and all positive integer n. By (2.5), (2.13), (N3), and (N4), we have 


m+n 1 2 /n+l p(i+l)“H 

N (Jmf(x) — J m+n f(x), ^ [ i I _ ^ i+1 H rn +) 

i=m 1 

m+n— 1 m+n— 1 <^pi+l ol— p(i+l)+« 

= V( E i-vm-wmi, E IE-BTT+ ,„| ] 


2pi+l 2 1 — y>(i+l)+i 

> mi n{N'{Jif{x) - J i+ if{ x), [ T + n }t p ) \ m<i<m + n- 1} 

\a\ • 4 z+i |a| 

> min{JV'( — - \ D/(2+ 2+ + — * . Df{- 2+ -2+ 

1 a • 2 • 4 l+1 v ’ a ■ 2 ■ 4 i+1 v ’ 

- Z?/(2 _ ( i+1 + 2 _ (* +1 +) + -^D/(-2~( i+1 +, -2“( i+1 +), 

Z ' (X Z ' CL 

2P*+1 2 1— p(*+!)+* 

HY+r‘' + — W — tP) 1 + 

> mm{mm{N\-^-j-^Df(2 i x,2 i x), |fl| , 2 , 4i+1 0, 

1 opi+l 

N'( - A .^ Df(-2 l x, —2 i x), — T t p ), 

a • 2 • 4* +1 v ; a-2-4*+ 1 


Oi ol — p(i+l)+i 

oi ol— p(i+l)+i 

N\^Df(- 2~ (i+1) a; ,-2- (i+1) x), - , , 


N'(— — Df(— 2 (* +1 + — 2 (* +1 +), j— — f p )} I m<i<m + n — 1} 

2 • a 2 • |a| 

> min{min{A f, (H/(2*a;, 2+, 2 pi+1 t p ),N'(Df(-2 i x, -2 l x), 2 pi+ H p ) i 

N'(Df( 2~ {i+1) x, 2- (i+1 '>x),2 1 - p ^ +1) t p ),N\Df{-2- (i+1) X , -2~ (i+1) x), 2 l ~ p{l+1] t p )} 

m<i<m + n— 1}] 

> mm{mm{N(2 i x, 2 i t),N(-2 i x, 2H), N^-^+^x, 2~ < - i+1 h), 

!V(-2 _(l+1) a;,2 _( * +1) t)} | m<i<m + n— 1} 

= iV(x, t) 


for all x € X, all t > 0, and all positive integers m,n. Let e > 0 be given. Since 

lim t >oc N(x,t) = 1, there is a t\ such that N{x,t\) > 1 — e. Let <2 > ti- Since 

1 < p < 2, X]^Lo[ |a| P 4 "+ 1 + “ — ‘ | a | >+ ]t p is convergent. Let s > 0. Then there is a 
positive integer n such that ^jypp+r + ~ — P | a | >+ ]f p < s for m,n> k and 
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so by (2.14), we have 

N'(J m f{x) - J m+n f(x),s) 


1 2 P *+1 2 ^ — 


— N ( Jmf(x ) Jm+nf (x), [|^| 1 + 


M) 


> N(x,t 2 ) 

> 1 - e 

for all x € X. Hence |J„/(a;)} is a Cauchy sequence in ( Y,N Since ( Y,N ') is a 
fuzzy Banach space, we can define a mapping F : X — > Y by 

F(x) = N' - lim J n f(x) 


for all x £ X. Letting m = 0 in (2.14), we have 


t q 


(2.15) > N(x, — T -^_ 2l _ p(i+1)+i „ n , 

'.|a|*4 i + 1 ' | a | )\ 

for all x £ X, all positive integer n, and all t > 0. By (N4), we have 
N'(DF(x,y),t) 

> mm{N'(a[F - J„f]{x + y), ^), N'(b[F - J„f]{x - y), ^), 

(2.16) N f (c[F - J n f](y - x), ^ ),N'((a + b)[F~ J n f}{x), ^) 

- N\c[F - J n f](-x), 4), N'((a + c)[F - J n f](y ), ±) 


14' 

- N'(b[F - J n f](-y ), A), N'(J n Df(x, y ), * )} 


14' v " ' ' 2 ' 

for all x,y £ X and all positive integer n. The first seven terms on the right-hand 
of (2.16) tend to 1 as n — >■ oo and by (N4), we have 

N’(J n Df(x, y), |) 

(2.iT) > D ~ 2 "»> A *'( - p/(2 ’ 11 ’ 2n,> ■ b. 

1 v 2 • 4 n 8 2 • 4 n 8 

N'(2 n ~ 1 Df(2~ n x, 2~ n y), ^),N'(2 n ~ 1 Df(—2~ n x, —2~ n y), ^)} 


for all x,y £ X, all positive integer n and all t > 0. By (N3) and (2.5), we have 
(2.18) 


Ar Df(±2 n x,±2 n y) t 
y 2 . 471 V 


> m in{lV(3!, 2^- 1 '» n - 3 n 11 ), N{y , 2 


and 

(2.19) 


N 1 (2 n ~ 1 D f (±2~ n x, ±2~ n y), -) 

> min{7V(a;, 2 C 1 -?)"- 3 ?)^), jv(y, 2 d-u)"- 3 ?)^)} 

for all x, y £ X, all positive integer n, and all t > 0. Since | < <7 < 1, by (2.17), 
(2.18), and (2.19), we have 


lim N\J n Df(x,y),~) = 1 

n—too Z 
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and so by (2.16), N' (DF(x,y),t) = 0 for all x,y € X and all t > 0. By (N2), 
DF(x,y) = 0 for all x,y £ X and by Theorem 2.3, F is additive-quadratic. 

Now we will show that (2.6) holds. Let x £ X, t > 0, s > 0 with 0 < s < t and 
0 < e < 1. Since F(x) = N' — linin^oo J n f(x ), there is a positive integer n such 
that 

N'(F(x) - J n f(x), t - s) > 1 - e 

and so by (2.15), 

N'(F(x) — f(x),t) 

> min{N' (F(x) - J n f{ x), t - s), N\J n f(x) - f{x), s)} 

rt Q 

)} 


> mini 1 — e, N(x, — 

I2^i = 0 V |a|-4 i + 1 H H 

> min{ 1 - e, N(x, (2 p ~ l - 1)9(2 - 2’ p - 1 ) q \a\ q s q )} . 
and so we have (2.6). 

To prove the uniqueness of F, let F± : X — > Y be another additive-quadratic 
mapping satisfying (2.6). Then 

F(x) - J„F(x) = F\(x) - J n F\(x) 

for all x £ X and all positive integer n. Hence by (N4), (N5), and (2.6), we have 
N'(F(x)-F 1 (x),t) 

= N'(J n F(x)-J n F 1 (x),t) 

> min {N'(J n F(x) - J n f(x), ^),N' {JnF^x) - J n f{x ), ^)} 

^ . , F(2 n x) — f(2 n x) ^ F(-2 n x) - f(-2 n x) t, 

> mm i N ( . o)> N ( 5 > o). 


2 • 4 n 8 v 2 • 4" 

N' (2 n ~ 1 [F{2~ n x) - /( 2~ n x)}, t -),N , (2 n - 1 [F(-2~ n x) - /(- 2~ n x) 

r,Fi{2 n x) — f(2 n x) t .F 1 (-2 n x)-f(-2 n x) t. 




N' 




“> O )> 


2-4" 8 v 2 • 4 n 

N'(2 n ~ 1 [F 1 (2~ n x) - /( 2""®)], t -),N\2 n ~ 1 [F 1 (-2- n x) - /(- 2~ n x)\, *)} 

> sup{N{±2 n x, (2 p- 1 - 1)9(2 - 2 p - l ) q 4 n -^ q \a\ q s q )} 


S<t 


> sup{lV(:r, (2 p ~ l - 1)«(2 - 2 p ^ 1 ) q 2^ 2q -^ n - 2q \a\ q s q )} 


S<t 


for all x,y £ X, all positive integer n and all t > 0. Since \ < q < 1, N'(F(x) — 
Fi(x), t) = 1 for all t > 0. Hence F = F 1 . 

Case 3. Let 0 < q < | and define a mapping J n f : X — > Y by 

Jnf{x) = 2 2n ~ 1 [f(2~ n x) + /(- 2- n x)] + 2 n - 1 [f(2~ n x) - /(- 2~ n x)} 
for all x £ X and all positive integer n. Then we have 
(2.20) 

J n f(x) - J n +if{x) 


o2n— 1 _i_ on— 1 o2n— 1 on— 1 

Df( 2-^ n+ ^x,2-^+^x) + 

a a 


Df(- 2" (ri+1) a;, -2~^ n+1) x) 
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for all x £ X and all positive integer n. By (2.5), (2.20), (N3), and (N4), we have 

m Y n— ^ P(7+l)+2'i 

N\Jmf{x)-J m+ nf{x), E - y t P ) 

i—m 

m+n-l m+n -1 „ 1 _ p ( i+1 ) +2 , 

= n\ e [Jim-Ji+im], E — o — tP ) 

i—m i—m 

2l-p(*+l)+2* 

> min {N'(Jif(x) - j— ; t p ) \ m<i<m + n- 1} 

|a| 

o2i— 1 _i_ oi— 1 

> min {N'(- ± Df(2~( i+1 ^x, 2~( z+1 ' l x) 

92 z — 1 2 i ~ 1 ol — p(i+l)+2i 

d £>/(— 2^ (i+1) x, — 2 _ ^ +1 ^x), j— j f p )} | m<i<m + n— 1} 


a 


a 


n2i— 1 _i_ oi— 1 o2i— 1 _i_ oi— 1 

> min{min {N'( ± Df(2~^ +1) x, 2~ < ' i+1) x), ± 2 1 ~ p{l+1) t p ), 

o2i— 1 oi— 1 o2i— 1 oi— 1 

jV'( Df{- 2~( l+1 '>x, -2-^x), — 2 1 ~ p ( l+1 h p )} 

a \a\ 

| m<i<m + n— 1} 

> min{min{iV , (D/(2- (i+1) x, 2- (l+1) :r), 2 1 ~ p{i+1) t p ) , 
N , {Df(-2-( i+1 '>x,-2-( i+1 '>x),2 1 - p ( i+1 h p )} | m<i< m + n-1} 

> min{min{lV(2 _ ^ +1 '*x, 2~^ Z+1 H), N(— 2~^ l+1 ^x, 2~^ l+1 H)} | m<i<m + n— 1} 
= N(x, t) 

for all x £ X, all t, > 0, and all positive integers m,n. Similar to Case 1. and 
Case 2., there is a unique cubic mapping C : X — »• Y with (2.6). □ 

We can use Theorem 2-4 to get a classical result in the framework of normed 
spaces. For example, it is well known that for any normed space (X, || • ||), the 
mapping Nx : X x I — ► [0, 1] , defined by 


N x (x,t) = 


0, if t < ||ai|| 

^1, if t> ||a;|| 

a fuzzy norm on X . In [15], [16] and [17], some examples are provided for the fuzzy 
norm N x ■ Here using the fuzzy norm N x , we have the following corollary. 

Corollary 2.5. Let f : X — > Y be a mapping such that /( 0) = 0 and 


(2-21) \\Df(x,y)\\<\\x\\ p + \\y\\ p 

for a fixed positive number p such thatp ^ 1,2. Then there exists a unique additive- 
quadratic mapping F : X — ► Y such that the inequality 

( ( i-2p-i)h IMI p > *fl<P 

\\F(x) - /(x)|| < < (2 p-i_ 1)(2 1 _ 2 (p-i) ) | a | lkir, if 1 < p <2 
( (2P -1 — 2)|a| INI* */ 2 < P 

holds for all x £ X. 
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Proof. By the definition of Ny, we have 


Ny(Df(x, y), s + t) 


0, if s + t < \\Df(x,y)\\ 

1, if s + t > \\Df(x,y)\\. 


for all x,y £ X and all s,tER. Now, we claim that 


Ny(Df(x,y), s + t) > mm{N x (x,s q ),N x (y,t q )} 
for all x, y € X and s,t> 0. If Ny(Df(x, y), s + t) = 1, then it is trivial. Suppose 
that Ny(Df(x,y),s + t) = 0. Then s + t < \\Df(x,y)\\ and by (2.21), either 
s < ||x|| p or t < ||y|| p . Hence either Nx(x,s q ) = 0 or Nx(y,t q ) = 0 and thus 
/ is a fuzzy g-almost additive-quadratic mapping. By Theorem 2.4, we have the 
results. □ 


The condition p ^ 1,2 in Corollary 2.5 is indispensable. The following example 
shows that the inequality (2.21) is not stable for p = 1, 2, especially in the case of 
b = 2 and c = — 1. We will give the proof when p = 1, and the proof when p = 2 is 
similar. For any f : X — > Y, let f 0 (x) = an ^ f e ( x ) = lYftt£C+tl. 

Example 2.6. Define mappings t, s 


t(x) = 


six I = 


R - 

-A R by 

x, 

if x < 1 

-1, 

if x < — 1 

1, 

if 1 < x, 

X 2 , 

if \x\ < 1 

1, 

ortlrerwise 


and a mapping / 


by 


f(x) - 


n— 0 


.t{ 2 n x) 
2 n 


s(2 n a:) 

4 n ‘ 


We will show that there is a positive integer M such that 


(2.22) \D 2 f(x,y)\<M(\x\ + \y\) 
for all x, y £ R, where 

D 2 g{x, y) = g(x + y) + 2 g(x - y) - g(y - x) - 3g(x) + g(-x) - 2 g(-y). 

But there do not exist an additive-quadratic mapping F : R — > R and a non- 
negative constant K such that 

(2.23) \F(x) - f(x)\ < K\x\ 2 
for all ieR. 

Proof. Note that s 0 (x) = 0, t 0 {x) = t(x), and \fo(x)\ < 2 for all x € R. First, 
suppose that \ < \x\ + \y\. Then \D 2 f 0 {x, y)\ < 40(|x| + |y|). Now suppose that 
\ > \x\ + \y\. Then there is a non- negative integer m such that 

^m+2 ^ \ X \ + \y\ < ^h+T 
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and so 2 m \x\ < 2 m \y\ < Hence {2 m (x ± y), 2 m x, 2 m y} C (-1, 1) and so 

for any n = 0, 1, 2, • • •, to, D 2 t 0 {2 n x, 2 n y) = 0 for all x, y € X. Thus 

oo oo _i a 

D*fo(x, y) = J2 ~ ^*(2"®, 2 n y) = E ~T^ 2 t( 2 n *, 2 n y) < — ^ < 40(|*| + |j,|). 


n — 0 


n— m+1 


Note that t e { x) = 0, s e (x) = s(x ), and \f e {x)\ < | for all x G I. First, suppose 
that \<\x\ + \y\. Then \D 2 f e (x, y)\ < ^p(M + |y|) for all Now suppose 

that 4 > | a; | + |y|. Then there is a non- negative integer k such that 


2 fe+2 


(' 


< M + 


< 


2 k + 1 ' 


Hence {2 k (x ± y), 2 k x , 2 k y} C (—1, 1) and so for any n = 0,1,2 
D 2 s e (2 n x,2 n y) = 0. Hence 




00 i oo 1 8 1 

»>/.(*.#) = £ ^D 2 s.(2-x,2~y) = £ -D,s,(2-x,2-y) < - ■ — t . 


n —0 


n = k -\- 1 


and so we have 


Thus we have 


( D 2 f e (x,y )) 2 < 4(|) ' (jz| + |y|) 


1 98 

D 2 fe(x,y)<—(\x\ + \y\). 

and so we have (2.22). 

Suppose that there exist an additive mapping A : R — > R, a quadratic mapping 
<5 : R — ► R, and a non-negative constant K such that A + Q satisfies (2.23). Since 
|/(a;)| < by (2.23), we have 


10 


A( x) 


10 


_ K \x\ 2 <^+ Q(x) <—+K | 
3n n Sn 

for all x G X and all positive integers n and so 


\Q{x)\<K\x\ 2 

for all x £ X. Hence by (2.23), we have 


\f-A(x)\<2K\x\ 2 

for all x £ X. 

Since f 0l A are odd and f e is even, 

(2.24) \fe(x)\ < ^ \f e (x) + fo{x)-A(x)\ + \f e (-x) + fo(-x)-A(-x)\ <4K\x\ 2 

for all x £ X. Take a positive integer l such that l > 4 K, and pick x £ R with 
0 < 2 l x < 1. Then 


°° s( 2 n x) 44 s[2 n x) 


/eW = E^>E 


> lx 2 > 4 Kx 2 


n—0 


n—0 


which contradicts to (2.24). 


□ 
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Abstract 

In this paper, we devoted study exact controllability for fuzzy differen- 
tial equations with the control function in credibility spaces. Moreover we 
study exact controllability for every solutions of fuzzy differential equa- 
tions. The result is obtained by using extremal solutions. 


1 Introduction 

The theory of controlled processes is one of the most recent mathematical con- 
cepts to enable very important applications in modern engineering. However, 
actual systems subject to control do not admit a strictly deterministic analysis 
in view of various random factors that influence their behavior. The theory of 
controlled processes takes the random nature of a systems behavior into account. 
Many researchers have studied controlled processes in a credibility space. Ara- 
postathis et al. [1] studied the controllability properties of the class of stochastic 
differential systems characterized by a linear controlled diffusion perturbed by a 

‘This study was supported by research funds from Dong-A University, 
t Corresponding author: jihpark@pknu. ac.kr (J.H. Park) 
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smooth, bounded, and uniformly Lipschitz nonlinearity. Kwun et al. [8] proved 
the approximate controllability for fuzzy differential equations driven by Liu 
process. Lee et al. [10] examined the exact controllability for abstract fuzzy 
differential equations in a credibility space. 

Recently, Kwun et al. [14] studied the existence of extremal solutions for 
fuzzy differential equations driven by Liu process. Kwun et al. [6, 7] have 
studied the existence of extremal solutions for fuzzy differential equations in a 
n-dimensional fuzzy vector space. In this paper, using the extremal solutions, we 
study the exact controllability for every solutions of fuzzy differential equations 
in credibility space. We consider the following fuzzy differential equation: 

f dx(t,0) = f(t,x(t, 0))dC t + Bu(t),. t G [0,T], , . 

\ x(0) = x 0 G E n , 

where the state function x{t,9) takes values in X(c En) and another bounded 
space Y{ C En)- En is the set of all upper semi-continuously convex fuzzy 
numbers on R, (<d,V,Cr) is credibility space, the state function x : [0,T] x 
( Q,V,Cr ) — > X is a fuzzy process, / : [0,T] x X — >• X is a regular fuzzy 
function, u : [0, T ] x (0, V , Cr) — >■ Y is a control function, B is a linear bounded 
operator from Y to X. C t is a standard Liu process, xq £ En is an initial value. 


2 Preliminaries 

In this section, we give basic definitions, terminologies, notations and lemmas 
which are most relevant to our investigated and are needed in later section. All 
undefined concepts and notions used here are standard. 

A fuzzy set of R n is a function u : R n [0, 1]. For each fuzzy set u, we 
denote by [u]“ = {x £ R n : u(x) > a } for any a G [0, 1], its a-level set. Let u,v 
be fuzzy sets of R n . It is well known that [u\ a = [r>] Q for each a G [0, 1] implies 
u = v. Let E n denote the collection of all fuzzy sets of R n that satisfies the 
following conditions: 

(1) u is normal, i.e. , there exists an xq G R n such that u(xq) = 1; 

(2) u is fuzzy convex, i.e., u(Xx + (1 — A )y) > min{u(x), u(y)} for any 
x, y G R n , 0 < A < 1; 

(3) u(x) is upper semi-continuous, i.e., u(x o) > limfc_ >00 w(xfc) for any Xk £ 

R n (k = 0 , 1 , 2 ,...), x k ^x 0 ; 

(4) [u]° is compact. 

Definition 2.1. [17] The complete metric Dl on En is defined by 
D l (u,v)= sup d L {[u\ a ,[v\ a ) 

0<a<l 

= sup max{|uf -u“|}, 

0<a<l 

for any u,v G En, which satisfies d^u + w, v + w) = d^u, v). 
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Definition 2.2. [5] Let u, v G C([0, T\, E^). The metric H\ on C([0, T\, En) 
is defined by 

H 1 (u,v) = sup D L (u(t),v(t)). 

0 <t<T 

Let 0 be a nonempty set, and let V the power set of 0. Each element in 
V is called an event. In order to present an axiomatic definition of credibility, 
it is necessary to assign to each event A a number Cr{A} which indicates the 
credibility that A will occur. In order to ensure that the number Cr{A} has 
certain mathematical properties which we intuitively expect a credibility to 
have, we accept the following four axioms: 

1. (Normality) Cr{A} = 1. 

2. (Monotonicity) Cr is increasing, i.e. , Cr{A} < Cr{B} whenever A C B. 

3. (Self-Duality) Cr is self-dual, i.e., Cr{A} + Cr{A c } = 1 for any A € V(Q). 

4. (Maximality) Cr{UiAi} = sup^ Cr{A,} for any {Ai} with Cr{Ai} < 0.5. 

Definition 2.3. [11] Let £ be a fuzzy variable with the possibility distri- 
bution function /i : R — > [0, 1]. A fuzzy variable £ is said to be normal if there 
exists a real number r such that /r(r) = 1. It is well known that the possibility 
of {£ < r} is defined by 


Pos{£ < r} = sup /x(u) 

u<r 

while the necessity of {£ < r} is defined by 

Nec{£ < r} = 1 — Pos{£ < r} = 1 — sup p(u). 

u<r 

Definition 2.4. [11] The set function Cr is called a credibility measure if 
it satisfies above four axioms, and defined as follows: 

Cr{A} = -(Pos{A} + Nec{A}), 

where Pos{A} = 1 — Nec{A c } with A c is the complement of A. 

Definition 2.5. [12] Let 0 be a nonempty set, V be the power set of 0, and 
let Cr be a credibility measure. Then the triplet (0, V, C r ) is called a credibility 
space. 

Definition 2.6. [13] A fuzzy variable is a function from a credibility space 
(0, V. C r ) to the set of real numbers. 

Definition 2.7. [13] Let T be an index set and let (0, V , C r ) be a credibility 
space. A fuzzy process is a function from T x (0,7 ^ CV) to the set of real 
numbers. 
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That is, a fuzzy process x(t, 9) is a function of two variables such that the 
function x(t*, 9) is a fuzzy variable for each t* . For each fixed 9* , the function 
x(t,9*) is called a sample path of the fuzzy process. A fuzzy process x(t,9) is 
said to be sample-continuous if the sample path is continuous for almost all 9. 

Definition 2.8. Let (Q,V,C r ) be a credibility space. For fuzzy ran- 
dom variable x(t,9) in a credibility space, for each a £ (0,1], the a- level set 
[x(t, 0)] a = [x“(f, 0),x“(f, 0)] is defined by 

xf(t, 9) = inf x a (t, 9) = inf{a £ R\x(t, 9) (a) > a}, 
xf(t,9) = sup x a (t,9) = sup{a £ R\x(t, 9) (a) > a}. 


Definition 2.9. [11] Let £ be a fuzzy variable and r is a real number. Then 
the expected value of £ is defined by 

/*+oo rO 

E£= Cr { £ > r}di — / CV{£ < r}dr 

J 0 '7 — OO 

provided that at least one of the integrals is finite. 

Definition 2.10. [13] A fuzzy process C t is said to be a Liu process if 

(1) Co = 0; 

(2) Ct has stationary and independent increments; 

(3) every increment Ct+ S — C s is a normally distributed fuzzy variable with 
expected value et and variance a 2 t, , whose membership function is 

M (x)=2(l+exp * el?. 

The parameters e and a are called the drift and diffusion coefficients, respec- 
tively. Liu process is said to be standard if e = 0 and a = 1. 

Definition 2.11. [3] Let x(t) be a fuzzy process and let Ct be a standard 
Liu process. For any partition of closed interval [c, d] with c = to < ■ ■ ■ < t n = d, 
the mesh is written as A = maxi<j< n (t,; — i). Then the fuzzy integral of x(t) 

with respect to C t is 


o(t)dC t 


lim V'x(fj_i)(C' t< - Cu-i) 

A— ^0 — J 
i= 1 


provided that the limit exists almost surely and is a fuzzy variable. 

Lemma 2.1. [3] Let Ct be a standard Liu process. For any given 9 with 
Cr{9} > 0, the path C t is Lipschitz continuous, that is, the following inequality 
holds 


\C tl — Ct 2 \ < K(9)\t\ — f 2 |, 

where K is a fuzzy variable called the Lipschitz constant of a Liu process with 


K{9) = 


su Po< s <* Cr{9} > 0, 

oo, otherwise, 
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and E[K P ] < oo, Vp > 0. 

Lemma 2.2. [3] Let Ct be a standard Liu process, and let h(t; c) be a 
continuously differentiable function. Define ay = h(t;Ct). Then we have the 
following chain rule 


dx t 


dh(t\ C t ) , dh(t;C t ) 


dt 


dt 


dC 


da. 


Lemma 2.3. [3] Let /(f) be continuous fuzzy process, the following inequal- 
ity of fuzzy integral holds 


mdCt 


< K 


I f(t)\dt, 


where K = K(0) is defined in Lemma 2.1. 

Definition 2.12. [14] For the partial ordering <t, a function a € C([0, T] x 
(<d,V,C r ), Em) is a <T-lower solution for equation (l)(u = 0) if 


f a(t,6) <t U(t)xo + fg U(t — s)G(s,a(s,0))dC(s), t£ [0, T], 
1 a ( 0 ) <t x 0 € E n 


and a function b £ C([0, T\ x (0, V, C r ), E N ) is a <T-upper solution for equation 

(!)(« = 0) if 

( b(t,6) > T S(t)x 0 + f* S(t- s)F(s,b(s,0))dC(s), t e [0,T], 

1 6(0) >t x 0 G E n . 


Theorem 2.1. [14] Let a,b £ C([0,T] x (Q,P,C r ),EN) be, respectively, 
< T -lower and <T-upper solutions for equation (l)(u = 0) on [0, T]. Then, there 
exist monotone sequences {a n } f p, {b n } 4- 7 in C/fO, T) x (0, V, C r ),E N ), where 
p, 7 are extremal solutions to equation ( 1 ) in the stochastic fuzzy functional 
interval [a, b] := {a: G C([0,T] x (<d,V,C r ), Epj)\a <t x <t b on [0,T]}. 


3 Exact controllability for fuzzy differential equa- 
tion using extremal solutions 

In this section, we study exact controllability for fuzzy differential equation using 
extremal solutions (1). In [14], Park et al. proved the existence of extremal 
solutions for the equation (1). Hence we consider extremal solutions 
equation ( 1 ), for each u in Y . 

( x t = U(t)xo + fg U(t — s)G(s,x s )dC s + fg U (t — s)Bu s ds , 

\ a;(0) = x 0 G E n , 


for the 

( 4 ) 
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where U(t) = e Mt is continuous with (7(0) = I, \U(t)\ < c, c > 0, for all 
t £ [0, T], And 

f x t = S(t)x 0 + /o S(t - s)F(s,x s )dC s + Jo S(t - s)Bu s ds, /gx 

l *(0) = x 0 £ E N , 

where S(t) = e Mt is continuous with S'(O) = I, |<S(t)| < d, d > 0, for all 
t e [o,T], 

Now we assume the following hypotheses: 

(HI) For Li,L2 > 0, Xq £ Em, 


d L (jU(t)x o]“,[a:o] Q ) < L t , d L (jS^xo] 0 , [x 0 ]“) < L 2 . 

(H2) For x(-), y(-) £ C([0, T\ x (0, V, C r ), E N ), t £ [0, T\, there exist positive 
numbers mi , m 2 such that 

d L ([G(t,x )} a , [ G(t,y )] a ) < mid L ([x} a , [; y ] a ), 

d L ([F(t,x)] a , [F(t,y)] a 'j < m 2 d L ([x] a , [y] Q ) 

and F(0,* {o} (0)) = 0, G(0, A {0} (0)) = 0. 

(H3) For L 3 > 0, x 0 £ E N , d L ([x 0 ]“, [A’ {0 }(0)] a ^ < L 3 . 

(H4) For e > 0, (Li + ctr^K L 3 T)e crniKT < e. 

(H5) For £ > 0, (L 2 + drn 2 KL 3 T)e dm2KT < e. 

(H6) Let a, b be, respectively, lower solution and upper solution of equation 
(l)(u = 0), then [a, b } is convex. 

We define the controllability concept for a fuzzy differential equation. 

Definition 3.1. The equation (1) is said to be controllable on [0,T], if for 
every xq £ Em there exists a control ut £ Y such that every solutions x(-) of 
(1) satisfies a.s. 0, xt = x 1 £ X (i.e. , [xt ] 01 = [ z 1 ] 0 )- 

Definition 3.2. Define the fuzzy mappings Pi : P(R) —> X and P 2 : 
P(R) ^ X by 


Pl(v) = \ 

f f 0 T U a (T-s)Bv s ds, 

v c r„, 

l o, 

otherwise, 

P?(v) = \ 

f / 0 T S a (T-s)Bv s ds, 

v C F„, 

l o, 

otherwise, 


where P(R) is a nonempty fuzzy subset of R and F u is the closure of support 
u. Then there exist P)\ , P 2i (i = l, r ) such that 

Pll(vi)= [ T W(T - S )P(u s ) ; d S , (V s )l £ [(«,){*, (it,) 1 ], 

Jo 

Pir(v r ) = [ U?(T - s)B(v s ) r ds, (v s ) r £ [K)\ (w s )“], 

J 0 
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= f S?(T - s)B(v s ) l ds, (v s )l G [(«,)“, K) 1 ], 

Jo 

Pg-M = [ 5“(r - s)B(v s ) r ds, (v t )r € [(u,) 1 , («,)“]. 

Jo 

We assume that Pfjj, P{£ , and P£. are bijective mappings. 

By Definition 3.2, we can introduce a- level set of u s is 

M Q = [K)“> (Us)r] 

= \[{Pu)~ 1 {(x 1 )? -UnT){xo)? - J W{T-s)Gf{s,{x s )t)dC s } 
+(P 2 “)” 1 {(^ 1 )r - S?{T)(X „)? - £ S?(T - s)F?(s , (x s )?)dC s }, 


(Pf r )- 1 {(* 1 )? - Ur{T)(xo)r - £ U?(T - s)G°{s, (x s )?)dC s ] 
+(P 2 “ )- 1 {(a- 1 )« - S“(T) (xo)* - £ S?(T - s)F r a (s, (x s )?)dC s j 


Theorem 3.1. If Lemma 2.3 and hypotheses (H1)-(H5) are satisfied, then 
the equation (4) is controllable on [0, T]. 

Proof By Definition 3.2 and above u s , substitute the control into the equation 
(4) yields a- level of x T . 

\x T ] a = \u(T)x 0 + [ U(T~s)G(s,x s )dC s + [ U{T - s)Bu s ds] a 
'-Jo Jo - 

= 'u?(T){xo)T+ [ T W(T-s)G?(s,(x s )f)dC s + [ T U?{T-s)B 
J 0 Jo 

X \ [(Pp) -1 !^ 1 )” - U?(T)(x 0 )f - £ U?(T - s)Gf(s, {x s )f)dC s } 

+(P 2 “)“ 1 {(^ 1 )r - S?(T)(x 0 )r - £ S?(T - s)F{*( 8 , (x s )r)dC s }]ds, 

U?{T){x 0 )“+ [ T U?(T-s)G?(s,(xX)dC s + £ U?(T - s)B 
Jo Jo 

X |[( J ^-) _1 {( a?1 )“ “ U ri T )^)r - £ U r a (T-s)G?(s, (z s )“)dC s } 
+(P 2 “)- 1 {(x 1 )“ - S?(T)(x o)“ - J S?(T~s)F?(s, (x s )?)dC s }]ds 
= U?{T){x „)? + £ U{*(T - s)G?(s,(x s )f)dC s 

In 
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+ l P °‘ 


( Pu )“ 1 {(^ 1 )“ - U?(T)(x 0 )T - £ U?(T - s)G?(a, (x s )?)dC s } 

+(^)~ 1 {(* 1 )? ~ S?(T)(x 0 )r - £ S?{T - s)Ft*(s, (* s )f)dC s }] , 

U^{T)(x 0 )r + [ U?(T-s)G°(s,(x a )?)dC a 
Jo 

(A“, )- 1 {(o: 1 )“ - U?(T)(x 0 )“ - J U?{T - s)G?(s, {x s T r )dC s ) 

[ S?(T-s)F?(s,(x s )?)dC s } 


+ l P ' 


+ (P 2 a r )~ 1 {(x 1 )^ S^T)(X o) 
= [(x 1 )?,(x 1 )?} = [x 1 F. 


Hence this control u t satisfy a.s. 9 , xt = x 1 . 

Also, using this control, we shall show that the nonlinear operator $i defined 

by 

ft ft 


($>ix)t = U(t)xo+ [ U(t - s)G(s,x s )dC s + f U(t-s)B 
Jo Jo 

^{x 1 - U(T)xo — J U(T - T)G{T,X T )dCr} 

pT 

^{z 1 -S{T)x 0 - J S(T - t)F(t, x T )dC T } 


1 

x - , 
2 L 


+PJ 


where the fuzzy mappings (Pi) 1 satisfy above statements. 

Form hypothesis (H2) and Lemma 2.3, for any given 9 with Cr{9} > 0, 
x(-), y(-) e C([0, T] x (Q,V,Cr),E N ), we have 

dL([{*ix) t ] a ,[(*iV)t] a ) 

= U(t)x o + J U(t — s)G(s,x s )dC s 

+ j U{t-s)B ^ Pf 1 !® 1 -U(T)x 0 - j U(T — t)G(t, x T )d(7 T | 
-'{x 1 - S(T)x 0 - S{T -T)F{T,x T )dC T } 


+P> 


ds 


U(t)x 0 + U(t - s)G(s,y s )dC s 


+ J U{t-s)B l -[p^ 1 [x 1 -U(T)x 0 - J U(T — t)G(t, y T )dC T j 

+P£- 1 {x 1 - S(T)x 0 - J S{T — t)F(t, t/ r )dC T j ds “) 
< J U(t - s)G(s,x s )dC s , J U(t - s)G{s,y s )dC s ) 
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+d L ([J 0 U(t-s)B^Pi 1 {x 1 -U(T)x 0 - J U(T-T)G{T,Xr)dCr} 
+P 2 ~ 1 | a;1 — S(T)xo — S(T-T)F(T,Xr)dCr } ds 
J uit - s)B^[p~%{x 1 - U(T)x 0 - j U{T — t )G(t, y T )dC T j 

+?2 1 {x 1 ~ S(T)x 0 - S{T - T)F(T,y T )dC T } ds “) 

J U(t~s)G(s,x s )dC s , J U(t - s)G(s,y s )dC s ^ 

1 — f T 

+d L ([-P 1 Pf 1 { x 1 - C/(7>o - J U{T- r)G(T,x r )dC T } 

+ ^P 1 P 2 “ 1 {x 1 - S(2> 0 - J S(T — t)F(t, x T )dC T }] 

ipiPf 1 !* 1 - C/(T)a;o - J U{T - t)G(t, y T )dC T } 

+ \ p iP2 1 {x 1 ~ S(T)x o - ^ T 5(T-r)P(T,y r )dG T }] Q ) 

<dz,( J U(t - s)G(s,x s )dC s , J U(t — s)G(s,y s )dC s j 

J U(T — s)G(s, x s )dC s , J U(T — s)G(s, y s )dC s j 

< cmiK J d L (^x s ] a ,[y s ]°^)ds + crniK J d L ([x s ) a , [y a ] a ^ds. 

Therefore, by Lemma 2.1, we get 

= p( sup 

v te[o,T] v " 


= P( sup sup 

v iG[0,T] 0<a<l v '' 

,-T ~T 

<e( sup sup cmiK ( / d L ([x s ] a ,[y s ] a )ds + / d L [y s ] a ') ds ) ) 

V tG[0,T] 0<a<l W 0 v ' J0 v J JJ 

< P( sup cmiK( / D L (x s ,y s )ds + / D L (x s ,y s )ds )) 

v te[o,T] v Jo Jo /y 

< 2cm\KTE^Hi{x,y) s j . 

We take sufficiently small P, 2cm\KT < 1. Hence dq is contraction map- 
ping. By the Banach fixed point theorem, (4) has a unique fixed point. Thus 
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the equation (1) is controllable in [0 , T]. 

Theorem 3.2. If Lemma 2.3 and hypotheses (H1)-(H5) are satisfied, then 
the equation (5) is controllable on [0,T]. 

Proof By Definition 3.2 and above u s , substitute the control into the equation 
(5) yields a- level of xt- 

[Tt]" = S{T)x o+ f S(T — s)F(s, x s )dC s + f S(T — s)Bu s ds 

'-Jo Jo - 

= 's?(T)( xo)T+ r S?(T-s)F?(s,(x s )?)dC s + C S?(T - s)B 
Jo Jo 

X \ [(^)" 1 {(* 1 )? - U?(T)(X o)r ^ £ U?(T - s)G?(s, (x a )f)dC a } 

+(P 2 i)~ 1 {(x 1 )T ~ S?(T)(x 0 )r - £ S?(T~s)F?(s, (x s )?)dC s }]ds, 

S?(T)(xo)r + [ S?(T-s)F?(s,(xX)dC s + [ S?{T - s)B 
Jo Jo 

- U?(T){X 0 )“ - J Q T U r a (T- s)G?(s,(x s )?)dC s ] 

+(P2r)~ 1 {(x 1 )r - S?(T){x 0 )“ - j ^ 5“ (T - s)F“(s, (® 8 )“ )dC s }] da 

= 's?{T)(x o)f + [ T S?(T-s)Fn S ,(x a )f)dC a 
1 Jo 

+ \p?i [(^)” 1 {(^ 1 )r - W(T)(xo )? - J W(T - s)Gf(s, ( x a )T)dC a } 
+(^)~ 1 {(* 1 )“ - S?(T)(x 0 )r - £ S?(T - s)F?(a, (x s )T)dC s }] , 

Sr(P)( X o)r + [ S?(T - s)F“(s, ( x a )?)dC a 

Jo 

+ \p?r [(Pir )” 1 {(^ 1 )? - U?{T){x o) a r - J U?{T - s)G“(s, (* s )?)dC s } 

+(P^ r )- 1 {(x 1 ^ - S?(T)(x o)“- J S?(T - s)F?(s,(xX)dC s }] 

= [(x0?,(x 1 )r} = [x 1 } a - 

Hence this control u t satisfy a.s. 9, Xt = x 1 . 

Also, using this control, we shall show that the nonlinear operator $2 defined 

by 

($> 2 x)t = S(t)x 0 + f S(t — s)F(s,x s )dC s + I" ' S(t — s)B 
Jo Jo 

10 
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1 — f T 

X 2 [ P ^{ Xl ~ U ^ X ° ~ J 0 U ( T ~ r)G(T ’ X -) dC r} 

+P 2 ~ 1 |a ; 1 — S(T)xo — J S(T — t)F(t, x T )dC T ^ ds, 

where the fuzzy mappings ( P 2 ) _1 satisfy above statements. 

Form hypothesis (H2) and Lemma 2.3, for any given 9 with Cr{9} > 0, 
x(-), y(-) e C([0, T] x (Q,P,Cr),E N ), we have 

d L (\[§2x)t\ a , [($2 y)t] a ) 

= d L ( S(t)x 0 + J S(t - s)F(s,x s )dC s 

+ J S{t-s)B J Pf 1 ^ 1 -U(T)x 0 - J U(T — t)G(t, x T )dC T ^ 

+P 2 1 {x 1 — S(T)x$ — J S[T — r)P(r, x T )dC T | ds , 

S(t)x 0 + [ S(t - s)F(s,y s )dC s 
Jo 

+ J* S(t - s)B l - [pf 1 ^ 1 - U(T)x 0 - j U(T-T)G(T,y T )dC T } 

+Pi 1 {x l - S(T)x 0 - S{T — t)F(t, y r )dC T j ds “) 
<d L ( J S(t - s)F(s,x s )dC s , J S{t - s)F(s,y s )dC s j 

+d L ([^ 5(<-s)pi[pf 1 {^ 1 -P(T)x 0 -^ U(T-t)G{t, x T )dC T } 
+P 2 _1 jai 1 — S(T)xo — J S(T — r)F(T,x T )dC T j ds , 
J o S(t - s)B^\p^[x 1 - t/(7> 0 - j U(T - T)G(T iyT )dCr} 

FP^^x 1 - S(T)x 0 - S(T-T)F{T,y T )dC T } ds “) 
<di^ J S(t - s)F(s,x s )dC s , J S(t - s)F(s,y s )dC s ) 
+d L ([-P 2 Pr 1 {^ 1 -^TH- J U(T-T)G(T,Xr)dC T } 

+ ip 2 P 2 - 1 {x 1 - F(7> 0 - J S(T- t)F(t , z T )dCV }] “, 
ip 2 Pf 1 {^ 1 - U{T)xq - J U(T - T)G(T,y T )dC T } 
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+ \P2P^{x l ~ S{T)x o - J S(T- T)F(T,y T )dC T }Y) 
<d L ( J S(t - s)F(s,x s )dC s , J S(t - s)F(s,y s )dC s j 
+d L ([J o S(T-s)F(s,x a )dC a ] a ,[J S(T-s)F(s,y s )dC s ] a ) 

<dm 2 K J d L ([x s ] a ,[y s ] a ^ds + dm 2 K J d L ([x s ] a ,[y s ] a ^jds. 

Therefore, by Lemma 2.1, we get 




= E i 

sup 

K te[o,T] 

D L ([$ 2 x) t , ($2 2/)t)) 


= E ( 

sup 

K te[o,T] 

sup d L ([($ 2 x)t] a ,[{® 2 y)t 

0<a<l v 


<E( 

sup 

nT 

sup dm 2 K ( / d L ( [x 3 ]°. 

r ^ 

,[y s ] a )ds+ d L ([x s ] a , [y s ] Q ')ds)) 


K te[o,T] 

0<a<l 'Jo ' 

' Jo ' J J J 

< E ( 

sup 

K te[o,T] 

3 m 2 K^J D L (x s ,y s )ds + 

pT 

j D L (x s ,y s )ds )) 

< 2dm 2 KTE(^H 1 (x,y)y 



We take sufficiently small T and 2dm 2 KT < 1. Hence $2 is contraction map- 
ping. By the Banach fixed point theorem, (5) has a unique fixed point. Thus 
the equation (1) is controllable in [0,T], 

Theorem 3.3. If Theorems 3.1 and 3.2 and hypotheses (H1)-(H6) are 
satisfied, then the equation (1) is controllable on [0,T], 

Proof For xt £ \x T , x t], if [x t ,Xt\ is convex, then xt = Ax T + (1 — A )xt, 0 < 
A < 1, we can obtain the following result. 


[ir]“ = [Ax t + (1 - A)xt]“ 

= a|[/(T)xo + U(T - s)G(s,x s )dC s + J U(T - s)Bu s ds} 

+(1 — A)|/S(T)xo + J S(T — s)F(s,x s )dC s + J S(T — s)Bu s ds^ 

= A \u(T)x 0 + [ U{T - s)G{s,x s )dC s + [ U{T - s)Bu s ds] a 
Jo Jo 

+(1 — A) S(T)x 0 + f S(T — s)F(s,x s )dC s + f S(T — s)Bu s ds 
L Jo Jo 
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= A [[/f (T)(z 0 )f + [ T U?(T - a)Gf(a, ( x s ff)dC s 
L Jo 

+ \Pii [(A“)- 1 {(^ 1 )r - W(T)(x o)T - J W(T - s)Gf(s, (x s )?)dC s } 
+(P?i)- 1 {(x 1 )? - S?(T)(x 0 )f - £ S?(T - s)F?(s , (x s )r)dC s }] , 

U?(T)(x 0 )“ + [ U?(T - s)G°(s, 0 xX)dC s 

Jo 

+ \Pir [{Pir )” 1 {(^ 1 )? - U?(T)(x o)“ - J U?{T - s)G“(s, Or s )“)dC s } 

+(A“ )' 1 {(^ 1 )? - ^(T)(*o)? - £ S?{T - s)F“(s, (x s )?)dG s }[ 

+(1 - A) [sf (T)(x 0 )f + [ T S?(T - s)F?(s, (x s )?)dC s 
Jo 

+ \p?i [(^) _1 {(* 1 )r - W(T)(xo)? - j W(T - s)G?(s, ( x s )T)dC s } 
+(^)' 1 {(^ 1 )r - S?(T)(x 0 )r - £ S?{T - s)F?(s, (x s )f)dC s }] , 

S?(T)(x 0 )“ + [ T S?{T - s)F?{s, (x s )r)dC s 

Jo 

+ \P2r [(Pir )” 1 {(^ 1 )? - U?{T){x 0 ) a r - J U?(T - a)G?(a, ( x s y)dC s } 
+(Py)~ 1 {(x 1 y - S?(T)(a 0 )? - £ S?(T - s)F“(s, (s a )?)dG a }[ 

= [(x i )r,(x i )“] = [cL i r- 

Hence this control iq satisfy a.s. 8, Xt = x 1 ,Xt G [x t ,Xt]- Therefore every 
solutions of the equation (1) are controllable in [0, T]. 
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Abstract 

In this paper, by integrating interval-valued intuitionistic fuzzy soft set with rough 
set theory, the concept of generalized interval-valued intuitionistic fuzzy soft rough 
sets is proposed, which is an extension of generalized intuitionistic fuzzy soft rough 
sets. Then the properties of this model are investigated. Furthermore, classical repre- 
sentations of generalized interval-valued intuitionistic fuzzy soft rough approximation 
operators are also introduced. Finally, an approach based on generalized interval- 
valued intuitionistic fuzzy soft rough sets in decision making is developed, and we 
provide a practical example to illustrate the validity of this approach. 

Key words: Interval- valued intuitionistic fuzzy soft set; Rough set; Generalized 
interval- valued intuitionistic fuzzy soft rough set; Decision making 


1 Introduction 

As a framework for the construction of approximations of concepts, rough sets proposed 
by Pawlak [21,22], is a formal tool for modeling and processing insufficient and incomplete 
information. In Pawlak’s rough set model, the equivalence relation plays an important 
role, which seems very stringent in daily life. Therefore many researchers have generalized 
the notion of Pawlak rough set by replacing the equivalence relation with other binary 
relations. Since the appearance of Pawlak rough set, lots of fruitful results have been 
achieved [5, 10-12, 15, 16, 25, 28, 29, 31-40, 42, 44-46] . 
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Soft set theory is presented by Molodtsov [17], which is different from the existing 
uncertainty theories, such as fuzzy set theory [43], intuitionistic fuzzy set theory [1,2], 
interval- valued fuzzy set theory [9,13,24], interval- valued intuitionistic fuzzy set theory 
[3,4], rough set theory [21,22], and so on. In [17], the author pointed out that these theories 
mentioned above have their inherent difficulties, but soft set has enough parameters so that 
it is free from inherent difficulties. Therefore, in recent years more and more researchers 
have joined the ranks of soft set research. For example, Maji et al. [18] initiated the study 
on hybrid structures involving fuzzy sets and soft sets, and introduced the concept of fuzzy 
soft sets, which can be viewed as a generalization of soft sets. Subsequently, Maji et al [19] 
modified the concept of fuzzy soft sets, and proposed a generalized fuzzy soft set theory. 
Furthermore, Yang et al. [30] extended soft sets to interval-valued fuzzy environment, and 
first presented the concept of interval-valued fuzzy soft sets by combining interval-valued 
fuzzy set and soft set. By integrating the intuitionistic fuzzy set with soft set theory, Maji 
et al. [20] presented the concept of the intuitionistic fuzzy soft set theory. Jiang et al. [14] 
initiated the concept of interval- valued intuitionistic fuzzy soft sets by the combination of 
the interval- valued intuitionistic fuzzy sets and soft sets. On the basis of [14], Zhang [46] 
presented an adjustable approach to interval- valued intuitionistic fuzzy soft sets based 
decision making by mean of level soft sets of interval- valued intuitionistic fuzzy soft sets. 
Recently, soft set theory has been developed into hesitant fuzzy environment, and the result 
is called hesitant fuzzy soft sets [6,26,27]. Because it is unreasonable to use hesitant fuzzy 
soft sets to handle some decision making problems, Zhang et al. [41] extended hesitant 
fuzzy soft sets to interval- valued hesitant fuzzy environment, and introduced the concept 
of interval-valued hesitant fuzzy soft sets by combining the interval- valued hesitant fuzzy 
set and soft set theory. More recently, by combining intuitionistic fuzzy soft set and rough 
set theory, Zhang et al. [38] introduced the concept of intuitionistic fuzzy soft rough sets, 
and gave an approach to decision making based on this model. Furthermore, in [42], they 
pointed out the drawback of the intuitionistic fuzzy soft rough sets, proposed a generalized 
intuitionistic fuzzy soft rough set model, and then illustrated the validity of this model by 
a practical example. 

As a generalization of fuzzy soft sets, interval-valued fuzzy soft sets and intuitionistic 
fuzzy soft sets, interval- valued intuitionistic fuzzy soft set is more flexible and effective than 
other soft set theories to cope with imperfect and imprecise information. Meanwhile, we 
can note that the final decision results for the decision approach presented by Zhang [46] 
may be different based on different types of thresholds. That is to say, there actually does 
not exist a unique or uniform criterion for the evaluation of decision alternatives. That is 
its limitations and disadvantages. In order to overcome these limitations, we need to define 
a new interval-valued intuitionistic fuzzy soft set model such that the decision approach 
based on this model is less affected by subjective factors. In this paper, we mainly devote 
to the generalization of intuitionistic fuzzy soft rough sets [42] and propose the concept 
of generalized interval-valued intuitionistic fuzzy soft rough sets by integrating interval- 
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valued intuitionistic fuzzy soft set with rough set. Also its decision making method is 
given. The most advantage of the decision making method is that it will only use the data 
information provided by the decision making problem without any additional available 
information provided by decision makers. Thus it can avoid the effect of subjective factors 
provided by different experts. 

The rest of this paper is organized as follows. Section 2 briefly reviews some prelimi- 
naries. In Section 3, an interval-valued intuitionistic fuzzy soft relation is first defined by 
us. By combining the interval-valued intuitionistic fuzzy soft set and rough sets, then the 
concept of generalized interval-valued intuitionistic fuzzy soft rough approximation oper- 
ators is presented and the properties of generalized upper and lower interval-valued intu- 
itionistic fuzzy soft rough approximation operators are examined. Furthermore, classical 
representations of generalized interval- valued intuitionistic fuzzy soft rough approximation 
operators are presented. Section 4 is devoted to studying the application of generalized 
interval-valued intuitionistic fuzzy soft rough sets. Some conclusions and outlooks for 
further research are given in Section 5. 


2 Preliminaries 

In this section, we shall briefly recall some basic notions being used in the study. 
Before introducing the notion of interval-valued intuitionistic fuzzy soft relation, we 
first give the concept of soft sets [17] and fuzzy soft sets [18]. 

Definition 2.1 ( [17]) Let U be an initial universe set and E be a universe set of pa- 
rameters. A pair (F,E) is called a soft set over U if F : E — >• P(U), where P(U ) is the 

set of all subsets of U. 

Definition 2.2 ( [18]) Let U be an initial universe set and E be a universe set of pa- 
rameters. A pair ( F,E ) is called a fuzzy soft set over U if F : E — )• F(U), where F(U) is 

the set of all fuzzy subsets of U. 


By using the concepts of soft set and fuzzy soft set, Cagrnan et al. [7,8] introduced the 
definitions of crisp soft relation and fuzzy soft relation, respectively. 

Definition 2.3 ( [7]) Let ( F,E ) be a soft set over U. Then a subset of U x E called a 
crisp soft relation from U to E is uniquely defined by 
R = {< (u, x),hr(u, x) > | (it, x) G U x E}, 

1, ( u , x) € R 


where pr : U x E — > {0, 1}, pr(u,x) = 


0, (u, x) R. 


Definition 2.4 ( [8]) Let (F. E ) be a fuzzy soft set over U. Then a fuzzy subset ofUxE 
called a fuzzy soft relation from U to E is uniquely defined by 
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R = {< (u, x),hr(u, x ) > | (u, x) G U x E}, 
where hr : U x E -A [0,1], hr(u,x) = n F ( x ){u). 

Based on the crisp soft relation proposed by Cagman, Zhang et al. [42] constructed 
the following crisp soft rough sets. 

Definition 2.5 ( [42]) Let U he an initial universe set and E be a universe set of pa- 
rameters. For an arbitrary crisp soft relation R over U x E, we can define a set-valued 
function R s : U -» P(E) by R s (u) = {i£ E\(u,x) G R},u €U. 

R is referred to as serial if for all u G U, R s (u) 0. The pair (U, E , R) is called a crisp 
soft approximation space. For any ACE , the upper and lower soft approximations of A 
with respect to ( U,E,R ), denoted by R(A) andRfA), are defined, respectively, as follows: 

R(A) = {ue U\R s (u) n A 0}, R(A) = {u G U\R s (u) C A}. 

The pair (R(A),R(A)) is referred to as a crisp soft rough set, and R,R : P(E) — > P(U ) 
are, referred to as upper and lower crisp soft rough approximation operators, respectively. 

Definition 2.6 ( [3,4]) Denote L = {(a,/ 3 )\a = [01,02] £ Int[ 0 ,l \,/3 = [/3 i,/? 2] € 
Int[ 0, 1] , 02 + @2 < 1}, where Int[ 0, 1] denotes the set of all closed subintervals of [0, 1]. 
We define a relation <l on L as follows: V(o,/3), (£,77) G L, 


(o,/3) <L (£,77) <S4> [oi,o 2 ] < L / [£1 , £2] and [/?i, /3 2 ] > L i lm,m\ 
oi < £1, o 2 < £2, Pi > 7?i, and /? 2 > 772- 

Then the relation <l is a partial ordering on L and the pair (L, <l) is a complete lattice 
with the smallest element 0 l = ([0, 0], [1, 1]) and the greatest element 1 l = ([1, 1], [0, 0]). 
The meet operator A and the join operator V on (L, <l) which are linked to the ordering 
<L are, respectively, defined as follows: V(a, ft), (£, 77) G L, 

(a, ft) A (£,77) = ([01 A£i,o 2 A£ 2 ],[/ii Vt7i,/3 2 V?7 2 ]), 

(a, fi) V (£,77) = ( [01 V £1 , o 2 V £2] , [/?i A T]\ , P2 A 772] ) • 

Definition 2.7 ( [3,4]) Let a set f7 6e fixed. The mapping A : U L is called an 
interval-valued intuitionistic fuzzy (IVIF, for short) set on U. An interval-valued intu- 
itionistic fuzzy set A on U can also be denoted by 

A = {< x,n A (x), ^ A {x) > \x G U} = {< x, \h^(x),/j\(x)}, [7 a(- t )> 7 a(‘ t )] > \ x e u }> 
where p A (x) = \p^ (x) , n\ {x)] and 7a(x) = [ 7 a( x )> 7 a ( x )1 satisfy 0 < n\{x) +7 a( x ) ^ 1 
for all x G U, and are, respectively, called the degree of membership and the degree of 
non-membership of the element x G U to A. 

Let IVIFifU ) denotes the family of all interval-valued intuitionistic fuzzy sets on U. 
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3 Construction of generalized interval- valued intuitionistic 
fuzzy soft rough sets 

In this section, we will present the concept of generalized IVIF soft rough sets by using 
the IVIF soft relation defined by us. 

Definition 3.1 ( [14]) Let U be an initial universe set and E be a universe set of pa- 
rameters. A pair ( F,E ) is called an IVIF soft set over U if F : E —> IVIF(U), where 
IVIF(U) is the set of all IVIF subsets of U. 

In the following, an IVIF soft relation will be presented, which is important for us to 
construct generalized IVIF soft rough sets. 

Definition 3.2 Let ( F,E ) be an IVIF soft set over U. Then an IVIF subset of U x E 
called an IVIF soft relation from U to E is uniquely defined by 
R = {< {u,x),hr{u,x),')r(u,x) > I (u,x) <EU x E}, 
where hr : U x E — > Int[ 0, 1] and 'Jr : U x E — »• lnt[ 0 , 1 ], for all (u,x) G U x E such 
that /j,r(u,x ) = [hr(u,x), /j,'r{u,x)] and 7 r(u,x) = [1r(u, x), 7^ (u,x)], which satisfy the 
condition 0 < Hr( u i x ) + 7 r( u , x) < 1 . 

Remark 3.3 In Definition 3.2, if h~r{u,x) = /j,r(u,x) and 3 r(u, x) = 7 ^(u,x), namely, 
Hr : U X E [0, 1] and 7 # : U x E — »• [0, 1], for all (u,x) £ U x E such that 0 < 

Hr(u,x) + 7 r(u,x) < 1, then R is referred to as an intuitionistic fuzzy soft relation on 
U x E. If R is an intuitionistic fuzzy soft relation on U x E and hr{u,x ) + 7 r(u,x) = 1, 
then R is degenerated to a fuzzy soft relation [8] in Definition 2.f. Hence, among fuzzy 
soft relation, intuitionistic fuzzy soft relation [42] and IVIF soft relation, the IVIF soft 
relation is the most generalized one. That is, the IVIF soft relation has included fuzzy soft 
relation and intuitionistic fuzzy soft relation. 

Let U = {ui,U 2 ,-- - , u rn \ and E = {xi,X 2 ,--- ,x n }. Then the IVIF soft relation R 
from U to E can be presented by a table as in the following form 


R 

Xl 

X2 


Ul 

{Hr(ui,xi), 3r{ui, aq)) 

{hr{ui,X2)^r{u 1 ,x 2 )) ■■ 

(HR{ui,x n 

),lR(ui,X n )) 

U2 

(hr(u2,xi),7r(u 2 ,xi)) 

(Hr(u2,X2),1r(u 2 ,X 2 )) ■■ 

(l U R (u2,X n 

), r 7R{u 2 ,x n )) 

Mra 

(HR(.Um, 27), 7 R(u m , Xl)) 

(. HR(Um,X2),lR(u m ,X2 )) ■■ 

(.t^Rilhni X'n 

)> TR^mi X n )) 


From the above form and the definition of IVIF soft set, we know that every IVIF 
soft set (F, E) is uniquely characterized by the IVIF soft relation, namely they are mutual 
determined. It means that an IVIF soft set (F, E) is formally equal to IVIF soft relation. 
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Therefore, we shall identify any IVIF soft set with IVIF soft relation and view these 
two concepts as interchangeable. Now, any discussion regard to IVIF soft set could be 
converted into analysis about IVIF soft relation, which will bring great convenience for 
our future researches. 

In this case, according to the definition of IVIF soft relation, we can construct gener- 
alized IVIF soft rough sets as follows. 

Definition 3.4 Let U be an initial universe set and E be a universe set of parameters. 
For an arbitrary IVIF soft relation R over U x E, the pair (U, E, R) is called an IVIF 
soft approximation space. For any A £ IVIF(E), we define the upper and lower soft 
approximations of A with respect to ( U,E,R ), denoted by R(A) andRfA), respectively, as 
follows: 

R(A) = {< u,n^ {A) {u), Jr {a) {u) > | u £ U}, (1) 

R{A) = {< u,/ir(a)(«),7r(A)(«) > I u€ U}. (2) 

where 

Vr(A)( u ) = [ V (Fr{u,x) A n A (x)), V (/4(“> s ) A /4 (*))]> 

x£E x EE 

Tr( A )( u ) = [ A (1r(u,x) V 7j(z)), A (Ar(u,x) V 7a0))]> 

x£E x£E 

hR(A) ( u ) = [ A (7 r(u,x) V n A {x)), A (7fl(w,*) v A*a(®))]> 

x&E x£E 

7r(A)0) = [ V (Vr{u,x)A j a (x)), V (t*%(u,x) A 7a (*))]• 

x^E xEE 

The pair (R(A),R(A)) is referred to as a generalized IVIF soft rough set of A with respect 
to ( U , E, R). 

By p.^(u,x) + 7 ~^{u,x) < 1 and /a A (x) + 7 ^( 3 ;) < 1, it can be easily verified that R{A) 
and R(A) £ IVIF{U). So we call R,R : IVIF(E) -A IVIF{U) generalized upper and 
lower IVIF soft rough approximation operators, respectively. 

Remark 3.5 If R is an intuitionistic fuzzy soft relation on U x E, then generalized IVIF 
soft rough approximation operators R{A) and R(A) in Definition 3.f degenerate to the 
following forms: 

R(A) = {< u,/i S(A) (u), 772(A) (A> > \ u G U}, 

R{A) = {< u, /7r(a)(«),7r(A)(A) > I u€ U}. 

where 

Tr<A)( u )= V (/ur(u,x) A ha{x)), Jr (a) (u)= A (Tr(u, x )V 7 a(x)), 

xGE x£E 
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HR(A)(u)= A ( 7 r(u,x)V ha(x)), 7 R(A){u) = V (i^r{u,x) Aja{x)). 

xGE xGE 

In that case, the pair (R(A),R(A)) is generated into a generalized IF soft rough set of 
A with respect to (U, E , R) proposed by Zhang et al. [42]. That is, generalized IVIF soft 
rough set in Definition 4-4 includes generalized IF soft rough set [42] as a special case. 

Remark 3.6 If R is a fuzzy soft relation onU x E and A £ F(E ), then generalized IVIF 
soft rough approximation operators R(A ) and R{A) degenerate to the following forms: 

R{A) = {< tx,/x S(j4) (tx) > \u £ U}, R(A) = {< u,p E ( A )(u) > \u £ U}. 

where Pk (a) (u) = \J [hr(u, x) A n A (x)\, Hr( A )(u) = A [(1 - Hr{u, x)) V n A (x)\. 
x£E x£E 

In that case, generalized IVIF soft rough approximation operators R(A) and R{A) are 
identical with the soft fuzzy rough approximation operators defined by Sun [23]. That is, 
generalized IVIF soft rough approximation operators in Definition 4-4 are an extension of 
the soft fuzzy rough approximation operators defined by Sun [23]. 

In order to better understand the concept of generalized IVIF soft rough approximation 
operators, let us consider the following example. 

Example 3.7 Suppose that U = {171,172,1x3,1x4,1x5} is the set of five houses under con- 
sideration of a decision maker to purchase. Let E be a parameter set, where E = 
{ei,e2,e3,e4 } ^{expensive; beautiful; size; location}. Mr. X wants to buy the house which 
qualifies with the parameters of E to the utmost extent from available houses in U . As- 
sume that Mr. X describes the “attractiveness of the houses” by constructing an IVIF soft 
relation R from U to E. And it is presented by a table as in the following form. 


R 

ei 

e2 

63 

e 4 

Ml 

M2 

113 

IX4 

IX5 

([0.7, 0.8], [0.2, 0.2]) 
([0.1, 0.2], [0.4, 0.6]) 
([0.5, 0.6], [0.2, 0.4]) 
([0.1, 0.3], [0.2, 0.6]) 
([0.8, 0.9], [0.0, 0.1]) 

([0.3, 0.4], [0.2, 0.5]) 
([0.6, 0.7], [0.1, 0.2]) 
([0.3, 0.6], [0.2, 0.3]) 
([0.5, 0.7], [0.1, 0.2]) 
([0.3, 0.5], [0.4, 0.5]) 

([0.1, 0.1], [0.7, 0.8]) 
([0.2, 0.3], [0.5, 0.7]) 
([0.5, 0.7], [0.1, 0.3]) 
([0.1, 0.4], [0.3, 0.5]) 
([0.6, 0.8], [0.1, 0.2]) 

([0.3, 0.4], [0.1, 0.3]) 
([0.3, 0.6], [0.2, 0.3]) 
([0.1, 0.8], [0.1, 0.2]) 
([0.2, 0.3], [0.5, 0.7]) 
([0.4, 0.6], [0.1, 0.4]) 


We can see that the precise evaluation for each object on each parameter is unknown 
while the lower and upper limits of such an evaluation are given. For example, we can not 
present the precise membership degree and non-membership degree of how beautiful house 
1x2 is, however, house 1x2 is at least beautiful on the membership degree of 0.6 and it is 
at most beautiful on the membership degree of 0.7; house 1x2 is not at least beautiful on 


1076 


Yanping He et al 1070-1088 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


the non-membership degree of 0.1 and it is not at most beautiful on the non-membership 
degree of 0. 2. 

Now give an IVIF subset A over the parameter set E as follows: 


A = { <ei, [0.7, 0.8], [0.1, 0.2] >, < e 2 , [0.5, 0.7], [0.2, 0.3] >, 

< e 3 , [0.4, 0.6], [0.1, 0.3] >, < e 4 , [0.2, 0.6], [0.3, 0.4] >}. 

By Equations (1) and (2), we have 

Or(A)( u i) = [0-7, 0.8], Tr ( a)( w i) = [0-2, 0.2], ^ {A) (u 2 ) = [0.5, 0.7], 

7 r(a)M = [0.2, 0.3], Hr( A) (u 3 ) = [0.5, 0.6], 7r(a)M = [0.1, 0.3], 

= [0.5, 0.7], lR {A) {ui) = [0.2, 0.3], Hr {a) (u 5 ) = [0.7, 0.8], 

7r(a)( w s) = [0-1, 0.2]; /ifl( A) («i) = [0.2, 0.6], 7 r(A)(«i) = [0.3, 0.4], 
hR(A)(u 2 ) = [0.2, 0.6], 7 r(a)(« 2 ) = [0.3, 0.4], Hr( A )(u 3 ) = [0.2, 0.6], 

7r(A)(u 3 ) = [0.2, 0.4], fJ,R( A )(iu) = [0.4, 0.6], 7 r(A)(ua) = [0.2, 0.3], 

Or(A)(u 5 ) = [0.2, 0.6], 7r(A)(«5) = [0.3, 0.4], 

Thus 

R{A) = { < ui, [0.7, 0.8], [0.2, 0.2] >, < u 2 , [0.5, 0.7], [0.2, 0.3] >, < u 3 , [0.5, 0.6], [0.1, 0.3] >, 

< u 4 , [0.5, 0.7], [0.2, 0.3] >, < u 5 , [0.7, 0.8], [0.1, 0.2] >} 

and 

R{A) = {<ui, [0.2, 0.6], [0.3, 0.4] >, < u 2 , [0.2, 0.6], [0.3, 0.4] >, < u 3 , [0.2, 0.6], [0.2, 0.4] >, 

< u 4 , [0.4, 0.6], [0.2, 0.3] >, < u 5 , [0.2, 0.6], [0.3, 0.4] >}. 

In what follows, we investigate the properties of generalized IVIF soft rough approxi- 
mation operators. 


Theorem 3.8 Let ( U , E, R) be an IVIF soft approximation space. Then the generalized 
upper and lower IVIF soft rough approximation operators R{A) and R(A) satisfy the 
following properties: \/A,B £ IVIF(E), 

(IVIFSL1) RfA) =~ A), 

(IVIFSU1) R{A) =~ A)-, 

(IVIFSL2) RfA n B) = RfA) n R(B), 

(IVIFSU2) R(A U B) = R(A) U R(B); 

(IVIFSL3) AC B ^ R(A) C R(B), 

(IVIFSU3) A C B =7 R(A) C R{B); 

(IVIFSL4) RfA U B) D RfA) U R(B), 

(IVIFSU4 ) R{A HB) C R(A) n R(B); 
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Proof. We only prove the properties of the lower IVIF soft rough approximation operator 
R(A). The upper IVIF soft rough approximation operator R(A) can be proved similarly. 
(IVIFSL1) By Definition 3.4, then we have 

A) = {< u,7b(~A)(«)>A*b(~A)W > | u€U} 

= {<u,[\J (Vr(u,x) A 7 “ j4 (x)), \J (Hr(u,x) A 7 + a (s))], 

x£E x&E 

[ A v mZa( x ))> A (Tr( u , x ) v > I u£U} 

x£E x£E 

= {< M V (Vr( u ,x) Ah a (x)), \J (Ji£(u,x) A h\(x))}, 

x£E x£E 

[/\(Tr( u , x ) v 7 'a(®))> A (7b («>®) v 7a (®))] > \u € C/} 

irEE 1 x£E 

= {< u,fJ.x {A) (u),~/ R(A) (u) >\u<EU} = R(A). 

(IVIFSL2) By virtue of Equation (2), we have 

R(A n B) = {< u, fiR( AnB ) (u) , 7r(aob) («) > e V} 

= {< A (7 v VAnB{x)), \J (n R (u,x) A-f Ar B (x)) >\ueU} 

x£E x£E 

= {< u A/\(1r( u , x ) v (Ma0*0 a Mb(z))), A (7fl(«>s) V (AiJ(x) A/X^(®)))], 

irE-E x£E 

[ V (**«(“> *) A (7a0) V 7b0*0)), V A (7a ( x ) v 7 b(*)))] > |« e 

= { < u, [^(A) ( M ) A Mrib) ( u ) > A*r(A) ( tt ) A /A(b) l' 11 )] ) 

[7fl(A)(“) v 7 r (B )M,7r ( a)(«) v 7fl (B) («)] > l« € U} 

= {< u,VR( A )(u) A//B(B)(«),7fl(A)(u) V 7r(B)(«) > |w G D} = f?(A) n #(£)• 

(IVIFSL3) It can be easily verified by Definition 3.4. 

(IVIFSL4) By (IVIFSL3), it is straightforward. □ 

In Theorem 3.8, properties (IVIFSL1) and (IVIFSU1) show that the generalized upper 
lower IVIF soft rough approximation operators R and R are dual to each other. 

Inspired by the concept of cut sets of IF sets in [44,45], we first present the concept of 
cut sets of IVIF sets before investigating the representing method of the generalized IVIF 
soft rough approximation operators. 

Definition 3.9 Let A = {< x, /j, A (x),'y A (x) > \x G U} G IVIF(U), and (a,/3) G L, 
where a = [ 07 , 0 : 2 ], /3 = [/3i , ^ 2 ] £ Int[ 0, 1] with 02 + @2 < 1. The (a, (3) -level cut set of A, 
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denoted by Aa , is defined as follows: 

^ = {16 U\ha{x) > l i a , 7 A ( V ) <u P} 

= {x£ U\ha(x) > ai,fiX(x) > a 2 ,'yj(x) < < p 2 }. 

A a = {.x G U\/x A (x) > L i a} = {x G U\p~ A {x) > ai,/a\(x) > a 2 ], 

and 

A a+ ={i£ U\ha(x) > l i a} = {x £ U\if^(x) > ai,/j,\(x) > a 2 } 

are, respectively, called the a-level cut set and the strong a-level cut set of membership 
generated by A. Meanwhile, 

AP = {x G U\j A (x) < l i P} = {x G U\-/a(x) < Pi,j^(x) < P 2 } 

and 

A p+ = {x £ U\j A (x) < l i /3} = {x £ U \ja(x) < /?i, 710*0 < /%} 

are, respectively, referred to as the {3 -level cut set and the strong f3 -level cut set of non- 
membership generated by A. 

At the same time, other types of cut sets of the IVIF set A are denoted as follows: 

A^ + = {x £ U\ha{x) > l i a,j A {x) < L i P} 

= {x G U \ha(x) > ai ,n\{x) > a 2 , 7 ^ (x) < p lt j^(x) < P 2 }, 

which is called the (a+, ft) -level cut set of A; 

A i + = {x € U\ha(x) > l i a,^ A {x) < L i P} 

= {x £ U \ha(x) > ati,p\(x) > a 2 ,^{x) < Pi,^\{x) < /3 2 }, 

which is called the (a, (3+) -level cut set of A; 

AaX = i x e U\ha(x) >u <x,1a{x) < l i P} 

= {x G U \ha(x) > ai,nX(x) > Q!2,7a(‘ t ) < Pi,1a( x ) < # 2 }, 

which is called the (a+, (3+) -level cut set of A. 

Theorem 3.10 The cut sets of IVIF sets satisfy the following properties: \/A £ IVIF(U), 
a = [a\, a 2 \, (3 = [Pi,P 2 ] £ Int[ 0, 1] with a 2 -h P 2 < 1, 

(1) Ai = A a n A&, 

(2) A C B => AX C B%, 

(3) (. A n B) a = A a n B a , (A n Bf = a? n B&, 

(4) a > L I P,f< L i v^A a C Ay, At C AfiAi C A*. 
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Proof. By Definition 3.9, (1), (2) and (4) are straightforward. 

(3) Since 

An B = {< X, ^AnB(x),7AnB(x) > \x G U} 

= {< x, [ha(x) /\Vb{x),h\(x) A / 4 ( a :)], 

[1a( x ) v 7s(^),7l(®) V7 b(s)] > |® € U}, 

we have 

(4nB)„ = {x G C/| / u^(.x) A^(x) > a\,n\{x) A n^(x) > 02 } 

= {x G U \ha( x ) > ai,^(x) > ai,n\{x) > a 2 ,/^(x) > a 2 } 

= {x G U\ha{x) > l i a,ix B (x) > L i a} = A a n B a , 

and 

(A n B)P = {iG U\~ij(x) V 7 g(i) < Puitix) V 7 ^(x) < P 2 } 

= {x G Z/| 7 ^(x) ^ ft >7 b( x ) < ^i,7a( x ) ^ ft>7 s( x ) ^ A} 

= {xG *7|7 a(z) <zy ft 7s(ft <zy 13} = A? n ft 3 . 

Meanwhile, according to (1), we can obtain 

(A n B)P = (An B) a n (A n Bf 

= (A a n A 0 ) n (ft* n ft 3 ) = A? n b%. 

□ 

Assume that R is an IVIF soft relation from U to E, denote 

Ra = {ft, x) Gt/x E\/j,r(u,x) > l i a} = {ft, x) Ghx E\fi^(u,x) > a± , //^ft,x) > a 2 }, 

ft* ft) ={iG E\/ir(u,x) > l i a} = {x G E\fi^(u,x) > ai,/x^ft, x) > a 2 },ai,a 2 £ [0, 1]; 
ft*+ = {ft, x)Gl/x E\hr(u, x) > l i a} = {ft, x) G U x E\/i~j t (u, x) > ai, Hr(u, x) > a 2 }, 
ft* + ft) = {xG E\hr(u, x) > L i a} = {x G ft/ftft, x) > ai, ft^ft, x) > a 2 },ai,a 2 G [0, 1); 
ft 3 = {ft, x) G U x EYi r {u,x) < l i ft} = {ft,x) G U x E\^y~(u,x) < £ 1,7 r( u ,x) < ft}, 
r 3( u ) = {, x G E\jr(u,x) < l i ft} = {x G E\^(u,x) < /3i, 7 ^ft,x) < ft}, ft, ft G [0, 1]; 
f? /3+ = {ft, a;) Ghx Eftft^x) < L J /?} = {ft,x) G U x £| 7 ^ 0 ,x) < /3i, 7 ^ft, x) < ft}, 
R i3+ {u) ={xG £| 7 k(u,x) < l j ft} = {x G E\^(u,x) < /5i, 7 r(u,x) < ft}, ft, ft G (0, 1]. 

Then R a , R a +, f?' 3 and fft + are crisp soft relations on U x E. 
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The following Theorems 3.12 and 3.13 show that the generalized IVIF soft rough 
approximation operators can be represented by crisp soft rough approximation operators 
proposed by Zhang et al. [42], 

Theorem 3.11 Let ( U,E,R ) be an IVIF soft approximation space, and A E IVIF(E). 
Then the generalized upper IVIF soft rough approximation operator can be represented as 
follows: \/u E U , a = [a, a] E L 1 , 

( 1 ) 

Tr(A)( u ) = V [a F R a (A a )(u)] = \J [a A R a (A a+ )(u)\ 

adL 1 adL 1 

= \J [a A R a+ (A a )(u)\ = \J [a A R a+ (A a+ )(u)}, 

adL 1 adL 1 

( 2 ) 

7b ( a)(«)= A [ q V^°)W] = A [«vF(i“+)(«)] 

adL 1 adL 1 

= f\ [a V R a +(A a )(u)} = f\ [a V R a+ (A a+ )(u)] 

adL 1 adL 1 

and moreover, for any a E L 1 , 

(3) [R{A)} a+ C R^{A a+ ) C R~f{A a ) C C [fl(A)] a , 

(4) [R(A)] a+ c ii“+(A Q +) c R a +(A a ) c R a (A a ) c [i?(A)] a . 

Proof. (1) For any u E 17, we have 

y [aA fi Q ,(Yl Q ,)(ii)] = sixpja E L 7 |tt E f? a (7l Q )} = sup{a E l/|.R a (/u) n yIq, / 0} 

a^L 1 

= sup{a E L J |3x E -Efx E R a {u),x E vl Q ]} 

= swp{a E L J |3x E x) >rj a, ha(x) a ]} 

= SMp{[ai, 02 ] E L 7 |3x E x) > ai,p,^(u,x) > a 2 ,p> A (x) > a\,n\(x) > 02 ]} 

= sup{[ai, 02 ] £ L 1 \3x E Efafffu, x) A /A^(x) > ai x) A p\(x) > 02 ]} 

= [V (Tr(u,x) f\p~ A (x)), \J (n^(u,x) A n\(x))\ = 

x GE xEE 

Likewise, we can conclude that 

Tr(A)( u ) = V M- R o(^«+)Wl= V [« Ai2 a+ (A a )(u)] 

aSL 7 aS-L 7 

= \J [a A R a+ (A a+ )(u)}. 

adL 1 
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( 2 ) In terms of Definition 2.5 and notations above, we have 

A [a V R a (A a )(u)\ = inf {a G L : ]\u G = inf {a G L 7 |i?"(u) n A a / 0} 

aeL 1 

= inf {a G L J |zlx G L?[x G R a (u),x G A"]} 

= inf {a G L J |3x G £[7 r(u, x) < L i a,^ A {x) < L i a]} 

= inf{[ai,a 2 \ G L 1 \3x G E[y] l (u,x) < «i, 7^0, x) < a 2 ,7^(x) ^ «1)7 a(®) < “ 2]} 

= m/{[ai,a 2 ] G L 1 \3x G .Efr^u, x) V 7^(x) < au, 7^(1/, x) V 7^(x) < a 2 ]} 

= [ /\{1r{u,x) v 7a0))’ A (7h(«>») v 7a(*))] ='7h(a)(“)- 

x£E x£E 

Similarly, we can prove that 

7 r ( a)(«)= A [aViF(A“+)(u)] = A[« v ^(^“)(«)] 

«eD aei/ 

= A [a V R a+ (A a+ )(u)}. 

a&L 1 

(3) It is easily verified that R a+ (A a+ ) C I? a +(A a ) C R a (A a ). We only need to prove 
that [i2(A)] a+ C R a+ (A a+ ) and R a (A a ) C [1?(A)] Q . 

In fact, Vu G [L!(A)] a+ , we have Mk(A)(' u ) >7/ cc According to Definition 3.4, 
V x) A /T^(x)] > a\ and V [/x^(u, x) A //j[(x)] > a 2 . Then 3xo G 13, such that 

xeE x£E 

Hft(u,x 0) A /i^(x 0 ) > «i and /x^(u, x 0) A /A(xo) > « 2 , that is, p,~f(u,x 0) > ai,/L^(xo) > 
«i, xo) > a 2 , and /i^(x'o) > a 2 . Thus /j,r(u,x 0) >/y a and /^(x 0) >7/ a, which 
imply that xo G R a+ (u) and xo G A a+ . Namely, R a+ (u) n A a+ / 0. By Definition 2.5, 
we have u G R a+ (A a+ ). Hence [R(A)] a+ C _R a+ (A a _|_). 

On the other hand, for any u G R a (A a ), we have R a (A a )(u) = 1. Since p,^ A Au) = 

\f [P A Rp(Ap)(u)\ > L i a A R a {A a ){u ) = a, we obtain u G [i?(A)] a . Hence, R a (A a ) C 

[i?(A)] a . 

(4) Similar to the proof of (3), it can be easily verified. □ 

Theorem 3.12 Let ( U,E,R ) 6e an IVIF soft approximation space, and A G IVIF(E). 
Then the generalized lower IVIF soft rough approximation operator can be represented as 
follows: Vu G U 
( 1 ) 


hR(A)( u ) = A [aV(l-mA a+ )(u)}= /\[aV (1- R?(A a )(u)] 

a&L 1 a&L 1 

= A [« V (T - M(Vp] = A [aV(I-E7±(A Q )(u)], 

oeL 7 a&L 1 
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( 2 ) 


r YR(A)(u)= \J [a A (1 - Ra{A a +)(u)] = \J [a A (1 - Ra{A a )(u)] 

aGL 1 aGL 1 

= \] [a A (I - = V [«A(I- 

aGL 1 aGL 1 

and moreover, for any a € L 1 , 

(3) [R(A)} a+ C R°f(A a+ ) C R°±(A a+ ) C E“±(A*) C [fl(A)] a , 

M [£(4)] a+ c Ra(A a+ ) c fl a+ (A a +) c c [fl(A)]«. 

Proof. The proof is similar to Theorem 3.12. □ 

4 Application of IVIF soft rough sets in decision making 

In [46], Zhang et al. gave a decision method based on IVIF soft set theory. However, 
we note that the decision method need to choose the thresholds in advance by decision 
makers. Thus the decision results will be depend on the threshold values at some degree. 
Since the thresholds have different kind of subjective preference information, different 
experts can obtain the different decision results for the same decision problem. So, in 
order to avoid the effect of the subjective information for the decision results, we only 
use the data information provided by the decision making problem and don’t need any 
additional available information provided by decision makers. Thus the decision results 
are more objectively. 

Next, we shall develop a new approach to decision making problem based on the 
generalized IVIF soft rough sets proposed in this paper. 

Let (U, E, R ) be an IVIF soft approximation space, where U is the universe of the 
discourse, E is the parameter set, and R is an IVIF soft relation on U x E. Then we can 
give this decision-making approach based on generalized IVIF soft rough sets with five 
steps. 

First, according to their own needs, the decision makers can construct an IVIF soft 
relation R from U to E, or IVIF soft set (F, E) over U. 

Second, for a ceratin decision evaluation problem, we suppose that one wants to find 
out the decision alternative in universe with the evaluation value as larger as possible on 
every evaluate index. On the basis of the assumption, we construct an optimum normal 
decision object A which is an IVIF set on the evaluation universe E as follows: 

A = {<ei, max n R (uj,ei), min ^ R (uj, e*) >}, 
l<j<\u\ 1<3<\U\ 

where |f7| denotes the cardinality of the universe set U. 
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Third, by Equations (1) and (2), we can compute the generalized IVIF soft rough 
approximation operators R(A) and R(A ) of the optimum normal decision object A. Thus, 
we obtain two most close values R(A) and R(A) to the decision alternative u t of the 
universe set U. 

Fourth, Atanassov and Gargov [3, 4] introduced the notion of IVIF sets, and gave two 
operations on two IVIF sets, shown as follows, for all F,G £ IVIF(U), 

• Union operation: 

FU G = {< u\np{u) V iiq{u),h%{u) V Hq(u)], 

[7f(“) a 7gM>7f(^) a 7g( m )1 > \ u ^ U}, 


• Intersection operation: 

FdG = {< u,[p,p(u) A n^(u) A Hq{u)\, 

[1f(u) v 7c(«),7f(“) v 7g(«)] > \u€ U}. 

In general, the union operation and intersection operation on IVIF sets may result 
in loss of information in practical decision making problem which affects the accuracy of 
decision making. Therefore, inspired by the concept of 0 -union operation of intuitionistic 
fuzzy subset, we also introduce the concept of 0 -union operation of IVIF subset. 

Definition 4.1 Let F,G € IVIF(U). The ®-union operation about IVIF sets F and G 
can be defined as follows: 

F®G = {< u,[nfi(u) 0 - nfi{u) ■ Hq{u), h+(u) 0 p%{u) - p+(u) • ^(k)], 

[7f(“) ■7g( u )’'Tf( u ) ■Tg( u )] >We U}. 

By using the 0 -union operation rather than the union and intersection operations, we 
can obtain the choice set as follows 

H = R(A) © R(A) = {< u\n^ {A) {u) 0 hR(A)O) “ ^ (j4 )0) • Vfi {A) (u), 

4(A) (“) + 4(A) (“) - 4(A) ^ ' 4(A) (“)]’ 

4(A) («) ' 7fl (A )(«), 7j(A)(“) ' 4(A) («)] > I U&U}. 

Denote H = {< u, hh{u)i 1h{v>) >}• 

Finally, define an IVIF value A = (/i, 7 ) G L, where fi = sup 

1<?<I U\ 

7 = inf Obviously, IVIF value A = (//, 7 ) is the maximum choice 

value in the choice set H. Hence we take the object uj in universe U with the maximum 
choice value as the optimum decision for the given decision making problem. That is to 
say, if nn{uj) /a and "(h ( uj ) < L i 7 , the optimum decision is Uj. 
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In general, if there exist two or more objects with the same maximum choice value 
, then we can take one of them as the optimum decision for the given decision making 
problem. 

To illustrate the new method given above, let us consider the example as follows. 

Example 4.2 Reconsider Example 3.7. Now all the available information on houses un- 
der consideration can be formulated as an IVIF soft relation describing attractiveness of 
house that Mr.X is going to buy. By using the second step of the algorithm for general- 
ized IVIF soft rough sets in decision making presented in this section, we can obtain the 
optimum normal decision object A as follows 

A = {<e i, [0.8, 0.9], [0.0, 0.1] >, < e 2 , [0.6, 0.7], [0.1, 0.2] >, 

< e 3 , [0.6, 0.8], [0.1, 0.2] >, < e 4 , [0.4, 0.8], [0.1, 0.2] >}. 

According to Equations (1) and (2), we can conclude that 

R{A) = { < «i, [0.7, 0.8], [0.1, 0.2] >, < u 2 , [0.6, 0.7], [0.1, 0.2] >, < u 3 , [0.5, 0.8], [0.1, 0.2] >, 

< u 4 , [0.5, 0.7], [0.1, 0.2] >, < u 5 , [0.8, 0.9], [0.0, 0.1] >} 

and 

R{A) = { < ui, [0.4, 0.8], [0.1, 0.2] >, < u 2 , [0.4, 0.8], [0.1, 0.2] >, < u 3 , [0.4, 0.8], [0.1, 0.2] >, 

< u 4 , [0.5, 0.7], [0.1, 0.2] >, < u 5 , [0.4, 0.8], [0.1, 0.2] >}. 

Now by Definition f.l, we have 

H = R(A) © R(A) = {<«i, [0.82, 0.96], [0.01, 0.04] >, < u 2 , [0.76, 0.94], [0.01, 0.04] >, 

< u 3 , [0.70, 0.96], [0.01, 0.04] >, < u 4 , [0.75, 0.91], [0.01, 0.04] >, 

< u 5 , [0.88, 0.98], [0.00, 0.02] >}. 

Obviously, IVIF value A = ([0.88, 0.98], [0.00, 0.02]) is the maximum choice value in the 
choice set H . Thus the optimal decision is u$. Hence, Mr X will buy the house u§. 

5 Conclusion 

Recently, there has been a growing interest in soft set theory. Some extensions of soft 
sets have been obtained by combining soft set theory with other mathematical models, 
including fuzzy soft sets, interval-valued fuzzy soft sets, intuitionistic fuzzy soft sets and 
interval- valued intuitionistic fuzzy soft sets. Among them, the interval-valued intuitionistic 
fuzzy soft set is the most generalized one. This paper is devoted to the discussion of the 
combinations of interval- valued intuitionistic fuzzy soft set and rough set. By using an 
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interval-valued intuitionistic fuzzy soft relation, we present a new soft rough set model, 
called generalized IVIF soft rough sets. Furthermore, the generalized upper and lower IYIF 
soft rough approximation operators are represented by crisp soft rough approximation 
operators. Finally, a practical application is provided to illustrate the validity of the 
generalized IVIF soft rough set. 
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GENERALIZATIONS OF HEINZ MEAN OPERATOR INEQUALITIES 
INVOLVING POSITIVE LINEAR MAP 


CHANGSEN YANG AND YINGYA TAO 


Abstract. In this paper, we study the Heinz mean inequalities of two positive operators 
involving positive linear map. We obtain a generalized conclusion based on operator Diaz- 
Metcalf type inequality. The conclusion is presented as follows: Let $ be a unital positive 
linear map, if 0 < mi 2 < A < Mfi 2 and 0 < m 2 2 < B < M 2 2 for some positive real numbers 
mi < Mi, m 2 < M 2 , then for a £ [0, 1] and p > 2, the following inequality holds : 


( 


M 2 m 2 

Mi mi 


$(A) + $(H)) P 


<2“(p+ 4 ) 


M 2 m 2 (Mi 2 + mi 2 ) + Mimi(M 2 2 + m 2 2 ) 

minKA/imi) 5 ^ - (A/ 2 m2)^ _ , (Mimi)A~ (M 2 m2)^ _ } 


- 2 P 

W(H a {A,B)). 


1. Introduction and preliminaries 

We represent the set of all bounded operators on % by B(T-L). If an operator A satisfies 
(Ax, x) > 0 for any x G "H, then A is called a positive operator. For two self-adjoint operators 
A and B, A > B means A — B > 0. The notation A > 0 means A is an invertible positive 
operator. 

A linear map <f>: B((H) — * B(H) is called positive (strictly positive ), if <h(A) > 0 
(<h(A) > 0) whenever A > 0 (A > 0), and <f> is said to be unital if $(/) = /. Take A, B > 0 
and a G [0,1], the weighted arithmetic operator mean AV a B, geometric mean A$ a B and 
harmonic mean A\ a B are defined as follows : 

AW a B = (1 - a) A + aB, A% a B = A*(A-*BA~*) a A*, A\ a B = [(1 - ajA" 1 + cuB” 1 ]- 1 

when a = |, we write AVB, AfjR and A\B for brevity, respectively. The Heniz mean is 
dehned by H a (A, B) = - 4 tb£+A|h- a B ^ w j iere A,B>0 and a G [0, 1]. Recently, M. S. Mosle- 
hian, R. Nakamoto and Y. Seo [1, Theorem 2.1, part (ii)] showed that 

Theorem 1.1 Let <f> be positive linear map, if 0 < mi 2 < A < Mi 2 and 0 < m 2 2 < B < M 2 2 
for some positive real numbers mi < Mi and m 2 < M 2 , we can get operator Diaz- Metcalf 
type inequality: 

+ t(B) < (— + 

Mimi mi Mi 

Thus A$B < H a (A, B) implies the following. 


2010 Mathematics Subject Classification. Primary 47A63; Secondary 47B20. 

Key words and phrases. Heinz mean; Heinz operator inequality; positive linear map. 
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Remark 1.2 Let <L be positive linear map, if 0 < rrii 2 < A < Adi 2 and 0 < m 2 2 < B < M 2 2 
for some positive real numbers mi < Adi and m 2 < M 2 , then for a G [0,1], the following 
inequality holds: 


Ad 2 m 2 

Mi mi 


4>(H) + 4>(R) < ( 


M 2 

mi 


+ 


j±)*{H a {A,B)). 


In 2015, Mohammad Sal Moslehian and Xiaohui Fu obtained a second powering of the 
operator Diaz-Metcalf type inequality: 

Theorem 1.3 [9] Let $ be positive linear map, if 0 < mi 2 < A < Adi 2 and 0 < m 2 2 < B < 
Ad 2 2 for some positive real numbers mi < Mi and m 2 < M 2 , then the following inequality 
holds: 


mcfdRL 2 <- ( (Mi-mi (M 2 2 + m 2 2 ) + M 2 m 2 (Mi 2 + mi 2 )) 2 
Mi m x 1 ’ “ \ 8VMimiM 2 m 2 M 1 2 mfM 2 m 2 


2 

(<b(A$B)) 2 . 


In the paper we shall give further generalizations of Remark 1.2 in the following section, along 
with presenting p-th powering of some inequality for Heniz mean based on Remark 1.2 and 
the following consideration: It is easy to see that the Heniz operator mean interpolates the 
arithmetic-geometric operator mean inequality: A\B < A$B < H a (A,B) < AVB, and the 

A AjB 


geometric mean has so-called maximal characterization [2] , which says that 


B 


is positive, and moreover, if the operator matrix 
adjoint, then A$B > X. 


A 

X 


X 

B 


A$B 

is positive with X being self- 


2. Results and Proofs 

In order to prove the first main theorem of the paper, first we give the following lemmas, 
lemma 2.1. [3] Let $ be a unital strictly positive linear map and A > 0, then <h(H) _1 < 

lemma 2.2. [5] Let A, B > 0, then the following norm inequality holds : ||AB|| < 
l\\A + B || 2 . 

lemma 2.3. [4] Let A,B > 0, then for 1 < r < + 00 , \\A r + R r || < ||(H + B ) r ||. 

lemma 2.4. [7] (L-H inequality) If 0 < a < 1, A > B > 0, then A a > B a . 

Theorem 2.5. Let $ be a unital positive linear map, if 0 < mi 2 < A < Mi 2 and 
0 < m 2 2 < B < M 2 2 for some positive real numbers mi < Mi, m 2 < Ad 2 , then for a G [0, 1] 
and p > 2, the following inequality holds : 
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, M 2 m 2 

Mini i 


$(A) + $(B)) P 


<2 Ap+ 4) M 2 -m 2 (Mr + mi 2 ) + -U| ///;(. Ur + m 2 2 ) ^ 

min{(M 1 mi)^(M 2 m 2 ) 1: 2^, (M 1 mi)^(M 2 m 2 )^} 


Proof. Obviously ( 2 . 1 ) is equivalent to 


,M 2 m 2 

' Mim-i 




Note that 


implies 


therefore 


< 2 _(e +2 ) M 2 m 2 (Mi + mi ) + Mimi(M 2 + m 2 2 ) 

min^Mpmi)^ (M 2 m 2 ) 1 ^, (M 1 mi) 2 ^(M 2 m 2 )^ } 


(Mi 2 — A) (mi 2 — A)A _1 <0, 


Mi 2 mi 2 A 1 — Mi 2 — mi 2 + A < 0, 


Mi mi $(A ) + $(A) < Mi + mi 2 , 


which equals to 


MimiM.moMA- 1 ) + < ^(M , 2 + m , 5 


Similarly, we have 


Since 


M 2 2 m 2 2 ^(B~ 1 ) + $( 5 ) < M 2 2 + m 2 


2 , _ 2 


_i A~ l + B~ l 


H~\A,B)<(A\B)^ = 


therefore 


' M 2 m 2 M 1 m 1 M 2 2 m 2 2 ' 


( M 2 2 m 2 2 + ( M 2 m 2 M 1 m 1 ) ° (^ttl-a-B) 


- max {( M 2 m 2 M 1 m 1 ) ^ M 2 m 2 ^M 2 m 2 ^ W ^ 5 ) 

= 

min{(M 1 mi) 1 _a (M 2 m 2 ) 1+a , (M 1 m 1 ) a (M 2 m 2 ) 2 “ a } 


If we put 


P = min{(M 1 m 1 ) 1 -“(M 2 m 2 ) 1+ “, (M 1 m 1 ) a (M 2 m 2 ) 2 - a }, 
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then 

P$-\H a {A,B)) 

A B 

~ ^ a ^M 2 m 2 M 1 m 1 ’ M 2 2 m 2 2 ^ 

A FI 

<<L(iL _1 a ( , ? )) 

V M 2 m2 Mi mi M 2 2 m 2 2 

<-<&(M 2 m 2 MimiA~ 1 + M 2 2 m 2 2 B~ l ) 

= ^(M 2 m 2 M 1 mi$(A- 1 ) + M 2 2 m 2 2 $(S -1 )). 

By (2.2) and (2.3), we have 


-J II( 5 ( S* (j4) + < ® (B)))S + B))f 

<i | l ( )(^4' ( ^ ) + 4(B)) + /S4>- 1 (B«(>l,B)))i|| 2 

=) | l) ( ^4(^ ) + 4(B)) + P$-\H a (A, B))|r 

<hi + 4(B) + jfrf imi *(ji- 1 ) + M,vri)r 

4 2 Mpm i 

<2-<»+ 2 )(M 2 2 + m 2 2 + ^(M, 2 + m, 2 ))». 

Mi'irti 

Therefore 


M 2 m 2 

Mjmi 

< 2 -(f+ 2 ) 


$(A) + $(S))^-f(^ a (^, J B))|| 

M 2 m 2 (Mi 2 + mi 2 ) + Mimi(M 2 2 + m 2 2 ) 
min{(M 1 mi) 3 ' 2 S (M 2 m 2 )~ 2 s , (M 1 mi)^(M 2 m 2 )^ } 


Corollary 2.6. In Theorem 2.5, if 1 < p < 2, we get 
M 2 m 2 


K M^rrii 
< 2 -3p 


$(A) + $(B)) P 

M 2 m 2 (Mi 2 + mi 2 ) + Mimi(M 2 2 + m 2 2 


1 + Q 


2+a 


min{(Mimi) 2 (M 2 m 2 ) 2 , (Mimi) 2 (M 2 m 2 ) 2 } 


2p 


^(^(AB)). 


Theorem 2.7. Let $ be a nnital positive linear map, if 0 < roi 2 < A < Mi 2 and 
0 < m 2 2 < B < M 2 2 for some positive real numbers mi < Mi, m 2 < M 2 , then for a e [0, 1] 
and p > 2, the following inequality holds : 


($(A)V q .$(5))p < 2~(p+ 4 ) 


Mi 2 +(l-a)mi 2 +M2 2 +o;m2 2 

min{(Mimi) 1_ ° : (M2m2) Q ,(Mimi) Q: (M2m2) 1_a } 


V(ff Q (AB)). 


(2.5) 
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Proof. Obviously (2.5) is equivalent to 




< 2 -(|+ 2 ) 


Note that 


implies 


Therefore 


Mi 2 + (1 — a)mi 2 + M 2 2 + am,2 2 
mm{(Mimi) 1 ~ a (M 2 m 2 ) a , (Mimi) a (M 2 m 2 ) 1 ~ a } 

(Mi 2 — (1 — a)A)(mi 2 — A)A~ l < 0, 

Mi 2 nrii 2 A~ l — Mi 2 — (1 — a)rrii 2 + (1 — a)A < 0. 


Mi 2 mi 2 ®(A : ) + (1 — a)<f>(A) < Mi 2 + (1 — a)mi 2 . 
Similarly, we have 

M 2 2 m 2 2 $(B- 1 ) + a$(B) < M 2 2 + am 2 2 . 

Since 

A- 1 + B~ l 


Ha {A, B) < (A\B)~ = 


and by analogy to (2.4) 


H, 


A B 


ay Mi 2, mi 2 ' M 2 2 m 2 2 ‘ 


H a (A, B) 


mm{(Mi j mi) 2 ~ 2a (M 2 m 2 ) 2a , (Mimi) 2a (M 2 m 2 ) 2 ~ 2a } 

h = min{(M 1 mi) 2 - 2Q (M 2 m 2 ) 2a , (. M 1 m 1 ) 2a {M 2 m 2 ) 2 ~ 2a }, 
h$-\H a {A,B)) 

<^<f>( Mlm\A _1 + M 2 2 m 2 2 B~ 1 ) 

= ^(M 2 m 2 4>(A- 1 ) + M 2 2 m 2 2 $(B- 1 )). 


By puting 


we have 


By (2.6) and (2.7), we have 


( 2 . 6 ) 

(2.7) 
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<i||(i-S>(^)V a .4(B))S + 

<jll(^)v«*(B) + /i*- 1 (^(4B))) ! ll 2 

<j||i((l - a)*(4) + o*(B) + + M 2 2 m 2 2 «(B -1 )) ll p 

< 2 -(p+ 2) (Mi 2 + (1 - «)mi 2 + M 2 2 + «m 2 2 f. 

Therefore 

1|(*(A)V a *(S))5*-5(tf a (A£))|| 

^2~(f+2) Mr + (1 — a)mf + M 2 2 + am 2 2 

— min{(Mimi) 1_a (M 2 m 2 ) Q , (Mimi) Q (M 2 m 2 ) 1 ~"} 


Theorem 2.8. Let $ be a unital positive linear map, if 0 < mi 2 < A < Mi 2 and 
0 < m 2 2 < B < M 2 2 for some positive real numbers m\ < M 1; m 2 < M 2 , 5 is a ar- 
bitrary mean less than or equal to arithmetic mean, then for a G [0, 1] and p > 2, the 
following inequality holds : 


($(4)<S$(£)) P < 2" (2p+4) 


Mi 2 + M 2 2 + mi 2 + m 2 - 


lmm{(M 1 mi) 1 ~°‘(M 2 rn 2 ) a , (M 1 mi) a (M 2 m 2 ) 1 ~ a } \ 
Proof. By the similar method of proofing Theorem 2.7. 

Corollary 2.9. In Theorem 2.8, we easily get 


2 P 

<P( H a (A,B )). 


H a p ($(A),$(B)) < 2" (2p+4) 


Mi 2 + M 2 2 + mi 2 + m 2 2 
min{(M 1 mi) 1 ~"(M 2 m 2 )", (M 1 mi)"(M 2 m 2 ) 1- "} 


2p 

® p (H a (A, B)). 


Theorem 2.10. [8] Let 0 < m < A, B < M, with the scalars m,M > 0 and a,r two 
arbitrary means beween harmonic and arithmetic means, then for every positive unital linear 
map <f>, 2 < p < oo, 

$ p (AaB) < ( ( M a + m ) )P($(A)r$(g)) p . 

4 p Mm 


By A\B < H a (A, B) < AVB , we obtain the following inequality. 

Remark 2.11. Let 0 < m < A, B < M, then for every positive unital linear map $ and 
0 < a < 1, K{h) = , h = — , p > 2, the following inequality holds : 


$P(H a (A,B)) < 2 2p - 4 K p (h)H a p ($(A),$(B)). 


( 2 . 8 ) 
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lemma 2.12. [6] For any bounded operator X, 


\X\<tI^\\X\\<t 


tl 

X* 


X 

tl 


> 0 (t > 0). 


Theorem 2.13. Let 0 < m < A,B < M , then for every positive unital linear map $ and 
0 < a < 1, K(h) = ^ p > 2, the following inequality holds : 

$i(H Q (A,B))H Q -tWA),$(B)) + H a -t(${A),$(B))tf{H a {A,B)) <2r>~ 1 K%(h). (2.9) 


Proof. By (2.8) we get 

\\tf(H a (A,B))H a -t{$(A),$(B))\\ <2 p ~ 2 K^{h). 
By (2.10) and Lemma 2.12, we obtain 


2p~ 2 K P 2 ( h)I $2 (H a (A, B))H a -z($(A), $(£)) 

L H a S{${A),<!>{B))tf{H a (A,B)) 2 p ~ 2 Kl(h)I 


( 2 . 10 ) 


and 


2 p ~ 2 K*(h)I 


H a -*($(A),${B))tf(H a (A,B)) 


[ <f>f (H a (A,B))H a -*mA),$(B)) 2 p ~ 2 K$(h)I 

Summing up these two operator matrices above, put 

2 p ~ 2 Kt(h) =t, 


> 0 , 


> 0. 


$Z(H a (A,B))H a ~ 

We have 


t{${A),${B)) + H a -*{${A),${B))tf{H a {A,B))=X. 


2 tl X 
X* 2 tl 


> 0 . 


Since $%(H a (A, B))H a ~Z(${A), $(£)) + H a ~% (4>(A), $(B))$%(H a (A, B)) is self-adioint, 
(2.9) follows from the maximal characterization of geometric mean. 


Corollary 2.14. Let $ be a unital positive linear map, if 0 < nri\ 2 < A < Mi 2 and 
0 < m 2 2 < B < M 2 2 for some positive real numbers m\ < Mi, m 2 < M 2 , then for a € [0, 1] 
and p > 2, the following inequality holds : 


Hj($(A),^B))<S>- P i(H a (A,B)) + ^(H a (A,B))Hj(<S>(A),<S>(B)) 


<2~(p+ 1 ) 


Mi + M 2 2 + rrii 2 + t?t 2 2 


2 V 


& p (H a (A, B)). 


[ m i n { ( Mi m i ) 1 _ Q ( M 2 m 2 ) Q , (M 1 m 1 )°( M 2 m 2 ) 1 _ " } 

Proof. By Corollary 2.9 and the similar method of proofing Theorem 2.13, we can easily get. 
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King Mongkut’s University of Technology North Bangkok, Bangkok, Thailand 
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Abstract 

In this article, we study some new existence results for a nonlinear fractional 
difference equation with fractional sum-difference boundary conditions. Our 
problem containing sequential fractional difference operators that have different 
orders. The existence and uniqueness results are based on Banach contraction 
mapping principle and Schaefer’s fixed point theorem. Finally, we present some 
examples to show the importance of these results. 

Keywords: Fractional difference equations; boundary value problems; existence. 

(2010) Mathematics Subject Classifications: 39A05; 39A12. 

1 Introduction 

In this paper we consider a fractional sum- difference boundary value problem of a 
fractional difference equation of the form 

{ A a u(t) = f(t + a — l, u(t + a — l), A A ‘A v u[t + a — n — v + 1)), 

u(a — 2) = A 9 u(a — 6 — 2) = py(u), (1.1) 

u(T + a) — q/\~ 0 u{r] + j3), 

where t G No,t := {(). 1 . p, q > 0, 2 < a < 3, 0 < (3,6, p,is < 1, 1 < 

[i + v < 2, r\ e Na-iy+c-i, / G (N Q _ 3 y +a xlxK,l) is a given function, and 
y : C (N a _ 3 j +a , 1) — x M is a given functional. 

Mathematicians have used this fractional calculus in recent years to model and 
solve various related problems. In particular, fractional calculus is a powerful tool for 
the processes which appears in nature, e.g. biology, ecology and other areas. 

Fractional difference equations have been interested many researchers since can use 
for describing many problems in the real-world phenomena such as physics, chemistry, 

1 Corresponding author 
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S. Laoprasittichok , T. Sitthiwirattham 


mechanics, control systems, flow in porous media, and electrical networks can be found 
in [1] and [2] and the references therein. An excellent papers dealing with discrete 
fractional boundary value problems, which has helped to establish some of the basic 
theory of this field, one may see the papers [3]- [17], and references cited therein. 

For example, Kang et al. [3] obtained sufficient conditions for the existence of 
solutions for the nonlocal boundary value problem as follows, 


-A »y(t) = A hit + fj,-l) f(y(t + fJt fe 1)), te N 0 , b := {0, 1, ..., b}, 
y(h - 2) = v(y), y(v + b) = ${y), 


( 1 . 2 ) 


where 1 < p < 2, / e C([0, oo), [0, oo)) and h e [0, oo)) are given 

functions, and 4/, $ : M . b+ 3 — y M are given functionals. 

Presently, Chasreechai et al. [15] examined a Caputo fractional sum- difference 
equation with nonlocal fractional sum boundary value conditions of the form 


A Qu{t) = f(t + a — 1, u(t + a — 1), ( v h ,3 n)(t + a — 2)), t G N 0 ,t, 
u(a - 2) = y(u), 

u(T + a) = A" 7 ^(T + a + 7 — 3) u(T + a + 7 — 3), 


(1.3) 


where l<a<2, 0</3<l, 2<y<3. For U C M, g e C(K a _2,T+a, 71 U), 

f G C , (K a _2 i T+a x U x U,U) are given functions, y : C(K Q ,_ 2 ,T+a, U) — > U is a given 
functional, and for Lp : Nq ,_2 ,T+a x Nq,_2,T+« — > [0, 00), 


t-p 


('$> p u)(t) [A P(pu](t + fi) — (t- + /3)u(s + /3). 


s=a—(3 — 2 


The plan of this paper is as follows. In Section 2, we recall some definitions and 
basic lemmas. Also, we derive a representation of the solution to (1.1) by converting 
the problem to an equivalent fractional sum equation. In Section 3, the existence and 
uniqueness results of the boundary value problem (1.1) are established by Banach 
contraction mapping principle and Schaefer’s fixed point theorem. An illustrative 
example is presented in Section 4. 

2 Preliminaries 


In this section, we introduce notations, definitions, and lemmas that are used in the 
main results. 

r(f + 1) 


Definition 2.1. We define the generalized falling function by t- : = 

any t and a for which the right-hand side is defined. If t + 1 
Gamma function and t + 1 is not a pole, then t- — 0. 


nt + i- a y for 

a is a pole of the 
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Lemma 2.1. [10] If t < r, then t- < r- for any a > 0. 

Definition 2.2. For a > 0 and f defined on N a , the a- order fractional sum of f is 
defined by 

.. t—a 

A ~” /(i) := nT) /(»). 

' s=a 

for t G N a+ „ and a(s) = s + 1. 

Definition 2.3. For a > 0 and f defined on N a; the a-order Riemann-Liouville 
fractional difference of f is defined by 

t+a 

A “/(() := A" A -(»-“>/(() = — — £(t - a( S ))=^i/( S ), 

i —a) 

' s=a 

where t G N a+ Ar_ Q and N eN is chosen so that 0 < N — 1 < a < N . 

Lemma 2.2. [10] Let 0 < N — 1 < a < N. Then 

A~ a A a y(f) = y(t ) + + C 2 t ^ + . . . + 

for some Ci G M, with 1 < i < N. 


To define the solution of the boundary value problem (1.1) we need the following 
lemma that deals with a linear variant of the boundary value problem (1.1) and gives 
a representation of the solution. 


Lemma 2.3. Let A 0, p, q > 0, 2 < a < 3, 0 < [3,6 < 1, 77 G N a _i ja+ T-i, 
functions h : N q _i )Q;+ t-i — * M. and y : M — * M be given. Then the problem 

( A a u(t) = h(t + a — 1), t G N 0 ,T) 

< u(a — 2) = A e u(a — 6 — 2) = py(u), (2.1) 

1 u(T + a) = 9 A-^ + /3), 


has fhe unique solution 


u(t ) = 


j.a— 1 


AT(a) 


r] s—a 


fL y - a ( s ))— ( s - o-(O)— + « - !) 

^ 7 5 = Q £=Q 


YfT + a — o(s)) 9L Ah(s + a — 1) 


s=0 


+ 


py(u) 

T(a- 1 ) 


t°- 2 - 


A 


t—a 


h w- ~ °( s ))— h (s + « - 1), 
' ' 5=0 


( 2 . 2 ) 
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where 


rj— a+1 


A= f^j) E (>) + /S-s-a) fci (s + a-l)— 


_i r(T + o + i) 
r(r + 2 ) ’ 


rj— a+2 


r (« + 


E + P ~ 01 ~ s + (s + o - 2 )— V(T + 3 ) ~ ' ( 2 -4) 


Proof. From Lemma 2.2, we find that a general solution for (2.1) can be written as 


u(t) = Cif— + C^— + £ 3 *— + A" a fr(t + o-l), 


for t G N a _3,T+a- 


Using the fractional difference of order 0 < 9 < 1 for (2.5), we obtain 


AV*) = ^ E(U-^))^^ +f p 

' ' S=OL~ 1 ' 


s ~ + r(A) E (*-*(»))— 

y ' s=a - 2 




+fr+ E( ( -^))— s — 

V 2 s=a— 3 

.j t+0 s—a 

+ n-d)r(oi E(* ~ a ( s ))— ( s - ff (0)— + «-!)> 

i i i j S=Q , ^ =0 

for t G N a _ 6 /_ 2 ,T+Q-e»+i- 

Applying the condition of ( 2 . 1 ): n(o — 2 ) = A 6 l n(o — 6 — 2), we have U 3 = 0. 
So, 

u(t) = Cit^ + C 2 t°^ + A- Q h(f + 0 - 1 ). 


From (2.6) and the second condition of (2.1): w(o — 2) = py{u ), we have 


^2 = 


py(u) 
r(o- 1)‘ 


Hence, 


u(t) = Ctf— + Py ^ U \ t - — + A Q h(f + o-l), 


v/ 1 T(o-l) v 

for t G N a- 3 ,T+a- 

Using the fractional sum of order 0 < f3 < 1 for (2.8), we obtain 


„ t-/3 / \ i-/3 

A~ fi u(t) = — V (t-o(s))^s^+ V 

1 j r(/3) ^ 1 + r(/3)r(o - 1) A- 

V 7 1 \ / \ / s — a — 


E (^ - ^(«))— 


1 .s“- 2 
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t—ft s—c 


T(P)T(a 


£ £(* - - *(&)— + 0-1), (2.9) 


s=a £=0 


for t E N Q:+j g_ 3 i T+a+/ 3 - 


The third condition of (2.1) implies 
qA~^u{r] + ft) 

^ Y ^ + P ~ + Y^la- 1) I] {ri + P-<r{s))t±. s 


-1 n-2 


t(p) 

v 7 s = Qt — 1 


r(/3)T(a 


s=a—2 


rj s—a 


£ £(>( + P - <T(»))fcl(» - oK))^Z>« + 0-1) 


s=ce £=0 


— Ci(T + a ) 5L ^ + ^ a ) 5L ^ + T(o) + a — a(s))^ 1 — + a — 1). 


Solving the above equation for the constant C\, we get 


Cl = 


- pqy(u ) 


AUWo -T) I> + * - ff(s)) -^ + Ar( o - 1) 
1 T 

+ Ar( Q ,) YX^ + a ~ &(s))—h(s + o-l) 


py{u) 


(T + o)^ 

(2.10) 


s=0 


r] s—a 


AT(p)T(a) ^ €MJ 


- y Y^ +/3 ~ a ( s ))— ( s - ^(0)— + « - 1), 

' Q — rv C — r\ 


where A is defined as (2.3). Substituting C\ into (2.8), we obtain (2.2). 


□ 


3 Main Results 

In this section, we wish to establish the existence results for problem (1.1). To 
accomplish this, let C = C(N a _ 3 )Q+ T, M) be a Banach space of all function u with the 
norm defined by 

\\u\\ c = max{||w||, || A^A^H}, 

where \\u\\ = max \u(t)\ and \\A^A u u\\ = max \A fl A u u(t — n — v + 2)\. 

t£N a -3 t0l+ T tSN a _3 t a+T 

Also define an operator F : C — > C by 
Fu(t) 
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j.a—1 


AT(cl) 


r] s—a 


^ - CT ( S ))— ( s - a (0)— /(£ + a - 1, u(€ + a - 1), 


r(/9) z - 

' s=a ^=0 


A^A U u(f + a — p — v + 1)) — + a — a(s))— -f(s + a — 1, u(s + cl — 1), 


s=0 


A^A U u(s + a — p — v + 1)) 


+ 


py(u) 

r(a- 1) 


t°- 2 - 


t^Q 

A 


(3.1) 


t — OL 


+ Y(t- a(s))—f(s + a - 1, u(s + a - 1), A A ‘A v u(s + a - p - v + 1)), 

for t G N q ,_ 3 !Q+ t’, where A ^ 0, 0 are defined as (2. 3), (2. 4), respectively. The problem 
(1.1) has solutions if and only if the operator F has fixed points. 

Our first result is based on Banach contraction mapping principle. 

Theorem 3.1. Assume that 

(Hi) There exist constants 71,72 > 0 such that, for each t G N a _ 3)Q+ T and for all 
u, v G C, 

| f(t, u(t ), A^A U u(t — p — v + 2)) — f(t, v(t), A M A u v(t — p — v + 2))| 

< 71 1 u(t) — v(t) | + 72 1 A M A v u(t — p — v + 2 ) — A M A" i>(£ — p — v + 2 ) | . 

(#2) There exists a constant u> > 0 such that, for all u,v G C, 

\y(u) - 2 /( 77 ) | < a7|w - v|. 

(«i) + ^ 


where 


7 = max {7! +72} 


O = 


$ = 


(T + a + 2)5=1 


^ r(T + cl + /3) (T + cl + 2)— 


|A| 

p(T + CL + 2)5=2 


T(cl + /3 + l)T(T) T(cl + 1) 
1 + (T + 4) 


(3.2) 

+ (3.3) 


t(cl + 1) 


t(cl- 1) 

Then the boundary value problem (1.1) has at least one solution on N Q _ 3ia+ T. 
Proof. Denote that, 


(3.4) 


TL\u — v\(t) = f(t , u(t), A^ l A u u(t — p — v + 2)) — f(t, v(t), A M A V v(t — p — v + 2)) 
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For all u, v e C, by computing directly, we have 
\\Fu — Fv\\ 


= max 

teN a _3,Q,-(-T 


f 


a— 1 


AT(o) 


r] s—a 


fL E Efo + e - - ^k))— wi« - v\(o 

h ) s=a ^ =0 


E<r + a - ais^^niu - v\(s) 


s=0 



„ 9 t^=±0 

+ 

t 


A 


p\y(y) -y(v ) I 
r(a - 1 ) 


t — OL 


r(a)f- 




s=0 


< (7||u--t;|| c ) 


(F + 0 + 2)- (F + 0 + 2)2—1 

q r(F + 0 + /l) 

(F + 0 )- ' 

r(o + i) + a 

r(F)r(o + /3 + i) 

r(o + 1 ) 


1 + (F + 4) 

= (7||«-u|| c ) + M|u-u||c) $, 

and 


(ca||u - u ||c) p(T + a + 2 ) 2 lA 


r(a- 1 ) 


\\A^A u Fu- A^A u Fv\\ 

max | (A tt A v Fu) (t - p - 1 / + 2) - (A^Fu) (t *- // - v + 2) | 

t&$ a - 3,a+T 


< 


\ \ rj \ 71 s=a - v ^ =Q _i 


(F + a + 2)^=i 
p (a ;|| u - u|| c ) 


T+a— v-\-2 s-\-v 

^ (T + a-p-v + 2- <r(s))=£=±(s - a(0) 


-i/-i 


x 


FI 

IT 

1 

j7 

Ty 

1 

q r (F + 0 + /3) 

(F + 0 )- 

A 

r(F)r(o + /? + i) 

r(o + 1 ) 


r(a- 1 ) 

1 


/ii ,| N (F + o + 2)- — — 

+ P (W W - u||c) W7 77 X 

1 (a — 1) 


0 
A 

T+a— z/+2 s+z/ 


irf-uin-FH ^(r + o- /r-z/ + 2- ff(s))ALA( s - a(0)— 

\ \ b 1 ) \ J I s=a -v £= a -2 


T+a— v+2 s-\-v 


|r(— //)r(— 1 /)| ^ 


Y1 ^(T + a~ p-v + 2-cr(s))-t^(s - cr(r))^^ 


X 


s=<y.—v r=a 


(7||u-u|| c ) 


T+2 


E(r + a + 2-aK))^ 

C=0 


< 


F(a) 

(F + o + 2)(T + o + l) 

(F + 2)(F+1) 

(F + o + 2 )(F + o + l) 


Thus, ||Fw — Fu||c < 


[711 + 0;$] ||w - u|| c . 

[7H + 0;$] ||w — u||c- 


(F + 2)(F + 1) 
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By (#3), we get that F is a contraction mapping, and then Theorem 3.1 implies that 
boundary value problem (1.1) has unique solution on N a _ 3)a+ r- This completes the 
proof. □ 

The second result is based on Schaefer’s fixed point theorem. 

Theorem 3.2. (Arzela-Ascoli Theorem) [18] A set of function in C[a,b\ with the sup 
norm, is relatively compact if and only it is uniformly bounded and equicontinuous on 
[a, b] . 

Theorem 3.3. [18] If a set is closed and relatively compact then it is compact. 

Theorem 3.4. [Schaefer’s fixed point theorem] [19] Let X be a Banach space 
and T : X — > X be a continuous and compact mapping. If the set 

{x G X : x = A T(x), for some X G (0, 1)} 

is bounded, then T has a fixed point. 

We shall use Schaefer’s fixed point theorem to prove that the operator F defined 
as (3.1), has a fixed point. 

Theorem 3.5. Suppose that there exist constants Li,L 2 > 0 such that, for each 
t G N q _ 3 jQ , + t and u G C, 

|/(t, u(t), A fi A u u(t — p, — v + 2))| < Li max{||rt||, || A^A^H}, 

\y(u) | < l 2 . 

Then the problem (1.1) has at least one solution on N a _3 )Q+ T- 
Proof. We divide the proof into four steps. 

Step I. Verify F map bounded sets into bounded sets in C(N a _ 3)Q+ T). 

Let u G Bl = {u G C^Nq-s^+t) : ||u||c A L}, and choosing a constant 

^ L-2^(T + ol + 2)(T + o + l) 

“ (T + 2)(T + l)-L 1 Q(T + a + 2)(T + a + iy 

Denote that 

TL\u — n|(f) := | f(t, u(t), A M A U u(t — p — v + 2)) — f(t, v(t), A M A u v(t — p — v + 2))| 
< || f(t, u(t ), A M A U u(t — p — v + 2)) — f(t, v(t), A^ l A u v(t — p — v + 2))|| 

=: U\\u-v\\{t). 
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For each u E Bl, we obtain 


IM 


= max 

t£N a - 3,a+ T 


4-OL— 1 


r i s—a 


Ar(o 

<r(s))2=±H|u-v|(s) 


ttt+t + $ ~ a ( s ))— ( s - CT (0)— K\u - n|(0 

b 1 s=a ^ =0 


s=0 


+ 


t a-2_ 


t^e 

A 


p\y{u)\ 
r(a - 1 ) 


t—a 


p7-T Kin - u|(s) 

' ' s = 0 




(T + a + 2)^ + (T + a + 2)^| qT(T + a + /3) (T + a)- 


1 + (T + 4) 
ft L\L fd + L 2 < F. 


r(a + l) |A| 

pL 2 (T + a + 2)5tA 


r(T)r(a + /3 + l) r(a+l) 


r(a - 1 ) 


and 


HA'W'Fdl = max I (A^A v Fu) (t - p - v + 2)1 

teN a _ 3 jCl+ T 


t—v+2 s+u 


= max 


*6N a _3, a+T |r(-/t)r(-i/)| ^ , i 

1 s=a— v £=a — 1 


5^( t_ ^ _z/ + 2 ~ a ( s ))^^( s ~ a (0) 


- 1/-1 


X 


£— 


(^l||«llc) 


r i s—a 


|A|r(a 

E < T + “ - ff W)— 


fM E X> + 0 - ff K))— 

s=a £ =0 


s=0 


+ 


pL 2 


r(a - 1 ) 


t—v + 2 s+z/ 


+ |r(-ii)r(-i/)| £ E (t-n-p + 2- a(s))=MX(s - x 

I V V 71 S=a - U £ =a _2 


pL 2 


r(a - 1 ) 

(s - a(r))=^ 


(T — ol + 2) 


a— 2 


+ 


(niMk) 

|r(-^)r(-0l J 


t—v+2 s+v 


^ ~ u + 2 - a ( s ))^^ 


s=a—v r=a 


r (°) u 


< 


( T + ol + 2)(T + o + 1) 1 
(T + 2)(T + 1) J 

q 1 r(T + o + /3) (T + o) 


L X L 


T(T)T(a + /3+l) r(a + l) 


(T + a + 2)- (T + a + 2)^=1 ^ 

r(a + l) + |A| ' 

( T + o + 2)(T + o + l) 


(T + 3)(T + 2) 


x 
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i^< T+ “ + 2 H i+(r+4) |!|_ 

(T + a + 2)(r + a + 1) \ LW + L J 

(T + 2)(T + 1) [ 

Hence, ||iAi||c < L where and are defined on 3.3 and 3.4, respectively. Thus 
F is uniformly bounded. 

Step II. Show that F is continuous on B L . 

Let e>0 there exists 5 = max{<5i, h 2 } > 0 such that, for each 1 6 N tt _ 3 i0+ T and 
for all u,v G B l with 

max{|tt(i) — v(t) |, |A M A U u(t — p — v + 2) — A /i A z/ n(t — p — v + 2)\} < §i, 


we have 


H\u — v\ < 


e(T + 2)(T+l) 


1 1 2fi(T + a + 2)(T + a + l)’ 

and for all u, v e Bl with \u v\ < 62 , we have 


I y(u) -y(v) | < 


e(T + 2)(T+l) 

2$ (T + a + 2)(T + a + 1) ' 


Then, we have 


||Fu(t)-F«(t)|| 


= max — — — > > 

teN a _3, a+ T AT(a) T(/3) 

\ / L v 7 s=o 4=0 


£ £(f + P - - <V5))— H|u - V|({) 


s=0 J 

t — OL 

FTF ~ a ( s ))— n \ u ~ v l( s ) 

1 ( a ) 


t—O p\y(u) - yjv) \ 
A T(a-l) 


< 'H\\u~v\ 


(T + a + 2)- (T + a + 2)^- qT(T + a + /3 ) (T + a)- 


T(a + 1) 


T(T)T(a + /3 + 1) T(a + 1) 


1 p (T + a + 2 )^lA @ 

+[|y(«) -yMII 1 F ( a _ X ) — l + ( T + A )j 

= nU\\u-v\\+$\\y(u)-y(v)\\. 

Similarly to the proof above and Theorem 3.1, we obtain 


(A^A v Fu) (t - p - v + 2) - (A^A v Fv) (t-p-u + 2 ) 
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< 


(T + o + 2)(T + 0 + 1) 
(T + 2)(T + 1) 


nn\\u 


v|| + $||y(u) -y(v ) | 


< 



= e. 


Hence, || Fu — Fv\\c < e. This means that F is continuous on B^. 


Step III. Examine F(Bl) is eqnicontinnous with B^. For any e > 0, there exists 
5 = max{hi, h 2 , £ 3 } > 0 such that, for ti,t 2 £ N a _ 3 )CH _T 


I ,a ,a\ e T(o + 1) (T + 2)(T + 1) 

1 2 11 3L 1 (T + a + 2)(T + a + 1) 


whenever \t 2 — ti\ < hi, 


. a — 1 . a — 1 

t 2 ^t x < 


e|A|(T + 2)(T+l) 


3(T + ol + 2)(T + o + l) 


u 


qV (T+a+ff) _ (T+o+ 
T(T)r(a+/3+l) T(a-l) 


+ 




f' 


a— 2 .a— 2 

- h < 


eT(o-l)(r + 2)(r + l) 
3pL 2 (T + o + 2)(T + o + l) 


r(a-i) 

whenever |f 2 — < h 2 , 

whenever |f 2 — £i| < h 3 . 


Then, we have 

|Fu(t 2 ) - Fu(ti)\ 

, o— 1 , q— 1 

_ ^2 ~ H 

AT(o) 


T ) S—a 




T(/3) z - 

v ' s=o £=0 


X 


/(£ + o — l, w(£ + o — l), A M A + o — + — z/ + l))— + o — ^(s)) 2 — ^ 

/(s + o — l, u(s + o — l), A^A n u{s + o — p — z/ + 1)) 


x 


s=0 




o— 2 a— 2 \ / g-1 ,o-l \ © 

to — +1 ) — ( t 2 — t l ) — 


L 1 


r(o — i) 

t2—a 

^ (f 2 — a(s)) 5L - li /(s + o — l, w(s + o — 1), A M A n w(s + o — p — z/ + 1)) 


T(o 

tl — Ct 


s=0 


— — o(s)) 5 — ^/(s + o — l, u(s + o — l), A fi A n u(s + a — p — is + 1)) 


s=0 


< 


. OL — 1 . OL — 1 

t 2 — 

' L, 

q T(T + o + /3) 

(T + o)^ 

pL 2 

0 

JA| 

T(T)T(o + /3 + l) 

r(o + 1) 

r(o — i) 

A 


T, 


r(o) 


t2~a 


t\—a 




s=0 


5=0 


1 

, o -2 

. 0-2 

1 

+ 

h ' 

1 


pL 2 


r(o — i) 


= i 


a—1 a — 1 1 
t-i 


, 

" Li 

q T(T + o + /3) 

(T + o)^ 

pL 2 

0 

1 

JA| 

T(T)T(o + /3 + l) 

r(o + 1) 

r(o — i) 

A 
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+ 


L i 


tf-tf + 


pL 2 


. g—2 a — 2 

to tq 


r(a + i) 1 ' 11 r(a-i) 

So || Fu — Fv || < e. 

Similarly to the proof above and Theorem 3.1, we obtain 


< 


< 


\\A fi A u Fu- A^A u Fu\\ 

( T + ol + 2)(T + o + l) 
(T + 2)(T + 1) 


.O'— 1 


pL 2 

0 

t-H 

1 

f-f 

A 

e e 


+ 3 + r 

= e, 


+ 




T(a + 1) 


t- 

l 2 


,0 — 1 I 


tf + 


L\ q T(T + ol + /3) 

]Af T(T)T(a + f3 + 1) 

pL 2 | , o—2 ,o—2 | 


T(a - 1) 


h 


t 


(T + a)^ 

T(a + 1) 


Thus, || Fu(t 2 ) — Fu(ti)\\c < e. This means that F(Bl) is an equicontinuous set. 

As a consequence of Steps I to III together with the Arzela-Ascoli theorem, its imply 
that F : C(Id Q ,_ 3 ia _)_'r) -+ C'(N Q ,_ 3ia+ 'r) is completely continuous. 


Step IV. A priori bounds. We show that the set 

E = {u E C'(N a _ 3 ja+ r) : u = A Fu for some 0 < A < 1} is bounded. 

Let u G E. Then u(t) = A (Fu)(t) for some 0 < A < 1. Thus, for each t G N Q _ 3ia+ T, 
we have 


\XFu(t)\ < \Fu(t)\ < L!Lfl + L 2 d> := A. 


So, we have ||A.Fm|| < A. Similarly to the proof above and Theorem 3.1, we obtain 


lAA'A-Full < (r + l + 2)r £ + a+1 L =: §. 


(T + 2)(T+1) 


Hence, ||AFtt||c < S. This shows that E is bounded. 

By of the Schaefer’s fixed point theorem, we conclude that F has a fixed point which 
is a solution of the problem (1.1). □ 


4 Some examples 

In this section, in order to illustrate our results, we consider some examples. 
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Example 4.1. Consider the following boundary value problem 


e -sin 2 (t+|) 

n(t+ |) 

+ |A§A§«(i + f§)| 

t + ¥) 2 

“0+§)l 

+ 1 


A 3«(t) = 


= (i) = U = i 

, 13\ l.i / 29'. 

u — = -A 3 U — . 

2 J 3 V 6 


, t G No, 4, 


(4.1) 

(4.2) 

(4.3) 


where Ci are given positive constants with El=o ^ • 

Here p = q = §, 9 = a = |, /3 = §, p = §, z' = f , z/=|, T = 4, 
A^A v u{t-p - i/ + 2)) = - |U( * )I+I koi+i ^ 13 ) 1 and ^ 


*“ 2’ 


Let t G N_i 13 and u, v G M, then 


|A| = 7.781 ^ 0, 0 = 1.278, O « 106.039, 4> « 3.119. 

Since j/ (t, w(i), A^A u u (t — p — v + 2)) — / (t, v(t), A^A u v (t — p — v + 2))| 

< dig K*) - V WI + ih l AMA ^ (t + h) ~ 0 + £) I 

is satisfied with 7 = max{7 1 + 72} = ^777 

Also, we get \y(u)-y(v)\ = (ELo^X^) ~ ELoXX)! < El=o <A H^)-' y (^)l> 
so (H 2 ) holds with u: = ELo^ < W^o- 

We can show that 


(T + ol + 2)(T + 0 + 1) 
(T + 2)(T + 1) 


[ 7 H + n;$] « 0.975 < 1. 


Hence, by Theorem 3.1, the problem (4.1)-(4.3) has unique solution. 


□ 


Example 4.2. Consider the following boundary value problem 


A §«(t) = 


f + 1 

107T 



( 3\ 


A 2 A 3 / 25 \ 


2 sin 

u [ t + - ) 

+ cos 

As A 4 w t + — 



V 2/ 


V 12 / 



1\ A 1 7 1 \ 1 v- ^ 

w | — ) = A 4 w ( T | = - C, 


7 


i = 0 


MXI , •_ 1 

1 + 1 u(U)\’ h 2’ 


, 13\ l A _i /29 . 

M <y = 5 a ' 3 m U>’ 


, t G No, 4, (4-4) 

(4.5) 

(4.6) 


where Ci are given positive constants with El=o Cz < \ ■ 
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S. Laoprasittichok , T. Sitthiwirattham 


Here p= q = a = |, f = |, 9 = p = §, 1/ = f , rj = §, T = 4, 


/ (U «(*), (f - p - v + 2)) = A- 


2/(«) = S/=o ^ ijqgg)| 7: U = i — \. Clearly for f e N_ 1 ^ , we have 


2 sin \u(t)\ + cos A3A4 u (t + j^) 


4 ’ '/ 2 ’ 

2.3 


and 


|/(f,M(f),A Al A^(t-^-z/ + 2))| < ^ max{2, 1} ~ 0.414 (l x = 


20 vr 
7 


\y{u)\ < °i 


HU)\ 1 _ , 

< — — Jj 2 . 


i=0 


1 + |m(C)| e 


Hence, by Theorem 3.5, the problem (4.4)-(4.6) has at least one solution. 


□ 


Acknowledgments. This research was funded by King Mongkut’s University of 
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Hesitant fuzzy mighty filters of B> E-algebras 

Jeong Soon Han 1 and Sun Shin Ahn 2 ’* 

department of Applied Mathematics, Hanyang University, Ahnsan, 15588, Korea 
department of Mathematics Education, Dongguk University, Seoul 04620, Korea 

Abstract. The notion of hesitant fuzzy mighty filter of a UU-algebra is introduced and related properties are 
investigated. We provide conditions for a hesitant fuzzy filter to be a hesitant fuzzy mighty filter. We construct 
a new quotient structure of a transitive B E-algebra using a hesitant fuzzy filter and study some properties of it. 


1. Introduction 

In 2007, Kim and Kim [5] introduced the notion of a BE- algebra, and investigated several 
properties. In [1], Ahn and So introduced the notion of ideals in PE-algebras. They gave several 
descriptions of ideals in BE-algebras. Song et al. [8] considered the fuzzification of ideals in BE- 
algebras. They introduced the notion of fuzzy ideals in BE- algebras, and investigated related 
properties. They gave characterizations of a fuzzy ideal in B E- algebras. 

The notions of Atanassov’s intuitionistic fuzzy sets, type 2 fuzzy sets and fuzzy multisets etc. 
are a generalization of fuzzy sets. As another generalization of fuzzy sets, Torra [9] introduced 
the notion of hesitant fuzzy sets which are a very useful to express peoples hesitancy in daily life. 
The hesitant fuzzy set is a very useful tool to deal with uncertainty, which can be accurately and 
perfectly described in terms of the opinions of decision makers. Also, hesitant fuzzy set theory 
is used in decision making problem etc. (see [3, 7, 11, 12, 13, 14, 15]). In [4], Y. B. Jun and 
S. S. Ahn introduced the notion of a hesitant fuzzy filter and investigated some properties of it. 
The authors [2] defined a hesitant fuzzy implicative filter in a B E-algebra and discussed some 
properties of it. 

In this paper, we introduce the notion of hesitant fuzzy mighty filter of a .BE-algebra, and 
investigate some properties of it. We consider characterizations of a hesitant fuzzy mighty filter 
of a HE- algebra. We provide conditions for a hesitant fuzzy filter to be a hesitant fuzzy mighty 
filter. We construct a new quotient structure of a transitive BE - algebra using a hesitant fuzzy 
filter and study some properties of it. 


2. Preliminaries 


°2010 Mathematics Subject Classification: 06F35; 03G25; 06D72. 

°Keywords: B E-algebra; (mighty) filter; hesitant (mighty) filter. 

* The corresponding author. Tel: +82 2 2260 3410, Fax: +82 2 2266 3409 

°E-mail: han@hanyang.ac.kr (J. S. Han); sunshine@dongguk.edu (S. S. Ahn) 
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By a BE-algebra ([5]) we mean a system (X; *, 1) of type (2,0) which the following axioms 
hold: 

(2.1) (Vx G X) (x * x — 1), 

(2.2) (Vx G X) (x* 1 = 1), 

(2.3) (Vx 6l) (l*x = x), 

(2.4) (Vx, y , z E X) (x * (y * z) = y * (x * z) (exchange). 

We introduce a relation “ < ” on X by x < y if and only if x * y — 1. 

A £>A-algebra (Ai;*,l) is said to be transitive if it satisfies: for any x,y,z E X, y * z < 
(x * y) * (x * z). A BE- algebra (X;*, 1) is said to be self distributive if it satisfies: for any 
x,y,z G X, x*(y*z ) = (x*y)*(x*z). Note that every self distributive BE- algebra is transitive, 
but the converse is not true in general (see [5]). 

Every self distributive BE - algebra (A"; *, 1) satisfies the following properties: 

(2.5) (Vx, y : z G X) (x<y=^z*x<z*y and y * z < x * z), 

(2.6) (Vx, y G A") (x * (x * y) = x * y), 

(2.7) (Vx, y, z G X) (x *y < (z * x) * (z * y)), 

Definition 2.1. Let (A"; *, 1) be a B E-algebra and let F be a non-empty subset of X. Then F 
is a filter of X ([5]) if 
(FI) 1 G F; 

(F2) (Vx, y G X){x * y, x G F =>• y G F). 

F is a mighty filter ([6]) of X if it satisfies (FI) and 
(F3) (Vx, y, z G X)(z * (y * x), z G F =>■ ((x * y) * y) * x E F). 

Theorem 2.2. ([6]) A filter F of a BE-algebra X is mighty if and only if 

(2.8) (Vx, y E X){y * x E F => ((x * y) * y) * x E F). 

Definition 2.3. ([9]) Let A be a reference set. A hesitant fuzzy set on E is defined in terms of a 
function that when applied to E returns a subset of [0, 1], which can be viewed as the following 
mathematical representation: 

He '■= {(e, JiE(e))\e E E} 

where He : E — » <^([0, 1]). 

Definition 2.4. Given a non-empty subset A of a /i/f -algebra X, a hesitant fuzzy set 

H x ■= {(x, h x {x))\x E X} 
on satisfying the following condition: 

h x {x) = 0 for all x ^ A 
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is called a hesitant fuzzy set related to A (briefly, A-hesitant fuzzy set ) on X, and is represented 
by Ha '■= {(x, h A (x )) | x G X}, where Ha is a mapping from X to &([0, 1]) with h A {x) = 0 for 
all x £ A. 

For a hesitant set H x {(x, hx(x )) | x G X} of a BE- algebra X and a subset 7 of [0, 1], the 

hesitant fuzzy 7 -inclusive set of H x , denoted by H x ( 7 ), is defined to be the set 

H x ( 7 ) := {x G X\y C h x {x)}. 

For any hesitant fuzzy set H x = {(x,h x (x) \x G A^} and G x = {(x,g x (x)) \x G X}, we call H x 
a hesitant fuzzy subset of Gx, denoted by H X CG X , if h x (x ) C g x {x) for all x G X. 


3. Hesitant fuzzy mighty filters 

Definition 3.1. Given a non-empty subset (subalgebra as much as possible) A of a B Tf-algebra 
X, let Ha {(x, Ha{x)) | x G X} be an A-hesitant fuzzy set on X. Then Ha '■= {(x, /^(x)) | 
x G X} is called a hesitant fuzzy subalgebra of X related to A (briefly, A-hesitant fuzzy subalgebra 
of X) ([4]) if it satisfies the following condition: h A (x) fl h A {y) C h A (x * y) for any x,y G A. 
An A-hesitant fuzzy subalgebra of X with A = X is called a hesitant fuzzy subalgebra of X. An 
A-hesitant fuzzy set Ha ’■= {(x, Ha(x)) | x G X} on X is called a hesitant fuzzy filter of X related 
to A (briefly, A-hesitant fuzzy filter of A") ([41) if it satisfies the following condition: 

(3A) (VxgA)(Mx)CM 1)), 

(3.2) (Vx, y G A)(h A (x*y) n h A (x) C h A (y)). 

An A-hesitant fuzzy filter of X with A = X is called a hesitant fuzzy filter of A". 

Proposition 3.2. ([4]) Let Ha '■= {(x, Ha{x))\x G X} he an A-hesitant fuzzy filter of a BE- 
algebra X where A is a subalgebra of X. Then the following assertions are valid. 

(i) (Vx, j/ G A)(x <y =» h A {x) C h A {y)), 

(ii) (Vx, y, z G A){z < x *y => h A (y) D h A {x) n h A {z)), 

(hi) (Vx,7/,2 G A)(1i a (x *(y* z)) fl h A (y) C ^(x * z)), 

(iv) (Va, x G A)(h A (a) C h A {{a * x) * x). 

Proposition 3.3. Every hesitant fuzzy filter of a BE-algebra X is a hesitant fuzzy subalgebra 
ofX. 

Proof. Let H x = {(x, h x (x))\x G A"} be a hesitant fuzzy filter of X. For any x, y G A^, we have 
h x (x) n hx(z/) c /r x (l) n /ix(y) = ^x(?/ * {x * y )) n hx(y) Q h x (x * y). Hence H x is a hesitant 
fuzzy subalgebra of X. □ 

The converse of Proposition 3.3 may not be true in general (see Example 3.4). 
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Example 3.4. Let X = {0, 1 ,a,b,c} be a BE- algebra ([4]) with the following Cayley table: 


* 

1 

a 

b 

c 

1 

1 

a 

b 

c 

a 

1 

1 

a 

a 

b 

1 

1 

1 

a 

c 

1 

1 

a 

1 


Let H\ ■— {(a;, hx(x)) \ x G X} be a hesitant fuzzy set on X defined by 

H x = {(1, [0, 1]), (a, (0, 1)), (6, (i, |D), (c, (0, §))} 

Then Hx is a hesitant fuzzy subalgebra of X, but not a hesitant fuzzy filter of A" since hx(b * 
a) D hx(b ) = hx( 1) H hx(b) = [0, 1] D (|, §] ^ hx(a) = (0, |). 

Definition 3.5. Given a non-empty subset (subalgebra as much as possible) A of a B E-a lgebra 
X, let Ha := {(x,h A (x)) \ % G X} be an A-hesitant fuzzy set on X. Then Ha {(x,h A (x)) \ 
x E X} is called a hesitant fuzzy mighty filter of X related to A (briefly, A-hesitant fuzzy mighty 
filter of X) if it satisfies (3.1) and 

(3.3) (Vx,y,z G A)(h A (z * (y * x)) n h A (z) C h A (((x *y)*y)* x). 

An A-hesitant fuzzy mighty filter of X with A = X is called a hesitant fuzzy mighty filter of X. 

Example 3.6. Let X = {l,a,b,c,d,0} be a BE- algebra ([6]) with the following Cayley table: 


* 

1 

a 

b 

c 

d 

0 

1 

1 

a 

b 

c 

d 

0 

a 

1 

1 

b 

c 

d 

c 

b 

1 

a 

1 

b 

a 

d 

c 

1 

a 

1 

1 

a 

a 

d 

1 

1 

1 

b 

1 

b 

0 

1 

1 

1 

1 

1 

1 


Let Hx {(a;, hx(x)) \ x G X} be a hesitant fuzzy set on X defined by 

Hx = {(1, [o, 1]), (a, [|, 1|), (6, [i, 1]), (c, [i , 1]), (d, {|, 1}), (0, {i, 1})} 

It is easy to check that Hx is a hesitant fuzzy fuzzy mighty filter of X. 

Proposition 3.7. Every hesitant fuzzy mighty filter of a B E-algebra X is a hesitant fuzzy filter 
ofX. 

Proof. Let H x = {(x, hx(x))\x G X} be a hesitant fuzzy mighty filter of X. Putting y 1 in 
(3.3), we have hx{z * (1 * x)) fl hx(z) = hx(z * x) D hx(z) C hxiffix * 1) * 1) * x) = hx(x). Hence 
Hx is a hesitant fuzzy filter of X. □ 

The converse of Proposition 3.7 may not be true in general (see Example 3.8). 
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Example 3.8. Let X = {1 ,a,b,c,d} be a BE - algebra ([5]) with the following Cayley table: 


* 

1 

a 

b 

c 

d 

1 

1 

a 

b 

c 

d 

a 

1 

1 

b 

c 

d 

b 

1 

a 

1 

c 

c 

c 

1 

1 

b 

1 

b 

d 

1 

1 

1 

1 

1 


Let H x {(a:, h x (x)) \ x G X} be a hesitant fuzzy set on A" defined by 

H x = {(1, [0, 1]), (a, [§, 1]), (6, g, 1]), (c, [§, 1]), (d, 1})}. 

It is easy to check that H x is a hesitant fuzzy fuzzy filter of X, but not a hesitant fuzzy mighty 
Liter of X since h x { 1 * (c * a)) fl h x { 1) = h x { 1) = [0, 1] ^ h x (((a * c) * c) * a) = h x (a ) = [|, 1]. 

Theorem 3.9. Any hesitant fuzzy filter H x = {(x, h x {x))\x G A} of a BE-algebra X is mighty 
if and only if it satisfies 

(3.4) (\/x,y G X)(h x (y * x) C h x (((x * y) * y) * x)). 

Proof. Assume that a hesitant fuzzy Liter H x is mighty. Setting z 1 in (3.3), we have 
h x ( 1 * (y * x)) D h x { 1) = h x (y * x) C h x (((x * y) * y) * x). Hence (3.4) holds. 

Conversely, suppose that the hesitant fuzzy Liter H x = {(x,h x (x)) \x G X} satisLes the 
condition (3.4). Using (3.2) and (3.4), we have h x (z * (y * x)) fl h x (z) C h x (y * x) C h x (((x * 
y) *y) * x), for any x,y G X. Hence H x is a hesitant fuzzy mighty Liter of X. □ 

Proposition 3.10. Let H x = {(x, h x (x))\x G A"} be a hesitant fuzzy mighty filter of a BE- 
algebra X . Then X Hx := {x G X\h x {x) = h x ( 1)} is a mighty filter of X. 

Proof. Clearly, 1 G Xh x ■ Let z*(y*x),z G Xh x ■ Then h x (z*(y*x)) = h x ( 1) and h x {z) = h x ( 1). 
It follows from (3.3) that h x (z* (y*x)) fl h x (z) = h x { 1) C h x (((x*y) *y) *x). By (3.1), we get 
h x (((x * y) * y) * x) = h x { 1). Hence ((x * y) * y) * x G X Hx . Therefore X Hx is a mighty Liter of 
X. □ 

Theorem 3.11. Let H x = {(x, h x {x))\x G A"} and G x = {(x,g x (x))\x G X} be hesitant fuzzy 
filters of a transitive BE-algebra such that Lf x EG x and h x ( 1) = g x ( 1). If Ef x is mighty, then 
so is G x . 

Proof. Let x, y G X. Note that y*((y*x)*x) = (y*x)*(y*x) = 1. Since H x is a hesitant fuzzy 
mighty Liter of a B E-algebra X, by (3.4) and H X CG X we have h x ( 1) = h x (y * {{y * x) * x)) C 
h x (((((y*x)*x)*y)*y)*((y*x)*x)) C g x (((((y*x)*x)*y)*y)*((y*x)*x)). Since h x (l) = g x ( 1), 
we get g x ((y*x) * ((((j/*x) *x) *y) *y) *x)) = g x (((((y*x) *x) *y) *y) * ((j/*x) *x)) = g x ( 1). 


1116 


Jeong Soon Han et al 1 112-1 119 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Jeong Soon Han and Sun Shin Ahn 

It follows from (3.1) and (3.2) that 

gx(y * x) =g{ 1) n gx(y * X ) 

=gx((y *x)* (((((y * x) * x) *y) *y) * x)) n g x (y * x) (3.5) 

Qgx(((((y * x) * x) *y) *y) * x). 

Since X is transitive, we get 

[((((y * x) * x) * y) * y) * x]*[((x * y) * y) * x\ 

> ((x * y) * y) * ((((y * x) * x) * y) * y) 

> (((y * x) * x) * y) * (x * y) 

> x * ((y * x) * x) 

= (y * x) * (x * x) 

= (y * x) * 1 = 1. 

It follows from Proposition 3.2 that gx(((((y*x) *x)*y)*y)*x) Dgx{^) = gx{((((y * x) *x)*y)* 
y) * x) C g x (((x *y)*y)*x). Using (3.5), we have g x {y * x) C g x (((((y * x) * x) * y) * y) * x) C 
g x (((x*y) *y) *x). Therefore gx(y*%) Q 9x(((x*y) *y) *x). By Theorem 3.9, G\ is a hesitant 
fuzzy mighty filter of X. □ 

Corollary 3.12. Every hesitant fuzzy filter H\ of a transitive B E-algebra X is mighty if and 
only if the hesitant fuzzy filter H{n is mighty. 

Proof. Straightforward. □ 

Let Hx {(#, h x (x))\x G X} be a hesitant fuzzy filter of a transitive UU-algebra X. Define 
a binary relation “ ~ hx ” on X by putting x ~h x V if and only if hx(x * y) = hx(y * x) = hx( 1) 
for any x,y G X. 

Lemma 3.13. The relation “ ~ hx ” is an equivalence relation on a transitive B E-algebra X. 

Proof. For any x G X, x * x = 1 by (2.1). So hx{x * x) = hx( 1), hence x ~ hx x, which ~ hx is 
reflexive. Suppose that x y for any x,y G X. Then hx(x * y) = hx(y * x) — h x { 1)- Hence 
~h x i s symmetric. Assume that x ~h x y and y ~ hx z for any x,y,z G X. Then hx(x * y) = 
h x (y*x) = hx{ 1) and hx(y*z) = hx(z*y ) = h x (l)- By transitivity, (x*y)*[(y*z)*{x*z)\ = land 
(z*y)*[(y*x)*(z*x)\ = 1. By Proposition 3.2, we have hx(x*y) Dhx(y*z) = hx( 1) Q hx(x*z ) 
and hx{z * y) D hx(y * x) — hx( 1) Q hx(z * x). Hence h x (z * x) = hx(z * x) = h x { 1), i.e. , 
x ~h x z. Thus is an equivalence relation on X. □ 

Lemma 3.14. The relation “ ~ h x ” is a congruence relation on a transitive BE-algebra X . 

Proof. If x ~ft x y and u ~ hx v for any x,y,u,v G X, then h x (x * y) — h x (y * x) — h x ( 1) 
and h x {u * v) = hx (v * u) = h x ( !)• By transitivity, (u * v) * [(x * u) * (x * u)] = 1 and 
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Hesitant fuzzy mighty filters in E E-algebras 

(v * u) * [(x * v ) * (x * w)] = 1, it follows from Proposition 3.2 that hxif) = h x [u * v) C 
hx((x*u)*((x*v)) and/ix(l) = h x (v*u ) C hx((x*v)*(x*u)). Hence h x ((x*u)*(x*v)) = hx{ 1) 
and hxiix * v) * (x * u)) = h x ( 1)- Therefore x*u x * v. By a similar way, we can prove that 
x * v ~ hx y * v. Therefore ~ hx is a congruence relation on X. □ 

X is decomposed by the congruence relation ~h x - The class containing x is denoted by [x\h x . 
Denote X/hx '■= {[xj/^lx *= DT } . We dehne a binary relation *' on X/hx by [x]h x *' [y\h x '■ = 
[x * y]h x - This definition is well defined since ~ hx is a congruence relation on X. 

Lemma 3.15. [1 ]h x = Xh x - 

Proof. [1 } hx = {x G X\1 ~ hx x } = {x G X\h x (l * x) = h x (x * 1) = h x { 1)} = {x G X\h x (x) = 
h x { l)} = X Hx . □ 

Theorem 3.16. Let X be a transitive BE-algebra X. Then (X/h X ] [l]/i x ) iS a transitive 
BE-algebra. 

Proof. Straightforward. □ 

Theorem 3.17. A hesitant fuzzy filter of a transitive BE-algebra X is mighty if and only if 
every filter of the quotient algebra X/hx is mighty. 

Proof. Assume that a hesitant fuzzy filter H x is mighty and let x,y e X be such that [y\h x *' 
[x\h x € [1]/) X - Then hx{y * x) — hx( 1)- It follows from (2.3) and (3.3) that h x ( 1 * (y * x)) D 
Ml) = h x(y * x) = Ml) £ h x {{(x *y) *y) * x). Hence h x {{{x * y) * y) * x) = h x ( 1 ). So 
(((M*X *' \y]h x ) *' \y]h x )) *' [x\h x = [((® *y)*y)* x\h x e [l]h x which proves that {[l] hx } is a 
mighty filter of X/h x ■ By Corollary 3.13, every hlter of X/hx is mighty. 

Conversely, suppose that every hlter of the quotient algebra X/h x is mighty and let x,y G X 
be such that y * x G [l]h x . Then hx(y * x) — h x ( 1) and so [y\h x *' [x\h. x £ [l]h x - Since 
{ [l] h x } is a mighty hlter of X/h x , it follows from Theorem 2.2 that [((x * y) * y) * x]h x = 
(([®]ftx *' [y\h x ) *' [: y]h x ) *' [x]h x e [l]h x . Hence h x ((((x * y) * y)*) * x) = Ml)- Therefore 
h x (y * x) = hxiffx * y) * y)) * x). Thus H x is a hesitant fuzzy hlter of Theorem 3.9. □ 

Theorem 3.18. A hesitant fuzzy set H x '■= {(x, h x {x)\x G X} of a BE-algebra X is a hesitant 
fuzzy mighty filter of X if and only if the set H x ( 7 ) := (x G X\y C hx(x)} is a mighty filter of 
X for all 7 G <^([0,1]) whenever it is nonempty. 

Proof. Suppose that Hx is a hesitant fuzzy mighty hlter of X. Let x,y,z G X and 7 G <£^([0, 1]) 
be such that z * (y * x) G H x ( 7 ) and z G H x ( 7 ) . Then h x (z * (y * x)) D 7 and h x (z) D 7 . It 
follows from (3.1) and (3.3) that h x ( 1) D h x (((x * y) * y) * x) D h x {z * (y * x)) fl h x (z) D 7 . 
Hence 1 G H x ( 7 ) and ((x * y) * y) * x E H x ( 7 ), and therefore H x ( 7 ) is a mighty hlter of X. 

Conversely, assume that H x ( 7 ) is a mighty hlter of X for all 7 G <£^([0, 1]) with H x { 7 ) f 0. 
For any x G X, let h x (x) = 7 . Then x G H x ( 7 )- Since H x ( 7 ) is a mighty hlter of X, we have 
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1 G hx( 7 ) and so hx(x) = 7 C hx( 1)- For any x,y,z G X , let hx(z * (y * x)) = y z *(y*x) and 
hx(z) = 7 Let 7 := ' y z *( y *x ) Fl 7 *. Then z * (y * x) G iTy( 7 ) and z G Hxi'j) which imply that 
((x *y) *y) * x G Hxi'y)- Hence /ix-(((a:*y) *j/) *x) 5 7 = 7**(y**) n 7* = h x (z * (y * x)) n /ix-(z). 
Thus H x is a hesitant fuzzy mighty filter of X. □ 
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Abstract. In this paper, we introduce and study a class of new general iteration 
processes for two finite families of total asymptotically nonexpansive mappings in 
hyperbolic spaces, which includes asymptotically nonexpansive mapping, (general- 
ized) nonexpansive mapping of all norrned linear spaces, Hadamard manifolds and 
CAT(O) spaces as special cases. Some important related properties to the new gen- 
eral iterative processes are also given and analyzed, and A-convergence and strong 
convergence of the iteration in hyperbolic spaces are proved. Furthermore, some 
meaningful illustrations for clarifying our results and two open questions are pro- 
posed. The results presented in this paper extend and improve the corresponding 
results announced in the current literature. 

Key Words and Phrases: common fixed point, new general iterative approxi- 
mation, A-convergence and strong convergence, total asymptotically nonexpansive 
mapping, hyperbolic space. 
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1 Introduction and preliminaries 

Let (H,d) be a metric space, {Tj}[ =l and {♦S'i }F=i be Wo finite families of nonlinear mappings on 
nonempty set K C PL. Suppose that {cq n } and {/?*„} are two real sequences in [a, 6] for some 
a,b € (0, 1) and := 1 ^ in . For r > 2 and n > 1, in this paper, we consider the following general 
iterative sequence {x n }: 

Xn+l = IT (T) 2/n+r-2i IT (Un- \-r—2i $1 Vn+r— 2i $ln)j Hi n)> 

Vn+r—2 = W (Tl> Vn+r— 3) IT (jj n - l-r—3, <?2 2 /n+r— 3) $ 2 n)i Q! 2 n)j 
Vn+r— 3 = W (T 3 2/ n + r _4, fT (yn- (-r— 4, S 3 Vn+r— 4: $3 n) 1 ^3 n)i 

( 1 . 1 ) 

Vn+1 = (Tr-iUm fT(y n , S r _^y n , ^(r— l)n), ^(r— l)n), 

y n = W(T?x n ,W(x n ,S?x n ,6 rn ),a rn ). 

Remark 1.1 For appropriate and suitable choices of the nonlinear mappings {T,}t =1 and {<Si}[ =1 , 
the positive integer r and the underlying spaces, the iteration (1.1) includes a number of known 
iterative processes, which were studied previously by many authors. For more details, see [1-20] and 
the references therein, and the following examples: 

*The corresponding author: hengyoulan@163.com (H.Y. Lan) 
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Example 1.1 If /3 \ n = 0 for i = 1, 2, 3, • • • , r and all n > 1, and {«,:„} is a real sequence in 
[e, 1 — e] for some e £ (0, 1), then the sequence {x n } in (1.1) reduces to 

*Tn+ 1 ^lnVn+r—2 “b ( 1 Un+r— 2i 

Un+r—2 — &2n‘yn+r — 3 “t” (1 Q^2n)^2 Un+r— 3; 

Vn+r—3 = ^Zn‘yn+r—4: 4” ( 1 Q^3n)^3 Vn+r— 4t 

(1.2) 

2/n+l OC^r— l)n!/n 4“ (1 <T(r— i) n )T),_ !?/« , 

2/n CX rn X n “I" (1 <Trro)-^r ^rn 

which was considered by Yildirim and Ozdemir [1] when {X)}t =1 is a family of asymptotically quasi- 
nonexpansive self-mappings on K C 7~L and 7~L is a Banach space. Further, the iteration process (1.2) 
was introduced and studied by Basarir and Sahin [2] for a generalized nonexpansive mapping of the 
CAT(O) spaces. 

Example 1.2 For r = 3 and ctj „ = 0, then (1.1) changes into the iterative process introduced 
by Noor [3], which was dealt for variational inequalities of the Hilbert spaces. Moreover, a unified 
treatment regarding the iterative process for nonexpansive mapping in hyperbolic spaces was con- 
sidered by Akbulut and Giindiiz [4]. For many more, see, for example, the research works of Sahin 
and Basarir [5], Suantai [6] and many others in the literature. 

Example 1.3 Let r = 2, and a\ n = 1, and a 2rl = 0, and T 2 = 5 2 , then (1.1) becomes to the 
following iteration: 


x n+ i = T"y n ,y n = W(x n ,T£x n ,9 2 „). (1.3) 

The iteration (1.3) is called a modified hybrid Picard-Mann iteration process, which was introduced 
and studied by Thakur et al. [7] in CAT(0) space. This process (1.3) is independent of Picard 
and Mann iterative process and the convergence process is faster than Picard and Mann iteration 
process. For more on (hybrid) Picard-Mann iteration process and a comparison between different 
process of modified hybrid Picard-Mann iteration process, see, for example, [7, 8] and the references 
therein. 

Example 1.4 Let r = 2, and a\ n = 0, and = 1, a 2n = 1, then (1.1) is equivalent to 


Xn+l — ^ 9n)i 

which is well-known modified Mann iteration process, and was studied by Schu [9] in Banach spaces. 

In 2013, Fukhar-ud-din and Khan [21] pointed out “structural properties of the space under 
consideration are very important in establishing the fixed point property of the space, for example, 
strict convexity, uniform convexity and uniform smoothness etc”. In fact, in recent decades, moti- 
vated and governed by questions in most of science problems about hyperbolic groups, the study 
on hyperbolic spaces has been developed unremittingly in geometric group theory and metric fixed 
point theory in normed linear spaces or Banach spaces. Especially, the concept of hyperbolic spaces 
introduced by Kohlenbach [22] and defined below, is more restrictive and more general than that 
of being considered in [23] and in [24], respectively (see also [25]). Furthermore, all normed linear 
spaces, convex subsets wherein Hadamard manifolds and CAT(0) spaces are the special cases of the 
class of hyperbolic spaces due to Kohlenbach [22] . 

Definition 1.1 A hyperbolic spaces is a metric space ( T-L,d ) together with a mapping W : H 2 
x [0, 1 ]—>'H satisfying 

(i) d (u, W ( x , y, cc)) < ad(u, x) + (1 — a)d(u , y), 

(ii) d(W (x, y,a),W(x,y, (3)) = |a — fi\d(x, y), 

(iii) W (x, y, a) = W (y, x, (1 - a)), 

(iv) d(W ( x , z, a), W ( y , w, a)) < ad(x, y) + (1 — a)d(z, w) for all u, x,y, z,w £ TL and a, /3 £ [0, 1]. 
Remark 1.1 (1) The class of hyperbolic spaces is general in nature and its important example 

is the open unit ball B in a complex domain C with respect to the Poincare metric (also called 
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“Poincare distance” ) 


d,B{x, y) := argtanh 


x-y 
1 ~xy 


arg tanh(l — a(x, y )) 2 , 


where cr(x,y) := — — ^ for all x,y £ B. Further, the above example can be extended from 
C to general complex Hilbert spaces ( H , (•)) (see [21, 22]). 

(2) A metric space ("H, d ) satisfying only (i) in Definition 1.1 is a convex metric space introduced 
by Takaliashi [26]. A nonempty subset I\ of a hyperbolic space H is convex if W(x, y, a) £ K for all 
x,y € K and a £ [0, 1]. For more on hyperbolic spaces and a comparison between different notions 
of hyperbolic space, see, for example, [27] and the references therein. 

(3) A hyperbolic space is uniformly convex if for any r > 0 and e £ (0,2], and all u,x,y £ "H, 
there exists 5 £ ( 0 , 1 ] such that 

d(W(x,y, ]!,),«) < (1 - S)r, 

provided ma x{d(x, u),d(y, u)} < r and d(x, y) > re (see [28, 29]). A map 77 : (0, + 00 ) x (0, 2] (0, 1], 

which provides such 5 = 77 (r, e) for given r > 0 and e £ (0,2], is known as a modulus of uniform 
convexity of H. We call 77 monotone if it decreases with r (for fixed e), i.e., for all e > 0, r 2 > 
ri > 0 (? 7 (r 2 ,e) < 77 ( 7 * 1 , 6 )). CAT(0) spaces are uniformly convex hyperbolic spaces with modulus of 
uniform convexity 77 ( 7 *, e) = (see [28, 30]). Thus, the class of uniformly convex hyperbolic spaces 
includes both uniformly convex normed spaces and CAT(0) spaces as special cases. 

In the sequel, let (' H , d) be a metric space, and let K be a nonempty subset of W. We shall 
denote the fixed point set of a self-mapping on K of T by F(T) = { 2 ; £ K : Tx = x}. 

Definition 1.2 A mapping T : K — > K is said to be 

(i) semi-compact if every bounded sequence {x n } C K, satisfying d(x n ,Tx n ) — ► 0 as n — > 00 , 
has a convergent subsequence; 

(ii) nonexpansive if d(Tx,Ty) < d(x,y) for any x,y £ K; 

(iii) quasi-nonexpansive if d(Tx,p) < d(x,p) for all x £ K and p £ F(T) ^ 0; 

(iv) asymptotically nonexpansive if there exists a sequence {k n } C [0, + 00 ) and lim^oo k n = 0 
such that 

d(T n x , T n y) < (1 + k n )d(x, y), Vx, y £ K , n > 1; 

(v) asymptotically quasi-nonexpansive if there exists a sequence {k n } C [0, + 00 ) and lim,,-^ k n = 
0 such that 

d(T n x,p) < (1 + k n )d(x,p), \/x £ K,p £ F(T),n > 1; 

(vi) ({y n }, {£n}, p)-total asymptotically nonexpansive, if there exist nonnegative sequences {y n }, 
{£n} with p, n — > 0, £ n — > 0 and a strictly increasing continuous function p : [0, + 00 ) — > [0, + 00 ) with 
p(0) = 0 such that 


d{T n x, T n y) < d(x, y) + y n p(d(x, y )) + £ n , Vx, y £ K, n > 1; 

(vii)({/x„}, {^n}, p)-total asymptotically quasi-nonexpansive, if there exist nonnegative sequences 
{y n }, {£«} with p n — ^ 0, — )■ 0 and a strictly increasing continuous function p : [0, + 00 ) — > [0, + 00 ) 

with p(0) = 0 such that 

d(T n x,p) < d(x,p) + p n p(d(x,p)) +Cn, Va: £ K,p £ F,n > 1; 

(viii) uniformly L-Lipschitzian if there exists a constant L > 0 such that 
d(T n x,T n y) < Ld(x,y), Vx,y £ K, n > 1. 

Remark 1.2 From Definition 1.2, it follows that a (quasi-)nonexpansive mapping is an asymp- 
totically (quasi-)nonexpansive mapping with k n = 0 for n > 1, and each asymptotically (quasi- 
)nonexpansive mapping is a ({p n }, {£« }, p)-total asymptotically (ciuasi-)nonexpansive mapping with 
£ n = 0, and pit) = t> 0. However, in general, the converse of these statement is not true. 
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As all we know, the study of such types of problems on the iterative approximation of (common) 
fixed points for generalizations of nonexpansive mappings in hyperbolic spaces, is motivated by an 
increasing interest in the problems of finding a common fixed point of some nonlinear mappings, 
which is the only main tool for analysis of generalized nonexpansive mappings and provides us a 
general and unified framework for studying the existence of fixed points of various nonlinear mappings 
arising in many branches of nonlinear analysis, topology and applied mathematics, etc. 

Inspired and motivated and by the above recent works, in this paper, we shall study some 
important related properties to the new general iterative process (1.1) for two finite families of total 
asymptotically nonexpansive mappings as well as two finite families of total asymptotically quasi- 
nonexpansive mappings in hyperbolic spaces. Results concerning A-convergence as well as strong 
convergence of this iteration are proved. The results presented in the paper extend and improve 
some recent results given in [1, 2, 4-7, 9, 21]. 

In order to define the concept of A-convergence in the general setup of hyperbolic spaces, in the 
next moment, we first give some basic concepts. 

In 1976, Lim [31] introduced the notion of asymptotic center and, consequently, coined the 
concept of A-convergence in a general setting of a metric space. Kirk and Panyanak [32] proposed 
an analogous version of convergence in geodesic spaces, namely A-convergence, which was originally 
introduced by Lim [31]. Further, Kirk and Panyanak [32] showed that A-convergence coincides with 
the usual weak convergence in Banach spaces and both concepts share many useful properties. 

Let {x n } be a bounded sequence in a hyperbolic space TL. For x G TL, we define a continuous 
functional r(-, {x„}) : TL — > [0, +oo) by 

r(x,{x n }) = limsup d(x, x n ). 

n—> oo 

The asymptotic radius r({x n }) of {x n } is given by 

r({x n }) = inf{r(a;, {x n }) : x G TL}. 

The asymptotic center of a bounded sequence {x n } with respect to K C TL is defined as follows: 

Ak({xu}) = {x £TL : r(x,{x n }) < r(y, {x n }),\/y G I<}, 

which is the set of minimizers for r(-,{x n }). Further, it is simply denoted by A({x n }) when the 
asymptotic center is taken with respect to TL , and a sequence {x n } in TL is said to A-converge to 
x G TL if x is the unique asymptotic center of {u n } for every subsequence {u n } of {x n }. In this case, 
we write A-liuin^oo x n = x and call x the A-linrit of {x n }. 

It is well known that uniformly convex Banach spaces and even CAT(O) spaces enjoy the property 
that “bounded sequences have unique asymptotic centers with respect to closed convex subsets”. 
The following lemma ensures that this property also holds in a complete uniformly convex hyperbolic 
space. 

Lemma 1.1 ([30]) Let (TL, d, W) be a complete uniformly convex hyperbolic space with monotone 
modulus of uniform convexity. Then every bounded sequence {x n } in TL has a unique asymptotic 
center with respect to any nonempty closed convex subset K of TL. 

In the sequel, we need the following lemmas. 

Lemma 1.2 ([10]) Let (TL, d, W) be a uniformly convex hyperbolic space with monotone modulus 
of uniform convexity ry. Let x G TL and {a n } be a sequence in [a,b] for some a, b G (0,1). If {x n } 
and {y n } are sequences in TL such that for some c > 0, 

limsupd(a: n ,a:) < c, limsupd(y rl ,ai) < c, lim d(W(x n ,y n ,a n ),x) = c, 

n— >oo n—> oo n ~ >oo 

Then lim^oo d(x n , y n ) = 0. 

Lemma 1.3 ([10]) Let I\ be a nonempty closed convex subset of uniformly convex hyperbolic 
space, and let {x n } be a bounded sequence in K such that A({x n }) = {y} and r({x n }) = If {y m } 
is another sequence in I\ such that linim-,.^ r(y m , {£„}) = £> then lirnm^oo y m = y. 
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Lemma 1.4 ([33]) Let { a n }, {b n } and {u n } be nonnegative real sequences satisfying 

fln + i < (1 + x> n )a n P b n , Vn > 1. 

If u n < oo and bn < oo, then the limit liuin^oo a n exist. If there exists a subseqence 

{a ni ] C {a n } such that a ni -P 0, then lim ra _ ) . (X) a n = 0. 


2 Some important related properties 

Throughout in this paper, we assume that I = {1,2, ••• , r}, {T i }{_ 1 and (5j}{ =1 are two finite 
families of total asymptotically nonexpansive mappings on a nonempty subset K of the hyperbolic 
space TL defined by Definition 1.2, for each i £ I and all n > 1, {«„}, {An} and {An} are the same 
as in (1.1). We start with the following important related property of the general iterative process 
(1.1) for two finite families of total asymptotically nonexpansive mappings in a hyperbolic space. 

Theorem 2.1 Let K be a nonempty closed and convex subset of a hyperbolic space PL. For i £ /, 
let Ti : K — > K be a ({/A}, {fh}, p*)-total asymptotically nonexpansive mapping with lim^oo fi l n = 
0 and linin^oo = 0, and a strictly increasing continuous function p l : [0, +oo) — > [0, +oo) satisfying 
p®(0) = 0, and let A : K — > K, be a ({/*(,}, {£),}, p*)-total asymptotically nonexpansive mapping with 
linin-^oo f l n = 0 and lim n _ ) . 00 = 0, and a strictly increasing continuous function p 1 : [0, +oo) — > 

[0, Too) satisfying p l (0) = 0. Assume that F = Di=i(-f 1 (^i) FI F(A)) ^ 0, and for each i £ I, the 
following conditions hold: 

(i) En=i /4 < +°°> E”=i An < +°°> E^°=i Cn < +oo- E~=i Hi < +°°; 

(ii) there exists a constant M* > 0 such that 

p\r) < M*r, p l (r) < M*r, Mr > 0. 


Then, for the sequence {x n } in (1.1), lim n ^. 00 d(x n ,p) exists for all p £ F. 

Proof. Set p n = ma x ieI {p l n , p l n }, and £„ = max i6 /{^,^}, p = max, ;e /{p\ p 1 }. By condition 
(i), we know that E^}Li Pn < +oo, E^Li £n < +oo. For any p £ F and all n > 1, it follows from 
(1.1) that 

d ( Vn iP) F a rn d(T r x n , p) P (1 cx rn )d(W {x n , S r x n , An) > P) 

f a rn d(T r x nj p) T (3 rn d[x n ,p) P (1 oc rn f3 rn )d(S r x n ,p) 

— Ql rn [d{x n , p) + PnP r (d{x n ,p)) P£ r n \P/3 rn d(x n ,p ) 

+ (1 - a rn - (3rn)[d(x n ,p) + p r n p r (d(x n ,p )) + 1;] 

< a rn [d(x n ,p) P p n p(d(x n ,p)) +£„] + f3 rn d(x n ,p) 

+ (1 - a rn - /3 rn )[d(x n ,p) + p n p(d(x n ,p)) P £„] 

— ^rn[(f + Pnd^d ^)d(x n ,p) p Ai] T f3 rn d( i X n , p) 

+ (1 - a rn - An)[( 1 + p n M*)d(x n ,p ) + £„] 

— (1 P PnM*)d(x n ,p) P £ n (2-1) 

and 

dfljn+lt P) — &(r—l)nd(T r _iy ni p) T (1 ^(r—l)n^)d(W (y ni S r _ 1 y n , 0(j._ I'jnfp) 

— OC(r—l)nd(T r _iy n , p^ p 0(r—l)nd{ym P) 

T(1 *T( r— l) n f3(r—i)n')d( K S r _^y n ,p') 

< a^r-i)n[d{y n ,p) + p n p{d(y n ,p)) + £„] + /3(r-i ) n d(y n ,p) 

+ (1 - Q!( r - 1 )n - P(r-1 )n)[d(y n ,p) P p n p{d(y n ,p)) P £n] 

— &(r— l)n[(l T PnM )d(y n , p) p ^ n ] p (3{r— l)nd{ynj P) 

+ (1 — — A(r— l.)n)[(l + PnM*)d(y n ,p) p £„] 

<(1 Pp n M*)d(y n ,p)Pt n . (2.2) 
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Similarly, we have 

d{Pn+r— 2 ,P) — (1 T pn Al )dfy n +r— 3i P) T Cn , 
d(x n+ i,p) < (1 + II n M*)d{y n+r - 2 ,p) +Cn- 


Thus, 


d(x n+ i,p) < (1 + fi n M*Yd(x n ,p ) + 5^(1 + p n M*)^ n 

i = i 

< d(* n ,p) [l + + Q(p n M *) 2 + Q(/J„M 4 ) 3 


+ • • • + Q(/r„M*) r ] + 53(1 + n n M*y^ n 

3 = 1 
r— 1 

< (1 + a r n p n )d(x n ,p) + 53(1 + finMytn 

1 = 1 

< (1 + M 1 p n )d{x ni p) + M 2 £„, 


where = QM* + Q(M*) 2 p n + Q (M*) 3 (p n ) 2 + ••• + Q(M*) r (p n ) r \ and by virtue of 
condition(i), there exist positive constants Mi and M 2 such that a r n < Mi, ]T^~J(1 + p n M*)i < M 2 
for each n > 1. Applying Lemma 1.4 to the above inequality, we have linin^oo d{x n ,p) exists for 
each p £ F. □ 

In 1993, Bruck et al. [34] introduced a notion of asymptotically nonexpansive mapping in 
the intermediate sense. More accurately, a mapping T : K — > K is said to be asymptotical- 
ly nonexpansive mapping in the intermediate sense, provided that T is uniformly continuous and 
limsup^^sup x yeK {d{T n x,T n y)-d{x,y)} < 0. Put£„ =max{0,su p xyeK {d(T n x,T n y)-d(x,y)}} 
and Cn < Too, then d(T n x, T n y) < d(x, y) + for any n > 1 and x,y £ K. In more detail, 

see, for example, [20] and the references therein. 

The following result can be obtained from Theorem 2.1 immediately. 

Corollary 2.1 Let I\ be a nonempty closed and convex subset of a hyperbolic space 7~L. For 
i £ I, let Ti : K — > K be a {f’ n (-asymptotically nonexpansive mapping in the intermediate sense 
and let Si : K K be a {£^}-asymptotically nonexpansive mapping in the intermediate sense. If 
X ^°=1 Cn < +0°? sr=i in < + 00 for * e 1 and F = fli=i(- fl ( T i) n - F (‘S'i)) 7^ 0: then, for the sequence 
{x n } in (1.1), lim^—^oo d{x n ,p) exists for all p € F. 

Proof. Let f n = max ie /{^,^}, then in < +oo. The rest of the proof is trivial. □ 

Corollary 2.2 Let I\ be a nonempty closed and convex subset of a hyperbolic space 7~L. Let 
Ti : K — > K be a {/c^j-asymptotically nonexpansive mapping with Ki < + 00 and &i '■ K — » K 

be a {fc^j-asymptotically nonexpansive mapping with Ki < +°° f° r * S /. Assume that 

F = f)[ = i(F(Tj) fl F(Si)) y 0. Then, for the sequence {x n } in (1.1), lim n -iood(x n ,p) exists for all 
p £ F. 

Proof. Taking k n = max ieI {k l n ,k l n }, then Yfn=i k n < Too. Let p l (t) = p l {f) = t, = C n = 0, 
dh = kh i n Theorem 2.1 for i £ I. Then all the conditions in Theorem 2.1 are satisfied and so the 
result holds. □ 

Theorem 2.2 Let K be a nonempty closed and convex subset of a uniformly convex hyperbolic 
space H with monotone modulus of uniform convexity rj. For i £ I, let T,; : K — > K be a uniformly L,- 
Lipschitzian and ({/x],}, {^}, p*)-total asymptotically nonexpansive mapping with lim, woo p' n = 0 
and lim n _j. 00 £f n = 0, and a strictly increasing continuous function p 1 : [0, +oo) — \ [0, + 00 ) satisfying 
p*(0) = 0, and let Si : K — > K be a uniformly Lj-Lipschitzian and {{p l n }, {ih}, p*)-total asymptotical- 
ly nonexpansive mapping with linin^oo p' n = 0 and lim„_ ) . 00 = 0, and a strictly increasing continu- 

ous function p 1 : [0, + 00 ) — > [0, + 00 ) satisfying p l ( 0) = 0. Suppose that F = n[ = i(^ 7 '(Ti)nF(S'i)) ^ 0 
and the conditions (i) and (ii) in Theorem 2.1 hold. Then, for i £ I and the sequence {x n } generated 
by (1.1), we have 

lim d(x n , TiX n ) = lim d(x n , SiX n ) =0. 

n— >00 n— >00 
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Proof. It follows from Theorem 2.1 that lim n _ ) . 00 d(x n ,p) exists for each p £ F. Assume that 
linin^oo d(x n ,p) = c > 0. Otherwise the proof is trivial. 

Take limsup on both sides of inequalities (2.1) and (2.2). Since p, n — > 0 and £„ — > 0 as 
n — > oo, we have limsup^^QQ d(y n ,p) < c and limsup n ^. (X) d{y n j r \,p) < c. Similarly, we get 
limsup^^oo d(y n + r - 2 ,p) < c, and so in total 

limsupd(y n+ fe_i,p) < c, Vfc = 1, 2, • • • , r - 1. (2.3) 

n— >oo 

Carry liminf on both side of (2.4). Since 


r—2 

d(x n+1 ,p ) < (1 + pL n M*y- l d(y n ,p) + 53(1 + p n M*yf n 

7 = 1 


(2.4) 


we have 


liminf d(y n ,p) > c, 

n — >oo 


r—k—1 


d(x n +i,p) < (1 + p n M*) r k d(y n+k -i,p) + ^2 {1 + p n M*yfn, Vfc = 2,3, ■ ■ ■ ,r - 1. 

7=1 

Also taking liminf on both side of the above estimate, then we get 

lim inf d(y n +k-i,P) > c, Vfc = 2, 3, • • • , r - 1. 

n— >oo 

Thus, in total, 


liminf d(y n+k -i,p) > c, Mk = 1, 2, • • • , r - 1. 

n— >• oo 

Combining (2.3) and (2.5), we have 

lim d(y n+k -i,p) = c, Vfc = 1, 2, • • • , r - 1. 

n— >• oo 

For k = 1 in (2.6), we get 

lim d(W(7^*a; n , W(ar n ,S"a; n ,0 I . n ),a rri ),p) = c. 

n— >• oo 


Moreover, 


d{\V {pCni S r X n ,Q r ri) )P) drnd(x n , p) T (1 9 rn ^jd(^S r X n , p) 

< 9 rn d(x n ,p) + (1 - 0™)[(1 + p n M*)d(x n ,p) + 

< (1 + p n M*)d(x n ,p) + 


implies that 


Obviously, 


limsup d( W (x n , Sf x n , 9 rn ),p) < c. 

n— >oc 


limsup d(Tyx n ,p) < c. 

n— >oo 

It follows from (2.7)-(2.9) and Lemma 1.2 that 

lim d(Tyx n ,W(x n ,S?x n ,O rn )) = 0. 


(2.5) 


( 2 . 6 ) 


(2.7) 


(2.8) 


(2.9) 


(2.10) 


7 


1126 


Ting-jian Xiong et al 1120-1136 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Again, for k = 2, 3, • • • , r — 1, (2.6) can be expressed as 

d{W{T^_ {k _ 1) y n+k _ 2 , W (y n + k - 2 , S'”_ (fe _ 1) 2/n+fc-2, 6> (r _ fc+ i )n ), a (r _ fe+ i )n ),p) = c. 
By (2.3) and the inequality 

d(W (y n +k— 2 > y n +k — 2 J $(r— fc+l)n)i P) 

A d(r—k+l)nd{jJn+k — 2iP) A (1 9(r— k+\)n)d(S r _ 1) 7/ri-f-fc — 2 > P) 

— ^(r— k+l)nd{]Jn+k— 2i P) A (1 ^(r— fc+l)n) [(1 A (In Af )d(y n -\- k — 2 > P) A £n] 

< (1 A y n M*)d(y n+k _ 2 ,p) A 
now we know that 


limsupd(kF(y„ +fe _2,6 , "_ (A ._i ) y„ +fc _2,6» (r ._ fc+ i) n ),p) < c. 
n— >oo 

Further, 

limsupd(T”_ (fe _ 1) 2/ n+fc _2,p) < c, Vfc = 2,3, ••• ,r-l. 

n— >oo 

From (2.11)-(2.13) and Lemma 1.2, it follows that 

dfidr— (k— l)Vn+k— 2) ^(pn+fc— 2j Un+k— 2 > ^(r— fe+l)n)) 0 

for k = 2, 3, • • • , r — 1 and for k = r, we have 


lim d(x n+ i,p) = lim d(VF(T”2/n+r-2, W(y n+r _ 2 , S'”?/„ +r _2, 0i n ), ai„),p) = c. 

n— >• oo n— >oo 

Applying (2.3), the following estimate 


d(kF (pn+r— 2 , 5, y n +r— 2 i @1 n)iP) 

A ^lnd(|/n+r— 2i P) A (1 0i n ^)d(S^ Pn+r— 2iP) 

A 9l n d(y n -\- r — 2, p) A (1 ^ln)[(l A Pn Af )d(p n _f_ r _ 2, p) A £n] 

< (1 A (i n M*)d{y n+r - 2l p) A £„ 


implies that 


Also, 


limsupd(lF(j/„ +r _2,ST'2/n+r-2,6 , in),p) A C. 

n — >00 


lim sup d(T™y n+r _ 2 ,p) < c. 

n — >00 

Hence, (2.15)-(2.17) and Lemma 1.2 imply that 

lim d(T 1 r! y„ +r _2, VF(y 7l+r _2,S'( l 2/n+r-2,6 l i„)) = 0. 


Observe that 


^(^ri+i) T™y n+r _2) — d(W (T™y n+r _2, W {y n + r - 2 , S'"j/ n + r ._ 2 , 0in), ai n ), T™y n+r _ 2 

A (1 G!i n )d(l / F (pn+r— 2; Sq 2/n+r-2, ^ln)i Pn+r— 2 ) 

Aai n c?(T , "2/„ +r _2, T"y„ +r _2). 

Based on (2.18), this implies 


lim d(x n +i, T"j/ n + r _ 2 ) = 0. 

1 — >oo 

8 


( 2 . 11 ) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

) 

(2.19) 
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Similarly, since a < ai n , /3j n < b for all i £ I, we have 

d(x n +i,p) < a ln d(Tiy n + r -2,p) + (1 - ai n )d(W(y n +r-2,Siy n + r -2,0in),p) 

— ^ln^(*^n+l 5 P) + ^1 2/n+r— 2 ) 

-|-(1 C%i n ')d(yV (y n +r_2? *^l Vn+i — 2} @ln)i P) 

Ql 

^ . ^(^n+li -^1 Un+r— 2 ) T ^(FF (|/n+r— 2i $1 2/n+r— 2i @ln)iP) 

1 0 1 n 

< Y^ 7 d ( x n+i,T?y„+r- 2 ) + d(W(y n+r -2, S?y n+r - 2 , 0 i n ),p). (2.20) 

Taking liminf on both side of the estimate (2.20) and using (2.19), we have 

liminfd(lT(i/ n+r _ 2 ,S , "y n+r _ 2 , 6 'i n ),p) > c. ( 2 . 21 ) 

n— >• oo 

Combining (2.16) and (2.21), we get 

lim d{\V {lf ri j rr —2 1 ? Un+r— 2 ? ^in)> p) — C* (2.22) 

n—>oo 

By Lemma 1.2 and (2.22), we have 

lim d(y n+r -2,S^y n+r -2) = 0 . 

n— »■ oo 

In a similar way, for fc = 2, 3, • • • , r — 1, we compute 
d(y n+k — 1? -^7* — (fc — l)2/?T.+fc — 2) 

= d(W(T r r _(fc_l)2/n+fc— 2? (^/n+fc— 2^ — (fc— l)2/n+fc— 2} ^(r— fc+l)n)? — fc+l)n)> 

■^r— ( fc — 1 ) 2M+fc — 2 ) 

— (1 (%(r—k+l)n)d(W (y n _|_/ c _ 2 , $(? — fc+l)n)? ^ r _(fc_i)2/n+fc— 2 ) 

+a( r _fc + i) n d(T 7 r_(fc_i) 2 / n+ fc_ 2 , T 7 r_^_ 1 ) 2 / n+ fc_ 2 ). 

Utilizing (2.14), we have 

lim d{y n j rk -i,T^_ {k _ 1) y n j rk - 2 ) = 0, Vfc = 2, 3, • • • , r - 1 . (2.23) 

For k = 1, we calculate 


d(y n ,T™x n ) = d(W(T?x n ,W(x n ,S™x n ,6 rn ),a rn ),T™x n ) 

< a rn d(T™x n , T™x n ) + (1 - a rn )d(W(x n ,S?x n ,8 rn ),T?x n ). 

Now, using (2.10), we have 


lim d(y n ,T™x n ) = 0. 


(2.24) 


Reasoning as above, we get that 


d(y n : P) ^ _. , d(T , Pn) 4“ d( VF (x n , f> r , Qrn) iP) • 

1 — 0 


(2.25) 


Setting liminf on both sides of the estimate (2.25) and utilizing (2.6) and (2.24), we know 


lim inf d(W (x n , S™x n , 9 rn ),p) > c. 


(2.26) 


Inequalities (2.8) and (2.26) collectively imply that 


lim d(W(x n , S?x n , 0 rn ),p) = c. 


(2.27) 
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Consequently, Lemma 1.2 and (2.27) imply that 

lim d(x n , S™x n ) = 0. 

n — Poo 


Note that 


d(x„,T"x„) 


^ d(x ni Un) “P d(y ni T r X n ) 

^ ot r nd(x n , T r x n ) -p ( 1 o rT , )d( W ( x n , S r x n , dm ') , x n ) T d(y n , T r 

< (1 - 9 rn )d(x n , S?x n ) + - — d(y n ,T™x n ) 

1 Ot-rn 

< yd(x n ,S"x n ) + Y^—^d(]J n ,TrX n ). 


From (2.24) and (2.28), we have 


lim d(x n ,T™x n ) = 0. 

n— Poo 


Moreover 


diXmVn) — (%rnd(x ni T r X-n) ( 1 Oc rn )d(^X n ,}\f {x n , S r X n ,6 rn )^) 

^ Oirnd{x ni T r Xn) “p (1 O rn /? rn )d(x n , *5^ X n ) 

< bd(x n ,T™x n ) + (1 - 2a)d(x„,5”x n ). 

By (2.28) and (2.29), we have 

lim d(x n , y n ) = 0. 

n— Poo 

Again, reasoning as above, we have 

^(^/n+fc— 1>P) — ^(^(l/n+fc— 2? *5 r — (fc— i)2/n+fc— 27 ^(r— £+ 1 ) 71 ) 7 ^) 

+ I^5 d(T; _(fc_i)2/n+fc— 2? 2/n+fc— l)* 

Now, Utilizing (2.6) and (2.23), we get 

liminf d(FF(2/ rl +fc- 2 , , S , ”_( fc _ i )2 / n+fc-2,0( r _fe+ i )n),p) > c. 

Thus, (2.12) and (2.31) imply in total 

lim d(yV(y n -i-k— 2 , S r _(j z _-^y n +k— 2 , @(r— k+i)n)i P) = C 
and by Lemma 1.2, we conclude that 

lim d(y n+k - 2 , <S'"_ (fe _ 1) y„ + fc_ 2 ) =0, Vfc = 2, 3, • • • , r - 1. 

Also, 


d(y n +k— 21 ^' r _(fc_i)2/n+fc— 2) 

A d(y n +k- 2 , Vn+k-l) "P d(fc+t-l,l)._(|l;_l)S/n+l:-2), 

^7 — (fc_ i)2/n+fc — 2) $(r— fc+l)™)’ ^(r— fc+l)n)) “P ^(l/ra+fe— 1) T) — (fe_l) 2/ra+fc— 2) 

— d{y n +k — 1 1 Tj — (fc_i)2/n+fc — 2) + CK(t — k+l)nd(yn+k—2 1 T r —(k—l)yn+k—2) 

“P(l ^(r— fc+l)n)^(l/n-f-A;— 2 , ^^(2/n+fc— 2? ^ r —(^k—l)yn+k— 2 : @(r— fc+l)n)) 

d{y n +k— 1 j T, — — 2) ~P CK(t — k+l)nd(yn+k—2,T , — (fc_l)2/n+fc— 2) 

T(1 ^(r— fc+l)n fi(r— k+l)n)d(y n -\-k— 2, 2) 

— ^ _ ,d(y n -\-k-i,T r _( k _^y n +k-2) 4 — — —d(y n +k- 2> S r _(k_i)y™+k- 2)- 
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Now, it follows from (2.23) and (2.32) that 

lim d(y n+k - 2, T r n _( fe _i)J/n+fc-2) = 0, Vfc = 2, 3, • • • , r - 1. (2.33) 

n— Poo v 7 

For k = 2, 3, • • • , r — 1, we have 

d{y n +k— 2i Un+k — l) ^ d{y n +k— 2, T r _(k_\)yn+k— 2) 4" d(T' r _(k_i)t/ n -|-fc_2) yn+k— !.)■ 

Hence, (2.23) and (2.33) imply that 

lim d(y n +k- 2 ,yn+k-i) = 0. (2.34) 

n— >00 

Additionally, 


d(x n , y n +k- 1) < d(x„, y„) + d(y„, j/ n +i) 4 b d(y n+k - 2, J/n+fe-i)- 

By (2.30) and (2.34), we have 

lim d{x ni y n+k ~i) = 0, Vfc = 1, 2, • ■ • , r - 1. (2.35) 

n— Poo 

Let L = maxj g /{L.j, L,}, where Li and Aj are Lipschitz constants for T) and S, : for i £ I, 
respectively. Since each T) is uniformly A-Lipschitzian for i £ 1 1 we have 

d(x n ,Ti x„) A d(x n ., y n -\- r —i— 1) A d(y n _j_ r _i_i, X) x n ) 

A d{x n , y n + r ^i— 1) A d(y n _j_ r _2_i , T) yn+r— i— 1) A d(A) y n -\- r —i—i > A) £n) 

A ( 1 A L')d[x n ,y n -\- r —i—\) A d{y n ^. r — i— i,T^ yn+r— z— 1) 

for 1 < i < r — 1 . 

It follows from (2.33) and (2.35) that 

lim d(x„, T” a; n ) = 0, VI < i < r — 1. (2.36) 

n— Poo 

Moreover, 

d(x n ,TiX n ) < d{x n ,TiX n ) A d(Ti XmT^yn+r-i-i) A d(T"y n+r _,_ i,TiX„) 

A d{x n ,Ti Xn') Ld(x n ,y n -\- r —i— 1) A Ad(A) yn+r— i— 1, *Tn) 

A d(x n ,T) x n ) A 2Ld{x n ,y n + r -i-\) A Ld(T ) yn+r— i— 1, 2 /n+r— i)- 

Thus, (2.33), (2.35) and (2.36) (or (2.29)) imply that d(x n ,TiX n ) -A 0 as n — ► 00 and so 

lim d(x n ,TiX n ) = 0, VI ft i < r. 

n— Poo 

Similarly, we have 

lim d(a; n , StX n ) =0, VI < i < r. 

n— Poo 

This completes the proof. □ 

The following results can be obtained from Theorem 2.2 immediately. The proof is similar to 
Corollaries 2.1 and 2.2, respectively, and so they are omitted. 

Corollary 2.3 Assume that A" and A are the same as in Theorem 2.2. For i £ I, let T) : K — > K 
be a uniformly L,-Lipscliitzian and {£^}-asymptotically nonexpansive mapping in the intermediate 
sense and Si : K — > K be a uniformly Aj-Lipschitzian and {£^}-asymptotically nonexpansive map- 
ping in the intermediate sense. If £n < +°° and th < + 00 f° r * 4 /, then, for the 

sequence {a: n } in (1.1), 

lim d(x n ,TiX n ) = lim d(x n , SiX n ) =0, Vi £ I. 

n— Poo n— Poo 
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Corollary 2.4 Suppose that K and F are the same as in Theorem 2.2. For i £ I, let 
Tj : I\ — > K be a uniformly L.j-Lipschitzian and {fc^j-asymptotically nonexpansive mapping with 
Ki < +00) and S{ : K K be a uniformly Lj-Lipschitzian and {fc^j-asymptotically nonex- 
pansive mapping with Ki < +oo. Then, 

lim d(x n ,Ti,x n ) = lim d(x n , SiX n ) = 0, i£l, 

n— >oo n— >oo 

where {x n } is the sequence defined by (1.1). 

Remark 2.1 (1) It is worth mentioning that Theorems 2. 1-2.2 can easily be extended to a more 
general class of total asymptotically quasi-nonexpansive mappings for the iteration process (1.1). 
And the proofs of Theorems 2. 1-2. 2 are greatly differ from those of Lemmas 2.1 and 2.2 in [21]. 
Further, Corollaries 2.1 and 2.3 (Corollaries 2.2 and 2.4, respectively) are so. 

(2) Moreover, conclusion of the Theorem 2.2 (Corollaries 2.3 and 2.4, respectively) can be ex- 
tended to a more general class of weakly total-asymptotically quasi-nonexpansive mappings (weakly 
asymptotically quasi-nonexpansive mappings asymptoticallyin in the intermediate sense and weakly 
quasi-nonexpansive mappings). For concepts of the weakly properly, see, for example, Fukhar-ud-din 
and Khan [21]. 

3 Approximation of common fixed points 


In this section, we approximate common fixed points of two finite families of total asymptotically 
nonexpansive mappings in a hyperbolic space. More briefly, we establish A-convergence and strong 
convergence of the iteration process (1.1) for two finite families of total asymptotically nonexpansive 
mappings in a hyperbolic space. 

Theorem 3.1 Let K be a nonempty closed and convex subset of a complete uniformly convex 
hyperbolic space Td with monotone modulus of uniform convexity rj. For i £ I, let 7) : K — > K, 
i £ I = {1, 2, 3, • • • , r} be a uniformly L r Lipschitzian and ({a*^,}, {£„}> P*)-total asymptotically 
nonexpansive mapping with linin^oo p l n = 0 and lim^-voo = 0, and a strictly increasing continuous 
function p l : [0, +oo) -» [0, + 00 ) satisfying p*( 0) = 0, and let 5, : K — > K be a uniformly Lj- 
Lipschitzian and ({An}, {£«}, P*)~ total asymptotically nonexpansive mapping with linin^oo p l n = 0 
and lim„_ ) . 00 £f n = 0, and with a strictly increasing continuous function p l : [0, + 00 ) — > [0, + 00 ) 
satisfying p l { 0) = 0. Assume that F = f)[ =1 (-F(T’j) n F(Si)) ^ ® an d f° r * S /, the following 
conditions hold: 

(i) £~=i /4 < +°°, £~=i fin < +°°, En= 1 C. < +00, £“ =1 H < +00. 

(ii) There exists a constant M* > 0 such that p l (r) < M*r and p l (r) < M*r for all r > 0. 

Then the sequence {x n } defined in (1.1) A-converges to a common fixed point p £ F. 

Proof. Since the sequence {x n } is bounded (by Theorem 2.1), therefore Lemma 1.1 asserts that 
{x n } has a unique asymptotic center in K . That is, A({x n }) = {x}. Let {v n } be any subsecjuence 
of {x n } such that A({v n }) = {u}. Then, by Theorem 2.2, we have 


lim d(v n ,TiV n ) = lim d(v n ,SiV n ) = 0, \/i£l. 


(3.1) 


We claim that v is the common fixed point of {7i}i=i anc ^ {5)}i=i- 

For each i £ J, define a sequence {z m } in K by z m = T'[ n v. Then, we calculate 

d(z m ,v n ) < d(T™v,T™v n ) + diT^v^T^Vn) + • • • + d(T x v n ,v n ) 


< [d(v,v n ) + p z m p l (d(v,v n )) + Cm] + d ( T i +lv n, T iV n )- 

3=0 

Since each 1} is uniformly Lj-Lipschitzian with the Lipschitz constant for i £ /, the above 
estimate yields 


d{z m , Vn) < [(1 + p m M*)d(v, v„) + £ m ] + rnLd(TiV n , v n ), 

12 


(3.2) 
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where L = ma Li}. 

Taking limsup on both sides of (3.2) and using (3.1), we have 

r(z m ,{v n }) = limsup d(z m ,v n ) < limsup d(v,v n ) = r(v,{v n }), 

n— >oo n—> oo 

which implies that | r(z m , {v n j)—r(v, {u n })| — > 0 as m — > oo. It follows Lemma 1.3 that lim TO _ ) . 00 T™v = 
v. by the uniform continuity of T), we know that 

Ti(v) = T( lim T™v) = limm — > ooT m+1 u = v. 

m— >oo ' 

From the arbitrariness of i £ I, we conclude that v is the common fixed point of {Tj}t =1 . Similarly, 
we can show that v is the common fixed point of . Hence, v £ F. 

Next, we claim that the common fixed point v is the unique asymptotic center for each subse- 
quence {v n } of {x n }. 

Contrarily, v ^ x. It follows Theorem 2.1 that limn-^ d(x n ,v) exists, and by the uniqueness of 
asymptotic centers, we have 

limsupd(u„,u) < limsup d(v n , x) < limsupd(:r ra ,:r) 

n— >oo n— >oo n— >oo 

< limsup d(x n , v) — limsupd(u„,u), 

n— >oo n— >oo 

a contradiction. Therefore v = x. Since {v n } is an arbitrary subsequence of {x n }, A({tv,,}) = {a;} 
for all subsequence {v n } of {x n }, this proves that {x n } A-converges to a common fixed point x of 
[Ti\U and _ □ 

From Theorem 3.1, we have the following result. 

Corollary 3.1 Let K be a nonempty closed and convex subset of a complete uniformly convex 
hyperbolic space LL with monotone modulus of uniform convexity r ]. For i € J, let Tj : K — > K be a 
uniformly Lj-Lipscliitzian and {^}-asymptotically nonexpansive mapping in the intermediate sense 
and Si : K — y K be a uniformly L.j-Lipschitzian and {^}-asymptotically nonexpansive mapping in 
the intermediate sense. If for all i € I , £« < + 00 an( l in < +oo, and F = n[=i(-^(^i) C 

F{Si)) ^ 0, then the sequence {x n } defined in (1.1) A-converges to a common fixed point p € F. 

Corollary 3.2 Let K be a nonempty closed and convex subset of a complete uniformly convex 
hyperbolic space T~L with monotone modulus of uniform convexity rj. For i £ I, let Tj : K — > K be 
a uniformly L,;-Lipschitzian and {fc^j-asymptotically nonexpansive mapping with < +°o, 

and Si : K — > K be a uniformly Lj-Lipschitzian and {fc^}-asymptotically nonexpansive mapping 
with X)~=i k l n < +oo. Assume that F = fX=i(F(Ti) r\F(Si)) ^ 0. Then the sequence {x n } defined 
in (1.1) A-converges to a common fixed point p £ F. 

Proof. Based on Corollaries 2.2 and 2.4, and the proof of Theorem 3.1 in [21], the result holds. 

□ 

In order to prove strong convergence of the iteration (1.1) for two finite families of total asymp- 
totically nonexpansive mappings in a hyperbolic space, we first give the following conditions: 

(H) There exists a nondecreasing self-mapping on [0, + 00 ) with /( 0) = 0 and f(t) > 0 for all 
t £ (0, + 00 ) such that d(x, Tx ) > f(d(x, F(T))) for all x £ K, where T : I\ — > K is a nonlinear 
mapping with F(T) ^ 0 and d(x,F(T)) = ini{d(x,y) : y £ F(T)}. 

The condition (H) was introduced by Senter and Dotson [35]. Further, based on works of [21, 36, 37], 
for two finite families of total asymptotically nonexpansive mappings {!), i £ 7}( =1 and {Si, i 6 7})_ 1 
on K C F. with F = n '*)) ^ 0, condition (H) becomes as follows: 

(A) d(x,Tx) > f{d(x, F)) or d(x, Sx) > f(d(x, F)) holds for x £ K and for at least one T £ {Tj}t =1 
or S £ {S'ij’L.-L, where d[x,F) = ini{d{x,y) : y £ Fj. 

(B) d( x, Tix) + d(x, Six) > f(d(x, F)) for x £ K and i £ I. 

( c i) ^(Z)i=i d(x,Tix) + E[=i d(x,Six)) > f(d(x, F)) for x £ K. 
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(C 2 ) 5 ( m axi<j< r d(x, TiX ) + maxKK,. d(x, Six )) > f(d(x, F)) for x £ K. 

(C 3 ) max { max!<j< r d(x, Tjcc), max!<j< r d(x, S',;®)} > f(d(x,F)) for x £ K. 

Note that the conditions (A), (B) and (Ci)-(C 3 ) are equivalent to the condition (H), if I) = 5, 
for i £ I. We shall use condition (Ci) or (C 2 ) or (C 3 ) to study strong convergence of the iteration 
( 1 - 1 )- 

Now we give the following lemma for proving the strong convergence. 

Lemma 3.1 Let K, H, {T t } r i=1 , and {x n } be as in Theorem 3.1. Then {x n } converges 

strongly to some p £ F if and only if 


liminf d(x n , F) = 0. 

n— too 

Proof. If {x n } converges strongly to p £ F, then linin^oo d(x n ,p) = 0. Since 0 < d(x n ,F ) < 
d(x n ,p ), we have liminf^^oo d(x n , F) = 0. 

Conversely, suppose that liminf^^oo d(x n , F ) = 0. It follows from Theorem 2.1 that linin^oo d(x n , F ) 
exists. Now liminf n _^ 00 d(x n , F) = 0 reveals that linin^oo d(x n , F) = 0. 

Next, we show that {x n } is a Cauchy sequence. By last inequalities in the proof of Theorem 2.1 

d(x n+ i,p) < (1 + Mifi n )d(x n ,p) + A'hfn, 

taking infimum on p £ F on both sides in the above inequality, we have 


d(x n+ i,F) < (1 + M 1 p, n )d(x n , F) + M 2 £ n - 

On account of J2^=i l^n < 00 , Yl™=i£n < 00 , set = M. Let Ve > 0. Since 

linin^oo d(x n ,F) = 0, for any given e > 0, there exists a positive integer no such that 

OO 

d(Xnc,F) < (3 ' 3) 

x ' n=n 0 

The first inequality in (3.3) implies that there exists po £ F such that d(x no ,po) < 2 (m+i) ■ 
Hence, for any n > no and m > 1, we have 


d(x n Q+mi X n 0 ) ^no+mj Po) “1“ 

< [e Ml ^ fc ="0 + l]d{x no ,p 0 ) + M 2 [£ no+ m - 1 

+in 0 +m- 2 e Ml ^0+— 1 + ^„ 0+m _ 3 e Ml ^fc=n 0 +m-2/ 


+ ---+^ 0 e Ml =o + T«] 

00 

< (M + l)d(x no ,p 0 ) + MM 2 ^2 tn 

n=no 

<(M + !) „,,/ , „ +M 2 ; 


2(M + 1) 


' 2MM 2 


= £. 


This implies that {a;™} is a Cauchy sequence in "H. Sine K is a closed subset of a complete 
hyperbolic space "H, it is complete. We can assume that limn-n*, x n = q , and q £ K. It is easy to 
see that F(T) is a close subset in K, so is F(T). Since lim^oo d(x n , F) = 0, we obtain q £ F(T). 
This completes the proof. □ 

We now establish strong convergence of the iteration process (1.1) based on Theorem 2.2. 

Theorem 3.2 Suppose that K, H, {T)}( =1 , {5j}[ =1 and F be the same as in Theorem 3.1, and 
{ Tj, } (— 1 , and {S'j}[ =1 , satisfies condition (Ci) (or (C 2 ), or (C 3 )). Then the sequence {x n } defined 
in (1.1) converges strongly to some p £ F. 

Proof. It follows from Theorem 2.1 that lim.,^^ d{x n ,F) exists. Moreover, Theorem 2.2 implies 
that linin^oo d(x n , TiX n ) = limn^oo d(x n , SiX n ) = 0 for each i £ L Thus, the condition (Ci) (or 
(C 2 ), or (C 3 )) guarantees that lim^oo f{d{x n , F)) = 0. Since / is nondecreasing with /( 0) = 0, 
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it follows that lim-n^oo d(x n , F) = 0. Then, Lemma 3.1 implies that {x n } converges strongly to a 
common fixed point p £ F. □ 

From Theorem 3.2, we have the following results. 

Corollary 3.3 Let K , H, {T,:}L =1 , {5j}[ =1 and F be the same as in Corollary 3.1. Suppose that 
{Ti}[ = i, and {S',}t =1 , satisfies condition (Ci) (or (C2), or (C3)). Then the sequence {x n } defined 
in (1.1) converges strongly to some p £ F. 

Corollary 3.4 Assume that K , H, {T,:}t =1 , {S’ i }L =1 and F are the same as in Corollary 3.2, and 
{T»}i=i, and {<%}£_!, satisfies condition (Ci) (or (C 2 ), or (C 3 )). Then the sequence {x n } defined 
in (1.1) converges strongly to some p £ F. 

Theorem 3.3 Let K , "H, {Tj}[ =1 , {S' i }t_ 1 and F be the same as in Theorem 3.1. Suppose 
that either Ti £ {T,;}L =1 or Si £ {A,}[ =1 is semi-compact. Then the sequence {x n } defined in (1.1) 
converges strongly to p £ F. 

Proof. Let T) £ {Tj}t =1 is semi-compact. By Theorem 2.2, we know that linin^oo d(T.iX n ,x n ) = 0 
for all i £ I . By Theorem 2.1, {x n } is bounded and T) is semi-compact, there exists a subsequence 
{x nj } of {x n } such that x n . — > q as j — > 00. By continuity of T t and Theorem 2.2, we obtain 

d(q, T-iq) = lim d{x n ,TiX n ) = 0, i £ I. 

j -* 00 J 

This implies that q is the common fixed point of {Tj}T =1 . Similarly, we can show that q is the 
common fixed point of {Si}[ =1 . Hence, q £ F. Again, by Theorem 2.1, lim^oo d(x n , q) exists. 
Therefore, q is the strong limit of the sequence {x n }. As a result, {x n } converges strongly to a point 
q. ' □ 

From Theorem 3.3, we have the following results. 

Corollary 3.5 Let AT, H, {Tj} r i=1 . {Si}i=i and F be the same as in Corollary 3.1. Suppose 
that either Ti £ {T,;}L =1 or Si £ {5i}i=i is semi-compact. Then the sequence {x n } defined in (1.1) 
converges strongly to p £ F. 

Corollary 3.6 Suppose that K, H, {Tj}[ =1 , {.S',}[ =1 and {x n } be the same as in Corollary 3.2, 
and either X) £ {T)}^ or Si £ {.S',}[ =1 is semi-compact. Then the seciuence {x n } defined in (1.1) 
converges strongly to p £ F. 

Remark 3.1 (1) If the uniformly convex hyperbolic spaces with modulus of uniform convexity 
reduce to CAT(O) spaces, and iterative process (1.1) reduce to iterative process (1.3), Theorem 3.1, 
Lemma 3.1, Theorem 3.2 reduce to Theorems 3. 1-3.3 proved by Thakur et al. [7], respectively. 

(2) If r = 3 and ati n = 0 and S\ = S 2 = • • • = S r = T, Theorem 3.1, Lemma 3.1, Theorem 3.2 
and Theorem 3.3 become to Theorems 1-4 in [5], respectively. 

(3) If the uniformly convex hyperbolic spaces with modulus of uniform convexity reduce to 
CAT(O) spaces, and r = 3 and a, n = 0 and = S% = ■ • • = S™ = T, where T is a nonexpansive 
mappings on K C 'H , Theorem 3.1, Lemma 3.1, Theorem 3.2 are equivalent to Theorems 1-3 of [6], 
respectively. 


4 Concluding remarks 

In this paper, we introduced and studied the following new general iteration for two finite families 
of total asymptotically nonexpansive mappings in hyperbolic spaces TL: 

Xn+l H ( 7 | 2 /n-t-r— 2 , b! (^n-t-r— 2 , Vn+r— 2i@\n ) ; ^ln ) 5 
Un+r—2 — Un+r— 3) (lln+r— 3? ^2 Vn+r— 3? ^2n)> ^2n)i 

Un+r — 3 = ^(^3 Vn+r— 4) {iJn+i — 4, $3 2/n+r— 4, @3n)t &3n)i 

(4.1) 

Vn+l = lH(T' r _^yri, W (y n , S r _py ni ^(r— l)n), ^(r— l)n), 

y n = W(T?x n ,W(x n ,S?x n ,9 rn ),a rn ), 
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where {Tj}L =1 and {S'j}[_ 1 be two finite families of total asymptotically nonexpansive mappings on 
nonempty closed and convex subset K C TL , {ctj„} and {/3j n } are two double real sequences in [0, 1], 
and for each * £ I = {1, 2, • • • , r}, r > 2 and n > 1, 0j n := . 

In order to prove A-convergence and strong convergence of the iteration (4.1) in hyperbolic spaces, 
we gave and analyzed some important related properties to the new general iterative processes (4.1), 
and proposed some meaningful illustrations for clarifying the results presented in this paper, which 
show that our results extend and improve the corresponding results of iterative approximation for 
asymptotically (quasi-) nonexpansive mapping, (generalized) (quasi-) nonexpansive mapping of all 
normed linear spaces, Hadanrard manifolds and CAT(O) spaces as special cases. Our results extended 
and improved the corresponding results of [1, 2, 4-7, 9, 21]. 

It is well known that iterative processes as ubiquitous in the area of abstract nonlinear analysis 
and still remain as a main tool for approximation of fixed points of generalizations of nonexpansive 
maps. Furthermore, the analysis of general iterative processes, in a more general setup, is a problem 
of interest in theoretical numerical analysis. Therefore, on two finite families of total asymptoti- 
cally nonexpansive mappings in the setting of the general iteration (4.1), the following two open 
questions will be worth further studying:. 

(1) If some errors are added in the iteration (4.1), such as the iterative approximating scheme (3.1) 
in [11], can the A-convergence and strong convergence presented in this paper be proved? 

(2) When T) and S) (i € I) in (4.1) become total asymptotically quasi-nonexpansive mappings, 
whether do the results of Theorems 3. 1-3.3 hold? 
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Abstract 

In the present article, we establish an integral identity for Riemann- 
Liouville fractional integrals. Some Simpson type integral inequalities 
utilizing this integral identity are obtained. It is worth mentioning that 
the presented results have close connection with those in [M. Z Sarikaya, 
E. Set, M. E Ozdemir, On new inequalities of Simpson’s type for s-convex 
functions, Computers and Mathematics with Applications, 60 (2010), 
2191 -2199)]. 

Subject class: [2000] 26A15, 26A51, 26D10. 

keywords: Simpson’s Inequality, Convex Functions, Power-mean Inequal- 
ity, Riemann-Liouville Fractional Integral. 


1 . Introduction 

The following definition for convex functions is well known in the mathe- 
matical literature: 

A function / > R. is said to be convex on /, if inequality 

/ (tx + (1 - t) y) < tf (x) + (1 - t) f ( y ), for all x,y € I,t G [0, 1] 

Many inequalities have been established for convex functions but the most 
famous is the Simpson’s inequality, due to its rich geometrical significance and 
applications, which is stated as [9]: 
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Theorem 1 Let f : [a, b] —> R be a four times continuously differentiable 
mapping on ( a,b ) and ||/( 4 )|| = sup xe ( a() ) |/^ (a;)| < oo, then we have the 

following inequality: 


1 

6 


/(a) + 



>) 



f(x) dx 


1 

“ 2880 



(6 -a) 4 . 


(!) 

For recent refinements, counterparts, generalizations and new Simpson’s type 
inequalities, see [[9]-[ll]]. 

In [10], Dragomir et. al proved the following recent developments on Simp- 
son’s inequality for which the remainder is expressed in terms of derivatives 
lower than the fourth. 


Theorem 2 Let f : [a, b\ — > K. is a differentiable mapping whose derivative is 
continuous on ( a,b ) and f £ L[a,b], Then we have the following inequality: 


1 

6 


/(a) + jj/ 



(/(ft) 



f (x) dx 


< 


a) 

3 


mi 


i ’ 


(2) 


where \\f\\ 1 =f*\f(x)dx\. 

The bound of (2) for L-Lipschitzian mapping was given in [8] by (b — a) . 
In [8], Sarikaya et. al presented inequalities for differentiable convex func- 
tions which are linked with Simpson’s inequality, and the main inequality in [8], 
pointed out, is as follows. 

Theorem 3 Let f : I C [0, oo) — > ffi. be a differentiable mapping on 1° (interior 
of I ) such that f £ Li [ a , b\ where a,b £ I with a < b. If \f'\ is s— convex on 
[a, b\, for some fixed s £ (0, 1] , then the following inequality holds: 


1 1 1 ^ , 2 ( a+b 

5 /w + 5 / — 


>> 


1 


< (b — a) 


b — a 

(s - 4)6 S+1 + 2 x 5 S+2 - 2 x 3 S+2 + 2 
6 S+I (s + l)(s + 2) 


f(x) dx 

( l/ , ( a )l 


I /'(ft) I )■ (3) 


Proposition 1 Under the assumptions of Theorem 3 with s = 1, we have the 
following inequality, 


1 

6 


/ ( a )+ \f 


a + b 




f(x) dx 


< 


^2-^( l/'WI + l/'WI )• 

(4) 


Proposition 2 Under the assumptions of Theorem 3 with / (a) = f ( s ^) = 
f ( b ), we have the following inequality, 
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1 

b — a 


f{x)dx 





( 5 ) 


Theorem 4 Let f : I C [0,oo) — > I be a differentiable mapping on 1° such 
that f € L\ [a, b\ where a,b £ I with a < b. If \f'\ q is s— convex on [a, b], for 
some fixed s £ (0, 1] and q > 1, then the following inequality holds: 


\f <°> + f/ 


a + b 


+ 6 f ® 


1 


b — a 


f(x) dx 


< 


b — a 


1-1/9 


u 

' 2 x 5 S+2 + (s - 4)6 S+1 - (2s + 7)3 S+1 ' 

1 f'(h)\ q 4- 

(2s + l)3 a+1 + 2 

H 

3 x 6 S+I (s + l)(s + 2) 

\J \°)\ + 

3 x 6 S+I (s + l)(s + 2) 


(2s + 1)3 S+1 +2 


[3 x 6 s +!(s + l)(s + 2)J 


i mr+ 


2 x 5 S+2 + (s - 4)6 S+1 - (2s + 7)3' 


S+ll 


3 x 6 S+I (s + l)(s + 2) 


| f(a)\ q 

| /'(a) | 


1/9 


1/9 


Proposition 3 Under the assumptions of Theorem 4 with s = 1, we have the following 
inequality , 



Proposition 4 Under the assumptions of Theorem 4 with f (a) = f = f (b), 

we have the following inequality, 




< — - ( 5) 1 - 179 
- 72 K 1 



\f'(b)\ q + 


29 

648 



Definition 1 Let f £ ^/[a, 6]. The left— sided and right— sided Riemann— Liouville 
fractional integrals of order a > 0 with a > 0 are defined by 


Ja+f( x ) = TTR [ (x-tT 1 fff)dt, a < x 
r («) Ja 

and 

Jb-f( x ) = /* (* — x) a ~ 1 f(t)dt, x < b 

r (a) Jx 

respectively, where T(.) is Gamma function and its definition is T(a) = e~“u a ~ 1 du. 
It is to be noted that J°+/( x) = J°-f(x) = f(x). 
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In the case of a = 1, the fractional integral reduces to the classical integral. 

Properties relating to this operator can be found in [5] and for useful details on Simp- 
son’s type inequalities connected with fractional integral inequalities, the interested 
readers are directed to [1] 

The main aim of this paper is to establish new Simpson’s type inequalities for 
Riemann— Liouville fractional integral using the convexity as well as concavity, for the 
class of functions whose derivatives in absolute value at certain powers are convex 
functions, we will derive a general integral identity for convex functions. 


2. Main Results 

In order to prove our main results we need the following integral identity: 

Lemma 1 Let I C R be an open interval, a,b £ I with a < b and f : [a, 6] — > R be a 
differentiable function such that f is integrable and 0 < a < 1 on (a, b) with a < b. 
If 1/1 convex on [a, 6], then the following identity for Riemann— Liouville fractional 
integrals holds: 


1 

6 


/(a) + |/ 


fa + b 


+ 6 /(*) 


r(a + l) 

2(6 - a)“ 




b — a 
2 a + 1 


[h +h + (2“ - 


!)(/:< -Ml: 


where 

h = /o 1 (I - 1 a - t) a ) f\tb + (i - t)*±*)dt, 

h = fa 1 (| (1 - t) a - I) f'(ta + (1 - t)^)dt, 

I 3=fo ( 2(2 «-l) ( 1 + t T ~ 2 ( 2 ^= 1 ) - |) f'{tb+(l~t)^)dt, 
I 4 = fo ( 2 ( 2 <* — 1 ) “ 2(2“-l) C 1 + f) a + l) f'( ta + (1 - t) 9 4fl)dt. 


Proof. Integrating by parts, we have 

'■"f (s -i< I -‘>“)/'<“ + < 1 -*) 


a + b 


)dt 


2(\-\{i-ty)atb + {i-f)^)dt 


b — a 
2 

b — a 


b — a 


ln») + lf fa + b 


2a 
b — a 


(1 -t) a+1 f(tb+ (1 -t) a ^)dt 
~j (l-f)“ +1 /(f6+(l-t)^y^)dt 


f(b) + lf fa + b 


0 
2 a 
b^ 

2 a g 
( b-a )' 


rJ 3 . 
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h= I ( 


(1 + tr ~ 2 (2** — 1) ” + (1 ” V^T )dt 


o ' 2 (2“ — 1) 

2 [ 2(2^11 (1 + *)“ - 2(2^ - l] m + (1 - t)*¥)dt) 


b — a 
2a 

(6-a)(2“- 1) Jo 


[\l + t) a+1 f(tb+(l-t) 

Jo 


a + b 


)dt) 


(2“ - 1) h = 


— a 
2 

b — a 




a + b 
2 

a + b 
2 


2(a+ 1) 
b — a 

oa „ 

2 a: 

' (6-«r 


[\i+t) a+i f(tb+(i-t) 

Jo 


a + b 


)dt) 


Ji. 


Analogously: 

^ = + a [\f^) + y{+)\-jB+J^ 

(2“-l)/4 = ^[|/(6) + |/(^)]- 


Adding above equalities, we get 


( b-a y 


UT 


Ji. 


b — a 


\f <°> + \f 


a + b 


+ - 6 f( b ) 


2 (6 — a) c 


[J] + Ji + J3 + Ji\ 

= h + h + (2“ - 1) (J 3 + It) ■ 


Now making suitable substitutions, we have 

Ji = Jo 1 (1 - 0 a+1 nta + (1 - t)2?)dt = ++ f a a+b/2 (u - a)"- 1 f(u)du 
Ji = fo (l + t) a+1 f(tb+(l-t)^)dt = ++f b +b/2 (u - a)“ _1 f(u)du 


Jl + J 2 — 


ip-aY 


f a b (u - a) a ~ 1 f(u)du = ™J“-/(a) 


likewise 

■*» = fo 1 (i - o a+1 r(tb + (1 - t)*¥)<tt = j b +b/2 ( b - ut - 1 f{u)du 

J 4 = fo 1 0 + t) a+1 f(ta + (1 - t)sjy)dt = y +b/2 (6 - u) a_1 /(u)du 

J3 + Ji = ( 6 _ a ) 

which completes our proof. 


/> - uY- 2 f{u)du = 2 ++u: + m 


n 


Theorem 5 Let f and f' be defined as in Theorem 4 and if \ f'\ is convex on [a, 6], 
then the following identity for Riemann— Liouville fractional integrals holds: 


lna) + 2 -f 


a + b 


+ 6 


r(a + l) 

2(6 - a) a 


[j: + m+j?~f(a)\ 


< \f'(a)\ + \f'(b)\ ). (6) 


where ipi = K\ + K2, tfi = K3 + Ki 

Proof. By using the properties of modulus on Lemma 1, we have 


1 


a + b\ 1 


6 / (“) + 3 / — +6^ 


2c- a + 2 
6 (a + 1 ) 


2 “ - 1 1 
3 h 2 


(2d - 3) - 


r(a + l) 

2(6 - a)“ 

1 


[j: + f(b) + Jb-f( a )] 


a + 1 


5 d 


-)Q: + 1 


*)} 


6 — a 

^ 2^T X 

(|/'(a)|+|/'(6)|, 


5 


1141 


Muhammad Iqbal et al 1137-1145 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


where c = ( |) “ and d c 


_ 2(2°‘-l) 


+ 1 . 


Using convexity of \f'\, we have 

\h\< \f\tb + (i — t) 


a + b 


)l dt 


1/1 1 +t u , 1-t 

) 1/ ( — ^ “I ^ — a)|dt 


6 




2 

1 + t 


1 - 1 


|/'(«)| l dt 


Analogously: 


\H < ^|/'(a)| + ^|/'(fo)|. 


2 1 1 2 

Using the convexity on \f'\ and the fact that for a E (0, 1] and V t E [0, 1], 


\h\< 


l 


I o V 2 (2“ — 1) 

• l 


(1 + t) a - 


< 


o \ 2 (2“ — 1) 

1 

o V 2 (2“ — 1) 


! (1 + *)“- 1 


1 1 
2 (2“ - 1) ~~ 3 
1 


j \f'(ta + (1 — i) 


a + b 


)l dt 


a +ty- 


2 (2“ - 1) 3 

1 1 




2 (2“ - 1) 3 


){(i^)imi + (i^)imi} 


!/'(") -'Jl/'W • 


Similarly 


/.I < '%/'(>>) ~ *r|/'(«) • 


To get desired result, adding above inequalities and it is very easy to check 


dt 


K\ = 
K 2 = 


Jo 


1 


1 


2 ( 1 -t)“--jdt = --( 1 -c)-^ TTy 




1 


2 (a + 1) ’ 


1 1 , a \ , 1 1 , 1 

x~x(l-*) (1 -<=)- , , 

/i-c \62 / 66 2 (a + 1) 


a+l 


^3 = 


K 4 = 


2 ( 2 “ - 1 ) " 2 ( 2 “- 1 ) + 


1 

x + 


1 


3 2(2“ - 1)J 


(d — 1) — 


d a+1 


2 (2“ - 1) (a + 1) 2(2“ - l)(a + 1) ’ 


Id-i \ 2 ( 2 “ — 1 ) 
2 a+1 


1 (i+*r- 1 


i 


i 

X + 


2 (2“ - 1) 3 


1 


— - ) dt 


d a+1 


2(2“ - 1) (a + l) |_ 3 2(2“ - 1)J 

This completes the proof. 


+ 


1 

x + 


2(2“ - l)(a+ 1) [3 2(2“ - 1)J 


H 


(d- 1). 
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Remark 1 If we take a = 1 in Theorem 5 then inequality (6) reduces to inequality 

(4). 

The corresponding version for powers of the absolute value of the derivative is 
incorporated in the following theorem. 


Theorem 6 Let f and f be defined as in Theorem 4 and if\f'\ q is a convex on [ a,b ], 
with q > 1, then the following inequality holds: 


If (a) + 2 -f 


a + b 


+ ~ 6 f(b) 


ipi 


i — i /a J ( K s \f ( a)\ q + K 6 \f (6)|< 


r(q+l) 

2(6 - a)“ 

9 \ 1/9 




< 


( b~a ) 


V 


I< 5 \f (q)\ 9 + K 6 \f (6)1' 

2 


9 \ 1/9 


+ 


i>2 


1 - 1 , qj f Krlf (q)\ 9 +K 8 \f (6)|< 


9 \ 1/9 


f K?\f (a)\ q +Ks\f (6)|* 


9 \ 1/9 


• (7) 


Proof. Using the well-known power-mean integral inequality for q > 1 , we have 


\h\< 


u: 


i-id-.r 


dt 


1-1/9 


i-id-O' 


/' ( ta + (1 - t) 


a + b 


9 ^ 1/9 

dt 


Using the convexity of \f\ q , we have 
|/i| < ifi~ X/q 

Analogously: 


K jf( a )\ 9 1 K y(b ) r 1/q 


|/ 2 | < + K 6 


If'Ml 

2 


i/' w r 

2 


9 \ 1/9 


\h\ < ^ 1 ~ 1/q (/„(( 1 + f)“ +1 - 2“ (1 + t) + a2“ (1 - t)) | f ( tb + (1 - t)^)\ q dt) q . 
By the convexity of \f'\ q , we have 


|/ 3 | < V>2 


1-1/9 


Analogously: 


|^4 1 < V’2 


1-1/9 




AV Lq^ +/ , 8 ^ 


1/9 


1/9 


It is very easy to check that 

^ = /o 1 1 (i - 1 c 1 - tr) i a +t) dt * ; 3(a+1)+ 1 4 2 ri:l)% c ;2 a ) (a+1)e2 - 


2o:c^ — a+4 
24(a+2) ’ 

I<7 = fg | 2(2“ —1) “ 2(2“ —1) (1 + t) a + | | (1. + t) dt 
— 2(2“ — 1) [(^ _ 2 


r2 5 ^ ( 2 a —1 | 1 \ 1 /5j2_2“+* 


+ 2 j (ct+2) I 3 L 


+1\ I + 

R I 


2 ( 2 “ — 1 ) 


K » - fo | 2(2“ — 1 ) ~ 2(2“ — 1 ) (4 + t) a + | | (1. - t))dt 

1 [ ( l_ (2 _ d)2) (^ + l) + _i_ ( l_ f(2 _ d)) + 


2 ( 2 “ — 1 ) 


This completes the proof. 


1 / 2° + ^ + l _ 5^2 

(a+l)(a+2) 1 2 3 U 


H 
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Remark 2 If we take a = 1 in Theorem 6, then inequality (7) reduces to inequality 
as obtained in Proposition 3. 

In the following theorem, we obtain estimate of Simpson’s inequality (1) for concave 
functions. 


Theorem 7 Let f : [a, b] — > R be a differentiable function on (a, b) such that f £ 
i 1 [a, 6] . If | f'\ q is concave on [a, 6], for some fixed p > 1 with q = then the 

following inequality for fractional integrals holds for a > 0 : 


1 

6 


/(«) + 3 / 


a + b 


+ 6 /( & ) 


r(a + l) 


tpl 


, f K 5 b + K 6 a 

V Vh 


2(6 — a) 

, fK 5 a+K 6 b\ 


w+m + jz-m] 


< 


(b-a) 

2“+ 1 


v 


+V>2 (2 a - 1) 


V>1 ) 

, fK 7 b + K 8 a\ 


1p2 




f 


K70, K&b 
^2 


x 


(8) 


Proof. Using the concavity of \f'\ q and the power-mean inequality, we obtain 


l/T>*l/T + (i-*)l/T 

> t i / r +( i - oi / r - 


Hence 


I f'(tx + (1 - t)y ) | > t\f'(x)\ + (1 - t)\f'{y)\. 
So \f'\ is also concave. By the Jensen integral inequality, we have 


\h\< 


a 1 


dt ) 

r ( ft \(z-h(i-t) a )\ (¥* + ¥*>)<*) 

\J 0 

\6 2 y ’ ) 

J 



= ipi 

Analogously: 


, / K 5 b + K 6 a\ 

V ) 


IJ 3 I < i>2 

| T 4 1 < 1p2 


, ( K s a + K 6 b \ 

V i’l ) 

, ( K T b + K 8 a \ 
\ 1P2 J 

, ( Kja + Ksb 

V V’a 


This completes the proof. 

Corollary 1 If we take a = 1 in Theorem 7, then inequality (8) becomes as: 

1 


If (a) + If 


a + M +i/(6) 


6 — a 


f{x)dx 


< 


5 (6 — a) 
72 


, / 29a + 616 
l 90 


, / 61a + 296 
l 90 


H 


(9) 
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Remark 3 Inequality (9) is an generalization of obtained inequality as in [9, 
Theorem 8] 
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The permanence and global attractivity in a 
nonautonomous Gilpin- Ayala competition system 
with several delayed negative feedbacks 
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Abstract: In this paper, a nonautonomous delayed Gilpin- Ayala competition system with- 
out instantaneous negative feedbacks (i.e. , pure-delay-type system) is investigated. By the 
techniques of comparison arguments and constructing Lyapunov functionals something dif- 
ferent to usual case, several results to guarantee the permanence of the system are derived by 
means of Ahmad and Lazer’s definitions of lower and upper averages of a function. Moreover, 
the sufficient conditions for the global attractivity of the positive solution are also obtained, 
in which it is not necessarily to require the exponent of nonlinear intraspecific interference to 
exceed that of nonlinear interspecific interactions. These results are more general and prac- 
tical, and possess a wide range of applications. Obviously, they are basically an extension of 
many existing conclusions for nonlinear competitive systems. 

Keywords: Permanence; Global attractivity; Nonlinear competition; Lyapunov function- 
als; Pure-delays 

1 Introduction 

The permanence and global stability of ecological systems are always the most important 
and ubiquitous problems in mathematical biology. As pointed out by Li and Kuang [1], more 
realistic and interesting models of single or multiple species growth should take into account 
both the seasonality of the changing environment and the effects of time delays. Moreover, in 
view of the fact that in real-life species interactions, instantaneous responses are rare or weak 
relatively to delayed responses, more realistic models should consist of delay differential systems 
instead of the ones with instantaneous feedbacks. Recently, some model with discrete delay and 
distributed delay was studied [2-5]. In the meantime, some scholars [6,7] argue that continuously 
distributed delays as ecologically and biologically are more realistic than discrete delays to species 
interactions, which is proved true by Caperon [8]. Therefore, a reasonable alternative way is 
to study the pure-delay-type systems with both discrete delays and continuously distributed 
delays. 

One the other hand, it is well know that for Lotka-Volterra model with delays, the stability 
is ordinarily delineated in two ways: the one that contain delay independent terms which dom- 
inate other intra-specific and inter-specific, interaction effects with and without delays, called a 
” no-pure-delay-type” , and the other with only delay feedbacks, is named as ”pure-delay-type”. 
For no-pure-delay-type system, one can use the no-delay terms to control the delay terms. Var- 
ious results have been obtained recently under so-called diagonally dominant conditions and 
the conditions are often independent of delays (see [9-13]). However, for the pure-delay-type 
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systems, the analysis of the permanence and the global asymptotic stability of the system is 
very difficult, let along the nonlinear type system. 

Motivated by the works on Gilpin- Ayala competition systems with delays (see [12, 14-16]), 
in particular, strongly stimulated by the works [1, 17-19], which all contain several time delay, 
we consider the following Gilpin- Ayala competitive system with several discrete arguments and 
continuous time delays 

n Ly 

Xi(t ) = Xi(t ) n{t ) - '£'£a ijk (t)z?'(t - Tij k (t )) 

j= 1 k= 1 
n kj „Q 

~^2^2 bi j i{t,s)xf 3l (t + s)ds . ( 1 . 1 ) 

j= 1 1=1 

The aim of this paper is, by developing the analytic technique the analytic technique of the 
literatures [10,11,14-16,21,22], to obtain conditions which guarantee the permanence of the 
system (1.1); after that, by constructing a suitable Lyapunov functional, sufficient conditions 
about the global attractivity of the positive solution of system ( 1 . 1 ) are gained. 

For convenience, we will use following notations in the rest of this paper, let = sup {Tyfc(i) 
t € R} and r = max{rjjfe, < 7 ^ 7 }, then we have 0 < &iji < r. Denote by = t — Tijk(t), 

and the functions Tr^i) is the inverse functions of 4'j J / c (f), respectively. In this paper, for 
system ( 1 . 1 ) we always assume that 
(Hi') otijk > 0 , fiiji > 0 . 

(H 2 ) ri(t), ciijk(t), Tijk(t), are positively continuous and bounded functions on [c, + 00 ). 

(H 3 ) Functions biji(t.,s) are defined on [c, + 00 ) x [— r, 0] such that they are integrable with 
respect to s, and f_ a . . l biji(t, s)ds are positive, continuous and bounded above with respect to t 
on [c, + 00 ). 

(Hi 4 ) Tijk(t ) are nonnegative, continuous and bounded, '& l3 k(t) = t — Tijk(t) are all invertible. 
Furthermore, it is differentiable and satisfy 1 — rb fc (i) >0 (t > c). 

Stimulated by the application of system (1.1) to population dynamics, we assume that solu- 
tions of system ( 1 . 1 ) satisfy the following initial condition 

Xi(6) = <pi(d) > 0, 0 G [-r, 0], <j>i(0) > 0, sup <t>i(0) < + 00 . (1.2) 

0 e[— t,o] 

2 Basic results 


Let g(t) be a continuous function define on [c, + 00 ). Denote 
g u = sup{< 7 (t) | c < t < + 00 }, g l = sup{g , (t) | c < t < + 00 }. 


According to Ahmad and Lazer [10], we define the lower and upper averages of a function g(t). 
If c <t\ < t r 2 , set 

1 /"* 2 

A [g, h, t 2 \ = — / g(s)ds. 

t'2 ~ 1 1 Jt x 

The lower and upper averages of g(t) denoted by m[g\ and M[f] are follows 
m[g\ = lim ml{A[g, ti, t 2 ] \ t 2 - t\ > s}, 

S^+OO 

and 

M\g\ = lim sup{A[#, ti, t 2 \ \t 2 -ti> s}. 

s — ^-)-oo 

Since the set { A[g , t±, t 2 ] \ t 2 — t\ > s} decreases as s increases, the limits exist; and since 
g l < A[g , ti, t 2 \ < g u , it follows that g l < m[g\ < A[g , t\, t 2 \ < M[g] < g u . 

Definition 2.1. The system of differential equation 

x(t) = F(t, x(t)), x G R n 
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is said to be permanent if there exits a compact set D in i?” = {(aq, x 2 , •••, x n ) G R n \ x t > 
0 (i = 1,2, ...,n)}, such that all solutions starting in the interior of i?” ultimately enter D. 

Now we consider following single species Logistic type equation 

n 

x(t) = x(t) r(t) - y ^a k (t)x ak (t) . (2.1) 

k = 1 

Where r(t) and a k (t) (k = 1,2, ...,n) are all continuous functions on [0, +oo), r(t) may be 
negative, aj.(t) (k = 1, 2, ..., n) are nonnegative and there exists at least one feel, 2, ..., n such 
that m[cifc] > 0, and a k ( k = 1,2, ... , n ) are positive constants. 

From the Lemma of [11], we have 

Lemma 2.1. Suppose that m[r ] > 0, a k (t) ( k = 1,2, ...,n) are nonnegative and there exists 
at least one k €. {1, 2, ..., n} such that m[ak ] > 0, then any solution x(t) of (2.1) with initial 
value x(to) > 0 is bounded above and below on [fo,+oo) and globally attractive. Specially, if 
r(t), a k (t) (. k = 1,2, ...,n) are continuous T-periodic functions, then (2.1) has a unique positive, 
global attractive T -periodic solution x* ( t ) . 

As a matter of fact, according to Lemma 2.2 of [11], if r(t) may be negative but M[r\ > 0, 
a k (t) (k = 1,2,. .., 77 ,) are nonnegative and there exists at least one k € {1, 2, ..., n} such that 
m[ak] > 0, then we have Lemma 2.2 below corresponding to Lemma 2.1: 

Lemma 2.2. Assume that M[r] > 0 and cik(t) (k = 1,2, ...,n) are nonnegative and there 
exists at least one k € {1, 2, ..., n} such that m[a,k] > 0, then any solution x(t) of (2.1) with 
initial value x(to) > 0 is bounded above and below by strictly positive real numbers on [to, +oo) 
and globally attractive. Specially, if r(t), a k (t ) (k = l,2,...,n) are all continuous T-periodic 
functions, then system (2.1) has a unique positive, globally asymptotically stable T-periodic 
solution x*(t). 

By developing the analytic technique of [11, 16], it is not difficult to verify the following 
results 


Lemma 2.3. If (H 2 ) — (H, j) are hold, then we have 


M\a ijk {t)X^\t - T ijk (t)) 1 = M\ . 

L J 11 - njkiPijkW) J 


(-L\V a ijk(, (j-\\ 1 I" ijk\ )) v &ijk / » \ 

m a ij k(t)X j (t-T ijk (t)) = m - / 7 X=T7X\ X j W • 

^ ijk'XJ) 

where Xj (t) is the unique solution of the Logistic system corresponding to Eqs. (1.1) with initial 
condition A,(7 q) > 0. 


Proof. From (H 2 ) — (H, 1 ) and Lemma 2.1, 2.2, we infer that Tij k (t), 
are all bounded, we claim that 

r 41 x <*i»( c)dc r t2 ~ Tijk{t2) 


i Mi 




and X° ijk (t ) 




X? ik (s)ds 


are all bounded above and below. Then from the definition of lower and upper averages of a 
function, we obtain that for t 2 > t\> to 

M\aijk{t)X*' lk {t-Tijk{t))\= lirn sup { 1 f a i jk{t)X , * t3k {t - T ijk {t))ds \ t 2 -h > s) 

l j j s^+00 yt 2 -ti j t J ) 


= lim sup ■ 


1 /•* 2 ^ fc(t2) v a ijk 


Xj k (t)ds \t 2 -h>s 


= iim SUP /_!_( r + r + 

s^+oc \t2-t 1 \J tl _ Tijk{tl) J tl J t2 J l - T[ jk y> ijk {t)) 


(it \ t 2 ~ t\ > s j 
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= lim sup < / — 7 p — - — at \ t .2 — t\ > s > = M — 7 Y — - — . 

Similarly, we can testify that the equality for the case of m[aijk(t)X°‘ ,ik (t — Tjjfc(i))] is also true. 
Lemma 2.4. If (H 2 ) — (H 4 ) hold, then 




bijiit , s)X y (f + s)ds =M\ biji (t - s, s)dsX ■ 13 (t) 


m / biji(t,s)Xj ,3l (t + s)ds =m / b^t - s, s)dsXj lJ ‘ (t) . 

^ &ij l ^ &ij l 

where Xj (t) is the unique solution of the Logistic system corresponding to Eqs. (1.1) with initial 
condition X(hj) > 0. 

Proof. From (H 2 ) — (H 4 ) and Lemma 2.1, 2.2, it follows that b{ji(t , .) and J° a i biji(t — 
s,s)ds, xf ‘ : ’ 1 (t) are all bounded functions, we conclude that 


f r b ijl (t-s,s)X^ jl (s)ds, f r +S b ijl (t-s,s)X^ jl (s)ds 

J ~ (T ijl j —CTiji j t2 

are all bounded. Therefore, according to the definition of lower and upper averages of a function, 
we find that for t 2 > t\ > to 

M \ b ijl (t,s)X^\t + s)ds 

J -CTiji -I 

= lim sup { - — — — [ ( [ biji(t, s)X ^ 3 (t + s)ds)dt \ t 2 — t\ > s \ 

s^+oo lt 2 -h J tl \ J_ a J J J 

C l . 

= lim sup \ / / b:n(t — s, s)X- ‘ jl (t)dt, I to — U > s 


0 rt 2 +s 


^ &ij l 

= lim sup < 



- ti 


1 

~ h 

- t\ 


1 

t-2 

- h , 

r 

1 

^ t‘2 

- 1\ 


~ a ijl Jtl+S 


[ (f 1 + r + r s )kji{t - s , s )x p j iji {t)dt \t 2 -h> s} £ 

’-<Tijl V Vii + S Jt 1 Jt 2 7 3 

Jt ( J b^i (t - s,s)dsXj ljl (t)^dt | t 2 -h > s| 


= M\ / b ij i{t-s,s)dsX?’ l (t) . 

1 0 0 . 

In a similar way, we can show that the equality for the case of rri [ f_ r T b ijl (t,s)X^ jl (t + s)ds] 
is also hold. 

3 Permanence 

In this section, we are mainly concerned with the permanence of the system (1.1)-(1.2). 
Firstly, for the sake of the permanence with regarding to the system (1.1), we introduce the 
following notations 

a*jk(t) = ciijk(t) exp [aijk J ri(s)dsj, 


Kjltt) = j biji(t, s) exp {Pi# J ri(u)dujds. 


Then, let us consider the following logistic type equation corresponding to Eqs. (1.1) 

kii lii /»0 

Xi{t) = Xi(t) ri{t) - a* ik (t)x^ iik (t) ~Y s ) dsx i iil (*) ■ 

k= 1 /=1 

Theorem 3.1. In addition to (H 1) — (^4), assume further that 


n ij 


(■ H 5 )M[n(t )- Y {Y, a ^ t ) X T jk ^ t - T ^it)) + Y b ijl (t,s)X^ l (t + s)ds)]> 0. 


7=1, j¥=i k=1 


1 = 1 J - a ijl 
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Where Xjt) is the unique globally attractive positive solution of the (3.1) with initial condition 
Xi(to) > 0. Then Eqs. (1.1)-(1.2) is permanent. 

Proof. Firstly, we show that any positive solution of system (1.1) is ultimately bounded above 
by some positive constant. Let x(t) = (xi(f), ..., x n {tj) be any positive solution of system (1.1), 
then it follows from (1.1) that for all t > 0 


Xi(t) < Ti(t)xi(t). (3.2) 

Thus for any t > 0, s < 0 and t + s > 0, by integrating (2.11) over interval [t + s, t] we derive 

rt-\-s 

Xi(t + s) > Xi(t) exp { / rj(s)ds} for, t > r. (3-3) 

Integrate with (3.3), we obtain directly from the system (1.3) that 


n L ij 


Xi(t) = Xi(t ) n(t) - EE aijk(t)x^ ljk (t - T ijk {t )) - EE kji(t, s)xj l3 ‘ (t + s)ds 


7=1 k = 1 
ka 


7 = 1 1=1 
hi r- 0 


0 

~ a ijl 


< 


< 


Xi(t) rj(t) - y ^auk(t)xf iik (t - Tiikjt )) - ^ / bm(t, s)x^ (t + s)ds 




= 1 


Hi /»Q 


1=1 J ~ <7 iil 


Xi(t) n(t) -^a^ k (t)x* iik (t) % u (t 9 s)dsx? iil (t) 


k= \ 1=1 J ~ <J Hl 

By using the comparison theorem, we find 


(3.4) 


Xi(t) < Xi(t ), for all t > to- 


(3.5) 


Where Xi(t) is the positive solution of system (3.1) with initial condition X,;(0) which satisfies 
Xj(0) < Xj(0). From Lemma 2.1, Lemma 2.2 and (3.5), it is not difficult to obtain that 
lim sup Xi(t) < Xi(t), for all t > to- 

t — y -Too 

Hence, for a sufficiently small e > 0, there exists a T) i(e) > 0 such that for t > T r \ (e) 

Xi(t) < Xi(t) < Xi(t) + e. (3.6) 


Now choose Mq = sup{Xj(t) + £ \ t > 0, i = 1, 2, ..., n}, then Mq does not depend on any 
solution of system (3.1), also Xi(t) < Mq, for all t > T\, where T\ = maxi<j< n {T,;i}. 

Secondly, we shall show that any positive solution of system (1.1) is ultimately bounded 
below by some positive constant. To this end, we proceed with following two steps. 

Step 1: We show that there exists eo > 0 such that limsup t _ >+0O Xi(t) > eo, for all i = 
1, 2, ..., n. For the convenience of the following discuss, for any constant e > 0, we denote by 

n kij 

Ri(t,e ) = n{t) - ^2 y , a ijk(t) (xf' 3k (t - Tijkit )) + e) 

j= 1, k=l 

n lij 

- E E 

7 = 1 , Mi 1=1 

On the one hand, according to (i/5) in Theorem 3.1, one finds that for any given small 
number e > 0, there is M[Ri(t,e)\ > 0 (i = 1,2, ...,n). Therefore, we can choose a sufficiently 
small number eo > 0, 6 > 0 such that 


biji(t, s ) ( Xj tjl {t + s) + e ) ds 


~ijl 


M 


Ri{t , 


-E 

k= 1 


^ iik (^)^i 


Qiik 

0 


la 

-E 

i=i ' 


bai(t,s)dse^ iil 


cr HI 


> 6 , 


for all i = 1, 2, n, i.e., 


1 C t2 r po i 

lim sup j — / Ri(t, e) - V' au k {t)e Q iik - V] / bm{t, s)dse^ iil dt \ t 2 - h > s \ > S. 

^ +0O U 2 -tiJ tl 1 ^ J J 


Which implies that 
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O rt 2 p 

Ri(t, e) - E a iik {t)e ^ iik 

Jl k = 1 

hi ,0 , . 

E / s)eQ iil ds dt \ t 2 - ti > sj = +oo. 


/_1 17 —&UI 

Therefore, there must exist A > 0 and a positive number 70 > 0 such that 
/»£+ A r ^ ^ /*0 , 

I Ri(t,£) -^2au k (t)e o iifc -X^/ bm(t, s)dse^ iil eft > 70, for all i > T 2 . (3.7) 


k = 1 


Now we claim that the following inequality holds 
limsupx',(f) > eo, for all i = 1, 2, n. 

£ — >-+oo 


(3.8) 


By way of contradiction, suppose that lim sup t _> +00 Xi (t) < eo for a certain p € {1, 2, ..., n}, 
then there exists T 2 > Ti such that x p (f) < (5, for all t > T 2 . This, together with the (3.6), gives 
out that for all t > T 2 


1 pj m 


x p {t) = x p (t ) r p (t) - E(E a p jk(t)x < * pjk (t - T p j k {t )) + E/ bpji(t, s)Xj Pjl (t + s)ds 


j = 1 fc=l 


J=1 J ~ a pjl 


>x p {t) r p (t) — E a pj k (t) (^Xj pjk (t — T p jk(t)) + e) 

j = i , i¥=pk= 1 


^ l pj r o 


E E 


b p ji(t , s) ( 7 lpj! (t + s) + e ) (is 


7 =i, i=i ^ 


k pp Ipp 0 


E « p mV) 4 pp * - E / s )^o Ppi 

/=! 7_CT ppi 


fc=l 


L pp „0 


> 


®p(t) [i?p(t, e) - E a RPfc( i )eo Ppfc - E / s )dseQ Ppl 

k= 1 Z=1 

An integration of (3.9) over time interval [X2, f] leads to 


(3.9) 


O r r 7 U o 1 

Rp(t,s) ~ y2app k (t)e^ ppk - E / bppi(t, s)ds€Q l \. (3.10) 

L fc =i 1=1 J J 

Obviously, which, together with (3.7) result into the conclusion that x p {t) — >• +00 as t — >• +00, 
which contradicts to the boundedness of Xj(f), for all t > I)i in (3.6). Hence, the inequality 
(3.8) is true. 

Step 2: We shall prove that there exists a constant mo > 0, mo is independent of any 
solution of system (1.1), i.e., there is a positive constant mo > 0 such that for any solution 
x(t ) = (xi(t), ..., x n (t)), one has 

liminfxj(f) > mo, for all i = 1, 2, ..., n. (3-11) 

t — ^-(-00 

Assume that it is not true, then there exist a certain integer q € {1, 2, ..., n } and a sequence of 
initial functions {<^7)7=1 f° r system (1.1) such that x q k \t ) = x q (t. & = 1) 2, ... satisfy 

lim inf x 7 (t) < 6 ° 


t — >-+oo 


r , for all k = 1, 2, ... 


(3.12) 


9 w - (k + l) 2 ’ 

For each k = 1, 2, . . ., from (3.8) we claim that lim sup t ^. +00 xi]"\t) > pEj e o- Hence, by 

(3.12) one can infer that there exists two time sequences {s7} and {f7} such that for each 
k = 1, 2, ... 


0 < s[ k) < t[ k) < s {k) < 4 fe) < 


< 4 fe) < 4 fe) < 


for all n = 1, 2, ..., 
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s n ^ ^ +°°) 44 ~ ^ +°°, as n — > +oo, 44(44) — - 44(44) — 0 . (3.13) 


eo 


(k + 1) 2 < 


9 v " n ' (k _|_ ]J2 ’ 9 

e ° for all t € (44, 44)- 


(k + iy 


(k + 1) 


(3.14) 


It follows from (3.6) that for a given small number eo, there exists > T\ such that x[ k \t.) < 
Xi(t) + e o, t>T^ k) . 


Obviously, by (3.13) there exists a large enough integer N ^ > 0 such that s^ 1 > T 2 W + r 
for all n > for each k = 1, 2, .... Hence, for any t € [s„ , 44] and n > N[ k \ we have 

n Vqj 

Xq k) (t) = 4 fc) (4 r 9(4 - 54 X] “9^(4 (*f } (* “ T 97V4 

1=1 v=l 


•,(0 rp{k) 


n L qj „0 


7=1 Z=1 

n v qj 


ee/ 


Where 


> 44(4 [ r 1^ - 54 54 0 «J"(4 ( X j (* - r 97v(4) + £ 

1=1 ^=1 

n lqj p o o 

- 54 £ / b v l 4’ s ) ( X ] fc) 4 + s) + e ) > ~t44 (4 • 

j = l (=1 


71 ^yj "yj «y o 

7 = sup {^4 [54 a ?l44 4-^(4) + £ ) gJ,/ + £ [ b qj i(t,s)^ k \t+s )+£ ) '"'ds }. 

46/2 j = l J/=l Z=1 

Therefore, for any n > and k = 1, 2, . . ., an integration of (3.15) over [s£4, 44] makes 
one lead to 

= 44(44) > 44(44) exp { - 7 (4*> - «(*>)} 


(3.15) 


(k + 1) 


exp 


{-7(tl‘> -»?>)}■ 


Which means 


44 - 44 > ln ( k + 1 \ for all n > N[ k \ k = 1, 2, . . . 


(3.16) 


It follows from (3.16) that there exists a sufficient large integer Ko such that 

44 - 44 > A, for all k > K 0 , n > ivf 4 (3.17) 

Hence, for any k > Ko, n > and t G [44 , 44], it follows from (3.13) and (3.14) that 


44 (4 = 4 fe) (4 K(4 J4 a 9^4)(4 fc) (t-^v(t))) 


l=i f=i 


71 L qj r Q 


5454 / b qj i(t,s)(x)\t + s)) / qjl ds\ 
j = 1 Z=1 


>4*’ 


~yy “99 />0 

(4 K (4 - 14 Qqqv (t) ( ~Y2 j b qq l (t, s)ds{ ) 

V/ =X K + i l=l J -°qql K+L 


£o \ p qq i 


54 14 a 9l44 (^] fc) 4 - T qAt)) + 4 


1=1, 1^9 ^=1 


“y j /»u 

- 54 54 / b vi ») 4 + s) + £ ) d - s ] 

1=1, It^P 1=1 

^97 ‘99 ^>0 

> xi fc) (t) 444 - 54 a 99^(4 e 0 M,/ — 54 / 6 99l(^ ■s)dse4 9 ' 

I/=l Z=1 J ~ a qql 
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n Vq. 


Y Y a i i x j k) ^ - + e ) 


1= i, 


n L qj n 0 

Y< Yj j b q ji(t.,s)(Xj k \t + s) + e) ! qjl ds\. 

1 7 1 J — (Jnnl 


(3.18) 


l=i, 1= i Cqil 


According to (3.7), (3.13) and (3.14), an integration of (3.18) over time interval [tn 1 — A, t^) 
makes it reach 


77 ° n2 = 4^ (*n } ) - X Q k) (*n ' ] ~ A ) eXp { (k) [ B * & C °) “ QZ 

l/C+ij " A 1 = 1 , 1*9 -=1 

bj />0 

x (xj* >(t - T q j v (t)) + e ) a 2 / & 9 i ,(t, s)(*f >(t + s) + e^ds)]^} 

7 1 J— <T„il J 


> 


eo ^ eo 

2 ex P £ 0 > 


Where 


(* + l) 


(A; + l) s 


(3.19) 


" yy "99 /»0 

# 9 (t, e 0 ) = r g (i) - Y a qqv{t) e o qq '' ~Y s)dseg qql . 

U= 1 1=1 J-Vqql 


Which is contradiction. This shows that there exists a constant mo > 0 (mo > 0 is independent 
of any initial function) such that the inequality (2.15) is correct. That is to say, any positive 
solution x(t) of the initial value problem ( 1 . 1 )-( 1 . 2 ) is ultimately bounded below by a positive 
constant mo > 0. From Definition 2.1, the proof of Theorem 3.1 is complete. 

Theorem 3.2. In addition to (Hi) — (Hi), assume further that 

77. k H 


<«0 'Mim- E E"[ , 


i=l, j¥=i k 




n kj „0 

Y Y m [ / biji(t- s,s)dsXj Vl (t)\ > 0. 

7=1. 1=1 


1 = 1 , 1 # 1= 1 

Where W(t) is the unique globally attractive positive solution of the (3.1) with initial condition 
Xi(to) > 0. Then the system (1.1)-(1.2) is permanent. 

Proof. In order to prove the correct of Theorem 3.2, We only need to show that ( H 5 / implies 
the assumption (Hi 5 ). Actually, if take into account the fact that 
M[X i0 (t) + c] = M[X i0 (t)] + c, m[fi(t)\ < A[fi(t), h, t 2 \. 


Then we may obtain that 

n. kj, 


M[, w] - E (E-4 1 + E 


m 


0 


biji(t — s, s)dsX 


Pijl 




r 0 


j = l, k= 1 " ' ijk\^ ijk\ w f) 1 = 1 

ti kij li 

-M[ r i(t) — Y {Y ai i k ^ X T° k ^~ Ti i k ^ + Y I bi j i(t,s)x'Y(t + s)ds)} 

l=i, j¥=i fc=i 


z=i 


J *3'i 


= lim sup 

s — ^-(-oo 


(— p i 

f 0 


W- E (f m[ ^»gw . 


1 = 1 , fc =l 


+ y mf f biji(t - s , s)dsXj zjl (t)] ) dt \ t 2 - ii > s| - Jm^ sup | - -j- - f [ n(t ) 

J ~ a ijl ~ 1 


/t, nj „q 

T] ( T] a ijk(t) x j i:,k (t - T ijk (t )) +Y hjl(t, s)Xj ljl (t + s)ds)]dt I t 2 - tl > s| 

7 = 1 , k = 1 Z =1 


l=i, jA* fc=i 
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j= 1, j¥=i k=l 


= lim sup ( , 

s->+oo l t 2 — ti J tl 

2 ^ r 0 . , 2 f t2 

+ E m [ / s)Xj ljl (t + s)d-s]) dt \ t 2 - t± > sj - ^ Um^ sup | - — - / [r*(7) 

n kij lij q 

X] {^2 a ijk(t)Xj l3k (t- T ijk (t)) + 22 / + I *2~il > «} 

- 1 - 1 J=1 


7=1, 7V* fc=l 


> lim sup 

5^+00 


-j 

+E 


^2 — H 


{ , * [ n(t)dt- 22 (22 + \ I [aijk(t)Xj ljk (t-T ijk (t))]dt 

2 1 " /tl j=l, j+i k = 1 ^ 2 1 "'* 1 

/ [ / 6^(7, s)x2 J ‘(t + s)ds])ci7 | 7 2 - 7i > sj - g Urn^sup j— — — / [r;(7) 

J &ijl 2 1 Jti 

t— 1 4. . . 7 . . 

n Hj «Q 

- ^ (22 a ijk(t)X°‘ i:,k (t - T ijk (t)) + ^ / ^(7, s)x2 ll (t + s)ds)]d7 I 7 2 - H > «} = 0. 

j=i, j# fc=i ;=i *' _0 oi 

Therefore, we claim from Theorem 3.1 that Theorem 3.2 is correct. The proof is complete. 
Theorem 3.3. In addition to (H i) — ( H 4 ), assume further that 

ww-mno]- ± y,m[ 

j= 1, j^i k = 1 r L/fc m ijfcHH 


n Hj 


- E E M [ / M* - s)dsxf il (7)] > 0 . 

J = l, Jl’7^2 1=1 

Where Xi(t) is the unique globally attractive positive solution of the (3.1) with initial condition 
Xj(7o) > 0. Then Eqs. (l.l)-(l .2) is permanent. 

Proof. Noticing the following facts that 

n n 

M[X i 0 (t) + c} = M[X i 0 (t)] + c, m[fi(t)\ < M[/;(7)] and 22 m [/*W] ^ E ]■ 

7 — 2. 2 — 1 

We find that the condition ( H 5 )" means the hypothesis (H 5 ) , and so it does the assumption 
( 7 / 5 ). Hence, one can confirm that the result of Theorem 3.3 is also true. 

Theorem 3.4. In addition to (H 1 ) — (H 4 ), assume further that 

(«0»m[nM]- t f>[ , 

n hj „0 

- 22 E M [ / M* - s)dsxf il (7)] > 0 . 

i=l, 7=1 7-o-ij; 

Where W(7) is the unique globally attractive positive solution of the (3.1) with initial condition 
X t (to) > 0. Then Eqs. (l.l)-(l .2) is permanent. 

Proof. Taking into account the facts that 

M[Xio(t) + c] = M[X i 0 (t)} + c, < M[/<(7)]. 

We declare that the assumption (H 5 )" can be deduced from the hypothesis (H 5 )"', so it is evident 
that Theorem 3.3 implies the Theorem 3.4. 

Theorem 3.5. In addition to (Hi) — (H 4 ), assume further that 

(h„) L"n ,_ T , ,Li m) 

j=l, j^ik=l 1 T ijkV^ijk\ 1 )) 
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- ^2 E m [ f b i:j i(t- s,s)dsXj tll (t)] > 0. 

j=i, j+i 1=1 

Where AQ(f) is the unique globally attractive positive solution of the (3.1) with initial condition 
Xi(to) > 0. Then Eqs. (1.1)-(1.2) is permanent. 

Proof. As a matter of fact, m[fi(t )] < M[fi(t)\ and assumption (He)"" means that the hypoth- 
esis (H?>) is true, so it follows from Theorem 3.1 that the conclusion of Theorem 3.5 is right. 
Remark. 3.1 It is easy to verify that M[g\ = m[g\ = ^ / Q T g(t)dt for a T-periodic function 
g(t). So if system (1.1) is a periodic system, i.e., ri(t), ciijk(t), biji(t,-) are the continuous 
T-periodic functions, then Xj(t) in above mentioned Theorems can be replaced by the unique 
positive T-periodic solution X* (t) of (3.1), and the assumptions of Theorem 3.1-Theorem 3.5 
are equivalent to each other. 

Remark. 3.2 Theorems 3. 1-3.5 generalize the main results of Zhao et al. [11], Chen et al. [14,15] 
and Xia et al. [16]. We mention here that for general nonautonomous Lotka-Volterra system 
(1.1), Teng et al. [21,22] also obtained some similar results as that of Zhao [11]. It is in this 
sense, our results can also be seen as the generalization of Theorems of [21,22]. 


4 Global attractivity 


A very basic and important problem accompanying with the ecological dynamics systems 
is the global stability of the positive solution for the system. In this section, we will devote 
ourselves to give some new criteria to guarantee global attractivity of the positive solution. 
Definition 4.1. The bounded solution X*(t) = (x*(f), x^(t ), ..., x* (t)) of system (1.1) with 
X*(to) > 0 is said to be globally attractive, if for any other solution X(t) = (x±(t) , X 2 (t) , ...,x n (t)) T 
with X(0) > 0, there is 

lim I xAt) — x*l (t) 1= 0, i = l,2,...,n. 

t— ►+ oo 

Before we state the main result of this section, we first introduce some notations which will 
be used in the following discussion. Let 4>“.j[,(t) be the inverse function of = t — Tijk{t), 

and 


1 - ’ y ‘ ~ (i - U®.7lW))) (i - ^dvU*))) ’ 



s, s)ddds, 


( B § ■ B ‘im = f [‘ - s)b m (t - », s)Mds. 

Jt+s 

Let Ui(t) = In x'i(t), then Eqs. (1.1) can be reformulated as 

n kij 

^) = r iW -EE exp ^ ^ijkXj (t T~ijk (^)) J 1 

7=1 fc= 1 
n hj o 

-XX biji(t, s ) exp {PijiUj(t + s)}ds. (4.1) 

j = 1 1=1 

Now we are in the position of stating the sufficient conditions which guarantee the global 
attractivity of system (1.1). 

Theorem 4.1. In addition to (H i) — (H§), we assume further that 
(Hq) There exist positive constants A ; > 0 (i = 1,2, ...,n), C > 0 such that 


10 


1155 


Lin Lin et al 1146-1164 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


liminf |A+)} > £, liminf {A,;(f)j > (. 

£—>•+00 1 J £— >-+oo 1 J 

ha n kji , 9 7 \/r^ a jik 

Where A+) = 2^ ^ (1) 

3= k=l 


k= 1 


C^iik 


A fi k {t) + ^2 


k=1 a iik'nT'id 


+ L ( f ) 


n n kji \ 2 7\/f^ a 

|~ ^j a jik^iO 

j = 1 j=l fc=l 


42w(E 


&iik 


A 


Slwrfs + E 


:=1 t_T «fc(*) 


+ ( 5+)ds 


ijk 


j ' | ** t Tjik(t) 


ijk 


k ■ 

"'ll 


A \<al u M?, ajik 


+ E J * 0 41 + 

^ a«tt J 


fe=i 
i 


J ^ ^ t ' r jik(t') 

Iji \ o2 n 




Hi n L ji \ . o2 l\/[ ZfD 3 il Hj 

A iW = 2^A iB W(t)- E E fl “ ^M+E 

Z=1 z=i ^ z=i 

n n lji \ r 2 n/r^Pju 

-EE E 


z=i 
A; 


B^(t) 

z=l PiiimjQ 1 131 


wh M T od) 


•A*) (E 


■ ~ - , r-'VU ' J J t — T.~. u (t) - 

J = 1 ? = X / = 1 /C=l 7JK V ' l = l 

lji \ q 2 ^ij hj 

^ “ ^'° (2) ^W + E^’-^r 


^w-b+E^w^ 


+E 


Z =1 


32 A K ij 

. :«4»)w+_ 

/c=l Z =1 


fiiil 


Then the solution X*(t) = (x*(i), x^t ), ..., x* (t)) of (1.1) — (1.2) is globally attractive. 

Proof. Let X*(t) = (aff(i), ..., x* (t)) withx*(to) > 0 be a positive solution of (1.1), and X(f) = 
(xi(t), ...,x n (t)) with x+o) > 0 be an any given solution of system (1.1). In order to show the 
global attractivity of the bounded solution X *(t) of system ( 1 . 1 ), we shall show that the solution 
U*(t) = (u*(t), ..., it*(f) of system (4.1) is globally attractive. Let U(t) = («i(t) ,..., u n (t )) 
be any other positive solution of system (4.1). According to Theorem 3.1, there exist positive 
constants rriio, MjQ (i = 1, 2, ..., n) and enough large T > 0 such that for all t >T, there are 

m 0 < Ui(t), u*(t ) < Mi 0 (i = l,2,...,n). (4.2) 

Obviously, So to prove the global attractivty of the system (1.1), it is suffices to verify that 
system (4.1) is globally attractive. Firstly, construct a Lyapunov functional as follows 

n n . 

V\ (t) = A a (ui(t) - u*(t)) - / A[ 3 l(t)(ex.p{a ijk u j (s)}-ex.p{a ijk u*(s)}']ds 

• 1 j=l k=l 


i— 1 


n kj „g 


-^2^2 / biji(9 -s,s)( exp {/3ijiUj(9)} - exp {fajiUj 

j = 1 1 = 1 J ~ a ijl t+S 

By calculating the right upper derivative of V\(t), we find 

n kij 


d6ds 


i 2 


Vj{t) = -2 5 ^ [(«*(*)-<(*)) 


i = 1 
Tl lij 


Aj‘>(>)(atp A '.,!,)} -exp A,"'(.pi( ]'/p 


^ Jt+ 
j = 1 /=! J ~ (T ijl Jt + S 


j = 1 fc=l Jt-Tijkit) 

hji(9 - s, s)(exp {/3ijiUj(9)} - exp {/3jjiu*(9)}^d9ds 

Tl kij 

x[EE A-^.(t) ( exp {aijkUjit)} - exp {ai jk u*(t)}^ 

1=1 fc=i 

n Hj 

+EE4’ (t)^exp {Ajzuj(t)} - exp {/3^«*(t)}^j 

1=1 z=i 

Tl ka 

s~ 2 EE A i A^( i )( ex P {“iifci+t)} - exp { 0 !^™* + }^ (uj(t) - u*(i)) 

1 7 1 


i=l fc=l 


11 


1156 


Lin Lin et al 1146-1164 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.6, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


IV l 'll 

- 2 ££ ( eX P {& )} “ ex P {Piil u i (*)}) {MV ~ u *i (t)) 

kji 

+2 E -exp {a jik u*{t)}^(uj(t) - u*(t)) 

i= 1 j=l,jy^i k= 1 


n n L ji 


+2 E E EEEE)(ex p{^^W} -exp{/3jjiu*(t)})(uj(l) 

i = 1 7=1, 77^ i=l 


A* 

71 "'ij 


+ 2 E A * [ E E (*) ( eX P ( a ijk U i (*) } - ex P { 


a ijk U j 


1=1 j= 1 fe=l 


71 ^ ij r t 


x[EE / A']fe( s )( ex P{ a *7fc M 7( s )} - exp{a ijfe u*(s)}Jds 

j = l fc = 


k - 
n *• ij 


i= 1 J=1 fc=l 


a ijk U j 


+ 2 E A * [ E E (*) ( eX P { a ijk U j (t) } - eX P { 

/ biji{9 - s, s) ( exp {/%itj(s)} - exp 
Yt+s V 


n ‘tj „o 


_1 J —CTijl J t+S 


n hj 


+ 2 E Ai [ E E E* (*) ( ex P { %■% (0 } - exp { 




i=l 


J=1 ,= £- 
71 r t 


£ £/ A[f k (s)^p {aijkUj (s)} - ey:p{a ijk u*(s)}^ ds 


j=l,j^j k=l 1 Ti i k 


n 


+ 2 E Ai [ E E (*) ( exp { %“i (*) } - exp { # 


iji "i 


i = 1 


J=1 Z=1 


n „0 

EE/ , 

,=1 /=i * 7i + s 


biji (0 - s, s) ( exp {/3y7^(s)} - exp 


That is 


7i hi, 


Vi (t) < -2 EE A *Efc(*) ( exp {ajifc«,:(t)} - exp {^u* (£)}) («*(!) - u* (t)) 


n L. 


i= 1 fc=l 


- 2 ££ XiB ui (/) ( ex P {Aii«i(*)} - exp («i(*) - <(/)) 

Vi kji 

+2^ £ £ AjA^(t)^exp {ajifctii(i)} - exp {a^u* (t)}) (itj(t) - 
1=1 j=l,j^i k = 1 


n 71 L ji 


+ 2 £ E E A J 5 i«( t )( exp {^* lU< ( t )} -exp{/3^<(t)})(uj(t)-u*(t)) 


i=l 1=1 

n n ^ ij n kij 


+ 2 E E E E E A *EE) ( exp - ex p ( q . 


ijk U j 


i=l 7=1 fc=l 7=1 fe=l 


/ EE) ( exp {ayfe«j(s)} - exp {a ufc 'u*(.S')} jci,s 


71 71 Ej 71 hj 


+2 E E E E E a *EE ( exp - exp {%T n | 


4=1 m ^=r =1 A =1 


ijk 


x| / / biji{6 - s,s)(exp{PijiUj(s)} 

~ cr ijl 


exp 


(4.3) 
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n n hj n hj 


+ 2 H J2 J2 J2 J2 X i B l]l (*) ( eX P - eX P {% 


2=1 i=l f=l 7=1 ^=1 


x / VfcV ex P{ a ijfeWj(s)} - exp{aj jfe «*(s)})ds 

n n hj n hj 

+ 2 2 E 2 £ A ^ (*) ( ex p { Vo (*) } - ex p { ^]i u i (*) } ) 

2=1 j=l [=1 7 = 1 2=1 

x / / ^7( 0-s ) s )(exp{Aj2«j(s)}-exp{/3 ij 7^(s)})d0cZs. 

J-Vijl-Jt+S V ' 

By further using the inequality a 2 + 6 2 > 2 ab, it follows from (4.4) that 


Vi(*) < -2 EE AVV)( ex P {ankUi(t)} - exp {a iik u*(t)}j ( Ui(t ) - u*(t)) 

i = 1 k= 1 

n hi 

“2 X] H (*) ( ex P - ex P { PiilUi (0 }) ( V) - «* (*)) 


n n K'jt 


+E E E A^A^(i) ( exp {otjikUi(t)} - exp {ajifcw*(i)}j + (uj(t) - 


i= 1 k = 1 

n n Iji 

+EEM (t) ^ exp {/3jir«t(0} - exp 
2=1 7 = ljV* 2=1 




n n ^ ij n ^ij 


+EEEEEv$m 


2=1 i=l fe=l 7=1 fc=l 


/ ( s V ( ex P { a ijk u j (*) } - ex P { “ijifc" 

L Jt — Tijk(t) 


+ / Yl[^,(s)(exp{a iifc ttj(s)} -exp{a iifc u*(s)}) <is 

_ V 2 J 


h . 7 

n n ij n Hj 


+ 5 Z ZI H V V A ^!ji (0 [ s S } (*) ( ex P { (o } - ex P { 


2=1 3=1 fe=i 7=1 2=1 
/•0 rt 


+ / / V(^ _s > s )(exp{Ajiitj(s)} -exp 

J —CTijl Jt-\~S 




n n h~j n k ij 


i=l j= 1 /=l j=l fc=l 


+ / ^S( 5 ) rf5 ( eX P{%^jW} “ eX P{%^* 


^ Tijk(t) 


+ / A']i( s )(exp{aijfe«7(s)} - exp{a^ fe «*(s)}) ^ 

Jt-Tij k (t) v 2 J 


n n hj n hj 


+12J2J2J2J2 x > B< ij! (*) [ s S } (*) ( ex p { /V3 (*) } - ex p { %“«3 (*) } ) 

2=1 3=1 f=i 7=1 2=1 

+ / / - s > s )( exp {AjiY/y (s)} - exp {/%7t*(s)}) d0ds 

^ ~ (T ijl 

Now let us define the Lyapunov functional V2O) as follows 

n 71 Hi n hj r i r i 

W) = EEEEE^/ ,,/$«(*<*)/ 41 m 

2 = 1 3=1 fc=i 7=1 fe=i Js 

x(^exp {aijkUj (r)} - exp {aj jk u*(r)}^J drds 
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k - 7 

n n ij n Hj 

+£££££ A < 

i=i j = i %=i i =1 1=1 


A ,S( 0_a ) / M r - s > s ) 


— ^ijl 


ijk 


x ( exp { Ajzttj(r)} - exp 


n n hj n k ij 

+£££££ A 


=1 7=1 r=l 7=1 fc=l Jt - T vk(t) 







x(exp{a^Uj(r)j - exp {ap^itj(r)}) drdB 

n n hj n hj „0 r-t pt 

+ EEEEX>/ / j bwir-8,8) 

i= 1 7 =1 f =1 j= 1 i=l Je 


7=1 t=l 

x ( exp {AjT'«-j(t)} - exp 


(rH ) drdOd-s. 


Calculating the derivative of V 2 (t) along the positive solution of system (1.1), it follows: 


n n ^ ij n K ij 

EEEEE A - / A %^) dsA ^ t ) 

i= 1 J=1 fc=l 7=1 fc=l 

x ^ exp {aijfcitj(t)} - exp 


n n ^ ij n kij 


£££££m$m 


*=1 j=l fc=l 7=1 fc=l 


t~Tijk(t) 




n n k ij n hj 


x ^ exp {aijkUj(s)} - exp {a iifc ii*(s)}j ds 

exp {Aj 7 '«j(f)} - exp 


+EEEEEM*SM 

*=i j=i k = 1 7=1 /=1 


(2) . /!« 
ijk 


n n "'ij n Hj 


£££££m (1) 


*=1 7=1 k= 1 7=1 Z=1 


ijk 



0 


— Gijl J t-\-S 


/ bjji(r — s, s) 

Jt+s 


x ( exp - exp • 


n n hj n £7 

+£££££ A 




drds 


U), 


=1 i=i [=1 7=1 fc=l Jt TijA€) 


*7'i 


x f exp - exp {a^tt* 


n. n hj n £7 


£££££ a .£A> 

*=1 j=i I=i 7=1 fc=i 


^ ' r ijk(h) 


A i?k( r ) 


x ^ exp {aijfcitj(r)} - exp {a^ fc u*(r)}) dr 


n n hj n hj 

+ E E E E E A * (■ B ijl ■ ) (*) ( ex p {^7^7 w } - exp 

*=1 j=i [=i 7=1 7=1 
J~ 7 

r*0 


n n hj n hj 


£££££ a AA>/ / Mr-.,.) 

~ — 1 ~ - r . ,• — 1 ? 1 J —&ijl J t-\-S 


i= 1 5=1 f=l 7=1 7=1 


x ( exp {Ajr«j(r)} - exp • 


drds. 


(4.5) 
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Finally, we consider the following Lyapunov functional V(t) 

V(t) = V 1 (t) + V 2 (t). (4.6) 

Calculating the upper right derivative of V(t) along the solution of system (1.2), and integrating 
with the above-mentioned analysis, one claims that 

Tl ka 

D + V{t ) < - 2 ££ (*) ( ex P { a nkUi ( t ) } - exp { a iik u* (t) } ) (it* (t) - u* ( t ) ) 

i= 1 k= 1 


> ‘"it 

2 ^ ^ A ( exp {PuiUi(t)} - exp {/^w* (t)}) (it*(i) - it* (i)) 


n n K'ji 


+£ £ £ XjA^t) ( exp {a jik Ui(t)} - exp 


i= 1 j=l,jy^i k = 1 
n n Iji 


+ Y1 P {PjiWiit)} - {fijiiu* 

i=l j=l,j^i 1=1 


n n 


i= 1 j=l,j^i k= 1 1=1 

Tl Tl Tl kij + ( 

+ EE EE EE EE El X ] A ]il (t ^ [ A i]U s ) ds ( ex p (a^«i(t)} - exp {a^< (*)}) 

*=i J =1 *=! j=i fc=i 


n n ji n L ij 


i=l j= 1 fc=l J =1 /=1 

n Tl l ji Tl kij 


+ ZEEEE ( 6XP KaL'-lW} - exp {a- 


jik 


U i 


+£££££¥$<*> 


ex P {%“»(*)} - ex P 


*=i j=i [=i fc=i 

n n Iji n hj 


t 1~ijk (t) 


+ x ~j B fl (*) B ifi (*) ( ex p } - ex p 

i=i j=i i=i j= i i=i 


n n ^ ij n kji pi 

+E£EE£ a 


A?i( s ) daA i<fc(*) ( exp - ex p 


.a), 


1 5=1 fc=i 7=1 k = 1 Jt-Tjikd) l]k 


2—1 J = 1 /c= 

Tl Tl ^i j Tl Iji 

1 El El X X El A ' • E5-) (*) ( exp {&«“*(*)} - exp {a 

*=i 3=1 ^=1 j=i *=i 
n n hj n kji 

?( X ) ffc-1 


jil u i 


+££E££y 




(4.7) 


_ _ _ _ _ . , ijl ( W ) d6A jik (*) ( ex P { (*) } - ex P { 

i=l 3=1 [=1 j = l fc=l 

n n hj n Iji n 

+£££££ A i ) (*) ( ex P - ex P {Pjil u i 

*= 1 1=1 f=l 7=1 i=l 

Meanwhile, by making use of mean value theorem, we can obtain that for any given positive 
number e > 0, there are 

exp {eui(t)} - exp {eu*(f)(f)} = eexp{e^ 1) (f)}(it i (t) - u*(t)), 

exp {eui(t)\ — exp {eu*(t)} = -1— exp{e7?- 2) (t)} 

Oink 

x ( exp { otiikUi (t ) } - exp { au k u* (t ) } ) , 
exp {etti(t)} - exp{eu-(t)} = exp{ei?f } (t)} 
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x(exp {PuiUi(t)} - exp {/3uiu* (t)}) . (4.8) 

Where i?^(i), are all lie between Ui(t) and u*(t). Thus, it follows from (4.2) and 

(4.8) that for any given positive number e > 0, we have 

exp {euj(t)} - exp {cu*(t)(t)} > ernj 0 (u t (t) - u*[t )), 

exp {eu.i(t)} - exp [eu* (t)(t)} < eM- 0 (ui{t ) - u*(t)). 


(4.9) 


exp {euj(t)} — exp {eu* (f)} > mf 0 

^ iik 

x ( exp { au k Ui(t )} - exp { aukU * 

exp {eui(t)j — exp {eu* (t)} < — Mf 0 

& iik 

x ( exp {a iik Ui(t)} - exp {a iik u\ 

exp {eui(t)} - exp {eu*(t)} > 

x (exp {PuiUi(t)} - exp {/3 U iu*(t)}), 
exp {eui(t)} - exp {ea*(t)} < 

x ( exp {/3uiUi(t)} - exp {/3mu* 

Inequality (4.7), (4.9), (4.10) and (4.11) implies that for t>T\ 


(4.10) 


and 


(4.11) 


+ 


kji 

X 

i= 1 k = 1 j=l,jy^i k= 1 

'j u jik ln iO ,(1) 


K ji \ .„,2 n/[ 2 a jik Kij 

c + v (t) < E { E + E [E A > + E 


n " A ial u M? ajik 


EE[E 

j = 1 7=1 fc=1 


^ iik 






4iw da+ E 


o ft 


ijk 


k = 1 


+E 


A taluAffi 


hj ft 




k=1 J t~T irk (t) 

bS(« 51(«))*> + E b S 




A %^ ds 


hi 


k = i 


<** ^ V £ y t _ Tj , fc(t) -«r 1 ^ ^ 


+ 


+ 


x ( exp (aufcUj(f)} - exp {a^ fc u*(i)}) (rq(f) - u*(i)) 

n lii n Iji \ o 2 i\ /r^Pjil hj , 

E{- 2 Ev4m + E [E 4 ° 44 +E 44:41 w 

2=1 Z = 1 j = ljy^i 1=1 

ee[e^ 44 (e C, 


131 


j = 1 7 = 1 *=1 


44^444? 


2=1 


b* \ /a2 n/r^Pju ^ij hj 

+ E ( E (4 1 ■ 41) <*> + E (41 • 4 

f=l M fc=l 2=1 

x(exp{/3ii7Ui(t)} - exp {fiuiu*(t)}) (ui(t) -u*(t)). 


n 

=\ - ^A i(t) | ( exp {ajjfc'Uj(i)} - exp (t)}) (ui(t) - u* (t)) \ 

i= 1 

n 

A j(t) | (exp {/?n 2 Ui(t)} -exp{/3jj7U*(t)})(uj(f) - u*(t )) | . (4.12) 

2=1 

At the same time, according to hypotheses (Hq) of Theorem 4.1, we declare that there exists a 
constant ( > 0 such that A j(£), A,;(t) > 4 so it follows from (4.12) that V(t ) is nonincreasing, 
and it not difficult to see that Ui(t) are bounded for t > T\. Hence, one can further infer that 
| Ui(t)-u*(t) |, | exp {a iik Ui(t)} - exp {a iik u*{t)} |, | exp {PmUi{t)} - exp {/3mu*(t)} | are 
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uniformly continuous on [Ti,+oo). An integration on both sides of (4.10) over time interval 
[T \ , t) leads to 

n f* 

V(t) + / | (exp - exp{au k u*(s)})(ui(s) -u*(s)) \ 

i = 1 J Ti l 

+ | (exp {Pmu^s)} - exp{/3 iU u*(s)})(ui(s) - u*(s )) | ds < V(T{) < +oo. 

Thus 

n 

lim sup Y] / | (exp{a iik Ui(s)} -ex.p{a uk u*(s)})(u.i(s)-u*(s)) \ 

t — ^-|-oo ^ J T\ ^ 

+ | (exp {/3uiUi(s)} - exp {frauds)}) (ui(s) - u*(s)) \ ds < < +oo. (4.13) 

It follows from (4.13) that 

| (exp {a iik Ui(s)} - exp {a iik u*(s)})(ui(s) - u*(s)) |<E L[Ti, +oo), 

| (exp {PuiUi(s)} - exp{Puiu*(s)})(ui(s) -u*(s)) |<E L[Ti, +oo). 

According to Barbalat’s lemma, we conclude that 

I ( ex P { a nkUi(t)j - exp {auku*(t)})(ui(t) - u*(t )) |= 0. (4.14) 


o I (exp {PuiUi(t)} - exp {Pmu* {t)}) (ui{t) - u*(t )) |= 0. (4.15) 

By way of contradiction, it easy to obtain from (4.14) and (4.15) that 

lim | Ui(t ) — u*(t) |= 0. (4-16) 

t— H- oo 

Therefore, the positive solution X*(t) of the system (1.1) is also globally attractive. This 
completes the proof. 

Theorem 4.2. In addition to (H\) — {H§), we assume further that 
(Hq)' There exist positive constants A* > 0 (i = 1, 2, ..., n), £ > 0 such that 

lim inf {ATf)) > (. 

i-H-oo 1 J 

ka n kji kij 

Where Ai(t) = 2^ Ka> iik m% ik A± ] k (t)-- X j a %k M fo jik A %(t)+J2 

k= 1 k= 1 k= 1 

Hi n L jt Hj 

- £ [E +Z x -K I ,(t) 


Tl Tl ji ‘j /»£ 

E E [E '“4»« ( E [ lt) 4>)* + E B 


j=l,j^i 1=1 
k-~- 


3 = 1 1=1 fe=l 


fc=l 


‘-hifcW 




t Tjik (t) 


A %^ ds+ iz 


J ^ ^ Tjikit') 




ki ~i ft 


E y 4^"^(‘)(E / m + E *§«) 

/=! fc=l Jt - T ijkW f =1 


E x i4 M n“ {±(41 ■ + ±<4 ■ 4 


Then the solution X*(t) = (x*(f), x^t), ... f ,x* (£)) of (1.1) — (1.2) is globally attractive. 

Proof. Let {/*(£) = (u* (t), ..., «*(£) be the solution of system (4.1), and U(t) = (ui(t) ,..., u n (t )) 
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be any other positive solution of system (4.1). Then for the Lyapunov functional V{t) as defined 
in (4.6), similarly to the discuss of Theorem 4.1, one can obtain that the inequality (4.7) is true. 
By further making use of (4.9), (4.10) and (4.11), it follows that (4.7) implies 

n ka n kji kij 

D + V(t) s£{-2£ Mr#l + E [ E ' '“^11 W + E MgM 

i= 1 k = 1 k = 1 k = 1 

hi n Iji hj 


i=i 


n i 


j=l,j^i 1=1 


1=1 


Z=1 





ki ~o rt 




z=i 

k 


' t Tjik{t) 




7=1 j=l fc=l 

Ai • • 

+E>T<X“ J " 4 i(*)(E 

fc=i 

+Ey 4 i m ® '"»“(*) (E , 

Z=1 fc=l Jt ~ T ijk ( t ) 

E (ZTf • 4 s>(*) + E< s f • b$)«)] }(«.(« - «*))' 

ife=i 
n 

i(t){ui(t) - U*(t))‘ 


)ds + ^ 


B 


.( 2 ) 


ijl 


1=1 


+ 


Z=1 




Z=1 


2=1 


An integration on both sides of (4.17) over time interval [Ti,f) leads to 


V(t) + / («i(«) — n*(s))'2ds < V(Ti) < +oo. 

i=i ^ Tl 


Thus 


limsupY"' f (u,i(s) — u*(s))kds < — ^ 
t >+oo ^ J T\ C 


< +OC. 


(4.17) 


(4.18) 


It follows from (4.18) that 

(ui(s) - u*(s )) 2 € L[T t , Too) , 

According to Barbalat’s lemma, we conclude that 

lirn ( Ui (t) -«•(*)) 2 = 0. (4.19) 

i— >+oo 

Taking into account the fact that for t > T\ 

(xi{t) -x*(t)) = exp {u t (t)} — exp {u* (f)} 

One infers that 

(rriio) I Ui(t) - u*(t ) |<| Xi(t) - x*(f) |< (M i0 ) | Ui(i) - it*(i) | 

So it follows that 

lim | Xj(t) — x*(t) |= 0. (4.20) 

i— ►Too 

Thus, we have verified that the positive solution X*(t ) of the system (1.1) is globally attractive. 
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Abstract 


In the paper, we presented a family M ( ^ , x ) of approximations of the Bateman function 
G(x). The family M(/i,x) = G(x ) for a certain [i whenever x is fixed and it presented 
asymptotical approximation of the Bateman’s G — function as x — >• oo. We studied the or- 
der of convergence of the approximations M{fi,x ) of the function G(x). Some properties 
and bounds of the error are deduced. We presented new sharp double inequality of G(x) 

(resp.). Also, we show that the 
for any /. i in an open 


with the upper and lower bounds M{ \,x) and M(-^-— { ,x 
approximations M (yu, x) are better than the approximation ^ 


subinterval of 


1 , 


2-4 


2010 Mathematics Subject Classification: 33B15, 26D15. 


Key Words: Bateman function, digamma function, monotonicity, sharp inequality, ap- 
proximation, error. 


1 Introduction. 

In 1953, Erdelyi [6] defined the Bateman’s G— function as 

G(x) = -0 ~ ^ (I) , x ^ °, _ 1, “2, ••• 

where the digamma function ^(x) is given by 

ipix) = — logTla;) 
ax 
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and r(x) is the ordinary gamma function defined by [3] 

/»oo 

T(x) = / x > 0. 

Jo 

The function G(x) is very useful in estimating and summing certain numerical and algebraic se- 
ries [18]. For more details on bounding the function r(x) and its logarithmic derivatives ^ n \x), 
please refer to the papers [2] -[5], [7] -[23] and plenty of references therein. 


The function G(x) can be also defined by 

G(x) = - 2 Fi(1, x;1 + x; -1), 
x 


where 


r^s (oi , ■ .. , CLri ^1 j •> b SJ x') ^ ] 

k = 0 


(®1 ) k- ■ • (®r ) k 

{bi)k-(b s )k k\ 


is the generalized hypergeometric series [1] defined for r, seN, a 3 G C, bj G C — {0, —1, —2, ...} 
and the Pochhammer symbol (a) n is defined by 


n— 1 


(a)o = 1 and (a) n = J^[( 


a + 1 ) = 


i = 0 


T(a + n) 

r(a) ’ 


n > 1. 


The function G(x) satisfies the functional equation [6]: 

G( 1 + x) = —G(x) H — 

x 

and it has the integral representation 

roo -xt 

G(x) = 2 / i i —f dt, x > 0 


jo 1 + e * 

which can be deduced from the following known integral representation of the digamma [3] 


( 2 ) 


( 3 ) 


"00 / e -t 


-,—xt 


* {x) = J a 

Qiu and Vuorinen [24] deduced the inequality 


dt, x > 0. 


1 4(1.5 -log 4) _ N 1 1 

1 g < < ^ r — X > 1/2. 

X X z X lx 1 


( 4 ) 


Mahmoud and Agarwal [9] presented the following asymptotic formula for Bateman’s G-function 

00 / q 2 k 


k = 1 


kx 2k 


x — > oo 


( 5 ) 
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and they deduced the double inequality 

1 


2x 2 + 1.5 <G ^ x < 2x 2, 


x > 0 


( 6 ) 


which improve the lower bound of the inequality ( 4 ). Also, Mahmoud and Almuashi [11] proved 
that the Bateman’s G — function satisfies the double inequality 


2m 


T (2 " ~ T 2 " < GW - - < E 

nx 2n x ' 

n= 1 n = 1 


1 ( 2 n - 1 )B 2n 


nx 


2 n 


m G N 


( 7 ) 


with best bounds, where B r 's are the Bernoulli numbers and they presented some estimates for 
the error term of a class of the alternating series, which improve and generalize some recent 
results. Mortici [ 13 ] established the inequality 


0 < ij)(x + v) — t/j (x ) < + 7 H v x > 1; 0 < v < 1, 


( 8 ) 


where 7 is the Euler constant, which also improves the inequality ( 4 ) of Qiu and Vuorinen. Also, 
Alzer presented the double inequality [ 2 ] 

1 1 

T n (v- x) - p n (v, x) < i/j(x + v) - ip(x) < T n (v ; x), 

x x 

where n > 0 be an integer, x > 0, 0 < v < 1, 

1 


and 


T n (v;x ) = (1 - v) 


pn(v]x) = 


n— 1 




v + n + 1 (x + i + 1) (x + i + v) 

i = 0 


x + n + v 


log 


(x + nY x+n) ^~ v \x + n+ \)G+n+ip 
{x + n + v) x+n+v 


In 2006 , Muqattash and Yahdi [ 17 ] presented an infinite family of functions I a (x) = ^{x) 
for a certain a when x is fixed. Local and global bounding error functions are found and new 
inequalities for the Digamma function are introduced. These functions are shown to approximate 
ip locally and asymptotically. The approximations are compared to another approximations of 
the Digamma function. The technique of construct of Muqattash and Yahdi is very useful and 
can be updated to another functions as we will see in this paper. 

In 2014 , Guo and Qi improved the results of [8] and presented the two sharp inequalities 
In ^x + < 'ip(x) H — < In (x + e~ 7 ) , x > 0 

where the constants | and e -7 are the best possible, and 

In ^ + 7 < H n {n ) < In (n + e 1 ' 7 — l) + 7, n £ N 
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where the n-th harmonic numbers are defined by 

n 

H n = y, n e N 

and is related to the Psi function by the relation 

H n = 7 + ip(n + 1). 

In this paper, we presented a family of functions M(n,x) satisfies that for all x > 0 there 
exists n G [1,2] such that M(fj,,x) = G(x) and is asymptotically equivalent to G(x) as x — * oo. 
We proved that the approximations M(n,x) of the function G(x) are of an order of convergence 

of O ^ln (*+1^2 Zi)x+e 2 ] ) f° r x > 2 and /i e (l, ^2X4)- Some properties and bounds of the error 

are deduced. Also, we presented a new sharp double inequality of the function G(x) between 
the lower bound and the upper bound M(l,x). We proved that the approximations 

M ( n , x) are better than the approximation 1 + ^ for any // in an open subinterval of [l, ^2X4] • 


2 Main Results 

Lemma 2 . 1 . For x > 0 , we have 
In ( 1 + 


x + 2 J x{x + 1) 
Proof. Consider the function 


< G(x) < In ( 1 + 


HJx) = In 1 1 + 


+ 


G(x), 


xF/iJ x{x + 1) 
which can be represented using ( 3 ) by the integral formula 


x + 1 / x(x + 1) 


x > 0; n > 0 


( 9 ) 


H,{x) = 


e -( M +i)t e 2 t_ 1 _ 2te » t ] 

~r\ 77 -e at. 

t( l + e*) 


The function m\(t) = e 2t — 1 — 2 ^ 6 * is strictly increasing pass through the origin, then H\(x) > 0 , 
that is 


In 1 + 


+ 


> G(x). 


X + 1 / x{x + 1 ) 

Also, m 2 (t) = e 2f — 1— 2 te 2t is strictly decreasing function pass through the origin, then H 2 (x) < 0 , 


that is 


In 1 + 


+ 


x + 2 J x(x + 1) 


< G{x). 


□ 
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The double inequality (9) show that the function G(x) lies between two functions of the 
following family of functions 

M(/i, x) — In ( 1 4 J H — - x > 0; fi > 0. (10) 

\ x + n J x(x + 1) 

and hence we can conclude the following result: 

Theorem 1. For every x > 0, there exists /i G [1,2] such that 

M(/i, x) = G(x). 


Proof. For a positive fixed x, consider the function M 2 (/i) = M(n,x) with 1 < n < 2 and 
G(x) = A. M 2 {pt) is a continuous on [1,2] and using the inequality (9), we obtain 

M 2 ( 2) < A < M 2 ( 1). 

Then by the Intermediate Value Theorem, there exists fi G [1,2] such that M 2 (/i) = A. □ 

Also, by using the relations 

d M (/i, x ) 2 n + 2p 2 + 2x + 8/rx + A/Fx + 7x 2 + 8/nr 2 + 6a; 3 + x 4 

dx x 2 (l + x) 2 (n + n 2 + x + 2/xx + x 2 ) 

and 

9M (fi, x) = -1 < Q 

dfji (x + n + 1) (x + n) 

we obtain the following properties of the family M(/j,,x). 

Lemma 2.2. 


1. Mi(x) = M(n,x) is a positive and strictly decreasing as a function of x, x > 0. 

2. M 2 (fJ>) = M(/d,x) is strictly decreasing as a function of n, 1 < ji < 2 
and hence 

0 < M(2,x) < M(n,x) < M{ l,x), x > 0; /y G [1,2]. (11) 

Now, we will show that the family M(/q x) presented asymptotical approximation of the 
Bateman’s G— function for all n G [1,2]. 

Theorem 2. For all ji G [1,2], the Bateman’s G— function and the family M(n,x) are asymp- 
totically equivalent as x — > oo, that is 


x yoo M ( fi , x) 

and this is written symbolically as G(x) ~ M(n,x). 
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Proof. Using the inequality (9), we get 

M(2,x) < G(x) < M(l,x ) 

and hence 

M( 2,x) G(x) 

M(l,x) ~ M(l,x) ~ 

But 

M( 2,x) 12 + 34a; + 23a; 2 + 6a; 3 + x 4 

lim = 

x—><x M (1, x) (3 + x)(4 + 10a; + 5x 2 + x 3 ) 


and then 




lim 

G(x) 


x — ^00 

M(l,x) 

Similarly, we have 




lim 

G(x) 


x — ^00 

M( 2,x) 

Using the inequality (11), we obtain 




G(x) G(x) G(x) 


M (1, x) M (fi, x) M{ 2, x) ’ 


From (13), (14) and (15), we get 


1 < lim < 1. 

x^roo M (/i, X) 


Now, we will study the error of the approximation M(n,x) of the function G(x). 
Theorem 3. For any /y e [1,2], the error 

e ti(x) = G(x) — M(fi,x) 

approaches zero as x — » oo and 

G(x ) = In [ 1 H | 4 — t + 0 ( In ( 1 4- 7 77 7 ) | . 

V x + p ) x(x + l) V V (x + l)(x + 3 )JJ 

Proof. From inequality (12), we have 

M (2, x) — M(p, x) < G(x) — M(p, x) < M( 1, x) — M(p, x) 

and using ( 11 ), we get 

M( 2, x) — M{ l,x) < M( 2, x) — M(p, x). 

Hence 

0 < |G(x) — M(p,x) | < M{ l,x) — M( 2,x) 
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or 

Then 

and 


0 < |e /i (x)| < In ( 1 + 


G(x) = M (/i, x) + O In 1 + 


(x + l)(x + 3) 

1 


(■ x + l)(x + 3) 


lim e M (x) = 0. 

x — ^OO 


(18) 


□ 


As a consequence of the above result, we obtain some bounds of the error e^(x). 

Corollary 2.3. The error e M (x) is uniformly bounded by ±ln ^1 + V x > £ > 0 and 

V/iG [1,2]. 

Proof. Using the inequality (18), we obtain 

sup \e„{x)\ < In ( 1 + - — — ^ — — ) . 

0 <x<oo V (x + 1) (x + 3) J 

Also, the function g{x) = In ^1 + ( x+1 ) 1 ( - :r+ 3 ) ) for x > 0 is decreasing. Then the errors e^x) are 
uniformly bounded between — In fl + ^ £+1 ^ £+: ^ j and In fl + ( £+1 ^ £+3 ) i • □ 


3 The best bounds of the double inequality (9). 

Firstly, we will prove the following auxiliary results: 

Lemma 3.1. 


— x = 1 


and 


lim 

x — Kx) V f>G(x+ 2) — ^ 


, G'(x + 2)e G(a:+2) 
lim , — — = —1. 


x-^oo ( e G( x+2) _ iy 

Proof. Using the double inequality (6) with 


P{X) = 1 + 2^3J2 Mld a{x) = l + ^’ 


we get 


lim , , , 

x — >oo y £Ol(x-\- 2) — 


— x ] < lim 


i 


x — ^oo y ^G{x+ 2) — 


— x ] < lim 


i 


x — >oo y g/^(^+2) — ]_ 


— X 


But 


lim . . , 

#—>•00 y ^^(^+2) — ]_ 


(19) 

( 20 ) 


— x I = lim 


[ 1 + :i - ^ + 3^ + tIu -C ’ (^)l _ 1 
7 


— x \ — l 
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— x ) = lim 


^oc y e 0 (x+ 2 ) _ 1 J + + £ + J 

Also, using the double inequality (6), we have 

G'(x + 2)e Q ^ +2 ) ^ G'(x + 2 )e G ( x+ V ^ G'(x + 2 )e^ x+2) 
(e^(*+ 2 ) - l ) 2 - x^i ( e G(^+ 2 ) _ 1)2 - ( e a(x+2) _ ^2 ‘ 

Now, using the asymptotic formula for Bateman’s G-function (5), we obtain 


— x = 1 . 


G'(x) = — - O ^ 


Then 


G'(x + 2)e a(a;+2) + x ~ h + du + llu ~ 0 (^)] 

lim — „ ol , r-— = lim F x , 7 , x 

™ ^ ] - X ) a ~°° ( t 1 + 5 - i* + 3^ + 24U - 0 (i*)] - l Y 


G'{x + 2)e /3(a ’ +2) (x+2 ) 2 O (x 3 ) + X x 2 + 3x3 + 24 x 4 ^ (j 6 )] 

lim 7 — — 7 — — = lim F 7 F F , , x — 

a ~°° ( ea(x+ ) - !) ™ ( I 1 + x - i + 3x5 + jic* - o (^)j - iy 


Now, we will present the sharp bounds of the double inequality (9). 


Theorem 4. For all x G (0, 00 ) 


In 1 + 


X+S&I ) x(x + l) 


< G(x) < In n + 


X + 1 / x(x + 1 ) ’ 


where the constants 1 and ^4 are the best possible. 


Proof. Using the inequality (9) and functional equation (2), we get 


0 < -x < 2 . 

e G(x+ 2 ) _ 1 


Now consider the two functions 


f(x) = e G{x+2) - 1, x > 0 


“ (x) = W)~ X ’ 


x > 0. 
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Then fix) = G'(x + 2)e G( ' x+2 ' > < 0 and f(x) is strictly decreasing function. Hence - jj — is strictly 
increasing function. Since J-y^)L =0 — 0.91, and -£: jj ^\ x=1 — 0.96. Then the function yyby is 
convex and is increasing function. Thus we get 


d 1 yd 1 

dx f(x) x^-oo dx f(x) 

Using the limit (20), we obtain 


dx f(x) 


lim 

X — ^OO 


G'(x + 2)e G(a:+2) 

( e G(x+2) _ iy ■ 


x > 0 . 


Then q(x) is strictly decreasing function for all x > 0, where 


dq(x) 

dx 


£jk - 1 < a Hence 


lim q(x) < q(x) < lim q(x) 

x->oo a:— >0+ 


and using the limit (19) and G( 2) = 2 — In 4, we have 

1 < x ) < 

e z — 4 

with best bounds. 


( 22 ) 

□ 


In the proof of theorem (4), we proved that the function j s convex. Also, the second 
derivatives of the functions q(x) and y have the same sign, then we get the following resuts: 

Corollary 3.2. The function q(x) is strictly decreasing and convex for all x > 0. 

Corollary 3.3. For every x > 0 there exists a unique number ji G (l, such that G(x) = 
M(n,x). Conversely for every /i G ( 1 ,^ 4 ) there exists a unique number x > 0 such that 
M (yu, x) = G(x). 

Proof. The function q{x) is strictly decreasing from (0, 00) onto (1,^34) then the mapping 
q(x) : (0, 00) — >• (1, ^4) is bijective and the proof is easy consequence of this result. □ 

Corollary 3.4. For x > 2 and [i G (l, we have 
1) the errors e^x) are uniformly bounded by ±ln 


2) G(x) = M(fi, x) + 0 (in . 

Proof. Analogues to inequality (17), we can deduce for all x > 2 and n G (l, ^2x4) that 

4 


0 < |G(x) — M(n,x ) | < 

which is equivalent to 

0 < \e^{x)\ < | In 


M(l,x) - M 


4’ 


x 


(x + 2)[(e 2 — 4)x + 4] 


(x + l)[(e 2 — 4)x + e 2 


< 


In 


4(2e 2 - 4) 
3(3e 2 - 8) 


□ 
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4 Comparing approximations 

Firstly, we will prove the following one side inequality the function G{x) which proves a special 
case of a conjecture posed in [9] and proved in [11] about the best bounds of the Bateman’s 
function but with different proof. 


Lemma 4.1. For all x > 0, we have 


, 1 1 1 

^ x > 2x 2 4a; 4 ' 


Proof. Consider the function 


K(x) = G(x) E - 1 . - -4, x > 0. 
v ; y ’ x 2x 2 4a; 4 ’ 

Using the integral representation (3) of G(x) and the formula 

1 1 

x r 


f-'e-^dt, reN 


(r — 1)! 


'o 


we get 


where 


But 


K(x) = (pit) 


e~ xt 
1 + e* 


dt , 


m = e‘-l-lt(l+e‘) + y 3 (l+e‘). 


00 t k 


1 OO k+1 OO k+3 

— E hi - b E h\ + 9 1 E 


/c=4 

OO 


2^ k\ 24^ fc! 

/c=3 /c=l 


^-(fc+4) 

E (fc + 4)!^ 1 + ~A^ k + 4 )[( fc + 3 )( fc + 2 ) “ 12 D 


k = 0 

OO 


24 


^(fc+5) ]_ 

E ^ _|_ 5)1 + ~A k ( k + 5)(/c + 7)) > 0. 


k=0 


24 


(23) 


□ 


Hence </?(x) > 0 and then K(x) > 0. 

As by-product of the the inequalities (6) and (23), we obtain the following double inequality. 
Corollary 4.2. For all x > 1, we have 

2 


0 < (2j+1Kj .~ 1 U 2 + 1> < 2GM - 


1 1 2x 2 — x + 1 

< 


2a; 4 (a; + 1) x(x + 1) x 2x 2 2x 2 (x + 1) 

Now, we will prove the following auxiliary results: 

Lemma 4.3. For all x > xq ~ 2.5315129, we have 

1 1 


(24) 


p. G(x) x ( x+1 ) ■ 


i_ l 

x 2x' 2 — 1 


— X > 


— x-\-l 

g 2x ^ (cc+1) ^ 


— x > 1. 


(25) 
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Proof. Using the inequality (24), we have 


where 


Then 


2 G(x) - 


u(x) = 


- In 


x(x + 1) x 2x 2 
2x 2 — x + 1 , ( x + 2 


x + 2 
x + 1 


2x 2 {x + 1) 


u'(x ) = 


[x 


In 


3+yfff 


X + 1 / ’ 


< u(x) 


x > 0. 


)(*-“) 


x 3 (x + l) 2 


and the function u(x) has only one positive critical point at x m = 3+ ^ 17 . Now, 


10 


u{x m ) = 


In 


7 + yTf 
(3 + x/17) 2 “ 5 + y/Tt 

lim u(x) = 0 


-0.00113 < 0, 


and 


lim u(x) = oo. 

x— > 0 _ 


Hence u(x) has only one positive root Xq ~ 2.5315129 and 

u(x) <0, \/x > x 0 . 

Then 


2 G(x) 


1 1 , 

7 < In 


x(x + 1) x 2x 2 \x + 1/ ’ 


x + 2 


VT > aio- 


Lemma 4.4. For all x > x\ ~ 2.6925094, we have 

1 


2G(a:) i 

£ v ' x(x+l) a; — _L 

Proof. Using the inequality (24), we have 


x < 


e 2 — 4 


2 G(x) 


' - ' - In 


x(x + 1) x 2x 2 


where 


Hence 


(2x + l)(x - l)(x 2 + 1) 

v(x) = -7- - In 


2x 4 (x + 1) 


e 2 + (e 2 — 4)x) 
4 + (e 2 — 4)a; 

e 2 + (e 2 — A)x) 


> v(x), 


4 + (e 2 — A)x J ' 


x > 1. 


i/(x) = 


L(x) 
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where 

L(x) = 8e 2 + (-32 + 16e 2 + 2e 4 )x + (-32 - 12e 2 + 6e 4 )x 2 + (48 - 36e 2 + 5e 4 )x 3 + (32 - 4e 2 )x 4 

+ (—16 — 4e 2 + e 4 )x 5 + (64 — 24e 2 + 2e 4 )x 6 

and 

S(x) = x 5 (x + l) 2 (4e 2 + (e 4 — 16)x + (16 — 8e 2 + e 4 )x 2 >0, x > 0. 

The function L"(x ) is a polynomial of fourth degree has one positive root at xj ss 2.31866 with 
L"( 3) < 0, then L{x) is concave function on (xj, oo). Also, L(xj) > 0 and lim^oo L(x) = — oo. 
Hence, the function L(x) has only one root on (xj, oo) at x 3 ~ 4.0635204, where L(4.063) > 0 
and L(4.064) < 0. Then L{x) > 0 on [x/,x 3 ) and L(x) < 0 for all x > x 3 . Hence v(x) is 
increasing on (x/,x 3 ) and decreasing function on (x 3 , oo) and it has a maximum point at x 3 . 
But n(2.69) < 0 and v(2.7) > 0 and then v(x) has a root x 3 ~ 2.6925094 e (xj,x 3 ). Also, 
lim^oo v(x) = 0, then we have 

v(x) >0, x > x\ 

and hence 

’e 2 + (e 2 — A)x)' 


2 G(x) 


x(x + 1) x 2x 2 


In 


4 + (e 2 — 4)x 


> 0 , 


X > X\. 


□ 


Theorem 5. For a fixed x > X\, consider I x be the nonempty open interval of [l, defined 
by 

1 1 

% j TTT5 s 9 i i % 


L = 


2 ill 1 
g x(x+l) x 2x 2 — X 


a 2 G{x) x ( x+1 -) ■ 


i_ l 

x 2x2 — X 


For any /i £ I X) we have 


Proof. Using the inequalities (25) and (26), we obtain 

4 



, . (i i \ 

K(x)\ < 



I r C 


’ e 2 — 4 


For any positive real number //, 

1 


x < n iff — M(n, x) > — r 

g x(x+l) X~*~ 2x 2 — \ % 


and hence 


Also, 


a f i i i 

g x(x+l) ~ x ' 2x2 — X 


x < n iff G(x) — M(n,x) > G(x) -. 

x 2x 2 


( 27 ) 


3 2G(®) x ( x+1 y 


i_ l 

® 2x2 — X 


x > n iff 2G(x) 


x(x + 1) x 2x 2 


1 1 , , , 

— r < 111 1 - 


X + pL 
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and hence 


^2G(x) x ( x+1 ) 

From the inequalities (27) and (28) we have 


y — y x > /i iff G(x) — M (fj,, x ) < —G(x) H 1 -. 

_1 X 2x 2 


G(x) - - - ^ < G{x) - M{n,x) < -G(x) + - + G I x . 


Thus 


|G(a;) — M(n,x) \ < 


G{X) “ 1 l + 2 ^ 


V/i 6 I x . 


( 28 ) 


(29) 

□ 
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DIFFERENTIAL EQUATIONS ASSOCIATED WITH MODIFIED 
DEGENERATE BERNOULLI AND EULER NUMBERS 

TAEKYUN KIM, DAE SAN KIM, HYUCK IN KWON, AND JONG JIN SEO 


Abstract. In this paper, we consider some ordinary differential equations 
associated with modified degenerate Euler and Bernoulli numbers and give 
some new identities for these numbers arising from our differential equations. 


1. Introduction 


As is well known, Bernoulli numbers are defined by the generating function 

j. 00 j-n 

(1.1) = (see [1-12]) , 

e z — 1 z ' n\ 

n— 0 

and the Euler numbers are given by generating function 

o 00 j.n 

(1.2) = Y j E n - (see [7, 8]). 

e t _|_ i n \ 

n—0 

In [2], L. Carlitz considered the degenerate Bernoulli and Euler numbers which 
are defined by the generating functions 


(1.3) 

and 

(1.4) 


(1 + A£) A - 1 


= E^( A )-> 

' n\ 


n—0 


2 

(1 + A tf + 1 


E f "( A ) 

n—0 


t n 

nl 


Note that liniA-u) Pn (A) = B n and limA-vo £n (A) = E n , ( n > 0). 

Now, we define the modified degenerate Bernoulli and Euler numbers which 
are slightly different from the Carlitz degenerate Bernoulli and Euler numbers as 


follows: 




(1.5) 

t 

00 f-n 

= E&d A W> 

' n\ 

n—0 

(see [3]) , 

(1 + A)* -1 

and 




(1.6) 

2 

00 4 .n 

= E*nW~, 

' n! 

n—0 

(see [9]) . 

(1 + A)* +1 
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From (1.5) and (1.4), we easily note that 


(1.7) 


lim f3„ (A) = B n and lim £ n (A) = E n , (n > 0) . 

A— >0 A— >0 


For r G N, the higher-order modified Bernoulli and Euler numbers are also 
defined by the generating functions 


(1.8) 

and 

(1.9) 


t 


= E^ r) wS’ 


(1 + A) x - 1, 


_ (1 + A) A +1 / 


n = 0 




n— 0 


Recall that the higher order Bernoulli and Euler numbers are given by the gen- 
erating functions 


( 1 . 10 ) 

and 

(1.11) 


t 


e t -1 


„ „ +ri 

-SX’a. 


n = 0 


= Y. E n ] - V (^e [6, 11]). 


n — 0 


From (1.8), (1.9), (1.10) and (1.11), we note that 

lim ft) (A) = flW and lim £& (A) = . 

A— >0 A— >0 


In [1], Bayad-Kim studied the following nonlinear differential equations: 

1 N 

(1-12) F q N = (N& N), 

where F (fe) = F (fe) (t) = (£) k F. 

For F q (t) = qe l ±1 , Bayad-Kim gave explicit formulae for Apostol-Bernoulli and 
Apostol-Euler numbers and polynomials which are derived from (1.12). 

In [4], Guo-Qi obtained the following results 

<L13) (s) (v^) = ( “ 1) ‘“‘S("‘- 1)w A* + i. m )( X ji n: ) , 

\ / \ / m—1 x 7 

and 
(1.14) 


1 


Xe at - 1 


(k - 1) 


fc / -i \m— 1 / 7 \ i 

7 E - — Ej-Sr (fc,m) ( - ) 

! ^ a ”- 1 ^ \dt 

m—1 x 7 


l 


Xe at - 1 


where k GN, and Si ( k,m ) and S 2 ( k,m ) are respectively the Stirling numbers of 
the first kind and of the second kind (see [4, 10]). However, the results of Guo-Qi 
are immediately obtained from the paper of Bayad-Kim in [1] by replacing q by A 
and t by at ( a =constnat). 

Recently, Kim-Kim studied the nonlinear differential equations given by 

/ rl\ N 

(1.15) 


1 


.(1 + Af) A 


\ / \N N+l 
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where 

F = F (t) = — (see 

(1 + A ±1 

From (1.15), we derived some new identities involving degenerate Euler and 
Bernoulli polynomials. 

In this paper, along the same line as [7] we study some ordinary differential 
equations arising from the generating functions of the modified degenerate Bernoulli 
and Euler numbers. From those equations, we derive some new identities for the 
modified degenerate Bernoulli and Euler numbers. 


2. Differential equations associated with modified degenerate 
Bernoulli and Euler numbers 


(2.1) F = F(t) = ((1 + A)*±l) . 

Then, by (2.1), we get 

(2.2) FW = d ^ = -^l + xy±iy\l + X)ij log (1 + A) 

= -i log (1 + A) ((1 + A)* ±l)~ 2 ((l + Ap ilTl) 
= -±log(l + A) (F + F 2 ) , 



\ N N+l 

— t log (1 + A) J Y, a ti( N )F\ (N = 0,1,2,...), 

' i = 1 

where af_ ± (N) corresponds to ^(1 + A) x + 1^ and af_ t ( N ) does to ^(1 + A) y 
Now, from (2.4), we have 

(2.5) p( N + 1 ) 

= ^XpW 

dt 
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/ 1 x N N+l 

= --log(l + A) 

' ' i = 1 

/ -| \ N+l fiV+1 N+2 } 

= (-- log (1 + A)J | 53 iaf_ 1 W 0 4-2 (N) r \ 

/ i \ JV+1 

= log (1 + A)J K (TV) F T (TV + 1) a% (TV) F N+2 

N+l J 

+ 53 (iot, (TV) T (* - 1) af_ 2 (TV)) F‘\ . 

On the other hand, by replacing TV by TV + 1 in (2.4), we get 

/ , x N+l N+2 

(2.6) f { n+1) = f-- log(1 + A)J 53 of_! (TV + 1)F\ 

' ' i=l 

Comparing the coefficients on both sides of (2.5) and (2.6), we obtain 

(2.7) 

(2.8) 
and 

(2.9) 

for 2 < i < TV + 1. 

Also, by (1.12), we get 

(2.10) F = F^ = (Iq (0) F. 

Thus, by (2.10), we see that 


j 0 (TV + 1) = a 0 (TV) , 


4+i (TV + 1) — =F (TV + 1) (rj^ (TV) , 

4-i ( N + 1) = *4-i W T (* - 1) 4-2 W . 


( 2 . 11 ) 

It is easy to show that 


4 (o) = i- 


(2.12) 


F (1) = — y log (1 + A) 53 a t-i (1) F* 


i = 1 


= --log(l + A) (a±(l)F + a±(l)F 2 ) 

= -^log(l + A) (F qp F 2 ) . 

Thus, by comparing the coefficients on both sides of (2.12), we have 


(2.13) 


(1) — 1, a 1 (1) — =Fl. 


From (2.7) and (2.8), we note that 

(TV+1) = 4 (TV) = • • • = ag (0) = 1, 


= (-l) 2 (TV + l)TVa+^(TV-l) 


(2.14) 

and 

4 (^+!) 

(2.15) 

<+i {N+l) 


1194 


TAEKYUN KIM etal 1191-1202 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


DIFFERENTIAL EQUATIONS FOR MODIFIED BERNOULLI AND EULER NUMBERS 5 

= (-l) JV+1 (N + l)\a+(0) 

= {- 1) N+1 (JV + 1)!, 

(2-16) aJ r+1 {N+l) = {N+l)aJ f {N) 

= (N +1) Na^_ 1 (N — 1) 


= (N + l)!ag (0) 

= (N+ 1)!. 

By (2.15) and (2.16), we easily get 
(2.17) a± +1 (N + l) = (Tl) mi (N+l)L 

Observe also that the matrix (af (j)) 0<i j <N and (a~ (j)) 0<i j <N are as follows: 


0 

1 

2 

3 

N 


and 


0 1 

1 1 
(- 1 ) 1 ! 


0 

1 

2 

3 

N 


2 

1 

(— 1 ) 2 2 ! 

0 


3 

1 

(— 1 ) 3 3 ! 


N 

1 


0 12 3 

1111 
1! 

2 ! 

3! 

0 


For i = 2 in (2.9), we have 


(-1 ) n N\ 


N 

1 


= (4 U)) 


0<i,j<N 


= 4 GO) 


0<i,j<N 


N\ 


(2.18) af(N + l) 

= T«o ( N ) + 2 4 (N) 

= ( N ) + 2 (t4 ( N - 1) + 2a) t (N - 1)) 

= T (4 (JV) + 2aJ ( N - 1)) + 2 2 4 ( N - 1) 

= T (4 ( N ) + 2aJ (N - 1)) + 2 2 (=f4 (IV - 2) + 2a± (N - 2)) 
= T" (®o (IV) + 2 (IV — 1) + 2 ”<4 (IV — 2)) + 2'^af 1 (IV — 2) 
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IV- 1 N 

= T J2 Ta o ( N ~i) + 2*af (1) = T 53 Ta o ( N ~ 0 • 

2—0 2—0 

Let us take i = 3 in (2.9). Then, we note that 

(2.19) af(TV + l) 

= =F2af ( TV ) + 3af (TV) 

= =f2 af (TV) + 3 (=F2af (TV - 1) + 3 af (TV - 1)) 

= =p2 (af (TV) + 3af (TV — 1)) + 3 2 af (TV — 1) 

= t 2 (af (TV) + 3af (TV - 1)) + 3 2 (=f2 af (TV - 2) + 3 af (TV - 2)) 
= =F 2 (of (TV) + 3af (TV - 1) + 3 2 af (TV - 2)) + 3 3 af (TV - 2) 

N—2 

= =f 2 53 3 '«( (-V /) + 3 Ar_1 af (2) 

2=0 

N—l 

= =f2 53 3?a f - o • 

2=0 

For i = 4 in (2.9), we have 

(2.20) af (TV + 1) 

= =F3af (TV) + 4af (TV) 

= =p3af (TV) + 4 (=p3af (TV — 1) + 4af (TV — 1)) 

= =F 3 (af (TV) + 4af (TV - 1)) + 4 2 af (TV - 1) 

= =p3 (af (TV) + 4af (TV — 1)) + 4 2 (=p3af (TV — 2) + 4af (TV — 2)) 
= =p3 (af (TV) + 4af (TV — 1) + 4 2 af (TV — 2)) + 4 3 af (TV — 2) 

N-3 

= T3 53 4‘af (TV - i) + 4 Ar_2 af (3) 

2=0 

N—2 

= ¥53 4< «2 (N - i) . 

i = 0 

Continuing this process, we can deduce that 

JV-j+l 

(2.21) of(TV + l)= T j E + 

2=0 

for 1 < j < Ah 

Now, we give explicit expression for (A3 + 1), (1 < j < N). 

N 

(2.22) af (TV + 1) = T 53 2<1 > 

zi=0 
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N—l 

(2.23) af(N + l) = 3 i2 af(iV-* 2 ) 

* 2=0 

N—l N—i2 — 1 

= =f2 ^ (t1) 

* 2—0 * i =0 

N—l N-l-12 

= (Tlf2! E E 3* 2 2 il , 

*2=0 *1=0 


and, by (2.23), we get 


(2.24) af(N + 1) 

N—2 

= 4 ' 3 4 - *3) 

* 3=0 

N-2 N-i 3 -2 N-i 3 -i 2 -2 

= T 3^4 i3 (=pl) 2 2! E E 3* 2 2 u 

* 3=0 * 2—0 * 1=0 

N—2 N—2—i 3 N-2-i 3 -i 2 

= (Tl) 3 3! E E E 4 <3 3 i2 2 <1 . 

*3=0 *2=0 *1=0 

So, we can deduce that 

(2.25) 

N—j + lN—j + l—ij N—j+X—ij i 2 


(N + l) = (Tl) j j\ J2 E 


ij =0 *o_i=0 


E 

*i=0 


0 + 0 V'" 1 ' • • 2’\ 


where 1 < j < TV. 

Remark. Observe that a^ +1 (TV + 1) = (=Fl) iV+1 (TV + 1)! is the same as the above 
expression with j = TV + 1. Therefore, by (2.4) and (2.25), we obtain the following 
theorem. 


Theorem 1. The ordinary differential equations 
/ 1 \ IV N+l 

F (iV) = ( — — log (1 + A) ) ^a-JTV)^, (AT = 0,1,2,...), 

' ' *=1 

have a solution F = F (t) = — t — , where af (TV) = 1, 

' (l+A)V-l u 

N-jN-j-ij N-j—ij i 2 

", ( V) - ./! E E E 0 + l)E'^---2\ 

ij= 0 *j_ 1=0 * 1=0 

for 1 < j < TV. 

Theorem 2. The ordinary differential equations 
/ -* \ iV iV+1 

F (iV) = (--log(l + A)J ^Ta+^TV)^, (TV = 0,1, 2,...), 
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have a solution F = F (t) = ^ — , where ait (TV) = 1, 

v ’ (l+A)A+l’ u 

N—j N—j—ij N-j-ij i 2 




ij= 0 i« — 1=0 


E u + rfj 

ii=0 


z j - i . . . on 


for 1 < j < TV. 

Now, we observe that 


(2.26) 


E^fc+w (A) 


k = 0 


fc! 


= E^( A ) 


\k=0 


t k 

fc! 


(N) 


( N ) 


= 2 


(1 + A) A + 1, 


/I ^NN+l / 

= 2 — log (1 + A) J E °ti (N) f 

/I \ AI N+l / 

= (--log(l + A)J E a tiW 2l "M 


1 

(1 + A)* +1, 
2 


(1 + A) A +1, 


k = 0 


AT iV+1 


= E( (-^toga + A)) E 21 ~V-i(W(a)) 


i=l 


fc! 


Thus, by comparing the coefficients on both sides of (2.26), we get 
/ . \ N N+l 

(2.27) S k+N (A) = ( -- log (1 + A) E i ( N ) ^ (A) , 

for fc, TV = 0,1,2,.... 

Therefore, by (2.27), we obtain the following theorem. 

Theorem 3. For k,N = 0, 1, 2, ... , we fcawe 

/ -j \ iV iV+1 

^fc+Ar (A) = ( — - log (1 + A) J E^tiWftA), 

' ' i= 1 

where a({" (TV) = 1, 


(2.28) a 4 


N-j N-j-ij N-j-ij i 2 

(•V) = (-i )•'./! E E E a • i)'-./" - 

ij =0 ij_ 1 =0 n=0 

where 1 < j < TV. 

Corollary 4. ^ (x) = (-y log (1 + A)) W Elt* 2 1_ia iti ( N )- 
Replacing t by j- log (1 + A) in (1.11), we obtain 


(2.29) 


^ 4-11 / O 

E^ ) (a)^ = / 

n— 0 


(1 + A) A +1 / 
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V p(rl (i 1 °g ( 1 + A ) *)" 

^ n n! 


n— 0 

Thus, by (2.29), we get 

(2.30) (A) = Q log (1 + A)) fiW, (n > 0) . 

From (2.30), we obtain the following corollary. 

Corollary 5. For k, N = 0, 1, 2, . . . , we have 

N+l 


E k+N = (-1)" E 




where at (N ){ 0 < j < N) are as in (2.28). 


From (1.3), we note that 


(2.31) 


1 


(1 + A) x — 1 

t fc-i 


= E&( A ) 


k = 0 
oo 


k\ 


- E ( A ) ~TT + ^ 7 

fc=l 


— E&+ 1 (a) 

fe=0 

Thus, by (2.31), we get 
(2.32) 


t K 


A 


(fc + 1)! log (1 + A) 


1 


(TV) 


s (1 + A) x — 1, 


= E &+1 (A) 


k=N 


(k + 1)! 
A 


+ (-1)^ TV!- . J - 1 *- 1 


From (2.32), we note that 


(2.33) 


fJV+l 


1 


log (1 + A) 


(TV) 


(1 + A) x — 1, 


= £ Am (A) t#7tE +1 + (-^ ^ 


k—N 


(k + 1)! 


= E (A) (A; - 1)tv |y + (-1)^ 


k=N + 1 


log (1 + A) 
A 

log (1 + A) ’ 
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On the other hand, by Theorem 1, we get 

\ W 


(2.34) 


t 


A+l 


1 


k (l + A)*‘ - l, 


/ i \ N N+1 ( i 

= ,o g (l + A)) 

/I yATW+l / 

= (--log(l + A)J 


A A+l 


(1 + A)* -1, 
t l 


= - - log (i + a) a -i w tN+1 ~ l E a w 


i — 1 

A A 


= ^ log (! + A) ) ^2a N _i(N) 

= l°g (1 + A )) EE%-.w^ ( 


2=0 l— 0 
N N oo 


2=0 k—i 


z=o 


oo 

(A) 

1=0 


(N) $ N+1 ~ i } 

(A) 


(A) 


i\ 


t i+i 

IT 

IT 


From (2.34), we have 


(2.35) 


,A+1 


1 


(A) 


(1 + A) x — 1 / 

A 


= (--l 0g (l + A) 


A fc 




k. fc=0 2=0 
oo AT 


l 

/c! ( ' 


+ E E^wf^’wWi 

fc=JV+l 2=0 

Comparing (2.33) and (2.35), we obtain the following theorem. 
Theorem 6. Let N be a positive integer. Then 

(i) h (A) = ( , ,\ K . (-A log (1 + A)) W Ef=o «A-i W (A) (% 

k > N + 1, (k) N = k (k — 1) • • • (k — N + 1) for N > 1, and (k) 0 = 

(ii) For 1 < fc < N, we have 


(A) (fc)< = 0, 


i=0 


(2.36) 


where a 0 (N) = 1, 

N-j N—j — ij N—j—ij i 2 

aj (N) = j\ E E ••• E (./- O’c / 0 ■••• 2 ' 

2j =0 2j _ l =0 2l =0 


, where 

1. 
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(1 < j < N). 

Replacing t by j- log (1 + A) in (1.10), we get 


= £^Ulo g (l + A) 


(2-37) T 

\ (1 + A) A — 1/ n = o 

Thus, from (2.37), we have 

(2.38) (A) = ( - log (1 + Am for n > 0. 

From (2.38), we obtain the following corollary. 

Corollary 7. Let N be any positive integer. Then 

(i) B k = Eto “N-i W Bi N _f " 4) (k) v for k>N+ 1, 


— / Ar \ r^(A+l— i) 

are as in (2.36). 


(ii) Ei=o a N-i ( N ) B k-i ( fc )i = 0, for 1 <k<N, where a j (N) (0 < j < N ) 
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ADDITIVE-QUADRATIC p-FUNCTIONAL INEQUALITIES IN BANACH 

SPACES 

SUNGSIK YUN\ JUNG RYE LEE 2 *, CHOONKIL PARK 3 *, AND DONG YUN SHIN 4 * 


Abstract. Let 

Mif{x,y): = ^f(x + y)-^f(-x-y) 

+\f( x -v) + \f(v ~ x )~ f ( x ) - /(</), 

2/ (i±») + / f(,) - /(„). 

We solve the additive-quadratic p-functional inequalities 

\\Mif(x,y)\\ < \\pM 2 f(x,y)\\, (0.1) 

where p is a fixed complex number with \p\ < | and 

\\M 2 f(x,y)\\ < \\pMif(x,y)\\, (0.2) 

where p is a fixed complex number with \p\ < 1. 

Using the direct method, we prove the Hyers-Ulam stability of the additive-quadratic 
p-functional inequalities (0.1) and (0.2) in complex Banach spaces. 


1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam [23] 
concerning the stability of group homomorphisms. 

The functional equation f{x+y) = f(x)+f(y ) is called the Cauchy equation. In particular, 
every solution of the Cauchy equation is said to be an additive mapping. Hyers [9] gave a 
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem 
was generalized by Aoki [2] for additive mappings and by Rassias [15] for linear mappings by 
considering an unbounded Cauchy difference. A generalization of the Rassias theorem was 
obtained by Gavruta [8] by replacing the unbounded Cauchy difference by a general control 
function in the spirit of Rassias’ approach. 

The functional equation f(x+y)+f(x— y) = 2f(x)+2f(y) is called the quadratic functional 
equation. In particular, every solution of the quadratic functional equation is said to be a 
quadratic mapping. The stability of quadratic functional equation was proved by Skof [22] 
for mappings / : E\ -A E 2 , where E\ is a normed space and E 2 is a Banach space. Cholewa 
[5] noticed that the theorem of Skof is still true if the relevant domain E\ is replaced by an 
Abelian group. The stability problems of various functional equations have been extensively 
investigated by a number of authors (see [1, 3, 4, 6, 7, 10, 13, 14, 16, 17, 18, 19, 20, 21, 24, 25]). 

In Section 2, we solve the additive-quadratic p-functional inequality (0.1) and prove the 
Hyers-Ulam stability of the additive-quadratic p-functional inequality (0.1) in Banach spaces. 

2010 Mathematics Subject Classification. Primary 39B62, 39B52. 

Key words and phrases. Hyers-Ulam stability; additive-quadratic p-functional inequality; Banach space. 
‘Corresponding authors. 
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In Section 3, we solve the additive-quadratic p- functional inequality (0.2) and prove the 
Hyers-Ulam stability of the additive-quadratic p- functional inequality (0.2) in Banach spaces. 

In this paper, assume that X is a complex norrned space and that Y is a complex Banach 
space. 

2. Additive-quadratic p-functional inequality (0.1) in Banach spaces 

Throughout this section, assume that p is a complex number with \p\ < 

We solve and investigate the additive-quadratic p- functional inequality (0.1) in norrned 
spaces. 

Lemma 2.1. 

(i) If a mapping f : X — >• Y satisfies Mif(x,y) = 0, then f = f Q + f e , where f 0 (x) := 

(Jauchy additive mapping and f e (x) := % s the quadratic mapping. 

(ii) If a mapping f : X -A Y satisfies M 2 f(x,y) = 0, then f = f 0 + fe, where f 0 {x) '■= 

f(Y IY X ) i s Cauchy additive mapping and f e (x) := ^ is the quadratic mapping. 

Proof, (i) 

Mi f 0 (x, y) = f 0 {x + y)~ f a (x) - f 0 (y) = 0 
for all x,y G X. So f a is the Cauchy additive mapping. 

Mif e (x , y) = ^ fe{x + y) + ^/e(x -y)~ fe{x) - fe{y) = 0 
for all x,y G X. So f Q is the quadratic mapping. 

(ii) 

M 2 f 0 {x,y ) = 2 f 0 ~ fo(x) ~ fo(y ) = 0 

for all x,y G X. Since M 2 f (0,0) = 0, /( 0) = 0 and f Q is the Cauchy additive mapping. 

M 2 fe{x,y ) = 2/e + 2/e “ fe (% ) ~ fe(y) = 0 

for all x,y G X. Since M 2 f (0,0) = 0, /( 0) = 0 and f e is the quadratic mapping. 

Therefore, the mapping / : X — > Y is the sum of the Cauchy additive mapping and the 
quadratic mapping. □ 

Lemma 2.2. 

(i) If an odd mapping f : X -A Y satisfies 

\\Mif{x,y)\\ < \\pM 2 f{x,y)\\ (2.1) 

for all x, y 6 X, then f : X -A Y is additive. 

(ii) If an even mapping f : X — >• Y satisfies (2.1), then f : X -> Y is quadratic. 

Proof, (i) Assume that / : X — > Y satisfies (2.1). 

Since / is an odd mapping, /( 0) = 0. 

Letting y = x in (2.1), we get 

||/(2*) - 2/(s)|| <0 

and so /( 2x) = 2 /(*) for all x € X. Thus 

/ (|) = 1/M (2.2) 
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for all i£l, 

It follows from (2.1) and (2.2) that 

\\f(x + y)~ f{x)~ f{y)\\ < p (2f ~ f(x) - f{y)^j 

= \p\\\f(x + y) ~ f(x) - f(y)\\ 

and so 

f(x + y) = /(x) + f(y) 

for all x, y G X. 

(ii) Assume that / : X — > Y satisfies (2.1). 

Letting x = y = 0 in (2.1), we get 

||/(0)|| < 112^/(0)11. 

So /( 0) = 0. 

Letting y = x in (2.1), we get 

||^/(2x)-2/(x)|| <0 
and so /( 2x) = 4/(x) for all x G X. Thus 

/ (|) = j/M (2.3) 

for all x G X. 

It follows from (2.1) and (2.3) that 

7 ) f (x + y) + ^ f(x -y)- /(x) - f(y) 

<|p(2/(^) + 2/(^)-/(x)-/( y) )| 

= \p\ \f{x + y) + ^/(x -y) - f{x) - f(y) 

and so 

f(x + y) + fix -y) = 2/(x) + 2f(y) 

for all x, y G A. □ 

We prove the Hyers-Ulam stability of the additive-quadratic p - functional inequality (2.1) 
in complex Banach spaces for an odd mapping case. 

Theorem 2.3. Let : X 2 — > [0, 00 ) be a function and let f : X — >• Y be an odd mapping 
such that 

= Y 23 v yj) < 00 ’ ( 2 - 4 ) 

||Mi/(x,y)|| < ||pM 2 /(x,y)|| +<^(x,y) (2.5) 

for all x,y € A. T/ien f/iere exists a unique additive mapping A : X ^ Y such that 

ll/(x) — A(x)|| < ^(x,x) (2.6) 

/or all x € X . 
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Proof. Letting y = x in (2.5), we get 

11/(2®) - 2/(x)|| < <p(x,x) 

for all x € X. So 


(2.7) 


/(*) - 2/ 


< <P 


x x 
2 ’ 2 


for all x & X . Hence 

1 2' 


''(!)-*"'(£) II s f 

.7 — ^ 


3=> 
m— 1 


< E 2 V 


3=1 


2 J+ 1 ’ 2f +1 


(2.8) 


for all nonnegative integers m and l with m > l and all x € X. It follows from (2.8) that 
the sequence {2 fc /(^)} is Cauchy for all x £ X. Since Y is a Banach space, the sequence 
{2 converges. So one can define the mapping A : X — > Y by 


A ( X ) :=Um2 ‘/(T) 


for all x £ X. Since / is an odd mapping, A is an odd mapping. Moreover, letting l = 0 and 
passing the limit m — > oo in (2.8), we get (2.6). 

It follows from (2.4) and (2.5) that 


\\A(x + y) - A(x) - A(y)\\ = lim 


< lim 

n— >oo 


2”I/|^)-/(A)- / (A 

2>(2/i g?)-f(±)- f a 


+ lim 2 n v ( — 

n—too ^ \2 n 2 n 

p { 2A (^) ~ Mx) ~ A(v) ) 


for all x, y G X. So 

\\A(x + y) - A(x) -A(y)\\ < 


p[2A[ TiA) - A(x) - A(yf) 


for all x, y € X. By Lemma 2.2, the mapping A : X — > Y is additive. 

Now, let T : X — > Y be another additive mapping satisfying (2.6). Then we have 


||A(*)-T(z)|| = 

< 


2 q A ( — ) — 2 q T f — 
21 \2i 


2 i A ( -) -2 q f - 
' 21 ) * V 21 


< 2 q 'S> 

- ' 21 2i 1 


+ 


2 q T ( — ) — 2 q f ( — 

2i J \2 1 


which tends to zero as q — > oo for all x € X. So we can conclude that A(x) = T(x) for all 
x € X. This proves the uniqueness of A, as desired. □ 
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Corollary 2.4. Let r > 1 and 9 be nonnegative real numbers, and let f : X —tY be an odd 
mapping such that 


||M 1 /(x,y)|| < \\pM 2 f(x,y)\\+6(\\x\\ r + \\y\\ r ) (2.9) 

for all x,y G X. Then there exists a unique additive mapping A : X —*■ Y such that 

9/9 

\\f(x)-A{x)\\<^- 2 \\x\\ r 

for all x € X . 

Theorem 2.5. Let ip : X 2 — > [0, oo) be a function and let f : X — » Y be an odd mapping 
satisfying (2.5) and 


V) ■= 55 Vy) < oo 


3=0 


for all x,y E X. Then there exists a unique additive mapping A : X Y such that 

II /(*) - ^(®)|| < 

for all x E X . 


(2.10) 


( 2 . 11 ) 


Proof. It follows from (2.7) that 


/(*) - 


for all x E X. Hence 


^/< 2 U) - Lnrx) 


< -p>{x,x) 


m— 1 . 

s T 2J f ( 2ix ) - 2m f i 2i+lx ) 


3=1 
m — 1 


< 51 ^TT^(2 j x,2 j x) 


j=l 


(2.12) 


for all nonnegative integers m . and l with m > l and all x E X. It follows from (2.12) that the 
sequence {^/( 2 n x)} is a Cauchy sequence for all x E X. Since Y is complete, the sequence 
f{2 n x )} converges. So one can define the mapping A : X — > Y by 

A(x) := lim — /( 2 n x) 

K ’ n—too 2 n 

for all x E X. Moreover, letting l = 0 and passing the limit m — > 00 in (2.12), we get (2.11). 
The rest of the proof is similar to the proof of Theorem 2.3. □ 


Corollary 2.6. Let r < 1 and 9 be nonnegative real numbers, and let f : X —*Y be an odd 
mapping satisfying (2.9). Then there exists a unique additive mapping A : X — >• Y such that 

2/9 

||/(x)-A(x)||<23ylN| r (2-13) 

for all x E X . 


Now, we prove the Hyers-Ulam stability of the additive-quadratic p- functional inequality 
(2.1) in complex Banach spaces for an even mapping case. 
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Theorem 2.7. Let ip : X 2 — > [0, oo) be a function and let f : X -A Y be an even mapping 
satisfying /( 0) = 0, (2.5) and 


= E 4 V(!, f)<oo 

for all x,y € X . Then there exists a unique quadratic mapping Q : X — >• Y such that 


(2.14) 


||/(x)-Q(x)|| < ^(x,x) 


(2.15) 


for all x G X . 

Proof. Letting y = x in (2.5), we get 


/(2s) - 2/(x) 


< <p(x, X ) 


(2.16) 


for all i£l. So 

for all x G X. Hence 

4'/ 


/P)-4/(|) 


, X X 


-4”7 


< eK§HM^) 


£ E 


3=1 

m-l 4 j+ 1 


-v 


3=1 


X X \ 

27+ 1 ’ 2J+ 1 / 


(2.17) 


for all nonnegative integers m and l with m > l and all x G X. It follows from (2.17) that 
the sequence {4 fc /(^)} is Cauchy for all x G X. Since Y is a Banach space, the sequence 
{4 A 7(§ )} converges. So one can define the mapping Q : X — > Y by 


Q(x) -to// (A) 


for all x G X. Since / is an even mapping, Q is an even mapping. Moreover, letting l = 0 
and passing the limit m oo in (2.17), we get (2.15). 

It follows from (2.5) and (2.14) that 


Q 


x + y 
2 




x-y 

2 


= lim 

n— >oo 

< lim 

n— >oo 


2 

4 n p ( 2/ 


1 j (x + y 


P ( 2Q 


x + y 


2 n 
x + y 
2 n+1 

+ 2Q 


+ 2 7 
+ 2 / 
x-y 


- Q(x) - Q(y) 
x-y 


-f 


2 n 

x-y 

2 n + 1 


- Q{x) - Q(y) 


~f 


J \ rim / J \ On 


+ lim 4> ( — — 

n=>o o ^ V 2 n 2 n 


for all x, y G X. So 


:Q 


< 


x + y 
2 

pLq 


+ \ Q 


x + y 


x-y 

2 

+ 2 Q 


- Q{x) - Q(y) 
x-y 


- Q(x) - Q{y ) 
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for all x, y £ X. By Lemma 2.2, the mapping Q : X — > Y is quadratic. 

Now, let T : X — > Y be another quadratic mapping satisfying (2.15). Then we have 


\\Q(x)-T(x)\\ = 


4 q Q 


< 


x 


29 


£ -4 V £ 


29 


-4 q T 

+ 


x 


29 


4 9 T _ _ 4 9J _ 

\ 0/7 J \ 0/7 


29 


< 4 9 T ( — , — ) . 

1 29 ’ 29 ' ’ 


which tends to zero as q -A 00 for all x & X. So we can conclude that Q(x) = T(x) for all 
x £ X. This proves the uniqueness of Q, as desired. □ 

Corollary 2.8. Let r > 2 and 9 be nonnegative real numbers, and let f : X -A Y be an 
even mapping satisfying /( 0) = 0 and (2.9). Then there exists a unique quadratic mapping 
Q : X -A T such that 


\\f(x)-Q(x)\\ < 


49 


2 r — 4 


for all x £ X . 


Theorem 2.9. Let ip : X 2 -A [0, 00 ) be a function and let f : X -> Y be an even mapping 
satisfying /( 0) = 0, (2.5) and 


1 


V) := Y l 2 J y) < 00 


3 = 0 


(2.18) 


for all x,y £ X . Then there exists a unique quadratic mapping Q : X -A Y such that 


\\f(x) - Q(x)\\ < ]x>{x,x) 


(2.19) 


for all x £ X . 

Proof. It follows from (2.16) that 


/(*) - 4 /( 2 ») 


< -<p(x,x) 


for all x £ X. Hence 


m — 1 1 


-I -| »»*' -L -I -1 

? /(2'x) - -/(2-x) < £ jj/ ( 2'x) - —J (*+‘x) 


3=1 
m— 1 


< E 


49' 

1 


3=1 


2-49 


rip{2^ x, 2^x) 


(2.20) 


for all nonnegative integers m and / with m > l and all x £ X. It follows from (2.20) that the 
sequence {^/(2 n x)} is a Cauchy sequence for all x £ X. Since Y is complete, the sequence 
{ 4 ^/ (2 n x)} converges. So one can define the mapping Q : X — > Y by 

Q(x) := lim -*-/( 2 n x) 

for all x £ X. Moreover, letting l = 0 and passing the limit m — > 00 in (2.20), we get (2.19). 
The rest of the proof is similar to the proof of Theorem 2.7. □ 
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Corollary 2.10. Let r < 2 and 6 be nonnegative real numbers, and let f : X Y be an 
even mapping satisfying /( 0) = 0 and (2.9). Then there exists a unique quadratic mapping 
Q : X -A Y such that 

||/(i)-Q(x)||< jiClIiir (2.21) 

for all x € X . 

Remark 2.11. If p is a real number such that — ^ < p < | and Y is a real Banach space, 
then all the assertions in this section remain valid. 

3. Additive-quadratic /afunctional inequality (0.2) in complex Banach spaces 

Throughout this section, assume that p is a complex number with \p\ < 1. 

We solve and investigate the additive-quadratic p- functional inequality (0.2) in complex 
normed spaces. 

Lemma 3.1. 

(i) If an odd mapping f : X — > Y satisfies 

\\M 2 f(x,y)\\ < \\pM 1 f{x,y)\\ (3.1) 

for all x,y € X, then f : X — »• Y is additive. 

(ii) If an even mapping f : X — > Y satisfies /( 0) = 0 and (3.1), then f : X Y is quadratic. 

Proof, (i) Assume that / : X -*Y satisfies (3.1). 

Letting y = 0 in (3.1), we get 

2 / (f)~/ ( HI-° (3 ' 2) 

and so / (§) = \f{x) for all x G X. 

It follows from (3.1) and (3.2) that 

\\f(x + y) - f(x) - f{y)\\ = 2 f (^~^j ~ f(x) - f(y) 

< \p\\\f(x + y) ~ f(x) - f(y)\\ 

and so 

f(x + y) = f(x) + f(y) 

for all x, y £ X. 

(ii) Assume that / : X -^-Y satisfies (3.1). 

Letting y = 0 in (3.1), we get 

4 / (f) -/ HI -° (3 - 3) 

and so / (|) = \f{x) for all x G X. 
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It follows from (3.1) and (3.3) that 

7}f(x + y) + -y)- f{x) - f(y) 

= | 2 /(^) + 2 /(^)-/(,)-/(,)| 

< |p| \f(x + y) + ^f(x - y) - f{x) - f(y) 

and so 

f(x + y) + f(x -y) = 2 f{x) + 2 f{y) 

for all □ 

We prove the Hyers-Ulam stability of the additive-quadratic p- functional inequality (3.1) 
in complex Banach spaces for an odd mapping case. 

Theorem 3.2. Let : X 2 — > [0,oo) be a function and let f : X ^ Y be an odd mapping 
satisfying 

OO / x 

x,y )■■ = ( o.r -u ) < ' x - 

\\M 2 f{x,y)\\ < \\pMif(x,y)\\+<p(x,y) (3.4) 

for all x,y € X. Then there exists a unique additive mapping A : X -A Y such that 

\\f(x) - A(x)\\ <V(x,0) (3.5) 

for all x e X . 

Proof. Letting y = 0 in (3.4), we get 

/(*)-2/(|) = 2 f[^)-f(x) < <p(x, 0) (3.6) 

for all x G X. So 



for all nonnegative integers m and l with m > l and all x 6 X. It follows from (3.7) that 
the sequence {2 k f (■§;)} is Cauchy for all x £ X. Since Y is a Banach space, the sequence 
{2 A 7(§ )} converges. So one can define the mapping A : X -A Y by 

A{x) := SSL 2 T ( f ) 

for all Since / is an odd mapping, A is an odd mapping. Moreover, letting l = 0 and 

passing the limit m — > oo in (3.7), we get (3.5). 

The rest of the proof is similar to the proof of Theorem 2.3. □ 
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Corollary 3.3. Let r > 1 and 6 be nonnegative real numbers, and let f : X —>Y be an odd 
mapping satisfying 

\\M 2 f(x,y)\\ < \\ P M 1 f(x,y)\\+9(\\x\\ r + \\y\n (3.8) 

for all x,y G X. Then there exists a unique additive mapping A : X -A Y such that 


||/(x) - A(x)|| < 


2 r 9 
2 r — 2 


for all x G X . 


Theorem 3.4. Let (p : X 2 — > [0,oo) be a function and let f : X -» Y be an odd mapping 
satisfying (3.4) and 

OO ^ 


3 = 1 


for all x,y € X. Then there exists a unique additive mapping A : X — »• Y such that 


11/0*0 - A(x)\\ < ®(x,0) 


(3.9) 


for all x € X . 

Proof. It follows from (3.6) that 


fix) - ~f{ 2x) 


< -<p( 2x,0) 


for all x G X. Hence 


*/( 


Ul—i. -I -1 

S E 2if( 2ix )~2mf{ 2i+lx ) 

3=1 

m 2 

< K7 T^X^O) 


(3.10) 


j=i+i 


for all nonnegative integers m and / with m > l and all x € X. It follows from (3.10) that the 
sequence f(2 n x)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence 
f(2 n x )} converges. So one can define the mapping A : X Y by 

A(x) := lim — /( 2 n x) 

K ' n- >oo 2 n 

for all i£l, Moreover, letting l = 0 and passing the limit m — > oo in (3.10), we get (3.9). 
The rest of the proof is similar to the proof of Theorem 2.3. □ 

Corollary 3.5. Let r < 1 and 6 be positive real numbers, and let f : X — >• Y be an odd 
mapping satisfying (3.8). Then there exists a unique additive mapping A : X -A Y such that 


||/(x) - A(x)|| < 


2 r 0 
2 — 2 r 


x 


for all x e X . 


Now, we prove the Hyers-Ulam stability of the additive-quadratic p- functional inequality 
(3.1) in complex Banach spaces for an even mapping case. 
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Theorem 3.6. Let p : X 2 -A [0, oo) be a function and let f : X -a Y be an even mapping 
satisfying /( 0) = 0, (3.4) and 


^(x,y) : 



< oo 


for all x,y € X. Then there exists a unique quadratic mapping Q : X -A Y such that 


for all x 6 X . 


11/0*0 - <30*011 < *(s,0) 


(3.11) 


Proof. Letting y = 0 in (3.4), we get 

|/W-4/(|) 

for all x G X. So 


4 7 





(3.12) 


(3.13) 


for all nonnegative integers rn and l with m > l and all x G X. It follows from (3.13) that 
the sequence {^ k f (■§;)} is Cauchy for all x 6 X. Since Y is a Banach space, the sequence 
{4 k f(§ )} converges. So one can define the mapping Q : X -a Y by 


Q(x) : = lim 4 k f ( ) 

oo J \2 k J 


for all x € X. Since / is an even mapping, Q is an even mapping. Moreover, letting l = 0 
and passing the limit rn oo in (3.13), we get (3.11). 

The rest of the proof is similar to the proof of Theorem 2.3. □ 


Corollary 3.7. Let r > 2 and 9 be nonnegative real numbers, and let f : X -A Y be an 
even mapping satisfying /( 0) = 0 and (3.8). Then there exists a unique quadratic mapping 
Q : X a7 such that 

WHx) - Q{x)\\ < 

for all x € X . 

Theorem 3.8. Let ip : X 2 -a [0, oo) be a function and let f : X -A Y be an even mapping 
satisfying /( 0) = 0, (3.4) and 

OO 

V(x,y) ■= Y2 , y pi'- 1 -i'. 2 1 y ) < oo 
3 = * 

all x,y 6 X. Then there exists a unique quadratic mapping Q : X -a T such that 

11/0*0 -<30*011 < ’L0e,O) (3.14) 

all x € X . 


for 


for 


1213 


SUNGSIK YUN et al 1203-1215 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


S. YUN, J. LEE, C. PARK, AND D. SHIN 

Proof. It follows from (3.12) that 

2x ) <\p( 2x ,°) 

for all x £ X. Hence 

1 1 m— i 1 i 

J /(2‘x) - -/(2">x) < £ f {v x )- f{»« x ) 

3=1 

m 2 

< E 7 (3.15) 

3 = 1 + 1 

for all nonnegative integers m and / with m > l and all x £ X. It follows from (3.15) that the 
sequence f(2 n x)} is a Cauchy sequence for all x £ X. Since Y is complete, the sequence 
{^■/( 2 n x)} converges. So one can define the mapping Q : X — > Y by 

<2(x) := lim — /( 2 n x) 

v ' n-»oo 4« J v ' 

for all x € X. Moreover, letting l = 0 and passing the limit m -+ oo in (3.15), we get (3.14). 
The rest of the proof is similar to the proof of Theorem 2.3. □ 

Corollary 3.9. Let r < 2 and 6 be positive real numbers, and let f : X -+ Y be an even 
mapping satisfying /( 0) = 0, (3.8). Then there exists a unique quadratic mapping Q : X —>Y 
such that 

||/(x)-Q(x)||< i ^||x|r 

for all x € X . 

Remark 3.10. If p is a real number such that —1 < p < 1 and Y is a real Banach space, 
then all the assertions in this section remain valid. 
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STABILITY OF ADDITIVE-QUADRATIC p-FUNCTIONAL 
INEQUALITIES IN BANACH SPACES 

CHOONKIL PARK 1 , JUNG RYE LEE 2 *, AND SUNG JIN LEE 3 * 


Abstract. Let 

Mif{x,y): = ^f(x + y)-^f(-x-y) 

+\f( x -v) + \f(v ~ x )~ f ( x ) - /(</), 

2 / (i±») + / f(,) - /(„). 

We solve the additive-quadratic p-functional inequalities 

\\Mif(x,y)\\ < \\pM 2 f(x,y)\\, (0.1) 

where p is a fixed complex number with \p\ < | and 

II V 2 /(x,j/)|| < \\pMif(x,y)\\, (0.2) 

where p is a fixed complex number with |p| < 1. 

Using the fixed point method, we prove the Hyers-Ulam stability of the additive-quadratic 
p-functional inequalities (0.1) and (0.2) in complex Banach spaces. 


1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam [31] 
concerning the stability of group homomorphisms. 

The functional equation f(x+y) = f(x)+f(y ) is called the Cauchy equation. In particular, 
every solution of the Cauchy equation is said to be an additive mapping. Hyers [12] gave a 
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem 
was generalized by Aoki [2] for additive mappings and by Rassias [23] for linear mappings 
by considering an unbounded Cauchy difference. A generalization of the Rassias theorem 
was obtained by Gavruta [11] by replacing the unbounded Cauchy difference by a general 
control function in the spirit of Rassias’ approach. 

The functional equation f(x + y) + f(x — y) = 2 f(x) + 2 f(y) is called the quadratic 
functional equation. In particular, every solution of the quadratic functional equation is 
said to be a quadratic mapping. The stability of quadratic functional equation was proved 
by Skof [30] for mappings / : E\ — > E2, where E\ is a normed space and E2 is a Banach 
space. Cholewa [8] noticed that the theorem of Skof is still true if the relevant domain E\ is 
replaced by an Abelian group. The stability problems of various functional equations have 


2010 Mathematics Subject Classification. Primary 39B62, 47H10, 39B52. 

Key words and phrases. Hyers-Ulam stability; additive-quadratic p-functional inequality; fixed point; Ba- 
nach space. 
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been extensively investigated by a number of authors (see [1, 3, 7, 10, 17, 18, 19, 20, 21, 24, 
25, 26, 27, 28, 29, 32, 33]). 

We recall a fundamental result in fixed point theory. 

Theorem 1.1. [4, 9] Let (X,d) be a complete generalized metric space and let J : X -A X 
be a strictly contractive mapping with Lipschitz constant a < 1 . Then for each given element 
x G X, either 

d{J n x, J n+1 x) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+l x) < oo, Vn > no; 

(2) the sequence { J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y € X \ d(J n °x, y) < oo}; 

(4) d(y,y*) < jz^d(y, Jy ) for all y € Y. 

In 1996, G. Isac and Th.M. Rassias [13] were the first to provide applications of stability 
theory of functional equations for the proof of new fixed point theorems with applications. 
By using fixed point methods, the stability problems of several functional equations have 
been extensively investigated by a number of authors (see [5, 6, 15, 16, 22]). 

In Section 2, we solve the additive-quadratic p - functional inequality (0.1) and prove the 
Hyers-Ulam stability of the additive-quadratic p- functional inequality (0.1) in Banach spaces 
by using the fixed point method. 

In Section 3, we solve the additive-quadratic p- functional inequality (0.2) and prove the 
Hyers-Ulam stability of the additive-quadratic p-functional inequality (0.2) in Banach spaces 
by using the fixed point method. 

In this paper, assume that X is a complex normed space and that Y is a complex Banach 
space. 

2. Additive-quadratic p-functional inequality (0.1) in Banach spaces 

Throughout this section, assume that p is a complex number with |p| < } . 

We solve and investigate the additive-quadratic p-functional inequality (0.1) in complex 
normed spaces. 

Lemma 2.1. 

(i) If a mapping f : X — >• Y satisfies Mif(x,y) = 0, then f = f 0 + f e , where f 0 (x) := 

/(Uy/f-U Cauchy additive mapping and f e (x) := f GK/UH ^ q Ua y ra ti c mapping. 

(ii) If a mapping f : X — * Y satisfies M 2 f(x,y) = 0, then f = f a + f e , where f Q (x ) := 

f( x )-f(-x) Cauchy additive mapping and f e (x) := d( x )+f(~ x ) j s quadratic mapping. 

Proof, (i) 

Mif 0 {x, y) = f 0 {x + y)~ f a (x) - f a (y) = 0 
for all x,y G X. So f Q is the Cauchy additive mapping. 

Mife(x, y) = 7 ^fe(x + y) + \fe{x 2/) fe(x) - f e (y) = 0 
for all x,y G X. So f Q is the quadratic mapping. 
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(ii) 

m 2 fo(x,y) = 2fo - fo(x) - fo(y) = 0 

for all x,y G X. Since M 2 f {0,0) = 0, /( 0) = 0 and f Q is the Cauchy additive mapping. 

M 2 fe(x,y ) = 2/e + 2/e ~ fe{y) = 0 

for all x,y £ X. Since M 2 f (0,0) = 0, /(0) = 0 and f e is the quadratic mapping. 

Therefore, the mapping / : X — > Y is the sum of the Cauchy additive mapping and the 
quadratic mapping. □ 

Lemma 2.2. 

(i) If an odd mapping f : X -A Y satisfies 

\\Mif(x,y)\\ < \\pM 2 f{x,y)\\ (2.1) 

for all x, y G X, then f : X — »• Y is additive. 

(ii) If an even mapping f : X — > Y satisfies (2.1), then f : X -» Y is quadratic. 

Proof, (i) Assume that / : X — >• Y satisfies (2.1). 

Since / is an odd mapping, /( 0) = 0. 

Letting y = x in (2.1), we get \\f(2x) — 2f(x)\\ < 0 and so /( 2x) = 2 f{x) for all x G X. 
Thus 

/ (|) = i/M (2.2) 

for all x G X. 

It follows from (2.1) and (2.2) that 

\\f{x + y)~ f{x)~ f{y)\\ < p( 2 f (^Y^j ~ f{x)~ f(y)j 

= \p\\\f(x + y) - f{x) - f(y)\\ 

and so 

f(x + y) = f{x)+ f{y) 

for all x, y G X. 

(ii) Assume that / : X -A Y satisfies (2.1). 

Letting x = y = 0 in (2.1), we get ||/(0)|| < ||2p/(0)||. So /( 0) = 0. 

Letting y = x in (2.1), we get \\\f{2x) — 2f(x)\\ < 0 and so /( 2x) = 4 f{x) for all x G X. 

Thus 

/ (|) = )/W (2.3) 

for all i£l. 
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It follows from (2.1) and (2.3) that 

^f{x + y) + ^ f(x -i /) - f(x) - f(y) 

< || P ( 2/ 2 f (^y) -/(*)_ m )\ 

= \p\ \f{x + y) + \f{x~y)~ /(*)- f(y) 

and so 

f(x + y) + f(x -y) = 2 f{x) + 2 f(y) 

for all x, y £ X. □ 

Using the fixed point method, we prove the Hyers-Ulam stability of the additive-quadratic 
p- functional inequality (2.1) in complex Banach spaces. 

Theorem 2.3. Let <p : X 2 -A [0,oo) be a function such that there exists an L < 1 with 

{2A) 

for all x,y £ X . Let f : X -a Y be an odd mapping satisfying 

\\Mif(x,y) - pM 2 f(x,y)\\ <<p(x,y) (2.5) 

for all x,y,z£X. Then there exists a unique additive mapping A: X a7 such that 

\\f(x) - A(x)\\ < L _ y(x,x) (2.6) 

for all x e X . 

Proof. Letting y = x in (2.5), we get 

11/(2®) - 2/(x)|| < (p(x,x) (2.7) 

for all x £ X. 

Consider the set 

S := {h : X -> Y, h{ 0) = 0} 

and introduce the generalized metric on S: 

d(g, h) = inf {p £ M + : \\g(x) — h(x) || < pep (. x , x) , Vx £ X} , 

where, as usual, inf <p = +oo. It is easy to show that (5, d) is complete (see [14]). 

Now we consider the linear mapping J : S —> S such that 

Jg(x) := 2 g 

for all x £ X. 

Let g,h £ S be given such that d(g, h) = e. Then 

\\g(x) - h(x ) || < £(p(x,x) 
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for all x G X. Hence 

\\Jg(x) — Jh(x)\\ = 


L 


, x x 

- I 2’ 2 


< 2 £ — ip(x,x)=L£(f(x,x) 

for all x G X. So d(g, h) = e implies that d(Jg, Jh ) < Le. This means that 

d(Jg, Jh) < Ld(g, h ) 

for all g , h G S'. 

It follows from (2.7) that 


/W-2/(|)|< V (|,|)<^(x,x ) 


for all x G X. So d(f, J f) < ^ . 

By Theorem 1.1, there exists a mapping A : X ^ Y satisfying the following: 

(1) H is a fixed point of J, i.e. , 

A(x) = 2A^j (2.8) 

for all x G X. The mapping A is a unique fixed point of J in the set 

M = {g G S : d(/,g) < oo}. 

This implies that A is a unique mapping satisfying (2.8) such that there exists a/iG (0,oo) 
satisfying 

||/(x) - A(x)|| < n<p(x,x) 

for all x G X\ 

(2) d(J l f,A) — > 0 as l -A oo. This implies the equality 


to 2 ■/(£)-*.) 


for all x G X; 

(3) d(f,A ) < j^d(f,Jf), which implies 

11/0*0 - A(x)|| < 

for all x G X. 

It follows from (2.4) and (2.5) that 


L 


2(1 -L) 


¥>{x,x) 


A(x + y)~ A(x) - A(y) - p ^2 A (yy ) - A ( x ) ~ A (v) 


= lim 

n— >oo 


2 "i/i^)-/(| ; )-/(| 

-2VU, /(£?)-/(£)-/(£ 


< lim 2> ( — , ) = 0 

— n—too ^ \2 n 2 n 1 
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for all x, y E X. So 

A(x + y)~ A{x) - A{y) = p f^2A (yy ) - M x ) ~ 

for all By Lemma 2.2, the mapping A : X — > Y is additive. □ 

Corollary 2.4. Let r > 1 and 6 be nonnegative real numbers, and let f : X -A Y be an odd 
mapping satisfying 

\\Mi f(x,y) - pM 2 f(x,y ) || < 6>(||x|| r + \[y\\ r ) (2.9) 

for all x,y E X. Then there exists a unique additive mapping A : X — > Y such that 

2/9 

||/o(x)-A(x)||<— -||x|| r 

for all x 6 X . 

Proof. The proof follows from Theorem 2.3 by taking ip(x, y) = 0(||x|| r +||j/|| r ) for all x, y E X. 
Then we can choose L = 2 1-r and we get the desired result. □ 

Theorem 2.5. Let tp : X 2 -A [0,oo) be a function such that there exists an L < 1 with 

<P (|. |) < j<P( x , y ) ( 2 - 10 ) 

for all x,y E X. Let f : X -a Y be an even mapping satisfying /( 0) = 0 and (2.5). Then 
there exists a unique quadratic mapping Q : X — » Y such that 

II fe{x) ~ Q(x)|| < 2(1 L ) ^ ( g » g ) ( 2 ' n ) 

/or all x & X . 

Proof. Letting y = x in (2.5) for f e , we get 

^/(2x) — 2/(x) < 9 ?(x,x) (2.12) 

for all x E X. 

Let (S', d) be the generalized metric space dehned in the proof of Theorem 2.3. 

Now we consider the linear mapping J : S -A S such that 

Jg(x) := 4 g 

for all x E X. 

Let g,h E S be given such that d(< 7 , h) = s. Then 

] Is 0*0 - ^(®)|| < S(p(x,x) 

for all x E X. Hence 

\\Jg{x) - Jh(x)\\= 

< 4e— <p (x, x) = Leip (x, x) 

for all x E X. So d(g , L) = e implies that d(Jg, Jh) < Le. This means that 

d( Jg, Jh) < Ld(g , h) 
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for all g, h G S. 

It follows from (2.12) that 




for all x G X. So d(f, J f) < L 


2 ’ 


By Theorem 1.1, there exists a mapping Q : X — > Y satisfying the following: 

(1) Q is a fixed point of J, i.e., 

QM = 4q(|) (2.13) 

for all x G X. The mapping Q is a unique fixed point of J in the set 

M = {g G S : d(f,g) < oo}. 

This implies that Q is a unique mapping satisfying (2.13) such that there exists a p G (0, oo) 
satisfying 

\\f(x) - Q(x)\\ < n<P(x, x) 

for all x G X\ 

(2) d(J l /, Q) — > 0 as l — )• oo. This implies the equality 


x 


lim 4 "/ I ^ )=«(*) 


for all x G X] 

(3) d(f,Q) < j^d(f,Jf), which implies 

\\f(x) - Q{x)\\ < 

for all x G X. 

It follows from (2.4) and (2.5) that 

f x + y\ , 1 „(x-y 


L 


2(1 -L) 


<p{x,x) 


2® V 2 


+ 2 Q V 2 


- Q{x) - Q(y) 


-p[2Q [ X \ ,J ) + " Q{x) ~ Q{y) 


= lim 

n— >oo 


4" ( -f (^A) + -f( : ^)-f(-)-f(^ 

' 2 V 2 n J 2 V 2 n J \2 n J \2 n 


-4V ( 2 /(|±?) + 2/(1^)- ,(±) -/(£ 
< lim 4> ( — ,—)= 0 

n— >oo ^ V 2 n 2 n / 


for all x,y & X. So 

)<? (^) + (^) - <3W - Qfe) 

= P ( 2 Q ( a; + y ) + 2Q - Q(s) - Q(y) 

for all x,y £ X. By Lemma 2.2, the mapping Q : X — )• Y is quadratic. 


□ 
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Corollary 2.6. Let r > 2 and 9 be nonnegative real numbers, and let f : X -A Y be an 
even mapping satisfying /( 0) = 0 and (2.9). Then there exists a unique quadratic mapping 
Q : X Y such that 

ii/w-owii < ^Mr 

for all x G X . 

Proof. The proof follows from Theorem 2.5 by taking p(x, y ) = #(||a:|| r +||y|| r ) for all 

Then we can choose L = 2 2 ~ r and we get the desired result. □ 

Theorem 2.7. Let <p : X 2 -A [0,oo) be a function such that there exists an L < 1 with 

V(x,y) < 2 Lip (^, 0 

for all x, y G X. Let f : X — » Y be an odd mapping satisfying (2.5). Then there exists a 
unique additive mapping A : X -A Y such that 

\\f(x) - A(x)\\ < 2(1 _ L ) * ( X ’ X ) 

/or all x € X . 

Proof. Let (5, ci) be the generalized metric space defined in the proof of Theorem 2.3. 

It follows from (2.7) that 

f( x )-\f( 2x ) <)^>{x,x) 

for all x € X. 

Now we consider the linear mapping J : S — >• S such that 

Jg( x ) ■= \g{ 2x) 

for all x G X. 

The rest of the proof is similar to the proof of Theorem 2.3. □ 

Corollary 2.8. Let r < 1 and 9 be nonnegative real numbers, and let f : X — > Y be an odd 
mapping satisfying (2.9). Then there exists a unique additive mapping A : X -A Y such that 

o n 

ii/(z)-a(z)|| < ^iMr 

for all x G X . 

Proof. The proof follows from Theorem 2.7 by taking y>{x, y) = #(||a:|| r +||y|| r ) for all x, y 6 X. 
Then we can choose L = 2 r ~ 1 and we get desired result. □ 

Theorem 2.9. Let ip : X 2 [0,oo) be a function such that there exists an L < 1 with 

p(x,y) < 

for all x, y G X. Let f : X -> Y be a mapping satisfying /( 0) = 0 and (2.5). Then there 
exists a unique quadratic mapping Q : X — »• Y such that 

\\f(x) -Q(x)\\ < 2(1 
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for all x G X . 

Proof. Let (S, d ) be the generalized metric space defined in the proof of Theorem 2.3. 

It follows from (2.12) that 

f( x )~\f( 2x ) ^\v{ x , x ) 

for all x G X. 

Now we consider the linear mapping J : S -A S such that 

Jg{x) := 2x) 

for all x G X. 

The rest of the proof is similar to the proof of Theorem 2.5. □ 

Corollary 2.10. Let r < 2 and 6 be nonnegative real numbers, and let f : X -» Y be an 

even mapping satisfying /( 0) = 0 and (2.9). Then there exists a unique quadratic mapping 
Q : X — > Y such that 

ii/(x)-Q(x)n < ^ii*ir 

for all x € X . 

Proof. The proof follows from Theorem 2.9 by taking tp(x, y ) = 0(||x|| r +||y|| r ’) for all x, y G X. 
Then we can choose L = 2 r ~ 2 and we get desired result. □ 

Remark 2.11. If p is a real number such that — ^ < p < f and Y is a real Banach space, 

then all the assertions in this section remain valid. 

3. Additive-quadratic ^-functional inequality (0.2) in complex Banach spaces 

Throughout this section, assume that p is a complex number with \p\ < 1. 

We solve and investigate the additive-quadratic p- functional inequality (0.2) in complex 
norrned spaces. 

Lemma 3.1. 

(i) If an odd mapping f : X -A Y satisfies 

\\M 2 f(x,y)\\ < \\pM 1 f(x,y)\\ (3.1) 

for all x, y € X, then f : X — »• Y is additive. 

(ii) If an even mapping f : X — >• Y satisfies /( 0) = 0 and (3.1), then f : X —>Y is quadratic. 

Proof, (i) Assume that / : X -tY satisfies (3.1). 

Letting y = 0 in (3.1), we get 

2 / (!) -/ HI-° (3 - 2) 

and so / (|) = \f{x) for all 
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It follows from (3.1) and (3.2) that 

\\f{x + y) - f(x) - f{y)\\ = 2 f - f( x ) - f{y) 

< \p\\\f(x + y) - f(x) - f(y)\\ 

and so 

f(x + y) = f(x) + f(y) 

for all 

(ii) Assume that f : X Y satisfies (3.1). 

Letting y = 0 in (3.1), we get 

4/ (f )-/(*) <0 (3.3) 

and so / (|) = \f(x) for all x € X. 

It follows from (3.1) and (3.3) that 

^f(x + y) + * f(x -y /) - f{x) - f(y) 

= \\2f^) + 2f{^)-f(x)-m\ 

<\p\ \fi x + y) + \f(x-y) - f(x) - f(y) 

and so 

f(x + y) + f(x -y) = 2 f(x) + 2 f{y) 

for all □ 

Using the fixed point method, we prove the Hyers-Ulam stability of the additive-quadratic 
p- functional equation (3.1) in complex Banach spaces. 

Theorem 3.2. Let <p : X 2 — > [0,oo) be a function such that there exists an L < 1 with 

for all x,y G X . Let f : X — >• Y be an odd mapping satisfying 

\\M 2 f(x,y)- pMif(x,y)\\ < <p(x,y) (3.4) 

for all x,y € X. Then there exists a unique additive mapping A : X —>■ Y a such that 

\\f(x) - A(x)\\ < 

for all x G X . 

Proof. Letting y = 0 in (3.4), we get 

/(*)- 2/(|) = 2 /(f)-/(») <<^(^,0) (3.5) 

for all x € X. 

Consider the set 

S:={h:X -> Y, h{ 0) = 0} 
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and introduce the generalized metric on S: 

d(g, h) = inf {y £ M + : || g(x) — h(x) |j < fup ( x , 0) , Vx € X} , 

where, as usual, inf <fi = +oo. It is easy to show that ( S , d) is complete (see [14]). 

We consider the linear mapping J : S — > S such that 

Jg(x) : = 2 g 

for all x € X. 

The rest of the proof is similar to the proof of Theorem 2.3. □ 

Corollary 3.3. Let r > 1 and 6 be nonnegative real numbers, and let f : X —tY be an odd 
mapping satisfying 

\\M 2 f(x,y) -pMif(x,y)\\ < 0(||®|| r + IMD ( 3 - 6 ) 

for all x,y € X. Then there exists a unique additive mapping A : X — > Y such that 

II/W--4WII < 

for all x € X . 

Proof. The proof follows from Theorem 3.2 by taking g>{x, y ) = #(||.'c|| r +||y|| r ) f° r a ll i,!/6 X. 
Then we can choose L = 2 1 ~ r and we get desired result. □ 

Theorem 3.4. Let : X 2 [0, oo) be a function such that there exists an L < 1 with 

Kf'I) s p {x ' y) 

for all x,y G X. Let f : X — >• Y be an even mapping satisfying /( 0) = 0 and (3.4). Then 
there exists a unique quadratic mapping Q : X — > Y such that 

II f(x) - <30*011 < °) 

for all x € X . 

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 3.2. 
Letting y = 0 in (3.4), we get 

|/M- 4/ (|) 

for all x € X. 

We consider the linear mapping J : S — >• S such that 

Jg(x) := 4 g 

for all x € X. 

The rest of the proof is similar to the proof of Theorem 2.5. □ 


4 / 


(I) - /(X) 


< <f(x,0) 


(3.7) 
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Corollary 3.5. Let r > 2 and 9 be nonnegative real numbers, and let f : X -A Y be an 
even mapping satisfying /( 0) = 0 and (3.6). Then there exists a unique quadratic mapping 
Q : X Y such that 

ii/w-owii < ^wr 

for all x £ X . 

Proof. The proof follows from Theorem 3.4 by taking ip(x, y ) = #(||.'c|| r +||y|| r ) for all X. 

Then we can choose L = 2 2 ~ r and we get desired result. □ 

Theorem 3.6. Let ip : X 2 — > [0, oo) be a function such that there exists an L < 1 with 

y [x- !)) < 2 'Lip 0 

for all x, y £ X. Let f : X — >• Y be an odd mapping satisfying (3.4). Then there exists a 
unique additive mapping A : X Y such that 

||/(x) - A(x)|| < 

for all x € X . 

Proof. Let (S, d) be the generalized metric space defined in the proof of Theorem 3.2. 

It follows from (3.5) that 

f(x)-^f{2x) < ^</?(2x,0) < Lip(x,0) 

for all x G X. 

We consider the linear mapping J : S — > S such that 

Jg(x) ■■= \g{ 2x) 

for all x G X. 

The rest of the proof is similar to the proof of Theorem 2.3. □ 

Corollary 3.7. Let r < 1 and 9 be positive real numbers, and let f : X — >• Y be an odd 
mapping satisfying (3.6). Then there exists a unique additive mapping A: X —>Y such that 

w/(x) - a(x)h < XLpir 

for all x G X . 

Proof. The proof follows from Theorem 3.6 by taking p{x, y) = #(||.'c|| r +||y|| r ) for all x, y £ X. 
Then we can choose L = 2 r ~ 1 and we get desired result. □ 

Theorem 3.8. Let p : X 2 -» [0, oo) be a function such that there exists an L < 1 with 

p(x,y) < 4 Lip Q, 0 

for all x,y £ X. Let f : X — > Y be an even mapping satisfying /( 0) = 0 and (3.4). Then 
there exists a unique quadratic mapping Q : X — >7 such that 

II /(*) - Q(*)ll < (fTr^( x ’°) 
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for all x G X . 

Proof. Let (S, d ) be the generalized metric space defined in the proof of Theorem 3.2. 

It follows from (3.7) that 

/(*) - \fi 2x ) 

for all x G X. 

We consider the linear mapping J : S — > S such that 

Jg(x) := ^g{ 2x) 

for all x G X. 

The rest of the proof is similar to the proof of Theorem 2.5. □ 

Corollary 3.9. Let r < 2 and 6 be positive real numbers, and let f : X — >• Y be an 
even mapping satisfying /( 0) = 0 and (3.6). Then there exists a unique quadratic mapping 
Q : X -A Y such that 

||/(x)-Q(x)||<T^||x|r 

for all x € X . 

Proof. The proof follows from Theorem 3.8 by taking tp(x, y ) = #(||.'c|| r +||y|| r ) for all x,y & X. 
Then we can choose L = 2 r ~ 2 and we get desired result. □ 

Remark 3.10. If p is a real number such that — 1 < p < 1 and Y is a real Banach space, 
then all the assertions in this section remain valid. 
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ABSTRACT 


The main target of our study to cover the solutions behavior of the following difference equation 


x n -\~i o<x n T bx n —\ ~\~ 


C + dx n _2 
e + fx n - 2 ’ 


n = 0, 1,..., 


where the parameters a, b, c, d, e and / are positive real numbers and the initial conditions X- 2 , X-i and 
x 0 are positive real numbers. 

Keywords: stability, boundedness, periodicity, global attractor, difference equations. 

Mathematics Subject Classification: 39A10 


1. INTRODUCTION 

Our objective in this research is to study character of global stability and the periodicity of the solutions of the 
recursive sequence 


x n +i — &x n + bx n - 1 + 


c + dx n _2 
e + fx n - 2 ’ 


( 1 ) 


where the following parameters a, b, c, d, e and / are defined as positive real numbers and the initial conditions 
a:_ 2 , x_i and x 0 are also defined as positive real numbers. 

The theory of discrete dynamical systems and difference equations developed greatly during the last twenty- 
five years of the twentieth century. Applications of discrete dynamical systems and difference equations have 
appeared recently in many areas. The theory of difference equations occupies a central position in applicable 
analysis. There is no doubt that the theory of difference equations will continue to play an important role in 
mathematics as a whole. Nonlinear difference equations of order greater than one are of paramount importance 
in applications. Such equations also appear naturally as discrete analogues and as numerical solutions of differ- 
ential and delay differential equations which model various diverse phenomena in biology, ecology, physiology, 
physics, engineering, economics, probability theory, genetics, psychology and resource management [12]. It is 
very interesting to investigate the behavior of solutions of a higher-order rational difference equation and to 
discuss the local asymptotic stability of its equilibrium points. Rational difference equations have been studied 
by several authors. Especially there has been a great interest in the study of the attractivity of the solutions of 
such equations. For more results for the rational difference equations, we refer the interested reader to [1-30]. 

The study of the nonlinear rational difference equations of a higher order is quite challenging and rewarding, 
and the results about these equations offer prototypes towards the development of the basic theory of the global 
behavior of nonlinear difference equations of a big order, recently, many researchers have investigated the behavior 
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of the solution of difference equations for example: Abo-Zeid and Al-Shabi [1] investigated the global stability, 
and periodic nature of the positive solutions of the difference equation 


1 — 


A+BXn 
C+Dx n x n - 2 * 


Belhannache et al. 
equation 


[5] studied the global behavior of positive solutions of the following third order difference 


* 77 + 1 — 


A+Bx n - 1 
CADx^x q n _ 2 


Dehghan and Rastegar [11] , deal with the qualitative behavior of solutions of the higher-order non-linear difference 
equation 


_ p+qx n +rx n -k 

x n+l — l+x n _ k 


Din [14] investigated the local asymptotic stability, global stability, the periodic character, semicycle analysis 
and the boundedness nature of the following rational difference equation 


™ A-\-Bx n -\-Cx n — fc 

x n+\ _ l+x n +x n - k ' 


In [16] Elabbasy et al. investigated the global stability character, boundedness and the periodicity of solutions 
of the difference equation 

„ _ aXn+PXn^ i+7X„-2 

x n+l — + ' 

Elsayed [22] investigated the local and global stability, boundedness character and obtained the solution of some 
special cases of the following recursive sequence 


x n +i — ax n - 1 + 


bx n x n — i 
cx n -\-dx n _ 2 ’ 


A. El-Moneam, and Zayed [20]-[21] studied the periodicity, the boundedness and the global stability of the 
positive solutions of the following nonlinear difference equations 


x n+l — Ax n + Bx n -k + Cx n -l + • 

* 71+1 = Ax n + Bx n _k + Cx n _i + +Dx n - (J + . 

Su and Li [52] studied the global asymptotic stability of the nonlinear difference equation 

rp — a+0x , i 

x n+l — A+Bx n +C'. r„_i ’ 

Yalgmkaya et al. [54] considered the dynamics of the difference equation 

aXn—k 

Xn + 1 — b+cx? ■ 


For some related work see [31-57]. 

2. SOME BASIC PROPERTIES AND DEFINITIONS 

Here, we recall some basic definitions and some theorems that we need in the sequel. 

Let I be some interval of real numbers and let F : I k+1 — * /, be a continuously differentiable function. Then 
for every set of initial conditions x_ k , x_ k+ \, ..., x 0 € I , the difference equation 

*77 + 1 E(* 711 *77 — 1? "•? *77 — k) •> 17 0, 1, ..., (2) 


has a unique solution {x n }™ = _ k 
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Definition 1. (Equilibrium Point) A point x £ I is called an equilibrium point of Eq.(2) if 

x = F( x,x, ...,x). 

That is, x n = x for n > 0, is a solution of Eq.(2), or equivalently, a; is a fixed point of F. 

Definition 2. (Periodicity) A sequence {x n } ( £L_ k is said to be periodic with period p if x n+p = x n for all 
n > — k. 

Definition 3. (Stability) 

(i) The equilibrium point x of Eq.(2) is locally stable if for every e > 0, there exists 5 > 0 such that for all 
X— k j X— fc+1 , X—\ ,x 0 £ I with 

\x-k - x\ + \x-k+i - x\ + ... + |x 0 - *1 < 6, 


we have 


\x n — x\ < e for all n > — k. 


(ii) The equilibrium point x of Eq.(2) is locally asymptotically stable if x is locally stable solution of Eq.(2) 
and there exists 7 > 0, such that for all x_k,X-k+ X q £ I with 


\x- k - a: | + \x- k +i -x\+ ... + |x 0 - x\ < 7, 


we have linin^oo x n = x. 

(iii) The equilibrium point x of Eq.(2) is global attractor if for all X-k, X-k+i, ■■■, X-i, Xq £ I, we have 


lim x n = x. 

n — >00 

(iv) The equilibrium point x of Eq.(2) is globally asymptotically stable if x is locally stable, and x is also a 
global attractor of Eq.(2). 

(v) The equilibrium point x of Eq.(2) is unstable if x is not locally stable. 

The linearized equation of Eq.(2) about the equilibrium x is the linear difference equation 


Un+l 


k 

E : 

i = 0 


_ \ ^ dF('. 


dxn-i Vn-i' 


(3) 


Theorem A. [47] Assume that p,q £ R and k £ {0, 1, 2, ...}. Then |p| + |g| < 1, is a sufficient condition for the 
asymptotic stability of the difference equation 


x n+1 + px n + qx n _ k = 0, n = 0 , 1 , ... . 

Remark: Theorem A can be easily extended to a general linear equations of the form 

T-n+fc T PlX n +k — l T ••• T Pk%n 0, IT — 0, 1, ... (4) 

where pi,p%, —,Pk € R and k £ {1, 2, ...}. Then Eq. (4) is asymptotically stable provided that 

E \Pi\ < !• 

i = 1 

Theorem B. [48] Let g : [a, 6] fe+1 — ► [a, b], be a continuous function, where k is a positive integer, and where 
[a, b } is an interval of real numbers. Consider the difference equation 

X n j r \ g(.X r X n —\ , ..., X n —k)i 17 0,1,... . (5) 
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Suppose that g satisfies the following conditions. 

(1) For each integer i with 1 < * < k + 1; the function g(zi, z 2 , Zk+i) is weakly monotonic in z t for fixed 
^ 2 ? •••? %i— 1 1 %i -\- 1 > •••} %k-\-l • 

(2) If m, M is a solution of the system 

m = g(m 1 ,m 2 ,...,m k +i), M = g(M 1 ,M 2 ,...,M k+1 ), 
then to = M, where for each i = 1,2, k + 1, we set 

f to, if g is non-decreasing in 
\ M, if g is non-increasing in Zi,y 
„ f M, if g is non-decreasing in Zi, \ 

M l = \ • r* • • f • 

[m, it g is non-mcreasmg m J 

Then there exists exactly one equilibrium point x of Equation (5), and every solution of Equation (5) converges 
to x. 


3. LOCAL STABILITY OF THE EQUILIBRIUM POINT OF EQ.(l) 

This section deals with study the local stability character of the equilibrium point of Eq.(l) 

Eq.(l) has equilibrium point and is given by 


x = ax + bx + 


c + dx 


x(l — a — b) = 


c + dx 


e + fx e + fx 

/(I — a — b)x 2 + [e(l — a — b) — d]x — c = 0 
If d > e(l — a — b) > 0, then the only positive equilibrium point of Eq.(l) is given by 


[d— e(l— a— b)]-\--\/[d— e(l — a— b)] 2 -|-4/c(l — a— b) 


X = 


2/(1 — a — 6 ) 


Let / : (0, oo ) 3 — >• (0, oo) be a continuous function defined by 


f(u, v, w) = au + bv + 


c + dw 


Therefore it follows that 


df(u, v,w) =a df(u,v,w) = h 


e + fw 

df(u, v, w) _ (de - fc ) 


du 


dv 


dw 


(e + fw ) 2 ' 


Then we see that 

d f(x,x,x) 


df(x,x,x ) , df(x,x,x) de — fc 

= a = — a 2 , — — = b = — oi, = 7 — f = — a 0 . 


dw 


du dv 

Then the linearized equation of Eq.(l) about x is 

Un+l + 0,2lln + (llj/n-l + «0?/n-2 = 0, 


(e + fx) 2 


whose characteristic equation is 


A 3 T U 2 A - T 01 A -p ciq — 0. 


(6) 


( 7 ) 

(8) 
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Theorem 1. Assume that 


I de - fc\ 


< 1 — a — b. 


(e + fx ) 2 

Then the positive equilibrium point of Eq.(l) is locally asymptotically stable. 

Proof: It follows by Theorem A that, Eq.(7) is asymptotically stable if all roots of Eq.(8) lie in the open disc 
|A| < 1 that is if 

de — fc 


1 0.2 1 + | oh | + |(io| < 1 


\a\ + \b\ 


(e + fx) 2 


< 1 , 


and so 


or 


Ide - /cl 

a + b+ (e-fx.y <lj 
I de - fc\ 


(e + fx y 


< 1 — a — b. 


The proof is complete. 


4. BOUNDEDNESS OF SOLUTIONS OF EQ.(l) 

Here we study the boundedness nature of solutions of Eq.(l). 

Theorem 2. Every solution of Eq.(l) is bounded if a + b + - < 1. 

e 

Proof: Let {x n }'%L_ 2 be a solution of Eq.(l). It follows from Eq.(l) that 


Xn+l — ax n + bx n -i + 


c + dx n - 2 
e + fx n -2 


< ax n + bx n - 1 


C + dx n _2 
e 


Then 


x n+i < ax n + b: r n _i + -x n _ 2 + ~ for all 
e e 

By using a comparison, we can write the right hand side as follows 


n > 1. 


Un+i — &yn + by n _ i H — y n -2 + 
e 


c 

_ ? 
e 


and this equation is locally asymptotically stable ifa + 6+ ^ < 1, and converges to the equilibrium point 
y = —7 — -tv- . Therefore 

\ l - a - b —e) 

limsupa: n < —? v, 

n— xx) e f 1 — a—b— — J 


Thus the solution is bounded. 

Theorem 3. Every solution of Eq.(l) is unbounded if a > 1 (or b > 1). 
Proof: Let {x n }^L_ 2 be a solution of Eq.(l). Then from Eq.(l) we see that 


x n+1 = ax n + bx n - 1 + e +/^_2 > aa A for all n > 1. 
We see that the right hand side can write as follows 


Dn+l — &?/n ^ 2/ri — CL yo, 

and this equation is unstable because a > 1, and lim y n = oo. Then by using ratio test {x n }™ = _2 is unbounded 

n—>oo 

from above (when b > 1 is similar). 
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5. EXISTENCE OF PERIOD TWO SOLUTIONS 

In this section we study the existence of periodic solutions of Eq.(l). The following theorem states the necessary 
and sufficient conditions that this equation has periodic solutions of prime period two. 

Theorem 4. Eq.(l) has positive prime period two solutions if and only if 

(i) (eB - d) 2 B 2 f 2 - 4aB/ 2 (e 2 (l - b)B - ed{ 1 - b) - acf) >0, B = b - a - 1. 


Proof: First suppose that there exists a prime period two solution ...,p,q,p,q , ..., of Eq.(l). We will prove that 
Condition (i) holds. We see from Eq.(l) that 


P 

p( 1 —b) — aq 


aq + bp + 


c + dq 
e + fq’ 


q = ap + bq + 


c + dp 
e + fp’ 


c + dq 
e + fq’ 


q(l — b) — ap 


c+ dp 
e + fp' 


Then 

and 

Then 

and 


ep{ 1 - b ) +pqf( 1 -b) - aeq- afq 2 = c + dq, 
eq( 1 - b) + pqf( 1 — b) — aep — afp 2 = c + dp. 
ep( 1 - 6) +pg/(l - 6) - a/g 2 = c + (d + ae)q, 


eq(l — b) + pqf( 1 — 6) — afp 2 = c + (d + ae)p. 
Subtracting (9) from (10) gives 

e(l-6)(p-g) + a/(p-g)(p + g) = -(d + ae)(p - g). 


( 9 ) 

( 10 ) 


Since p / q, it follows that 


or 


e(l -6) +a/(p+?) 

P + Q 


-(d+ oe), 
e(b — 1 — a) — d 

af 


p + q 


eB — d 
af 


B = b — a — 1. 


( 11 ) 


Again, adding (9) and (10) yields 

e(l -b)(p + q)+ 2pqf(l - b) - af(p 2 + q 2 ) = 2c + (d + ae){p + q), 

ZpqfO- ~b)~ af((p + q) 2 - 2 pq) = 2 c+(p + q)(d + ae - e(l - b )). 
It follows by (11), (12) and the relation 

p 2 + q 2 = (p + q) 2 - 2pq for all p,q £ R, 


that 


and 


2pqf(l -b) + 2afpq = af(p + q) 2 + 2c + (p + q)(d + e(a - 1 + b)). 
2 w/(( 1 - b) + a) = 2c + (p + q) {d + e(a - 1 + b) + af(p + q)} . 


( 12 ) 
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From Eq. (11) we have 

2m/((1 - b) + a) 
2pqf((l - b+ a)) 


2 c+ (p + q) {d + e(a — 1 + b) + e(b — 1 — a) — d} , 
2c + (p + q) {-2e + 2 eb} , 


pqf(-B ) 
pqfB 


c+ (p + q)e(b - 1) 
/, (eB-d 

e(l ~b) 


af 


— c. 


Thus 


pq = 


e 2 (l — b)B — ed(l — b) — af 

^Bf 2 ' 


(13) 


Now it is clear from Eq.(ll) and Eq.(13) that p and q are the two distinct roots of the quadratic equation 


j-2 _ ^ eB—d ^ £ _|_ ^ e 2 (l-b)B-ed(l~b)-acf ^j _ q 

aB f 2 t 2 — (eB — d)Bft + (e 2 (\ — b)B — ed{\ — b) — acf) = 0, (14) 

and so 

( eB — d) 2 B 2 f 2 > 4 aBf 2 (e 2 (l — b)B — ed( 1 — b) — acf ) , 
or 

(. eB - d) 2 B 2 f 2 - AaBf 2 (e 2 (l - b)B - ed{ 1 - b) - acf ) > 0. 

Therefore Inequality (i) holds. 

Second suppose that Inequality (i) is true. We will show that Eq.(l) has a prime period two solution. Assume 
that 

_ [eB - d)Bf + VC _ (eB - d)Bf - VC 
P 2 aBf 2 ’ q 2 aBf 2 

where Q={eB- d) 2 B 2 f 2 - 4aB/ 2 (e 2 (l - b)B - ed{ 1 - b) - acf). 

We see from Inequality (i) that 

(eB - d) 2 B 2 f 2 - 4af?/ 2 (e 2 (l - b)B - ed(l - b) - acf) > 0, 


which equivalents to 

(eB - d) 2 B 2 f 2 > AaBf 2 (e 2 (l - b)B - ed(l - b) - acf ) . 

Therefore p and q are distinct real numbers. Set X - 2 = p, X-\ = q and Xq = p. We wish to show that 
Xi = X-i = q and x 2 = Xq = p ■ It follows from Eq.(l) that 


X\ = ap + bq + 


c + dp 
e + fp 


a(eB—d)B f+ay/C, 
2 aBf 2 


b(eB-d)Bf-b^/ ( 

2 aBf 2 ' 


c+ 


e+ 


fd(eB-d)Bf+dy/C 

l, 2 aBP 

( ( eB-d)Bf 2 + fVC 

^ 2 aBP 


Multiplying the denominator and numerator by 2 aBf 2 gives 


Xl = a(eB - d)Bf + ua/C + K^ B - d)Bf - b^/f + 


2acBf 2 + (d(eB-d)Bf+ds/<;) 

2aeBP + ((eB-d)BP + f^t) ' 


By simple computations we can see that 


Xl 


(eB-d)Bf + y / C 
2 aBf 2 


Similarly as before one can easily show that x 2 = p. Then it follows by induction that 


X 2 n = P and x 2n +i = q for all n > —2. 

Thus Eq.(l) has the prime period two solution ...,p,q,p,q,..., where p and q are the distinct roots of the quadratic 
equation (14) and the proof is complete. 
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6. GLOBAL ATTRACTIVITY OF THE EQUILIBRIUM POINT OF EQ.(l) 

In this section we investigate the global asymptotic stability of Eq.(l). 

Theorem 5. The equilibrium point a; is a global attractor of Eq.(l) if one of the following statements holds 

de > fc and (1 — a — b) e > d. (15) 

de < fc and (1 — a — b) > 0. (16) 


Proof: Let a and /? be a real numbers and assume that g : [a, /3] 3 — > [a, 0\ be a function defined by 

, , , c+dw 

g(u, v, w) = au + bv . 

e + fw 


Then 


dg(u,v,w ) _ dg(u, v, w) _ 
du a ’ dv 


dg{u,v,w ) 
dw 


We consider the two cases 


de — fc 
(e + fw ) 2 ' 


Case (1): Assume that (15) is true, then we can easily see that the function g(u,v,w ) increasing in u,v and w. 

Suppose that (to, M) is a solution of the system M = g(M , M, M) and m = g(m, to, to). Then from Eq.(l), 
we see that 


then 


M 

M(l-a-b) 


aM + bM + 


c + dM 
de + fM ’ 


c + dM 
e + fM ’ 


m(l — a — b) 


, c + dm 

to = am + bm -\ — , 

e + /to 

c + dm 


e + fm ’ 


MAe + AfM 2 = c + dM, inAe + Afm 2 = c + dm, A = 1 — a — b. 


Subtracting this two equations we obtain 


(M — m){Ae + Af(M + m) — d} = 0, 


under the conditions Ae > d, a < 1, we see that M = m. It follows by Theorem B that a: is a global attractor 
of Eq.(l) and then the proof is complete. 

Case (2): Assume that (16) is true, then we can easily see that the function g(u,v,w ) increasing in u,v and 
decreasing in w. 

Suppose that (to, M) is a solution of the system M = g(M, M, to) and m = g(m, to, M).Then from Eq.(l), 
we see that 


M 

MA 


aM + bM + 


c + dm 
e + fm. ’ 


to = am + bm + 


c + dM 
e + fM' 


c + dm c + dM 

7T 7m 1 mA = —f Tf 


then 

MAe + MAfm — c + dm, mAe + fMmA = c + dM. 

Subtracting we obtain 

(M — to) (Ae + d) = 0, 

under the conditions (1 — a — b) > 0, we see that M = to. Also, from Theorem B, we see that x is a global 
attractor of Eq.(l) and then the proof is complete. 
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7. NUMERICAL EXAMPLES 

For confirming the results of this paper, we consider numerical examples which represent different types of 
solutions to Eq. (1). 

Example 1. We assume x_ 2 = .5, x_i =3, xq = 9, a = .2, b = .7, c = .2, d = .6, e = 1.3, / = 5.3. See Fig. 
1 . 

Example 2. See Fig. 2, since x_ 2 = .5, X-\ =3, x 0 = 9, a = .4, 6 = .6, c = .2, d = .6, e = 1.3, / = 5.3. 




Example 3. We consider x_ 2 = 2.5, x-\ =3, Xo = 9, a = .4, b = .5, c = 2, d = 6, e = 3, / = 5. See Fig. 3. 
Example 4. See Fig. 4, since a;_ 2 = 2.5, x_i = 3, x 0 = 9, a = 1, b = .5, c = 2, d = 6, e = 3, / = 5. 




Example 5. Fig. 5. shows the solutions when a = .7, 6 = .5, c = .2, d = .1, e = .3, / = .5, x_ 2 = 2.5, x_i = 
.3, x 0 = .9. 


Example 6. Fig. 6. shows the period two solutions when a = .6, 6 = .5, c = .82, d = .7, e = .3, / = .5, x_ 2 = 
P, x -i =<J, x o= V ■ (Since p,q= {eB ~ 2 d a \ f/ 2 ±v ^ ) • 




Figure 5. Figure 6. 
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Abstract 

In this paper, we investigate essentially stability theory for the fuzzy differential equations in the 
quotient space of fuzzy numbers by Lyapunov-like functions. By using the differential inequalities 
and the comparison principle for Lyapunov-like functions, we give some sufficient criterias for the 
asymptotically stability, equi-asymptotically stability and uniformly asymptotically stability of the 
trivial solution of the fuzzy differential equations. 

Keywords: Fuzzy number; Quotient space; Fuzzy differential equation; Asymptotically stability 


1 Introduction 

Recently, the study of fuzzy differential equations has been gained importance due to its applica- 
tion. Subsequently, the existence and uniqueness of solutions of the initial value ptoblems for fuzzy 
differential equations under kinds of conditions were studied in [8, 9, 11, 14, 18, 24] and the relationship 
between a solution and its approximate solutions to fuzzy differential equations were established in 
[19, 25, 26]. Further, the essentially stability theory for fuzzy differential equations by Lyapunov-like 
functions were investigated in [2, 12, 28]. In particular, Hien [4] researched the asymptotic stability 
of solutions of fuzzy differential equations by Lyapunovs second method. 

The above these results of fuzzy differential equations based on well known and widely used 
Hukuhara difference [6] and the H-differentiability of Puri and Ralescu [20] . But in many applications 
the Hukuhara difference appears to have several limitations and to be very restrictive [1, 8]. In 
[15, 16], Mares presented a natural equivalence relation between fuzzy quantities. This equivalence 
relation can be used to partition of the set of fuzzy quantities into equivalence classes having the 
desired group properties for the addition operation [7, 17, 27]. Hong and Do [5] defined a more refined 
equivalence relation than Mares [15] and improved Mares’s results. In [21], Qiu et al. showed that 
the method of finding the inverse operation of fuzzy numbers in the sense of Mares is very intuitive. 
As an application of the main results, it is shown that if we identify every fuzzy number with the 
corresponding equivalence class, there wound be more differentiable fuzzy functions than what is found 
in the literature. After that, the fuzzy differential equations in the quotient space of fuzzy numbers 
were investigated [23, 22], In this paper, we shall study the stability of the trivial solution of the fuzzy 
differential equations in the quotient space of fuzzy numbers by Lyapunov’s second method. 

2 Preliminaries 

A fuzzy set x of R is characterized by a membership function : R -+ [0, 1]. For each such fuzzy 
set x, we denote by [x] a ={i£l: Tx( x ) > «} f° r any a £ (0, 1], its a-level set. We define the set 

‘Corresponding author. Tel.:+86-15123126186; Fax:+86-23-62471796; E-mail: dongqiumath@163.com (D. Qiu). 
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[x]° by [2]° = Uqg(o i] where A denotes the closure of a crisp set A. A fuzzy set x is said to be a 
fuzzy number if it satisfies the following conditions [3]: 

(1) x is normal, i.e., there exists an xo € M such that Px(xq) = 1; 

(2) x is convex, i.e., /xj( Aaq + (1 — X)x 2 ) > min{//j(xi), fJ,x( x 2 )}, for all xi,X 2 € R and A € (0, 1); 

(3) x is upper semi-continuous; 

(4) [x\° is compact. 

Equivalently, a fuzzy number x is a fuzzy set with non-empty bounded closed level sets [5?] Q = 
\x l(oi) , x r{oi)\ for all a € [0, 1], where [ii(a),Xij(a)] denotes a closed interval with the left end point 
xl (a) and the right end point xr(o). We denote the class of fuzzy numbers by & . We say that a 
fuzzy number s € & is symmetric [15], if fJ,j(x) = hj(—x), for all x € R, i.e., s = —s. The set of all 
symmetric fuzzy numbers will be denoted by 2/ . 

Definition 2.1 [5] Let x,y € & . We say that x is equivalent to y and write x ~ y if and only if 
there exist symmetric fuzzy numbers si, S 2 G S? such that x + s{ = y + § 2 - 

The equivalence relation defined above is reflexive, symmetric and transitive [15]. Let (x) denote 
the equivalence class containing the element x and denote the set of equivalence classes by & 1 5? . 

Definition 2.2 [10] Let f : [a, £>]—>• M. / is said be of bounded variation if there exists a C > 0 such 
that 

n 

- f( x i) I ^ C 

i= 1 

for every partition a = xq < x\ < ■ ■ ■ < x n = b on [a, b] . The total variation of f on [a, b] is defined 
by 

n 

Va{f ) = SUp £1/(^1) - f[xi) |, 

P i= 1 

where p represents all partitions of [ a,b\ . The set of all functions of bounded variation on [a,b\ is 
denoted by BV[a,b\. 

Definition 2.3 [7] For a fuzzy number x, we define a function x\j '■ [0, 1] — >• M by assigning the 
midpoint of each a-level set to xm{&) for all a € [0, 1], i.e., 

~ , \ x L (a) + x R (a) 
xm{oc) = . 

Then the function xm '■ [0, 1] — >• M will be called the midpoint function of the fuzzy number x. 

Lemma 2.1 [21] For any x € & , the midpoint function xm is continuous from the right at 0 and 
continuous from the left on [0, 1]. Furthermore it is a function of bounded variation on [0, 1]. 

Definition 2.4 [16] Let x € & and let x be a fuzzy number such that x = x + s for some s € 5? , 
ifx = y + s i for some y € & and s\ € 5? , then si = 0. Then the fuzzy number x will be called the 
Mares core of the fuzzy number x. 

Definition 2.5 [22] Define d sup : TP / 2/ x & / 5? -> M + U {0} by 

d s up ((x),(y))= sup | (a)- M { y) (a) | , 

ae[0,i] 

for any (x) , Iff) € & f S? . 

We know that , d sup ) is a metric space [21]. 


1243 


Dong Qiu et al 1242-1251 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


3 Main results 


Definition 3.1 [22] For each m(t) € C[J, M], where J is a subinterval of (0,+oo), we will define 
d+ : C[J, M] -» M by 

d + m(t) = lim — (m(t + h) — m(t)). 
h-^ 0+ h 


Definition 3.2 [23] A mapping F : J — >• & / '5? is differentiable at to € J if for small \h\ > 0, there 
exists an F'(to) € & j 5? such that 


lim d su p 
h -> o 


( F(t Q + h)-F(t 0 ) 
V h 



= 0 . 


Definition 3.3 [23] A mapping F : J — >• LF j A? is measurable if F is measurable with respect to d sup . 


A mapping F : J — >• & / SA is called integrably bounded if there exists an integrable function 
h : J — > M + U {0} such that \M F ^(a)\ < h(t ) for all t € J and a € [0, 1]; a mapping F : J — >• is 

said to be of uniformly bounded variation with respect to a G [0, 1] (for short, of uniformly bounded 
variation) if there exists a constant K > 0 such that V p (M F ( t A < K, for each t € J [23]. 

Definition 3.4 [23] Let F : J — >• be measurable. The integral of F over J, denoted jjF(t)dt, 

is a mapping Mj ■ : [0, 1] — >• M, which is defined by the equation 

M fjF(t)dt( a ) = / M F{t] (a)dt 
J J 

for each a € [0, 1]. The mapping F is said to be integrable over J if there exists an (xo) € such 

that M F(t)dt = Af(£ 0 ) • In this case, we denote the integral by 

J F(t)dt = (x 0 ) • 

Assume that / : M+ x S(p ) — >• & 1 5? is continuous and of uniformly bounded variation, where 
S(p) = {(x) G & 1 5? : d S up ((a?) , (0)) < p}- We consider the initial value problem for the fuzzy differ- 
ential equation 

x'(t) = f(t,x(t)), x(t 0 ) = x 0 - (1) 

We assume that f(t, (0)) = (0) so that we have the trivial solution x(t) = (0) for (1). 

We shall discuss some simple asymptotically stability results of solutions of (1) by Lyapunov’s 
second method. First, we give some notions of concerning the stability of the trivial solution of (1). 
Let x(f) = x(t, to, xo) be any solution of (1) existing on [to, +oo). Denote K, = {lo € C[M+, M+], w(0) = 
0, cu(-) is increasing }. 

Definition 3.5 The trivial solution x(t) = (0) of (1) is said to be 

(51) stable, if for any s > 0 and to € K+, there exists a 6 = 5(to,e) > 0 such that if d s up (xo, (0)) < 
5 then 

d sup (x(t), (0)) < e, t> t 0 ; 

(52) uniformly stable, if 5 in (51) is independent of to; 

(53) asymptotically stable, if it is stable and for any e > 0 and to € M+, there exists a 5 = 6 (to) > 0 
and T = T(to,xo,s) >0 such that if d s up (xo, (0)) < <5 then 

d sup (x(t),( 0)) < £, t>t 0 + T] 

(54) equi- asymptotically stable, if T in (53) is independent of x o; 

(55) uniformly asymptotically stable, if it is uniformly stable and 5 and T in (54) are independent 
of t 0 . 


1244 


Dong Qiu et al 1242-1251 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Lemma 3.1 [13] Suppose that g(t , p) be a continuous function on and r(t) = r(t , to, po), p(t o) = 
po be the maximal solution of the scalar differential equation: 

^ = 9(t, p), p(to) = Po>0, (2) 

existing on [to,+oo). Let m(t ) be a continuous function on M+ satisfies 

I .. = — m(t + h) — m(t) , . .. 

d + m(t ) = lim < g(t,m(t)) i t > to- 

h-^ o+ h 

Then m(t ) < r(t), /or eac/i t > to if m(to) < <^o- 

Let V"(t, (x)) : M + x S/p) — >• M be a given function. Then we define 

DtV(t, (x)) = lim | (V(t + h, (x) + hf(t, (x))) - V(t, (x))) , 

1 h-> 0+ h 

where /(•) is the right-hand side of (1). Note that, if V{t,x) is Lipchitzian in x, then we have 

d + V{t,x(t)) < D~fV(t,x(t)). 

Lemma 3.2 [22] Suppose that 

(1) | V(t, (x)) - V(t, (y )) | < L(t)d s up ((x) , (y)), V(; •) € C[M + x S(p),R+] and L(-) G C7[M+,M+]/ 
^ (2) D~jlV(t, (x)) < g(t,V(t, (x))), g{-, -) € 

If x(t) = x(t,to,xo) is any solution of (1) through (to,xo) existing on [to,+oo) such that V(to,xo) < 
po, then we have 

V(t,x(t)) <r(t,t 0 ,p 0 ), t>t 0 , 

where r{t,to,po) is the maximal solution of the scalar differential equation (2) existing on [fo,+oo). 


Lemma 3.3 Suppose that 

(1) | V(t, (x)) - V(t, (y))\ < L(t)d sup ((x) , (y)), Vf, •) G C[M+ x S(p),R+] and L(-) G C[M+,M + ]; 

(2) D~jV(t, (x)) < —u(h(t,(x))) + g(t,V(t,(x))), hf,-) G C[M+ x 5(/)),M + ], w(-) G K. and 
g(t,p ) G CpR^M] is nondecreasing with respect to p for each t G M+ . 

Ifx(t ) = x(t, to, ®o) is any solution of (1) through (to, xo) existing on [to, +oo) such that V (to, xq) < 
po, then we have 

V(t,x(t))+ u(h(s,x(s)))ds < r(t,t 0 ,po), t>t 0 , 

Jt 0 

where r(t,to,po) is the maximal solution of the scalar differential equation (2) existing on [to,+oo). 


Proof. Let m(t) = V(t,x(t)) + fj( o u(h(s,x(s)))ds > V(t,x(t)) for each t > to- Then m(to) = 
V(t 0 ,x 0 ) < po and for small h > 0, 


m(t + h) — m(t) = V(t + h, x(t + h)) + 


rt+h 


u(h(s, x(s)))d-s 


I to 


— V(t,x(t)) - / u(h(s,x(s)))ds 
Jto 

= V(t + h, x(t + h )) — V(t + h, x(t ) + hf(t, x(t))) 

rt+h 

+ V(t + h,x(t) + hf(t,x(t))) — V(t, x(t)) + / u(h(s,x(s)))ds 
< L(t + h)d sup (x(t + h),x(t) + hf(t,x(t ))) 

rt+h 

+ V(t + h, x(t) + hf(t, x(t))) — V(t, x(t)) + J u(h(s,x(s)))ds. 
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Thus, we get 

,, , . — m(t + h) — m(t) 

d + m(t = lim — ^ ^ 
h^> o+ h 

< DfV(t,x(t))+ lim — / u(h(s,x(s)))ds 
J 0 + h J t 

+ L(t ) lim yd sup (x(t + h),x(t) + hf(t,x(t))) 
h-^ 0 + h 

= D~j V(t, x(t)) + uj(h(t, x(t))) 

+ £(0 ^lim + d sup ( X ^ t + k J i — — , f(t,x(t))j 

= DjV(t,x(t)) + u(h(t,x(t))) + L(t)d su p (x'(t),f(t,x(t))) 

= DjV(t,x(t)) +u(h(t,x(t))) < g(t,V(t,x(t))), 

for each t > to- By the monotonicity of <?(t, with respect to y? for each t > to, we have 

d + m(t) < g(t,V(t,x(t))) < g(t,m(t)), 

for each t > to- By Lemma 3.1, we obtain 

F(t, x(t)) + / u(h(s, x(s)))ds = m(t) < r(t, to, ipo), t > to- 
Yio 

□ 

Theorem 3.1 Suppose that there exists a function V(t, (x)) satisfies the following conditions: 

(1) | V(t, (x)) - V(t, (y)) | < L(t)d sup ((xl(y)), V(; •) G C[M + x S(p),R + ] and L(-) € C'[R + ,R+]; 

(2) co(d sup (<51> , (0))) < P(t, (2)), P(t, (0)) = 0, w (.) € K; 

(3) D+V(t,(Z)) <g(t,V(t,(x))), g(;-)eC[Rl,R},g(t,0)=0. 

If the solution ip(t) = 0 of (2) is asymptotically stable, then the trivial solution x(t) = (0) of (1) is 
asymptotically stable. 

Proof. If the solution ip(t) = 0 of (2) is asymptotically stable, then by (S3) of Definition 3.5, we have 
it is stable. Thus, by Theorem 3.1 in [22], we get that the trivial solution x(t) = (0) of (1) is stable. 

Since for any e > 0 and to € M+, there exists a So = So (to) > 0 and T = T(to,xo ,£ ) such that if 
0 < tpo < Sq then 

\p(t,t 0 ,<po)\ < <v(e), t>t, 0 + T. 

Since V(t, (0)) = 0, we have 

V(t 0 , (x)) = | V(t 0 , (x)) - V(t 0 , (0))| < L(t 0 )d sup ((x ) , (0)), 

for each (x) G S(p). Thus, there exists S = S(to) such that if d sup ((x ) , (0)) < <5, then V(to, (x)) < (Jo- 
Let x(t) = x(t,to,xo) be any solution of (1) through (t o,xo) existing on [to,+oo). Next, we shall 
show that if d sup (xo, (0)) < <5 then d sup (x(t), (0)) < s for each t > to + T. By the conditions (1), (3) 
and Lemma 3.2, we get 

V (t, x(t)) < r(t, t 0 , V (t 0 , x 0 )), t>t 0 + T, 

where r(t,to,V(to, xq)) is the maximal solution of the scalar differential equation (2) existing on 
[to, Too) . Since V (to, xq) < So, we have r(t, to, V (to, xo)) < u(e) for each t > to + T and therefore 

V (t, x(t)) < r(t, t 0 , V (to, x 0 )) < u(s), t>t 0 + T. 
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By the condition (2), we get 

u(d sup (x(t), (0))) < V(t,x(t)) < u(e), t.>t. 0 + T. 

By the monotonicity of u, we have 

d S up(x(t), (0)) < £, t>t 0 + T. 

Hence, the trivial solution x(t) = (0) of (1) is asymptotically stable. □ 

Theorem 3.2 Suppose that there exists a function V(t,(x)) satisfies the conditions (1), (2) and (3) 
of Theorem 3.1. If the solution ip(t) =0 of (2) is equi- asymptotically stable, then the trivial solution 
x(t) = (0) of (1) is equi- asymptotically stable. 

Proof. In fact, we can show Theorem 3.2 by a similar method of Theorem 3.1. □ 

Theorem 3.3 Suppose that there exists a function V(t, ( x )) satisfies the following conditions: 

(1) | V(t, (x)) - V(t, (y )) | < L(t)d s up ((x) , (y)), V(-,-) G C[M+ x S(p),R + ] and L(-) G C'[R+,R+]; 

(2) uji(d sup ((x) , (0))) < V(t, (x)) < u> 2 (t,d s up ((x) , ( 0 ))), uq(-), u 2 (t, •) G /C; 

(3) DjV(t, (x)) < —/3V(t, {x)),P > 0. 

Then the trivial solution x(t) = (0) of (1) is equi- asymptotically stable. 

Proof. Let x(t) = x(t, to, xq) be any solution of (1) through (to, £o) existing on [to, +oo). By Theorem 
3.2 in [22], we get that the trivial solution x(t) = (0) of (1) is stable. Thus, taking e = p, there exists 
a 5 = 6(to,p) such that if d sup (xo, (0)) < 6, then 

d sup (x(t),(0)) < p, t>t 0 . 

Let the function g(t,ip) = (t,<p) G and (po = V(to,xo) in Lemma 3.2. Then we know that 

r(t,t 0 ,<A)) = V(t 0 ,x 0 )e~ l3< ' t ~ t °\ t > t 0 , 


is the unique solution of the scalar differential equation (2). Thus, by Lemma 3.2, we obtain 

V (t, x(t)) < V (t 0 , xo)e~ l3{t ~ to \ t>t 0 . 

For any given e > 0, we take T = T(to, s) = — In — + 1. Then, by the condition (2), we get 

p wi(e) 

wi(d sup (a:(i),(0))) < V(t,x(t)) < V(to,xo)e~ l3(t ~ to) 

< e~P(*) 2 (to, d sup (xo, (0))) 

uj 2 (t.o,d) 

< e~Pu 2 (to,6)) 

UJ 2 (to,0) 

= e' p ui(e) < wi(e), 

which implies that 

d sup (x(t), (0)) < e, t>t 0 + T. 

Hence, the trivial solution x(t ) = (0) of (1) is equi-asymptotically stable. □ 


Theorem 3.4 Suppose that there exists a function V(t, (x)) satisfies the following conditions: 

(1) | V(t, (x)) - V(t, (y )) | < L(t)d SU p((T) , (y)), V(j •) G C[M+ x 5(p),R+] and L(-) G C7[R+,R+]/ 

(2) uii(d SU p((x) , (0))) < V(t, (x)) < u) 2 (d s U p((x) , (0))), wi(-),w 2 (-) G 1C; 

(3) D+V(t,(S))<g(t,V(t,(T))), e C[R\,R], g(t,0) = 0. 

If the solution ip(t ) = 0 of (2) is uniformly asymptotically stable, then the trivial solution x(t) = (0) 
of (1) is uniformly asymptotically stable. 
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Proof. If the solution (pit) = 0 of (2) is uniformly asymptotically stable, then by (S5) of Definition 
3.5, we have it is uniformly stable. Thus, by Theorem 3.3 in [22], we get that the trivial solution 
x{t ) = (0) of (1) is uniformly stable. 

Since for any e > 0 and to € M+, there exists a do > 0 and T = T{e) such that if 0 < po < do then 

\ip(t,t 0 ,Vo)\ < wi(e), t>to + T. 

Since cji(-), U 2 (-) €E /C, there exist a 6 > 0 such that lo 2 (S) < wi(do)- 

Let x(t) = x(t,to,xo) be any solution of (1) through (to,. To) existing on [fo,+oo). Next, we shall 
show that if d sup (xo, (0)) < 6 then d sup (x(t), (0)) < s for each t > to + T. By the conditions (1), (3) 
and Lemma 3.2, we get 

V(t,x(t)) < r(t,to,u}i 1 (V(t 0 ,x 0 ))), t. > to + T, 

where r(t,to,ojf 1 (V(to,xo))) is the maximal solution of the scalar differential equation (2) existing on 
[to, Too). By the condition (2), we have 

V(t 0 ,x 0 ) < uj 2 {d sup (xo, (0))) < i jj 2 (S) < wi(5 0 ). 

Thus, by the monotonicity of oj\, we have uff 1 (P(to, To)) < 5q, which implies that 

r(t, to, (t 0 , t 0 ))) < wi(e), t>t 0 + T 

and therefore 

V (t, x(t)) < r(t, to, w] _1 (P (t 0 , t 0 ))) < c*>i(e), t>t 0 + T. 

By the condition (2), we get 

wi(4u P (T(t), (0))) < V (t, x(t)) < wi(e), t > to + T. 

By the monotonicity of uq, we have 

d sup (x(t), (0)) <£, t>t 0 + T. 

Hence, the trivial solution x(t) = ( 0 ) of (1) is uniformly asymptotically stable. □ 

Theorem 3.5 Suppose that there exists a function V(t, (x)) satisfies the following conditions: 

(1) |V(t, (x)) - V(t, (y)) | < L(t)d sup ((x ) , (y)), V(j •) € C[M+ x S(p),R+] and L(-) G C[M + ,M+]; 

(2) wi(d sup ((a:) , (0))) < V(t, (t)) £ w 2 (4u P ((t) , (0))), wi(-),w 2 (-) G 1C; 

(3) Df"V(t, (t)) < cv 3 (c?su P ( (t) , (0))), w 3 (-) G 1C. 

Then the trivial solution x (t) = (0) of (1) is uniformly asymptotically stable. 

Proof. Let x (t) = x (t, to, to) be any solution of (1) through (to, to) existing on [to, +oo). By Theorem 
3.4 in [22], we get that the trivial solution x(t) = (0) of (1) is uniformly stable. Thus, taking e = p, 
there exists a 5 = 5{p) such that if d sup (xo, (0)) < 5, then 

d sup (x(t),{6)) < p, t > to- 

Let the function g(t,<p) = 0, (t,tp) € and ipo = P(to,To) in Lemma 3.3. Then we know that 
r(t,to,</?o) = V(to,xo) is the unique solution of the scalar differential equation (2). Thus, by Lemma 
3.3, we obtain 

V(t,x(t))+ [ uj 3 (d sup (x(s),(0)))ds <V(t 0 ,x 0 ), t > to- 
■Jt 0 
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/ C\ 

For any given e > 0, we take T = T(s) = — b 1. Suppose that d sup (x(t), (0)) > ujif^uj^e) 

w 3 w 2 to i(e) 

for each t G [to, to + T], Then, by the condition (2), we get 

V(t,x(t)) = V(t 0 ,x o) - / u 3 (d sup (x(s),(0)))ds 

Jt 0 

< uj 2 {d sup (xo, (0))) - - to) 

< uj 2 {6) - ujsuj^uiis)^ - t 0 ), 

for each t G [to, to + T]. Thus, we obtain 

0 < V(t 0 + T,x(to + T)) < uj 2 (5) - W 3 W^ 1 wi(£)T = — a; 3 o;^ 1 u;i(e) < 0. 

This is a contradiction, thus there exists a t* G [to, to + 2" 1 ] such that 

4u P (z(t*), (0)) < uf l wi(e). 

Since D~jV(t, (x)) < —u> 3 (d S up((x ) , (0))) < 0, we have 

V(t,x(t)) <V(t*,x(t*)), t>t*. 

Then, by the condition (2), we get 

uJi{d SVip (x(t),(0))) < V(t,x(t)) < V(t*,x(t*)) 

< u 2 (d sup (x(t*),(0))) 

< = wi(e), 

which implies that d sup (x(t), (0)) < e for each t > t* . Hence, we obtain 

d sup (x(t), (0)) < e, t > t 0 + T. 

Consequently, the trivial solution x(t) = (0) of (1) is uniformly asymptotically stable. □ 

Example 3.1 Define F : M + — >• FT / 5? by the a-level sets of the fuzzy mapping 

r i a \ 9 e~ a 

F(t)J = -j-j-^,0 , a G [0, 1], 

where F{t) is the Mares core of F(t), for each t G M+. Thus, we have 

M F(t )( a ) = — ^ a £ [0, 1], 

for each t G M+. It is obvious that is continuous from the right at 0 and continuous from 

the left on [0, 1] with respect to a. Since Mpm(a) is increasing with respect to a, we get 

1 - e -1 

Vp(M F (t)) = Y^~t — 1 _ e 1 ' * G ®H-- 

Thus, we obtain that F(t) is of uniformly bounded variation. Since M F ^{a) is uniformly continuous 
with respect to t G M+, we get that F(t) is continuous with respect to d su P . Define f : M+ x & f 5? — >• 
& fTF by 

f{t,(x)) = F(t) (x) . 

It is obvious that f is continuous with respect to d s up and of uniformly bounded variation. 
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Consider a Lyapunov function V(t, (x)) = d sup (( x) , (0)). Then V(t , (0)) = d sup ((0), (0)) = 0 and 
\V(t, (x)) - V(t, (y))\ = d sup ( (x) , (0) ) — d sup ( (y) , (0) ) < d sup ((x ) , (y)), 

for any (t, (x)), ( t , (y)) € M+ x LF f SA . By Definition 2.9, for a small h > 0, we have 

V(t + h, (x) + hf(t, (x))) = d s up ((x) + hf(t, (x)), (0)) = d sup ((x) + hF(t) (x) , (0)) 

= sup |M{ 2 )(a) + hM F ( t )(a)Mffl(a)\ 

<*e[ 0 , 1 ] 

< sup \M^(a)\(l + h sup M F(t) (a) N ] 


ae[o,i] 


ae[0,l] 


h f ^ 

= I 1 — jq — ) d sup ((x) , (0)). 


Hence, we get 


o-i 


DtV(t,(x)) = lim - (V(t + h, (x) + hf(t, (x))) - V(t, (x))) < -——d sup ((x),(0)). 
J h-+ 0+ h 1+t 


0-1 


Let g(t,<p ) = — <p. Then, we have 

1 t 


DfV(t, (x)) < g(t,d sup ((x) , (0))) = g(t,V(t, (x))). 

It’s easy to show that the solution (p = 0 of (2) is asymptotically stable. Hence, by Theorem 3.1, the 
trivial solution x(t) = (0) of (1) is asymptotically stable. 
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Abstract. In this paper, we investigate differential equations associated with squared 
Hermite polynomials and derive some new and explicit identities for these polynomials 
arising from the differential equations. 


1. Introduction 

As a method of obtaining new identities for special polynomials and numbers, in [8] T. Kim 
initiated a remarkable idea of using ordinary differential equations. Namely, he derived a fam- 
ily of nonlinear differential equations, indexed by positive integers, satisfied by the generating 
function of the Frobenius-Euler numbers and used them in order to get an interesting iden- 
tity expressing higher-order Frobenius-Euler numbers in terms of (ordinary) Frobenius-Euler 
numbers. Here, more precisely, the differential equations are satisfied not by the generating 
function of the Frobenius-Euler numbers but by a constant multiple of that. 

This method turned out to be very fruitful and can be applied to many interesting special 
polynomials and numbers (see [5, 8-11]). For example, linear differential equations are derived 
for Bessel polynomials, Clianghee polynomials, actuarial polynomials, Meixner polynomials 
of the first kind, Poisson-Charlier polynomials, Laguerre polynomials, Hermite polynomials, 
and Stirling polynomials, while nonlinear ones are obtained for Bernoulli numbers of the 

2010 Mathematics Subject Classification : 05A19, 11B37, 11B83, 34A30. 

Key words and phrases: squared Hermite polynomials, differential equations. 
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second, Boole numbers, Chebyshev polynomials of the first, second, third, and fourth kind, 
degenerate Euler numbers, degenerate Eulerian polynomials, Korobov numbers, and Legendre 
polynomials. 

To be specific, we will illustrate the results in the case of Bernoulli numbers of the second 
kind (see [5]). Firstly, it is shown that the function F = F(t) = i og ^ 1+t ) satisfies the family 
of nonlinear differential equations 

F(iV)(i) = ^TwJ^ 2 U ^ mN ~ 1) ' HN ~ 1 ’ j ~ 2Fj = (!) 

where Hjy are the generalized harmonic numbers defined by 


H N o = l, for all N. 

rr ’ _ 1 1 

&NA — 


H N ,j - 


1 

N ' N-l ' + 1’ 

H\ i.j i 




( N>j> 2). 


N N - 1 j 

Recall that the Bernoulli numbers of the second b n are given by the generating function 


t 


= (see [5]). 


log{ 1 + 1 ) ^ n 


( 2 ) 


( 3 ) 


(r) 

More generally, the Bernoulli numbers of the second bn ; of order r are defined by the gener- 
ating function 


( 


(mt TT)J (see[5]) - 

v n — 0 


( 4 ) 


Then, secondly the family of differential equations in (1) are used to derive the following 
interesting identities: for N = 1, 2, • • • and n = 0, 1, • • • , we have 


min{n,iV— 1} 

(-1)” E (-^ — jV-(N — 

3=0 

_ ( {-1) N N\(N) n if 0 <n<N, 

= l if n>N + 1. 


( 5 ) 


As a generalization of the usual factorial n!, the double factorial of a positive integer n is 
defined by 


nil = 


n ■ (n - 2) • • • 5 • 3 • 1 
n ■ (n — 2) • • • 6 • 4 • 2 
1 


if n > 0 odd, 
if n > 0, even, 
if n = —1, 0. 


( 6 ) 


(see [1]). 


Throughout this paper, the double factorials will be used. 

The Hermite polynomials are classical orthogonal polynomials used such diverse areas as 
combinatorics, numerical analysis, probability, finite element methods, systems theory and 
quantum mechanics (see [2-4, 6, 7, 12-14]). 

With the Roman’s definition of Hermite polynomials H n {x) as 

H n (x)=e xt ~ t2 / 2 , (7) 
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3 

we see from ([3], p.250) that 

V J-71 

(1 - t 2 )~ i/2 e *[t/(i+t)] = (8) 

n = 0 

For brevity, we denote [H n ( \/x)} 2 by SH n (x), and hence 

°° j.n 

(1 - f 2 ) _ 1 / V [t/(1+t)1 = E SH n (x)-. (9) 

71—0 ^ 

In this paper, we would like to derive a family of linear differential equations satisfied by the 
generating function of the squared Hermite polynomials in (9) and use them in order to get 
an interesting identity for those polynomials. As an easy consequence of this result, we will 
have an expression for the squared Hermite polynomials. 


2. Differential equations for the squared Hermite polynomials 


In this paper, all differentiations are taken with respect to t, while x being fixed. 
Let 


F = F(t\x) = (1 -t 2 ) ^ eKw) 

= (l-t)-* (l + i) _ 3e x (^). 


Then 

F (1 ) = ^(1 - +t) _ 5 e a: (tTT) - 1(1 - + t)~i e x (th) 

+(1 - t)“5(l + t)”5(l + t)~ 2 xe x (*^"> 

= *) 1— 1 +x(l+t) 2 |f. 


( 10 ) 


( 11 ) 


= |^(l-t)- 2 + ^( 1 + t)- 2 -2a:( 1 +t)- 3 |F 

+ j^l - ^ + ^ 1 + x{l+t) 2 | F 

= {l^-t)- 2 + l(l + t)- 2 -2x(l+t)-^F 

+ ji ( i - r 2 + J ( i + r 2 +* 2 ( i + r 4 

— ^(1 - t) _1 (l + t) _1 - x(l + t)~ 3 + x(l - t) _1 (l + t)^ 2 j F 

= j |( l -* r 2 - §(1 — *) _1 (1 + *) _1 + ^(1 — *) _1 (1 + *) -2 

+ |(1 + 1)~ 2 - 3a(l + t,)~ 3 + x 2 (l + 1)- 4 | F. (12) 

So, we are led to put 

( N 2 (N-i) \ 

E E -*)-*(! +*r j j f . as) 

i—0 j=N—i J 
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Here a,ij(N,x ) are polynomials in x. 

( N 2(JV— .*) \ 

E E iaiAN,x)(l-t)-( i+1 \l + t)-i\F 

i — 0 j=N—i J 

( N 2 (N-i) \ 

E E j a iA N ’ x )( l - t )- t ( l + t )- {3+1) ) F 

i—0 j—N—i J 

( N 2 (N-i) 

E E a,ij{N,x){l-t)- l (l+t)- J 

i—0 j—N—i 

/ AT 2 (N-i) . \ 


= EE (* + (i+1) (i+o 

y 7=0 j—N—i J 

/ AT 2(AT-i) \ 

E E u + 2) a iA N > x )0-- t )~ l ( i + t )~ (3+1) F 

\ 7—0 j—N—i J 

( N 2{N-i) \ 

7—0 j—N—i J 

/ N+1 2(N+l-i) \ 

= E E (*- 2) a i-ij( jv - :c )( i - t r , ( i + t )“ 3 F 

y 7=1 j—N-\-l—i J 

( N 2{N-i) + l i \ 

E E 

7=0 j=N— 7+1 y 

( AT 2(AT-7)+2 \ 

E E xa itj - 2 (N,x)(l +t)- ] I F. 

i=0 j=N-i + 2 J 

On the other hand, 

( AT+l 2(AT+1 - %) \ 

E E a ^( N + !- *)(! - *)"*(! + *)" J ' F • 

7=0 < 7=iVH-i — 7 y 

In order to add the sums in (14), we decompose them as follows: 

AT+l 2(A+l-i) AT 2(JV-*)+l AT 

EE = E E +E E 

7=1 j — N-\-l—i 7=1 j = 7V + 2 — 7 7=1 J>' = iV+l — 7 


+E E + E E; 

7=1 j=2{N+l— 7 ) i=N-\-lj=0 


N 2(N-i)+l N 2(N—i) + l N 

EE = E E +E E 

7=0 j=N—i+l 7=1 j=N— 7+2 7=1 j=N— 7+1 

2AT+1 

+E E +E E ; 

2=0 j=N+2 i = 0 j=N+l 
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N 2{N-i)+2 N 2(N-i)+l N 

EE = E E +E E 

2 = 0 j=N-i-\- 2 2 = 1 j=N—i+ 2 2=1 j—2(N-i)-\-2 

2N+1 

+E E +E E • 

2=0 TV +2 2=0 j=2./V+2 


(18) 


Now, the sum in (14) can be rewritten as 

p(N+l) 

N 2(N-i)+l 


= E E j (*- 2) a i-hA N i x ) - U~ +xa itj - 2 (N,x) ^ 

4 — 1 4— 7V-L9—4 v ' 


2=1 ,7=iV + 2 — 2 

x(l -£)“*(! + f)“ J F 


^ ^ f 1 1 1 

+ E 1 (* _ ^) a i-i,N-i+i(N, x) - (N -i + -)a i>N -i(N, x) > 

x(l-t)" l (l+t)- (Ar - l+1) F 

N f | 

+ E 2 ^ ai_1 ’ 2 (- ,V + 1_ *)(-^ r ’ a ') + xa i,2(N-i)(N, X) ^ (l-t)~\\ + t)~ 2(N+1 ~ l) F 

27V+1 f 1 "I . 

+ E ) a o,j-i(N,x)+xa 0 j- 2 (N,x)>(l + t)~ j F 

4 — /V _l_ 9 V ' 


j=AT+2 

-(IV + ^)a 0 ,jv (JV, *)(1 + t)“ (JV+1) F + xa 0 M N , x){l + t)^ 2N+ ^F 
+(N + ^)a Nfi (N, x)(l - t)~( N+ VF. 

Comparing (15) and (19), we obtain: for 1 < i < N, N — i + 2 < j < 2 (TV — *) + 1, 

a-i,j(N + l,x) = (i - ^)ai- ltj (N,x) - (j - ^)a zJ -i(N,x) + xa it j- 2 {N, x); 
for 1 < i < N, 

ai, N - i+1 (N + 1, x) = (i - hai- ltN - i+1 (N,x) - (N - i + ^-)a itN -i(N,x)\ 


for 1 < i < N, 


a i,2(N+l-i){N + 1, x) — (i — -)a i _ li 2(AT+l-j)(4V, x) + Xa. it 2(N-i){N, x)\ 


for N + 2 < j < 2N + 1, 


a o,j( N + l,x) = ~{j - -)a 0 j-i(N,x) + xa 0tj - 2 (N,x)i 


(19) 

( 20 ) 
( 21 ) 
( 22 ) 
(23) 


a 0 ,N+i{N + 1 ,x) = -(N + -)a 0 ,jv(-/V, x); 
a 0 , 2 N+ 2 {N + 1, x) = xclo, 2 n(N, x); 


(24) 

(25) 


ajv+i,o(-W + 1, x) = {N + -)a N , 0 (N, x). 


(26) 


Note here that all of these recurrence relations can be merged into one relation (20), for 
0 < * < iV + 1, IV — * + 1 < j < 2{N — i + 1), with the understanding that 


a i,j{N, x) = 0, 


(27) 
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unless 0 < i < N , TV — i < j < 2(N — i). In addition to these, we have the following initial 
conditions: 


F = F (0) = ao,o(0, x)F — ■» a OiO (0,x) = 1, 

/ 1 2(1 -i) \ 

p(1) = £ £ F 

\*=0 j= 1-* J 

= (a 0 ,i(l,x)(l + ty 1 + O 0)2 (l,x)(l + t)~ 2 + a lj0 (l, x)(l - t)~ l ) F 

la -ty 1 -^(i+r 1 +x(i+r 2 )^ 

— > a 1)0 (l,x) = a 0 ,i(l, x) = a 0j2 (l, x) = x. 

As easy consequences, from (24)- (26) we get 

cln+i,o(N + 1 , x) = + 0 a Nfi (N,x) 

1 
2 

1 


N + y ) ( N - - ) a,N—i,o(N - 1 , x) 


2 

N+l 


= ( N + - ) ( N- 

1 
2 


1 • -a lfl (l,x) 


(2JV + 1)!! 


a 0 ,N+i(N +l,x) = -(N+- a 0 , N (N,x) 


= (-1) 2 N+k )[N-- ) a 0 , N -i(N -1,x) 


= (-lf[N+^ ( N 


i\ 


-a 0 ,i(l,x) 


N + 1 


V 


(2N + 1)!! 


(28) 


(29) 


(30) 


ao,2AH-2(A"+ l,x) = xa 0t 2N(N,x) = x 2 a 0 ,2(N-i)(N - l,x) 

= x N ao, 2 (l, x) = x Af+1 a o ,o(0, x) = x N+1 . 

Let N + 2 < j < 2N + 1. Then, from (23), we have 

a 0 ,j(N + l,x) = xa 0 j- 2 (N,x) - (j - a 0 ,j^i(N,x). 

For j = N + 2, we get the following: 

a 0,AT+2(A^ + 1, X) 

= x<io,n(N, x) - (n + 0 a 0 ,N+i(N,x) 

= xa 0 , N (N,x) - ^ ^xa 0 ,AT-i(A^ - l,x) - (^N + 0 a 0tN (N - 1,: 

= x (a 0tN (N, x) - (N + ^)a 0 ,N-i(N - 1, x)^j 

+(-l) 2 (n+1) (n+ 1) (xao, N - 2 (N - 2,x) - (N - 1-) oo,n-i(N - 2,x) 


(31) 

(32) 

(33) 
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JV-1 


= x^(-!) fc 7V + ^ ) (7V + 


k = 0 


+(-!)"{ TV +§) U+ 1 - 


-S N 

N / \ k 


N-k+ - a 0iA r_ fc (iV - k,x) 


-a 0 , 2 {l,x) 


/ i\« 

= (2N + 3)(2N +1)---(2N ~2k + 5)a 0iN _ k (N -k,x) 

b—r \ ' 


k=0 

N 


= *E(-5 


k = o 


(27V + 3)!! 

2 J (27V — 2k + 3)!! 


a 0 ,N-k(N - k,x). 


(34) 


For j = TV + 3, we obtain the following: 
a 0 ,Ar +3 (-/V + 1, x) 

= xa 0 ' N+ i(N, x) - (tV + 0 ao,N+ 2 {N, x) 

= xa 0 ,N+i(N,x) - +^J ^xa 0 , N (N -l,x) - +^) a 0 ,N+i(N -l,x) 

= X ^a 0 ,Ar+i(7V, x) - (tv + 0 ao, N (N - 1, x)^ 

(-1) 2 ( N +l) (^+0 (xo 0)JV -i(7V — 2,x)— f7V+^)a 0 ,iv(iV-2,x) 

- *|Vi)‘(» + 0(^+1 

+ (-l) 7V " 1 

N-l 


N + l) ("+5 


N - k + -) a 0 ,n-k+i{N - k, x) 

9 

-a 0 i 4 ( 2 ,x) 


= *E(- 1 ) fe ( Ar +b) (7V+0---(iV-fc+0ao, n - fc+ i(iV-fc,x) 


k—0 

N-l 


= *E -5 


k—0 


(27V + 5)!! 

2 ) (27V — 2k + 5)!! 


a 0 ,Ar-fc+i(7V -k,x). 


Continuing this process, we can deduce that, for TV + 2 < j < 27V + 1, 


2N+2-j 


a o 


d (N + l,x) = x E (-9 


k = 0 


(2j - 1)!! 

2) (2j — 2k — 1 )!! 


a 0 j- k -2(N - fc,x). 


Let 1 < * < TV. Then, from (21), we have 

a itN -i+i(N + l,x) = a i^-i,N-i+i{N, x) — (7 V - ^ ai,Jv-i(7V,x). 

For i = l, we obtain the following: 

tti,iv(7V + l,x) 

= ^a 0 ,Ar(7V,x) - (tV- 0 ai,jv-i(7V,x) 

= ^a 0 ,Ar(7V, x) - (tv — ^ Qa 0 ,iv-i(7V - 1, x) - (TV - ^)ai i j V - 2 (7V - 1, x)^ 

= ^ ^o 0) jv( 7V, x) - (TV - ^ a 0) Ar-i(7V - 1, x)^ 


(35) 


(36) 


(37) 
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+(-l) 2 TV-- TV-- l^a 0 , N - 2 {N-2,x)- TV-- a hN . 3 (N-2,x) 


N— 1 


(n-\ 


k = 0 


TV- 3 

2 


TV — 


2k - 1 


+ (-l) iV TV- 


1 


ai, 0 (l,a:) 


N 


k = 0 
N 


= D-‘)' p- *- 


TV- 


2k — 1 


ao,N-k(N - k,x) 


a 0 ,N-k{N - k,x) 


lE ~l 


k = 0 


(2TV — 1)!! 

2 J (2N-2k- 1)!! 


ao, N -k{N - k,x). 


(38) 


For i = 2, we get the following: 

a 2 ,N-i(N + l,x) 

= |ai,Ar_i(TV,a:) - ^TV - 0 a 2tN - 2 (N,x) 

= |ai,Ar_i (TV, a) - ^TV - 0 Qai,jv- 2 (-/V — 1, a:) — ( TV - ^ ) a 2 , N - 3 (N - l,ar) 

= ^ ^fli, w _i(iV, a) - (tv - 0 a llN - 2 (N - 1, a) 

+(-l) 2 - |) (n - 0 Qo 1iJV _ 3 (TV - 2,x) - (n - 0 a 2iJ v_ 4 (TV - 2, a)) 

O N— 2 


= 2 E(- 1 ) fc ( iV - 

/c=0 

+(-D iv - 1 

O IV- 1 

= jEh)‘(»- 

/c=0 
o N - 1 

= lE(- 

k —0 


TV- - 
2 

TV- r I ( TV- | 


TV- 


... TV- 


2fc + 1 

y 




ai,N-k-i(N - k,x) 


^a 2 , 0 (2,x) 


... TV- 


2fc + 1\ 

/ 


a i,iv-fc-i(TV - k,x) 


iy (2TV-3)!! 

2 y (2TV — 2k — 3)!! 


ai,Ar_fc_i(TV - fc,a). 


(39) 


Continuing this process, we can deduce that, for 1 < i < TV, 


i,N— j+l(TV + 1, x) 


2i - 1 


JV-i+1 


E (-5 


fc =0 


(2TV-2T + 1)!! 

2 y (2TV — 2k — 2i + 1)!! ' 


i — 1 , AT — k — i+1 (TV k^x). 


(40) 


Let 1 < i < TV. Then, from (22), we have 

a i, 2 (N+l-i)(N + 1, x ) 


= (i- ^ a i-l,2(N+l-i){N, x) + Xa it 2(N-i)(N, x). 


Then, proceeding analogously to the case of (37), we can deduce that, for 1 < i < TV, 


2i ~ 1 


AT-i+1 


a i, 2 (IV+l-i)(-^ + 1) — A E a ' fca *-l,2(IV-fc-2:+l)(-^ r — k, x), 


(41) 


(42) 


k — 0 


1259 


TAEKYUN KIM et al 1252-1264 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


For 1 < * < TV, N — i + 2 < j < 2(N — i) + 1, from (20) we have 


a i,j(N +l,x) 

I s 


= - t;J a>i- 1 ,j(N,x) - - -J + xa itj - 2 {N, x). 

Let i = 1, Then, with N + 1 < j < 2 N — 1, (43) becomes 

a i,j(N + l,x) = ^a 0J (N,x) + xciij_ 2 (N, x) - (j - ^ aij_i(iV,x). 

For j = N + 1, we get the following: 
ai tN +i{N + l,x) 

= * a 0}N+1 {N , x ) + xai tN -i(N, x) - + 0 a x > n (N, x) 

= -a 0 ,N+i(N, x) + xai tN -i(N, x) 


(43) 


(44) 


- ( N+ M f^ao,jv(lV- l,x) + xa lt jv- 2 (JV ~ l,x) - fj\T- ^ ) a ltJV -i (N 


- l,x) 


a 0 ,N+i(N,x) - (^N + a 0>N (N - 1 ,x)j 


+x yai,N-i(N, x) — ^iV + — J cli,n- 2 (N — 1, + (— l) 2 yN + — J yN — 

x Qa 0 ,jv_i(iV — 2,x) + xa!, N - 3 (N - 2,x) - (n~ ^ ai t N- 2 (N ~ 2,x) 


N—2 


+*E (- 1 > 4 (w + ))(jv-i)...|w- 


2k — 3 


k = o 


2 

2k -3 


ao,N—k+i(N - k,x) 
ai t N-k-i(N - k,x) 


+ (- 1)Af 1 ( 7V +^) ( iV -^---(^) a b2( 2 ^) 


N-l 


= £ R 


k = 0 


(2N+ 1)!! 


2) (27V — 2k + 1)!! \2 


-cio } N-k+i{N — k, x) + xai,N-k-i{N — k, x ) • (45) 


For j = N + 2, we obtain the following: 
a ltN+2 (N + 1, x) 

= ^a 0tN+2 (N,x) + xa 1>N (N,x) - a 1>N+1 (N, x) 

= -a 0 , N+2 (N,x) +xai tN (N,x) 

- (y N + Q a °,iv+ i (A r - 1,®) + xai tN -i{N - l,x) - (n + i ) a ltN (N - 

= \ (ao,N+2(N,x) - + 0 o 0) jv + i(7V- 1,®)^ 

+X ^ a ljN (N , x) - oi i at_i(7V - 1, x) 

+(-l ) 2 (iV+f) (tV+ J 


l,x) 
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x ( - 2, x) + xai }N - 2 (N - 2, x) - (n - ^ ) ai,jv_i(iV - 2, x) 


N-3 


= lY.(-D k (*+5 


k—0 

N-3 


2k — 5\ 

N — — J a 0 , N - k + 2 (N - k, x) 

2k -5 


+x (“I)' (n + l) (n + l) ■ ■ ' (n - ai, N -k(N - k, x ) 


k—0 

+(-ir- j (jv+^)(a ' + \ 


) a 1 , 4 (3, x) 


^ ^ fc (2(V + 3)H / 1 

= ) 7bT7 — 07 . , om i ( 7 ;a 0 ,N-k+ 2 {N - k,x) + xa lyN - k (N - k,x) 


k = 0 


2) (2N — 2k + 3)!! \2 


(46) 


Continuing this process, we can deduce that, for N + 1 < j < 2 TV — 1, 
aij(N + 1, x) 


2 N-j 


- E - 


fc =0 


1 


(27 — 1)!! /I 

' -a 0 j-k{N - k) + xa\j-k-i(N - k,x) 


2) (2j-2k-l)\\\2 


(47) 


Let i = 2. Then, with N < j < 2 N — 3, (43) becomes 
a 2 j(N + 1, x) 

= ^ a i,j(N,x) + xa 2 ,j- 2 {N,x) - (j- ^ ) a 2 ,j-i(N,x). 


(48) 


Then, proceeding analogously to the case of (44), we can deduce that, for N < j < 2 N — 3, 
a 2 ,j{N + 1, x) 

2N— j — 2 , \ k (2i || / o \ 

5Z (“o) 7 oj_o u i mi ( o a hj-k(N- k,x) + xa 2tj -k- 2 (N - k,x ) ) (49) 


fc =0 


27 (2j-2k-\)W\2 


Thus we can deduce that, for 1 < i < N, N — i + 2 < j < 2{N — i) + 1, 
a it j(N + l,x) 

2N ~^ + 2 ( l\ k (2j — 1)!! 


k = 0 

x 2 1 a i-i,j-k(N - k,x) +xai'j- k - 2 (N - k,x)j 


2) {2j-2k-l)\\ 


(50) 


Our results can be summarized as: 
a 0 ,o(0, x) = 1; 


o,n+i,o{N + l,x) = i — — ) (2iV + l)!! 

/ 1 \ n+i 


oo,n+i(N + 1, x) — ( — (2iV + l)!!; 


a 0 , 2 N+ 2 (N + 1, x) = x N+1 

2N+2-j 


a 0 


A N + l,x)=x 


k—0 

for N + 2 < j < 2N + 1; 


(2 i - 1)!! 

2) (2j — 2k— 1)!! 


a 0 j- k - 2 (N - k,x) 
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2i — 1 ~ T 

Oi,N-i+l{N + l,x) = ^ 

— Q 

for 1 < i < IV; 

2 - _ 1 N-.-r, 

®i,2(N-\-l— i) (-^ 1? x) ^ ^ ' X 1,2(1V— fc— z-fl) (-^ ^,x), 

fc =0 

for 1 < * < TV; 

+ 1, £c) 

= X] (^ — 2 J ( 2 ^ — 2k 1 ) ! ! (~2~‘ a i-hj-k(N - k,x) + xa^-k^N - k,x)J , 

for 1 < i < N, N - i + 2 < j < 2 (N - i) + 1. (51) 


1\ (21V — 2i + 1)!! 

2 y (21V -2fc- 21 + 1)!! 


0*1— i,n— fc— z+i (-^ h^x') 


From these, we can conclude that, for 0 < i < iV + 1, TV + 1 — i < j < 2(N + 1 — i), 


Oij {N + l,x) 


2N-j-2i+2 

E 

k = 0 


(2 j - 1)!! 


(2j — 2k— 1)!! 

^ 2 — /c, x) “t~ j — 2(1V x)^ , 


(52) 


with ao,o(0, x) = 1, ai,o(l,x) = ao,i(l,x) = — 00 , 2 ( 1 , x) = x, except for 1 = 0 and 

j = N + 1, in which case 


a o,iv+i(-^ + 1, x) — (21V + 1)!!. 

Our results can now be stated as the following theorem. 


(53) 


Theorem 1. The ordinary differential equations 


N 


7 \ iv / N 2(N—i) 

F(N) = ijt) F= E E a hj(lV,x)(l-t)“ i (l + t)“ J I F, 

i—0 j—N—i 


(54) 


(IV = 0, 1, 2, - - • ,) have a solution F = F(t,x) = (1 — t 2 ) 2 e x (A), where, for 0 < i < N, 
N — i < j < 2(N — i), 


a i,j(N, x) 


with aso,o (0, x) 
in which case 



a 0>iV (lV,x)= (-0 (21V -1)!!. (56) 
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3. Applications of differential equations 


We recall from (9) that the squared Hermite polynomials SH k (x) are given by the gener- 
ating function 


OO - 

F = F(t,x) = (l-t 2 yh(^) =Y,SH k (x)~. (57) 

k-0 

Here we derive some new and explicit identities for the squared Hermite polynomials from 
the differential equations in Theorem 1. Now, we have 


J2SH k+N {x)~ = 


k = 0 


(IV) 


(N) 


f OO fc 

^2 SH k (x)~ 

\k = o 

((l-t 2 )“*e a: (TTi)y 

N 2 (N-i) 

E E 

^i — 0 j—N—i 

N 2 (N-i) oo i 

E E a uj( Ar - a; )E(* +z_ 1 )']y 

i—O j—N—i l— 0 


^ j.m j-n 

E (-iro - + m - l) m — Y, SH n (x)~ 

z ' ml z ' n! 

m=0 n=0 


oo ( N 2 (IV— i) 

EE E E 

/c— 0 \ 2—0 j=N—i l-\-m-\-n—k 


k 

l, m, n 


x (-l) m (i + Z - l)/(j + m- i) m aij(N,x)SH n (x)) . (58) 


From this, we have, for fc, N = 0, 1, 2, • • • 


AT 2 (N-i) . 

sH k+N [x) = e E E (/ 

2—0 j—N—i l+m+n=k x 

x(-l) m (i + l - l)i(j T to l) m a,ij(N,x)SH n (x). (59) 

Thus we obtain the following theorem. 

Theorem 2. For fc, A = 0, 1, 2, • • • 

N 2(N-i) . 

SH k+N (x ) E E E (/ TO ,n 

2—0 j—N—i l-\-m-\-n—k x 

x (-!) m (* + ^ - l);(j T to l) m o ii j(A,a;)S'J7 n (a;), 
where aij(N,x) are as in Theorem 1. 


Letting k = 0 in (59), we obtain the following result giving expressions for the squared 
Hermite polynomials SHn(x). 
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Theorem 3. For N = 0, 1, 2, • • • 

N 2(N-i) 

SH n (x) = ^2 ^2 a i,j(N, x), 

i = 0 j=N—i 

where aij(N,x) are as in Theorem 1. 
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Quenching for the discrete heat equation with a 
singular absorption term on finite graphs 
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Abstract 

We study the quenching for the discrete semi-linear heat equation with singular 
absorption ut = A U u — Xu~ p on finite graph with Dirichlet boundary condition 
and the positive initial condition uq(x). When X~ p > max^s uo(x), we prove 
that the solution will quench in finite time by comparison principal. Meanwhile, 
we study the quenching rate. Moreover, we also prove that there exists a critical 
exponent A* such that the problem admits a global solution for all A < A*. Finally, 
a numerical experiment on two finite graphs is given to illustrate our results. 
Keywords: Discrete heat equation; singular absorption; quenching; graphs. 

MSC: 35B05, 35B33, 45G05 

1 Introduction 

Let G be a graph with vertex set V and edge set E, where the vertex set is divided 
into the boundary vertices dS and the interior vertices S which is connected, and we 
always assume G is a finite, connected, simple (without multiple edges and loops) graph 
in the following context. In this paper, we mainly study the quenching phenomena for 
the following semi- linear discrete heat equation with singular absorption on finite graph 

* Corresponding author. E-mail address:xinqiaoylsy@163.conr(Qiao Xin). 
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G 

{ u t = A U u — A u~ p , x G S and t G (0, T), 

u(x, t) — 1, x G dS and t G (0, T), (1) 

u(x, 0) = Uo(x ), x G S', 

here p, A and T are positive constants, the initial value u 0 (x ) G C(E) and satisfies 0 < 
Uo(x) < 1 for any x G S. The function space C(V ) denotes the set of all functions which 
are definite on the vertices V of the graph G, and A w denotes the discrete Laplacian 
operator on finite graph, which is defined as follows (see [1]), 

A w u(x) = Y Hv) - u( k x )\ • u(x, y), 

yev 

where the function uj(x,y) is called the weighted function, and satisfies 

(i) u(x,x) = 0, for any x G V, 

[ii) co(x, y) = u(y, x) > 0, for any x, y G V, 

(in) uj(x,y) = 0, if and only if (x,y) <£ E. 

Moreover, d Ld (x) = denotes the degree of the node x G V of the weighted 

xev 

graph G, and we assume that cL(x) < 1 for any x G S. 

By introducing v(x,t) = 1 — u(x,t), it is not difficult to verify that the function 
v(x,t) satisfies the following initial boundary value problem 

{ v t = A u v + A(1 — v)~ p , x G S and t G (0, T), 

v(x,t) = 0, x G dS and t G (0,T), (2) 

v(x, 0) = 1 — u 0 (x), x G S. 

In the continuous case including the local and nonlocal diffusion equation likes (1) 
or (2), its quenching phenomena has attracted much attention from the work of H. 
Kawarada [2] in 1975. This type of the diffusion equation with a singular absorption 
term (or a reaction term) comes form the polarization phenomena in ionic conductors 
[2], and can be considered as a limiting case of models in chemical catalyst kinetics 

or models of in enzyme kinetics [4, 5, 3, 6]. The detailed researches on the quenching 

phenomena can be found in [9, 6, 7, 8] and the references therein. Especially, for the 
nonlinear diffusion equation 

u t — u xx = —u~ p , —l<x<l 

with non-homogeneous Dirichlet boundary condition and the positive initial value, its 
quenching occurs in finite time for sufficiently large / in [2, 7]. Moreover, the quenching 
of the semilinear parabolic equation 

u t — A u = g(u) 
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with homogeneous Dirichlet boundary condition and the positive initial value was also 
studied, the readers can refer to [10, 11]. On the other hand, the authors of [9] considered 
the quenching behaviour of the following nonlocal diffusion equation 

u t = J * u — u — A u~ p , 

the critical parameter A* and the quenching rate and the quenching set were also given. 

Recently, the cu-harmonic function and the cu— heat equation were considered by many 
authors since the discrete heat equation has been widely applied to the fields of heat 
and energy transfer, electrical networks, image processing and so on [1, 12, 13]. In [14], 
Y.S. Chung, Y.S. Lee et.al considered the extinction and positivity of the discrete heat 
equation with absorption on network 

u t = A U u - u p , 

where p > 0. Furthermore, the extinction and positivity for the p,u- heat equation with 
absorption was also studied in [16, 15]. Blow-up for the uj — heat equation with a reaction 
term on graphs 

u t = A U u + A u p , 

where p > 0 was researched in [17, 18]. The asymptotic behavior of solutions for the 
cu-heat equation with reaction and absorption term was considered in [19]. 

Motivated by the above works, the purpose of this paper is to discuss the quenching 
phenomenons for the discrete heat equation with singular absorption term and the 
non-homonomous Dirichlet boundary conditions. The local existence and uniqueness 
of solutions are obtained in the next section. In the third section, we will show the 
comparison principal for the discrete heat equation (1). The sufficient conditions on 
quenching and quenching rate are proved in the section 4. In the section 5, we mainly 
discuss the existence of the global solution. In the last section, we give some numerical 
experiments to illustrate our results. 


2 Local existence and uniqueness of solutions 

Lemma 2.1 Suppose 0 < u 0 (x) < 1, then, there exists a unique solution u G C[0,T) x 
C{V) for the problem (1). Moreover, if T is finite, then 

lim u(x, t) = 0 (3) 

t— »T _ 

for some x G S . 
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Proof. Since 0 < uo(x) < 1, there exists a positive constant e, such that 2e < uq(x) < 1. 
Set 


X 0 = {«£ C[0,t 0 ] x C(V),£ < u < K and u(x) = 1 for any x £ cAS 1 } , 
where K > 1 and 

;k- i e i 

to < mm 


K ’K + Xe-p’ 2 + \pe~P~ 1 
Now, we dehne the operator as follows: 

j u 0 (x) + fQA u u(x,s)ds-Xf*u~ p (x,s)ds, xeS,0<t<t o , 
i un m i, t) — < 

'll, x £ dS, 0 < t < t 0 , 


(4) 


and the norm of the Banach space Xq 


||w(x, £)||x 0 = max max \u(x,t)\ 
xev te[o,to] 

for any u(x,t ) G X 0 . 


First, we prove that the operator T Uo maps Xo into Xq. It is easy to verify that 
T Uo [u\(x, t ) is continuous about the time t for any hxed node x £ V . On the other hand, 
for any u(x,t ) G X 0 , we have 

T U0 [u\(x,t) >2e- (. K + A £~ p )t 0 > e, (5) 

moreover, we also have 

T U0 [«] (x, t) < 1 + Kt 0 = K + t 0 ) < K. (6) 

A 


Next, we show that T Uo is a strict contraction in Xq. That is to say, for any u, v £ Xo, 
we get 

f*t 

Msh s ) - v (vi s )] u ( x ’ y) ds 


I U - nllxo < 


y&V 


X 0 





r t 

+ 

/ [u(x, s) — v(x, s)]ds 

+ A 

/ [v~ p (x, s ) — u~ p (x, s)]ds 


Jo 

X 0 

Jo 


X 0 


< 2t 0 ||w — n||x 0 + A p 


|^| p 1 \u(x, s) — v(x, s)\ds 


Xo 


< f 0 (2 + Xpe p )||m-v|Uo < Il«- v|L\'o- 


Hence, by Banach hxed point theorem, there exists a unique u £ X 0 such that u = 
T Uo (x) M, so, for any x £ S, we have 


u(x, t ) 


uo(x) + Jq A UJ u(x, s)ds — A f*u p (x,s)ds, x£S 
1, x £ dS, 


(7) 


thus, we can get u(x,t ) is the unique solution to the problem (1) in t £ [0, to] • Now, 
if u(x,to) > 0, we can continue the above procedure, and then, the solution can be 
extend to the time interval [to, ^i] - This procedure can be continued again and again 
until lim u(x,t ) — > 0 for some time T which may be infinite. 

t->T- 
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3 Comparison principle 

In this section, we mainly show a comparison principal. To do this, we begin with the 
definition of the super-solution and sub-solution to the problem (1). 

Definition 3.1 A function u G C(V) x C[0, T ) is a super- solution to the problem (1) if 
u is a positive function and satisfies 

{ u t > A Jn — A u~ p , x G S and t G (0, T), 

u(x, t) > 0, x G dS and t G (0, T), (8) 

u{x, 0) > Uq(x), x G S, 

Analogously, we say that u G C(V) x C[ 0, T ) is a sub-solution if it satisfies the reverses 

above inequalities. 


Now, we have the following comparison principle. 


Theorem 3.1 (Comparison principle) Suppose u and u be a super- solution and a 
sub-solution to the problem (1.1), respectively, then u>u in (x,t) G V x [0, T). 


Proof. For any 0 < tn < T, set m = min \u,u\ and M = max \u,u}, thus, 

5x[0,t 0 ] L 5 x[0Y 0 ] L 

we know that m,M are the positive constants. And then, suppose v(x,t) = u — u. 
Notice that v(x, 0) > 0 for any x G S. By the definitions of the super-solution and the 
sub-solution, we can get 

v t > - A {u~ p - u~ p ), (9) 

let v + (x,t) = max{u(x, t), 0} > 0. Thus, multiplying v + both sides of the above 
inequality, and integrating on S, we obtain 


5 (Ij v+M)2 ) t 

< f A u v(x,t)v + (x,t) + f (u p ^ — u p( ' x ^)v + (x, t), 

J xGS J xGS 

For the first term of the right part of the above inequality, we have 


( 10 ) 


A uv(x,t)v + (x,t) < 0. 


ixes 


( 11 ) 


In fact, let J(t) = {x G V : v(x,t) > 0}, if J(t) is empty set, we have the desired 
results. Now, assume J(t) is not an empty set. Due to u(x,t ) < 0, u(x,t ) > 0 for any 
x G dS and 0 < t < to, so v(x, t ) = u(x, t ) — u(x, t) < 0 for any x G dS and 0 < t < to- 
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Now, we get J(t) C S. Thus, if x G J(t) and y G V \ J(t), we have v(x,t) > 0 and 
v(y,t ) — v(x,t) < 0, hence, we have 

E E v(x,t)[v(y,t) - v(x,t)]u(x,y) < 0. 

x&J(t ) yeV\J(t) 


Furthermore, we get 

^^v + {x,t)[v{y,t) -v(x,t)\u(x,y) 

xGS y&V 

= 5^ v(x,t)[v(y,t) -v(x,t)\u(x,y) 

x&J(t) y£J(t) 


+ E E v{x, t ) [v(y, t ) - v(x, t)]u(x, y) 

x£j(t) y£V\J(t) 

= ^2[ v (y’ t )'~ v ( x ’ t )? u ( x ’y) 

x£j(t) y£j(t) 

+ E E v(x,t)[v(y,i) -v(x,t) \ui(x,y) < 0. 


( 12 ) 


x£j(t) y£V\J(t ) 

On the other hand, for any fixed x G S, by mean value theorem, we have 
u~ p (x,t) —u~ p (x,t) = —p^~ p ~ 1 (x,t)v(x,t) i 

where £(x,t) = 6(x)u(x,t) + (1 — 0(x))u(x,t) and 0 < 9(x) < 1. And then, we have 
nr < £(x,t) < M. Thus, for the second term of the right part of the inequality (10), we 
also have 

[ (u p W -u p W)v + (x,t) < -m-r- 1 f (v + (x,t)) 2 . (13) 

JxeS JxeS 

Combine the inequalities (10), (12) and (13), we obtain 

([ (v+(x,t))A <0. (14) 

\Jx&V J t 

There exists a contradiction. Hence J(t) = 0. By the arbitrariness of to, we obtain 
u(x,t ) > u(x,t), for (x,t) G0x [0,T). 


4 Quenching phenomena and quenching rate 

In this section, similar to the method used in [9], we mainly propose the quenching 
condition and quenching rate. Before the discussions and proofs, we firstly give some 
notes about the initial value condition and also the boundary condition. Since the 
absorption term is singular at points which satisfy u(x) = 0, we need the initial value 
u 0 (x) > 0. Moreover, if maxu 0 (x) > 1, we can set 

xeS 

U (t) = (A p) P+ 1 {A — t) P+ 1 , 
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where A = ma xuo(x), and then, it is easy to verify that U(t) is a super-solution to 

x£S 

the discrete diffusion equation (1) when U{t) > 1. Thus, by the comparison principle, 
there exists t 0 such that 1 > U(t 0 ) > u(x,to)- Hence, we can discuss the quenching 
pheromone to the problem (1) with the large initial value beginning with the initial 
time time t = t 0 . The following proof can be similarly done. Finally, if we choose the 
homogenous Dirichlet boundary condition, i.e. set u(x,t) = 0 for any x G dS, and then, 
we can also get U ( t ) is also a super-solution to the problem (1) for any t < A, and then, 
we have u(x, t) always quenches in finite time, i.e. the solution to the problem (1) is not 
global. 

Next, we give the proof of the quenching phenomena about the problem (1), we 
mainly have the following two results. 

Theorem 4.1 If the initial value uq(x) satisfies that 

maxu 0 (x) < \p < 1, (15) 

x&S 

and then, the solution to the problem (1) quenches in finite time T . 


Proof, ft is easy to verify that 

”(*>*) H c ( 16 ) 

[ 1, x G Ob, 

is the super-solution to the problem (1), thus, by the comparison principle, we have 
u(x,t) < X p for any x G S and t G [0, T). 

Now, assume u(x, t ) attains its minimum value at the nodes x* for any fix time t. At 
this point, we have 

u t (x*, t) = u(y, t)uj(x * , y ) — d*u(x * , t) — X u~ p (x*,t) 

yev 

< d* — d*u(x* ,t) — Xu~ p (x* ,t) 

< — d*u(x *, t), 

where d* = d^x*). Integrating both sides of the above inequality in [0, t], we can get 

u(x*,t) < u 0 (x*)e~ d * t < Xpe~ dH . (18) 

Thus, for the equality in (17), note that the function — s~ p is increasing, hence, choose 
t 0 > ln ^ \ and then, for any t > t 0 , we can also get 

u t (x * , t) < d* — d* u{x * , t ) — Xu~ p (x* , t) 


< d" - )«. r (x‘,t) - r lx\ t j 
<d* 


(19) 
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Integrating both sides of the above inequality in [to, f], we can obtain 
u p+1 (u(x* ,t)) 

< u p+1 (u(x’,t 0 )) - -L-j-i— - i„) 

< - t„), 

from this inequality, we have u(x,t) quenches at hnite time T, moreover, we have 

T < t 0 + ^ P+ 2 ^ X u p 0 +1 (x*)e- d * (p+1)to . (20) 

Theorem 4.2 If A > l, then the solution to the problem (1) also quenches in finite 
time. 


Proof. Since A > 1 and 0 < uo(x) < 1, we have max«o(x) < \p +1 . Now, it is easy to 

x&V 

verify that v(x,t) = A p+^,x G V is a super-solution to the problem (1). Thus, by the 
comparison principle, we also have u(x,t) < A^+i for any x G V. 

Now, also assume u(x, t ) attains its minimum value at the nodes x* for any fix time 
t. At this point, we have 

u t (x*,t) = u(y, t)co(x*, y ) — d*u(x*,t) — A u~ p (x*, t ) 


y&V 

< Ap+i — d*u(x*,t) — A u~ p (x*,t) 

< — d*u(x *, t), 

Integrating both sides of the above inequality on [0, t], we can get 

u(x*,t ) < uo(x*)e~ d t . 


( 21 ) 


( 22 ) 


In o £ ln A 

Thus, for any t > t Q , from the inequality in (21) and by choosing t 0 > — pd f +1 , it follows 
that 


u t (x*,t) < \p +1 — d*u(x* ,t) — Xu p (x*,t ) 

= Ap+i — d*u(x*,t ) — ^u~ p (x*,t) — ^u~ p (x*,t) 

< A^ - ^ e pdH - ^u~ p {x*,t) 

< p (x*.t) : 


(23) 


Integrating both sides of the above inequality on [t 0 ,t], we can obtain 
u p+1 (u(x* ,t)) 

<vy*\u(x\u))x- (p+ 2 1 )A «-fo) 

< ul+\x-)e-^ r «‘ - (g+ 2 1)A (t - t„), 

8 


1272 


Qiao Xin et al 1265-1280 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


by this inequality, we get u(x,t) quenches at finite time T, moreover, we also have 

T < t 0 + ( p+ ^ X u p 0 +1 (x*)e- {p+1)d * to . (24) 

Theorem 4.3 (The quenching rate) If the solution u(x,t) to the problem (1) quenches 
in finite time T at the node x* , and then, we have 

lim (T — t)p+i u(x*,t) = Up + l)A]p+ T . 

t-^T~ 

Proof. Since 0 < u 0 (x ) < 1, and then, it is easy to verify that v(x,t) = 1 is a 

super-solution to the problem (1), by the comparison principle, we know that 0 < 

u(x,t ) < 1 for any x G V and t <G [0, T). 

Now, multiply u p on the both sides of the discrete heat equation in the problem (1), 
and then, we get 

uPu t = u p A^u — A, x E S, t G [0, T). (25) 

Next, we establish the upper bound of the quenching rate. Due to 0 < u(x,t ) < 1, 

we have 


u p u t = u p A u u — A 

= u p u(y , t)u(x , y ) — d 0J (x)u p+1 — A 

y&V 

> - u p+1 - A > -1 - A 


(26) 


for any x G S,t G [0, T). Assume that u(x,t ) quenches in finite time T at the node x*, 
and then, integrating the inequality u p u t > —1 — A on the time t on [t,T] on the node 
x*, due to u(x,t ) —>• 0 when t — > T~, we can get 

u p+1 (x*,t ) < (p + 1)(A + 1)(T — t). 


Moreover, due to the inequality u p u t > — u p+l — A, thus, at the quenching node x*, we 
also have 

u p u t (x*,t) > — ( p+ 1)(A + 1)(T - t) - A, (27) 

Integrating again in the time interval [t, T], we have 


thus, we get 


1 

p + 1 


u 


p+i 


u p+1 {x*,t) 

T-t 


(V, o > i(p + 1)(A + 1)(T - tf - A (T - t), 
<(p + 1)A f-(p + i)?h±i) ( T - 1 ) + lV 


(28) 


(29) 
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Now, we establish the lower bound of the quenching rate. By the equation (31) and 
0 < u(x,t ) < 1, we also have 


u p u t = u p u(y, t)w(x, y ) — d u (x)u p+1 — X < u p — A. 

y&V 


Thus, by the inequality (26), at the quenching node x*, we can obtain the following 
inequality 


u p u t < [(p+ 1)(A + l)(T-t)]i+i - A. 


Integrating in the time interval [t,T], we have 


(T-t) + 1 . 


(30) 


Combine the inequalities (29) and (30), and let t — > T , we can obtain the need results. 


5 The existence of a global solution 


In this section, we investigate the existence of a global solution to the problem (1) with 
the initial value Uq(x) = 1 for any x E S. To do this, we begin with the following lemma. 


Lemma 5.1 There exists a small nonnegative constant A* , such that if A < A*, 
eigenvalue problem 

j A U u(x) = A u~ p (x), x e S, 

| u(x) = 1, x E dS , 


then the 
(31) 


exists at least one solution. 


Proof. Let C(V) denotes the set of all the functions which are defined on the finite 
graph G with its nodes V, and then, the norm on C(V) is as follows: 

IMIc(V) = maxv(x). (32) 

xEV 

Furthermore, set Cq(V) = {v(x) E C(V) and v(x) = 0 for any x E dS} and assume 
that A — {v E Co(V) : —£ < v(x) < 1} is a open subset of Co(V) t the nonlinear 
function F(X,v) : (—e,e) x A — > C(S) is defined as 

F( A,v) = A u ,v + A(l^v)- p , (33) 

where e is a small enough constant. 

It is obviously that F( X,v) is differentiable function and F(0, 0) = 0. Moreover, the 
Frechet derivative of F(X,v) at (0,0) is 

F„(0,0)[^(x)] = A u z(x) (34) 

10 
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is a continuous linear operator for any z(x) G A. In fact, for any sequence z m (x) — * z(x), 
we have ||A w [z m (x) — z{x)\ ||c(v) A \V\ \\z m — z||c(y), so F„(0, 0) is a continuous operator. 
Moreover, its kernel is the function z — 0 (see [1]), and then, it is injective. On the other 
hand, F„(0, 0) is a linear transformation on finite dimensional space, and then, it is also 
a compact linear operator, hence, it is also bijective. By the Open-Mapping Theorem we 
deduce that F v (0, 0) is a linear homeomorphism of Co(V) into Cq(V). By the Implicit 
Function Theorem in the appendix A of [20], there exists a neighborhoods U G (—e,e) 
of A = 0 and W G A of v(x) = 0 such that F( X,v\) = 0 for any A G U, and v\ G W is 
unique. Thus, for any A < A* G U, suppose u\(x) = 1 — v\(x), it is easy to verify that 
u\(x) is a solution to the equation (31). 

Based on the above lemma, we have the following theorem on the existence of the 
global solution to the problem (1) with Uq{x) = 1. 

Theorem 5.1 There exists a constat X* , such that A < A*, the problem (1) with the 
initial value u 0 (x) = 1 has a global solution, while for A > A* ? then no global solution 
exists. 

Proof. Firstly, from the proofs of Theorem 4.1 and 4.2, we have the solution to the 
problem (1) with the initial value Uq{x) = 1 quenching in infinite time is impossible. 
Moreover, set w(x,t ) = u t (x,t), and then, we get w satisfies 

{ w t = A u w + pAu _p_1 tc, (x, t) G S x (0, T), 

w(x,t ) = 0, (x,f) G dS x (0,T), (35) 

w{x, 0) = —A, x G S. 

Then, by comparison principle, we obtain that w = u t < 0. On the other hand, by 
the Lemma 5.1, we have A is small enough, the equation (31) exists a positive solution 
v\(x), in fact, it is also a sub-solution to the problem (1) with the initial value uo(x) = 1. 
Hence, the solution of (1) with the initial value u o(x) = 1 satisfies that, either it quenches 
in finite time, or it converges to a stationary solution 

Next, we discuss the critical exponent of the quenching and the global existence. In 
fact, If u(x,t) is a global solution to the problem (1), then, we know that u(x,t ) — * u 0 0 
as t — » oo and is a solution the the problem (31), is a stationary solution to the 
equation (31). Moreover, for any fix constant Ai, if there exists a solution Vx^x) to the 
problem (31), i.e. vx^x) satisfies 


AojUa^x) = Xv x ^(x), (36) 

furthermore, it is easy to verify that Vx^x) is a sub-solution to the problem (1) with 
the initial value uo(x) = 1 and A < Ai. Thus, the solution to the problem (1) with 
the initial value Uq(x) = 1 is global when A < Ai. By this monotonicity property given 

11 
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Figure 1: The graph G\ 


above discussion, set A* = sup A, where the set B = {A : v\(x) exists to (36)}. This 

a e.B 

completes the proof. 


6 Numerical experiments 


In this section, we consider a graph G± (as shown in Figure 1), which has six nodes 
Xi, y' 2 , • • • ,X6, where x 2 ,x 3 ,x 3 are interior and xi,X 4 ,xq are the boundary. Moreover, 
we only consider the weight function uj = |. Thus, the discrete heat equation in (1) is 

{ U t {x 2 , t) — | + \u(x 3 , t) + \u(x$,t) - u(x 2 , t) - Xu~ p (x 2 , t) 

U t (x 3 , t) = 1 + \u(x 2 , t) + |m(x 5 , t) - u{x 3 , t) - Xu~ p (x 3 , t) (37) 

«t(^ 5 , t) = I + |m(^ 2 , t ) + |m(x 3 , t) - m(x 5 , t) - Xu~ p (x 5 , t ) 


Now, we also suppose that the exponent p = 1.2, A = 0.8. Moreover, the discrete 
Laplacian operator on the graph G\ is as follows: 


A 


UJ 


( 3 -1 -1 \ 



V -1 -1 3/ 


(38) 


Thus, set U(t) = (u(x 2 ,t),u(x 3 ,t),u(x 5 ,t)) T , and then, we have the equation (37) can 
be rewrote as follows: 

U t — — K A w *U(t) — 0.8 f/ _2 (t), with 1/ (0) = (0.3, 0.35, 0.4) r , (39) 

3 

where 1 = (1, 1, 1) T . 

By Theorem 4.1, we get U{t) quenches in finite time, moreover, U t blows up in finite 
time. Since the system (39) is nonlinear, it is difficult to compute its analytic solutions. 
Hence, we consider its numerical solutions. The explicit difference scheme to the system 
(39) is as follows: 

£ 4+1 = £4 + At(i + A w * £4 - 0.8 U~ 2 ), with U Q = (0.3, 0.35, 0.4) T , (40) 
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Figure 2: Quenching of u(x 2 ,t) and Blow-up of u t (x 2 ,t ) in finite time 

o • • • # o 

X0 Xl X2 X28 X29 X30 

Figure 3: The graph G 2 

where U n denotes U(nAt) for n = 1,2,3, ••• and At is the time step which taking 
as 0.043/n in the numerical experiment. The numerical experiment result is shown in 
Figure 2. From this numerical experiment, we know that the solution U(t) quenches 
and U t blows up in finite time. 


At the end of this section, we give another example. Now, we consider the discrete 
heat equation (1) on the following finite graph G 2 (as shown in Figure 3), which has 
six nodes x 0 ,x 2 , ■ ■ ■ , x 30 , where xi, x 2 , ■ ■ • , x 29 are interior and x 0 , x 30 are the boundary. 
Moreover, we only consider the weight function u>(xi,Xj) = |. Thus, the discrete heat 
equation in (1) is 

f Ut(xi,t) = |(1 + u(x 2 ,t ) - 2u(xi,t)) - Au _p (xi,f), 

< u t (xi,t ) = \{u{xi- 1 ) + u(x i+ i,t) - 2 u(xi,t)) - X u~ p (xi,t), 1 < i < 28, (41) 

[ u t (x 29 ,t) = \(l + u(x 2 s,t) -2 u(x 29 ,t)) - Xu~ p (x 29l t), 

where A = 1, p = 1.2, and then, let the initial value Wo^i) = 1 — 0.9 sin (^7r), where 
1 < i < 29 and u(x 0 ,t ) = u(x 30 ,t) = 1. Thus, by the theorem 4.2, we have the solution 
u(xi,t) will quench in finite time. Also since the nonlinear of the system (41), we consider 
the following difference scheme: 

K+1 = Vn + A t(B + A^Vn - XV ~ P ) , n = 0, 1, 2, • • • , (42) 

where V n = (u(xi, nAt), u(x 2 , nAt), ■ ■ ■ , u(x 29 , nAt)) T , B = (1/4, 0,--- ,0, 1/4) T is a 
29— dimensions vector, At = 0.0001/n is the time step, and the discrete Laplacian 
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Figure 4: Quenching of u(x,t ) and Blow-up of ut(xis,t) in finite time 


operator on the graph G 2 is as follows: 

/ -2 1 0 



0 

0 

1 


0 N 

0 

0 


(43) 


0 •• • 0 1-2 1 

v 0 • • • 0 0 1 —2 j 

Moreover, the initial value Vo = (wo^i), 770 (^ 2 )), • • • , ^ 0 (^ 29 ))- 
results can be found in Figure 4. 


29x29 

The numerical experiment 


7 Conclusion 

In this paper, we mainly consider the quenching problem and the global solution of the 
discrete heat equation with a singular absorption, the quenching time, quenching rate 
and the critical exponent were also given. We only prove the existence of the critical 
exponent, its upper and lower bounds may be established by the Kaplan’s method in 
the further work. 
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Abstract 

In this paper, we study existence and uniqueness of solutions for nonlocal boundary value 
problems of Caputo fractional differential equations equipped with generalized Riemann-Liouville 
integral boundary conditions. A variety of fixed point theorems such as Banach’s fixed point 
theorem, nonlinear contractions, Krasnoselskii’s fixed point theorem, Schaefer’s fixed point theorem, 
Leray-Schauder’s nonlinear alternative and Leray-Schauder degree theory are applied to obtain the 
desired results. Several examples are discussed for illustration of the obtained results. 

Key words and phrases: Caputo fractional derivative; generalized Riemann-Liouville integral; non- 
local boundary conditions; fixed point theorems. 

AMS (MOS) Subject Classifications: 26A33; 34A08 


1 Introduction 


We investigate the sufficient criteria for existence of solutions for the following Caputo fractional dif- 
ferential equation 

D q x(t ) = f(t , x(t)), 0 < t < T, (1) 

subject to nonlocal generalized Riemann-Liouville fractional integral boundary conditions of the form 


x(0) = 7 

x(T) = 5 


T(a) 


m 



s p 1 x(s) 

(C p - s p ) l - a 


ds := 7 p I a x((), 



s p 1 x(s) 
(£p - spy-p 


ds := S p lPx(t;), 


0<C ,t<T, 


(2) 


where D q denote the Caputo fractional derivative of order q , P I Z , 2 £ { a , /?}, is the generalized Riemman- 
Liouville fractional integral of order z > 0, p > 0, £ arbitrary, with € (0,T), 7 ,5 G K and 

/ : [0,T] xl- »Misa continuous function. 
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As a second problem, we study Caputo fractional differential equation (1) supplemented with a 
combination of Riemman-Liouville and generalized Riemman-Liouville integral boundary conditions: 

K 


rc (°) = 7 T rTA f 1 x(s)ds:='y J a x(C), 

r(a) Jo 


x(T) = 6 


— ^ - lx [ S l g ds := 6 »lPx(0, 0 <Ct<T, 


(3) 


r(p)j 0 {tp-spy-p 


where J q is the Riemman-Liouville fractional integral of order q > 0 while p I l3 denote generalized 
Riemman-Liouville fractional integral of order (3 > 0, p > 0. 

The subject of fractional differential equations has evolved into an interesting and popular held of 
research during the last few decades. The surge in developing several aspects of fractional calculus owes 
to its extensive applications in several branches of engineering and technical sciences such as physics, 
chemical technology, population dynamics, biotechnology, biosciences, control theory and economics. 
The nonlocal nature of fractional derivatives, which takes into account memory and hereditary properties 
of various materials and processes, has played a key role in improving the mathematical modeling based 
on integer-order derivatives, for instance, see [1, 2, 3, 4]. 

Fractional-order boundary value problems supplemented with different kinds of boundary conditions 
have been studied by several researchers. In particular, integral boundary conditions involving classi- 
cal, Riemann-Liouville or Hadamard or Erdelyi-Kober type integral operators have received significant 
attention. In [5], Riemann-Liouville and Hadamard fractional integrals are jointly represented by a 
single integral, which is called generalized Riemann-Liouville fractional integral (see Definition 2.2). 
For some recent works on the topic we refer the reader to a series of papers [6]- [20] and the references 
cited therein. 

The purpose of the present study is to develop the existence theory for problems (l)-(2) and (l)-(3) 
by means of standard tools of fixed point theory. In Section 2 we recall some preliminary facts that 
we need in the sequel. In Section 3 we present our main results, while Section 4 contains examples 
illustrating the results obtained in Section 3. 


2 Preliminaries 


In this section, we introduce some notations and definitions of fractional calculus [2, 3] and present 
preliminary results needed in our proofs later. 


Definition 2.1 The Riemann-Liouville fractional integral of order q > 0 of a continuous function 
f : (0,oo) — > R. is defined by 

jq f(t) = J {t~ s) q ~\f(s)ds , 

provided the right-hand side is point-wise defined on (0, oo). 


Definition 2.2 [5] The generalized Riemann-Liouville fractional integral of order q > 0 and p > 0 of 
a function f(t) for all 0 < t < oo, is defined as 


PI q f(t) 


p x - q r sp-\n s ) 
r(q)J 0 o tp- s py- q ’ 


provided the right-hand side is point-wise defined on (0, oo). 


Remark 2.3 From the above definition it follows that when p = 1 we arrive at the standard Riemann- 
Liouville fractional integral, which is used to define both the Riemann-Liouville and Caputo fractional 
derivatives, while when p — > 0 we have 

lim PI q f(t) = -^—[ (log — ds , 

p^o T(q) J 0 \ sJ s 

which is the famous Hadamard fractional integral. See [5]. 
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Definition 2.4 The Riemann-Liouville fractional derivative of order q > 0, n — 1 < q < n, n G N, is 
defined as 




T(n-q) \dt / 

where the function f(t) has absolutely continuous derivative up to order (n — 1). 

Definition 2.5 The Caputo derivative of order q for a function f : [0, oo) — + R can be written as 

( "~ 1 t k \ 

c D q f(t) = D q /(t) - ^ /W(0) , t> 0, n — 1 < q < n. 


k - 0 


Remark 2.6 If f(t) £ oo), then 


c D q f(t ) = 


1 




r(n-g)J 0 (f-s) 9+1 

Lemma 2.7 Let constants q > 0 and p > 0. Then: 

r(“) 


ds = I n - q f^(t), t > 0, n - 1 < q < 


p i q t p = 


p ^ p+pg+p ^j p q 


(4) 


Proof. By Definition 2.2, we have 


n i-q rt oP— i aP fd-q qp+pq 

p T 1 t p = / — V- ds = 9 


UP 


r(g)7 0 (tp-spy-* r(q) p j 0 (i - u y-« 

p l-q f P+ P q ( p+p \ t p+pq r (*7?) 

r (q) P V P ’7 


du 


p q p ^ p+pg+p ^ 

This completes the proof. 

Lemma 2.8 For any y £ AC([0, T], R), x is a solution of the linear fractional boundary value problem 
J c D q x(t)=y(t), l<q< 2, 
l x (0)=y p I a x(O, x(T) = S p I 0 x(O, 0<C 7<T, 

if and only if 

1 


□ 


(5) 


x{t) = J q y(t ) + - tv 3 ) p I a J q y{ C) + ~(v 2 + tv i)(<5 p I 0 J q y(Q - J q y{T)^, 


( 6 ) 


where 


vi = 1 — 7 

'c 3 = l-<5 


C pQ 1 

p a T(a + 1) 

f p0 1 


_ _ c pa+1 r (^) 

v 2 — h 1+pa+p \ ’ 

1+P 3 

P 


v 4 = T — 5 


and 


p 0 r(/3 + i)’ 

A = V1V4 + V2V3 ^ 0. 


t p0+1 p(i±P) 

p/3 p^ l + p/3+p -j ’ 


(7) 


(8) 
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Proof. For arbitrary constants co,ci G M, the general solution of the fractional differential equation in 
(5) can be written as [2] 

x(t) = Co + c\t + J q y{t). 


Applying the generalized fractional integral operator on (9) and using Lemma 2.7, we get 

t pz 1 t pz+1 I '( 1 " p ) 

w 1 t Vro + i) P z r( 1+p * +p ) 

Using (9) and (10) in boundary conditions of (5), we get the system 
<( p “ 1 


1-7 


p a r(a + 1) 


co - 7 


ppa+l r(l ±P ) 

r( i + A 4 ) ^ = i Pia J q vi o, 


1-5 


fpp 1 


c 0 + T - <5 


Z p0+1 r(i±£) 

0 (3 p/ 1 +pfi+p \ 


pP p( i+PP+P ^ 


pP r(/? + 1) 

Solving (11) together with the notations (7) and (8), we find that 

1 


co = ^{7^4 p I a J q y(0 + v 2 (8 p I 0 J q y{f) - J q y(T )) }, 


(9) 


(10) 


d = 6 p lPj q y(Z)-J q y(T). (11) 


d = ^{vi(5 p I fi J q y(0 - J q y(T)) - 1V2 p I a J q y( C)}. 

Substituting the values of c 0 and C\ in (9) yields the solution (6). Conversely, it can easily be shown by 
direct computation that the integral equation (6) satisfies the problem (5). This completes the proof. □ 
Our next lemma deals with the linear variant of (l)-(3). We do not provide the proof of this result 
as it is similar to the preceding one. 


(12) 


Lemma 2.9 For any y € AC([0, T], R), x is a solution of the linear fractional boundary value problem 
j c D q x(t) = y(t), l<q<2, 

\ x(0) = 7 J a x((), x(T) = S p I 0 x(O, 0 <C,f<T, 

if and only if 

1 


x(t) = j q y{t) + J-{U4 - tu 3 ) J q+a y(0 + p ( M 2 + tm)(s p I 0 J q y(Q - J q y{T)^j, 


(13) 


where 
ui = 1 - 7 
and 


C“ C a+1 , 1 ^ ^ p0+1 r ( i w) 

r. M 2 = 7 w_ , = — U4 = T-6— (14) 


r(a + l) : 


'r(a + 2)’ 'Vr (/3 + i)’ 

Ai = U 1 U 4 + u 2 u 3 yf 0. 


p(3 y ( 1+P/3+P ^ 7 


(15) 


3 Existence results 

continuous functions from [0, T] — » R. endowed 
defined by ||x|| = sup{|x(i)| : t G [0,T]}. By 
functions x : [0, T] — > R. which are Lebesgue 

integrable and normed by ||x||ii = / \x(t)\dt. 

Jo 


Let us denote by C = C([0, T], K) the Banach space of all 
with a topology of uniform convergence with the norm 
L 1 ([0,T],K) we mean the Banach space of measurable 
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In view of Lemma 2.8, we introduce operators Q, Q : C — > C associated with problems (l)-(2) and 
(l)-(3) respectively by 


( Qx)(t ) = J q f(s, x(s))(t ) + j{va ~ tv 2 ) p I a J q f(s, x(s))( C) 

+ ^2 + toi)(<5 p I l3 J <1 f(8,x(sm)-J q f(s,x(s))(T)), t e [o,r], 

(Qx)(t) = J q f(s,x(s))(t ) + -^(u 4 -fw 3 ) J q+a f(s, x(s))(() 

Ai 

+ £(u2+iui)(<J^J*(s,a(s))(0- J q f(s,x(s))(T)), t £ [0,T], 
In the sequel, we use the following expression: 

_1 — ft „p-l , 




S p 1 f(s,x(s)) 

(yP-gP)l-h ^ 


(16) 


(17) 


Further, we set the constants 


O : = 


, | 7 |(| U4 | + T|u 2 |)C^“ 


fil I = 


T(q+1) + 

|A|p“r(, + i) r r 

q+pa+p\ 

P ) 

(|u 2 | + T>i|) I 

' r (w) 

-+ TQ \ 

|A| 1 

, phT(a + 11 y^q+p0+p 

) nq + i)) 

T q , \y\(\u 4 \+T\u 2 \)( a + q 


T ( 9 + l) ^ 

1 Ai \T(a + q + 1) 


(|u 2 | +T\U!\) 

( i««+ rf r (w) 

rpq \ 

-V- + ^ TV 


|A 


V 




(18) 


(19) 


In the following subsections, we establish several existence and uniqueness results for problems 
(l)-(2) and (l)-(3) by applying a variety of fixed point theorems. We present in details the proofs 
for problem (l)-(2), while the proofs for problem (l)-(3) are omitted as they are similar to the ones 
obtained for problem (l)-(2). 


3.1 Existence and uniqueness result via Banach’s fixed point theorem 

Theorem 3.1 Assume that: 

(Hi) there exists a positive constant L such that \f(t,x) — f(t,y)\ < L\x — y |, for each t £ [0,T] and 

if 


m < i , (20) 

where fi is defined by (18), then the boundary value problem (l)-(2) has a unique solution on [0, T]. 

Proof. Observe that a fixed point problem equivalent to problem (l)-(2) is x = Qx , where the operator 
Q is defined by (16), and that the existence of a fixed point of the operator Q implies the existence of 
a solution for problem (l)-(2). Applying the Banach contraction mapping principle, we shall show that 
Q has a unique fixed point. For that we let sup tG r 0 T i \f(t, 0)| = M < oo and choose r > yzjy r To show 
that QB r C B r , where B r = {x £ C : ||x|| < r}, we have for any x £ B r that 

\(Qx)(t)\ < sup Jj«|/(s,a ; ( S ))|(t) + M ( | V4 | + T | U2 | ) P / aj 9 | /(s ^ (s)) | (0 

te[o,T] I |A| 


1285 


Bashir Ahmad et al 1281-1296 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


B. Ahmad, S.K. Ntouyas and J. Tariboon 


+^ ( H + TM)(,5 riejV(s,x(s)M) + JV(s,x(s)m) 

< J 9 (\f( s ,x(s)) — /(s,0)| + |/(s,0)|)(T) 

+ j^(M +TM) - fis, 0)| + |/M)|)(C) 


(hi +TK|)f|«y| »^J»(\f(a,x(s)) ~ f(s, 0)1 + |/M)|)(0 


|A| 


+J 9 (|/(s,a;(s)) - f(s, 0)| + |/(s, 


M 


< (L||x||+M)J«(l)(r) + (L||x||+M)^(h|+rh|) P / Q J«(1)(C) 
+(LW + M)il(h|+Th|)(|J| ^J«(1)(0 + J 9 (1)(T)) 

< (Lr + M)(^ + LKN + T«IK W " 

(r(q + i) |A|p a r(g + i) 

, (hl + TH)/ l^+p/3 r(a±fi) 


7"? 


|A| 


U^rrg + ii r ^+^+^ r( q + i)^ 


< (Lr + M)f2 < r, 


which implies that QB r C 13 r . 

Next, we let x, y £ C. Then for t £ [0, T], we have 


\Qx(t) - Qy(t)\ < sup <J q \f(s,x(s))-f(s,y(s))\(t) 
te[o,T] ( 

+M ( | U4 | + Th |)p r ^i/( s ^( s ))-/( s , y ( s ))i(c) 

+ j^(M +T\ V1 \)(S »I^Jo\f(8,x(s)) - /(»,»(»)) 1(0 

+J 9 |/(s,a;(s)) - /(s, 2 /(s))|(T)^ 

< L||x - 2/|| J*(1)(T) + L||* - 2/|| |^(h| + Th|) p /“J 9 (l)(C) 

+i||* - 2/11 |^j(hl + 7>i|)(|<S| p /^(l)(0 + J 9 (1)(T)) 

= Lfi||a;-y||, 

which leads to ||Qx — Qy\\ < Lfl||a; — y\\. As LLl < 1, Q is a contraction. Therefore, it follows by the 
Banach’s contraction mapping principle that Q has a fixed point which in fact is the unique solution of 
problem (l)-(2). The proof is completed. □ 

Theorem 3.2 Assume that (Hi) holds. If 


LQ 1 < 1, (21) 

where fli is defined by (19), then the boundary value problem (l)-(3) has a unique solution on [0,T]. 


3.2 Existence result via Krasnoselskii’s fixed point theorem 

Lemma 3.3 (Krasnoselskii’s fixed point theorem) [21]. Let M be a closed, bounded, convex and 
nonempty subset of a Banach space X. Let A, B be the operators such that (a) Ax + Bx £ M whenever 
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x,y G M; (b) A is compact and continuous; (c) B is a contraction mapping. Then there exists z G M 
such that z = Az + Bz. 


Theorem 3.4 Let f : [0,T] x ' 
that 


be a continuous function satisfying (Hi). In addition we assume 


(H 2 ) \f(t,x)\ < ip(t), \/(t.,x) G [0 ,T] x R, and <p G C([0, T], R+). 
Then the problem (l)-(2) has at least one solution on [0,T] provided 


f l7l(kl+T|^ 2 |)C^ a r (^) 

| |A|p Q r( 9 + 1) p^ g+pq+P ^j 

, (\V2\ + T\ V1 \) f isiF+rf K 2 ?) , T q 


|A| y phT ( a + 1) p ^ g+pP+p ^ r(g+l) 


< 1. 


Proof. Define the operators Qi , Q 2 : C —> C as follows 

Qix(t) = J q f(s,x(s))(t), t£[ 0,T], 

Q 2 x(t) = j{y A - tv 2 ) p I a J q f(s,x(s))(Q 


(22) 


+ j(v 2 + tv 1 ){SPI^J q f(s,x(sm)^J q f(s,x(s))(T)y t € [0, T). 

Setting sup 46 [ 0 T ] tp(t) = ||</?|| and choosing p > ||</?||fl, where O is defined by (18), we consider B p = 
{x G C : ||a;|| < p}. For any x,y G B pi we have 


\Qix(t) + Q 2 y(t)\ < sup lj q \f(s,x(s))\(t) + y^-(\v A \+T\v 2 \) p rj q \f(s,x(s))\(C) 

te[o,T] [ |A| 

\ 

1 


^(|n 2 | + TK|)(|«5| P^J q \f(s,x(s)M) + JV(s,x(s 


< M 


J'Q 


N(H 


.T\v 2 \)( q +r<* r ( 2 7 £ ) 


r(g + l) |A|p a r(g+l) p^ g+pq+p ^ 


(\V 2 \+T\ V1 \) ( \5\(; q+p P r ( £ p £ ) 


T<i 


|A| \p / 3 r(g + 1) y^ q+pp+p ^ r (q + 1 )Jj 

= |b||fi < 9 - 

This shows that Q\X + Q 2 y G B p . Using (22), it ca easily be established that Q 2 is a contraction. 

Continuity of / implies that the operator Qi is continuous. Also, Qi is uniformly bounded on B p 
as 

Now we prove the compactness of the operator Q\. 

We define supp x ) e [ 0 .t]xb p \f(ti x )\ = / < oo, and consequently, for ti,t 2 G [0,T], t\ < t 2 , we have 


\Qix(t 2 ) - Qix(ti)\ = 


J q f(s,x(s))(t 2 )~ J 9 /(s,a;(s))(U) 


< 


m 


[ [(t 2 ~s) q 1 - (U - s) 9 1 ]ds+ f (r 2 -s) q 1 ds 

Jo Jti 
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which tends to zero as £2 — t\ — > 0 is independent of x. Thus, Qi is equicontinuous. So Qi is relatively 
compact on B p . Hence, by the Arzela-Ascoli theorem, Qi is compact on B p . Thus all the assumptions 
of Lemma 3.3 are satisfied. So the conclusion of Lemma 3.3 implies that problem (l)-(2) has at least 
one solution on [0, T] □ 


Theorem 3.5 Assume that (Hi) and (H 2 ) hold. Then the problem (l)-(3) has at least one solution on 
[0,T] provided 

| 7 |(KI + rH)C a+9 (M + TM) / m q+p ^ T q 

|A 1 |T(a + q+l) | Ai | + 1) p / g+p/3+rA T(g + 1) 




3.3 Existence and uniqueness result via nonlinear contractions 

Definition 3.6 Let E be a Banach space and let T : E — > E be a mapping. T is said to be a nonlinear 
contraction if there exists a continuous nondecreasing function 0 : R + — > R + such that 0(0) = 0 and 
0(e) < e for all e > 0 with the property: 

\\Ex- fy\\<Q(\\x-y\\), \/x,y e E. 


Lemma 3.7 (Boyd and Wong) [22]. Let E be a Banach space and let T : E — > E be a nonlinear 
contraction. Then T has a unique fixed point in E. 


Theorem 3.8 Let f : [0, T] x R — > R be a continuous function satisfying the assumption: 

\x-y | 


(H 3 ) I f(t,x) - f(t,y) | < z(t)- At + , _ , 
and A* is the constant given by 


, for t € [0,T], x, y > 0, where z : [0,T] — + R + is continuous 


A* := J*z(T) + |^(N +T|u 2 |) p I a J q z(Q + ^(|u 2 | + T|u 1 |){|<5| »I^z(0 + J q z{T)}. 

Then the problem (l)-(2) has a unique solution on [0,T]. 

Proof. Consider the operator Q : C — > C defined by (16) and a continuous nondecreasing function 
0 : R+ -> R+ defined by 


0(e) = 


A*£ 
A* +e’ 


Ve > 0. 


Note that the function 0 satisfies 0(0) = 0 and 0(e) < e for all e > 0. 

For any x,y £ C and for each t € [0, T], we have 

I Qx{t) - Qy(t) | 

< sup { J q \f(s,x(s)) - f(s,y(s))\(t) + ttt ( 1 114 1 T T | u 2 1 ) p I a J q \f(s,x(s)) - f(s,y(s)) |(C) 


te[o,T] 

1 


|A| 


|A| 


(hi + T\ Vl |)(|5| p lPj q \f(s,x(s)) - f(a,y(s)) 1(0 + - /( s ,y( s ))|(T)) 


< J q z(s) 


-y I 


A* 


— y\ 


(T) + ^(\v 4 \ + T\v 2 \) p I a J q (z(s) 


c - y\ 

' A* + \x — y\ 


(0 
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+^(H + rM) j|i| W (*W^L|) «) + J< (*<») 


\x-y\ 


A* + \x — y\ 


C T ) 


< 


Q(|| x-y\\) 
A* 

= ©(lk-y||). 


l 

\M' 


J q z(T) + M(|« 4 | + rival) p I a J q z(C) + |^(|va| + T\ Vl \){\6\ p I^J q z{0 + J q z(T)} 


This implies that || Qx — Qy\\ < 0(||x — y||). Therefore Q is a nonlinear contraction. Hence, by Lemma 
3.7 the operator Q has a unique fixed point which is the unique solution of the problem (l)-(2). This 
completes the proof. □ 


Theorem 3.9 Let f : [0, T] x R. — > R. be a continuous function satisfying the assumption: 

(H 3 y \f(t,x) — f(t,y ) | < z(t)-r ^ — j— ^ — — 7 , for t £ [0, T], x,y > 0, where z : [0,T] — > R + is continuous 

Ai + \x — y\ 

and A\ is the constant given by 


■■= J q z(T) + M(|u 4 | +T|u 2 |) J a+q z( C) + |i|(|« 2 | + T| Ul |){|dl p I^J q z { £) + J q z(T)}. 
Then the problem (l)-(3) has a unique solution on [0,T]. 


3.4 Existence result via Schaefer fixed point theorem 

Lemma 3.10 [23] Let X be a Banach space. Assume that T : X — > X is a completely continuous 
operator and the set V = {u £ X \ u = yTu , 0 < p < 1} is bounded. Then T has a fixed point in X. 


Theorem 3.11 Assume that, there exists a positive constant L i such that \f(t,x)\ < L i for t £ 
[0,1], Then the boundary value problem (l)-(2) has at least one solution on [0,T], 


Proof. As a first step, it will be shown that the operator Q defined by (16) is completely continuous. 
Observe that continuity of Q follows from the continuity of /. For a positive constant r, let B r = {x £ 
C : ||a;|| < r} be a bounded ball in C. Then for t. £ [0, T] we have 


\Qx(t)\ < ^|/( s ,x( s ))|(f) + M ( | U4 | + Th |)P /a j 9 | /(S);c(s)) | (c) 

+^(h | + r | « i| )( | i| »iej q \f(s,x(s)M) + j q \f(s,x(sMT)) 

< L 1 J q (l)(T) + L 1 ^(\v 4 \+T\v 2 \) p I a J q { 1)(C) 
+L 1 ^(K|+T|r; 1 |)(|<i| ^J 9 (l)(£) + J q (l)(T)), 

< r [ TQ | M\v4\+T\v 2 \)f q +P a r ( 2 A ? ) 

_ 1 '|r(g + l) |A|p“T(q + l) j7^2+po+p^ 

(H + rhl) / m q+p0 r (^) \\ 

|A| yp /3 r(g+ 1) Y^ g+pP+p 'j T(q+l)Jj 

= Lifi. 


Now, for n, r 2 € [0, 1] with n < T 2 , we get 

\Qx(t 2 ) Qx( T i ) I < I J q f(s,x(s))(r 2 ) J*f(s,x(s))(Ti) I + ^ ?I°J*\f(s,x{s))m 
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NI T 2 - Til 


< 


|A| (Vi ^jv(s,x(s)M) + 

[(t 2 - s) 9 ' 1 - (n - s) 9_1 ]cis + J (t 2 — s) 9_1 ds 

W ( C ) + p /^ 9 (0 + j 9 


As T 2 — Ti — > 0, the right-hand side of the above inequality tends to zero independently of a: € B r . 
Therefore by the Arzela-Ascoli theorem the operator Q : C —> C is completely continuous. 

Next, we consider the set V = {x € C : x = nQx, 0 < /i < 1}. In order to show that V is bounded, 
let x £ V and t € [0,T]. Then 


^ L\ < 


T q , M\vi\+T\v 2 \)( q +r a 


’(*?) 


r(q + l) |A|p Q T(g + 1) p^ g+pq+p j 




r 


(*?) 


J'Q 


|A| 


l pPr(g + 1) p/ g+p/3+p \ T(g + 1) 


V 


J 


= LSI. 


Therefore, V is bounded. Hence, by Lemma 3.10, the boundary value problem (l)-(2) has at least one 
solution. □ 

Theorem 3.12 Assume that there exists a positive constant L i such that \f(t,x)\ < L i for t £ 
[0,1], x € R. Then the boundary value problem (l)-(3) has at least one solution on [0,T], 


3.5 Existence result via Leray-Schauder’s Degree Theory 
Theorem 3.13 Let f : [0, T] x M — > M be a continuous function. Suppose that 
(H 4 ) there exist constants 0 < v < O” 1 , and M > 0 such that 

\f(t,x)\<u\x\+M for all (t, x) £ [0, T] x M, 
where fi is defined by (18). 

Then the boundary value problem (l)-(2) has at least one solution on [0,T]. 

Proof. In view of the fixed point problem 

x = Qx , (24) 

where the operator Q : C — > C is given by (16), we have to establish that there exists at least one 
solution x £ C[0,T] satisfying (24). Set a ball Br C C[0,T] with a constant radius R > 0 as 

Br — {x £ C : max |:r(f)| < R}. 
te[o,T] 


Then we have to show that the operator Q : Br — ■> C[0,T\ satisfies the condition 

x yf OQx, \/x £ dB R , [0,1]. 

Next, we introduce 


(25) 


H(9, x) = OQx, x £ C, 6 £ [0, 1]. 

As shown in Theorem 3.16 we have that the operator Q is continuous, uniformly bounded and equicon- 
tinuous. Then, by the Arzela-Ascoli theorem, a continuous map hg defined by hg(x) = x — H(0,x) = 
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x — 9Qx is completely continuous. If (25) holds, then the following Leray-Schauder degrees are well 
defined and by the homotopy invariance of topological degree, it follows that 

deg{h d ,B R ,0) = deg(/ - 9Q, B R , 0) = deg(/n, B R , 0) 

= deg(h o ,B Rl 0) = deg(I,B Rl 0) = 1 ^ 0, 0 £ B R , 

where / denotes the unit operator. By the nonzero property of Leray-Schauder degree, we have h\(x) = 
x — Qx = 0 for at least one x € B R . Let us assume that x = 9Qx for some 9 £ [0, 1] and for all t € [0, T] . 
Then 


i*WI = \QQx(t)\ 

< J q \.f(s,x{s))\(t) + jjj(|t> 4 | + rival) p I a JV(s,x(s)M) 

+ ^ (| U 2 | +T | u i|) ( | « 5 | PlPjV(s,x(s))m + JV(s,x(sMT)) 

< ^\x\ + M)JMs)(T) + (n\x\+M)^(\v 4 \+T\v 2 \) »I*J\ 1)(C) 

+{u\x\ + M ) ^(M +T| V1 |)(H ^J*(1)(0 + J 9 (1)(T)) 

= (y\x\ + M) Cl, 


which, on taking the norm sup tg r 0 T ] |a;(t)| = ||a;|| and solving for ||ai||, yields 


ll*|| < 


Am 

1 — lsfl 


If R = — — + 1, (25) holds. This completes the proof. 

Theorem 3.14 Let f : [0, T] x M — > K be a continuous function. Suppose that 
(H±y there exist constants 0 < v < , and M > 0 such that 

\f(t,x)\<v\x\+M for all (t, x) £ [0, T\ x R, 


where fli is defined by (19). 

Then the boundary value problem (l)-(3) has at least one solution on [0,T]. 


□ 


3.6 Existence result via Leray-Schauder’s nonlinear alternative 

Lemma 3.15 (Nonlinear alternative for single valued maps [24])- Let E be a Banach space, C a closed, 
convex subset of E, U an open subset of C and 0 £ U. Suppose that A : U — > C is a continuous, compact 
(that is, A(U) is a relatively compact subset of C) map. Then either 

(z) A has a fixed point in U, or 

(zz) there is a x £ dU (the boundary ofU in C) and A £ (0, 1) with x = A_4(a:). 

Theorem 3.16 Assume that 

(H 5 ) there exists a continuous nondecreasing function $ : [0, oo) — > (0, oo) and a function p £ L 1 ([0, T], ]R + ) 
such that 

\f(t,x)\ <p(t)4>(||x||) for each (t, x) € [0, T] x 1; 
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(He) there exists a constant N > 0 such that 

N 

( 'i > 

<f>(N){jop(s)(T) + A 1+ A 2 j 

where 

Ai = l ^(\v 4 \+T\v 2 \)PI a J q p(s)((), 

^2 = ^(\v 2 \+T\ Vl \)(\S\HVjMsm + J q P(s)(T)). 

Then the boundary value problem (l)-(2) has at least one solution on [0,T]. 

Proof. Let the operator Q be defined by (16). We first show that Q maps bounded sets (balls) into 
bounded sets in C([0,T],]R). For a positive constant r, let B r = {x G C : ||x|| < r} be a bounded ball in 
C. Then for t £ [0,T] we have 

\Qx(t)\ < J 9 |/(s,a;(s))|(t) + ^jd^l + Tl^l) p I a J q \f(s,x(s))\(Q 

+ ^ ( hl+rhl)(|<5| p iejV(s,x(s)M) + JV(s,x(s)m) 

< $(W)J 9 pW(T) + $(W)M(|t; 4 | + T|« 2 |) p I a J q p(s)(Q 

+*(W)|^|(hl + r|t; 1 |)(|5| ^JMsm + J q p(s)(T)), 

and consequently, 

112*11 < <f>(r){jMs)(T) + ^J(|u 4 |+T|u 2 rrjV(s)(C) 

+^(h| + TM)(V| ¥JV( S )«) + JM S )(T))}. 

Next we will show that the operator Q maps bounded sets into equicontinuous sets ofC. Let ti,t 2 £ 
[0,T] with n < t 2 and x £ B r . Then we have 

\Qx(t 2 ) - Qx(n)\ < I J q f(a,x(s))(r 2 ) - J q f(s,x(s))( n)| + HNI ^~ Tl1 p I a J q \f(s,x(s))\(Q 
+ Mb|pn|( |5| PI P JV ^ x{s)m + j V{8 ^ x{smT ^ 

< J [(72 - s) 9_1 - (ti - s)‘ ?_1 ]p(s)ds + J (t 2 — s) q ~ 1 p(s)ds 

+ p rj q p(s)(T) 

+ ^(r)K||r 2 -n| ( |(5| PI p jqpm) + JMs){T) y 

As r 2 — n — > 0, the right-hand side of the above inequality tends to zero independently of a; £ B r . 
Therefore by the Arzela-Ascoli theorem the operator Q : C — > C is completely continuous. 

Finally, we show that there exists an open set U C C with x ^ OVx for 9 £ (0, 1) and x £ dU. 

Let £ be a solution. Then, for t £ [0,T], and following the similar computations as in the first step, 
we have 

m\ < $(i| a: |i){jw(T) + fe[ ( |v 4 i+Ti« 2 | ) p -f“^PW ( o 
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+^(hl + T M)(|<5| p i p J q P {sm + JMs)(T )) } 

which leads to 

M <i. 

<S>(\\x\\){jMs)(T) + A 1 + A 2 } 

In view of (H 6 ), there exists N such that ||x|| ^ N. Let us set 

W = {ieC([0,T] 1 R) : ||x|| <N}. 

We see that the operator Q : U — > C([0,T],R) is continuous and completely continuous. From the 
choice of U , there is no x G dlA such that x = 6Qx for some 9 G (0, 1). Consequently, by the nonlinear 
alternative of Leray-Schauder type, we deduce that Q has a fixed point x € U which is a solution of the 
boundary value problem (l)-(2). This completes the proof. □ 

Theorem 3.17 Assume that (Hq) holds. In addition we suppose that: 

(Hq)' there exists a constant N' > 0 such that 

N' 

7 T > 1, ( 26 ) 

^(N')[jMs)(T) + A' 1+ A' 2 j 

where 

A = ^(| U4 |+T|u 2 |)J“+>( S )(C), 

4 = j^(\u 2 \+T\ Ul \)[\S\H^JMsm + J q p(s)(T)). 

Then the boundary value problem (l)-(3) has at least one solution on [0,T]. 


4 Examples 


In this section, we present some examples to illustrate our results. 

Example 4.1 Consider the following nonlocal boundary value problem involving generalized Riemann- 
Liouville fractional integral boundary conditions 


Di x{t ) = | 


Ls/S 4 / 2 

*(0) = X 2 Iv%x o 


4 x 2 (t) + 5\x(t)\ 
3 + 4|x(£)| 


-2 1 


1 2 

+ - cos 2 t+ 1, 


t G 


«-r 


5 

Sl 3 


3 vi » / 4 

= — 2 1 2 x [ — 

4 V 3 


(27) 


where q = 3/2, T = 5/3, 7 = 1/2, p = s/2,/2, a = 4/\/3, C = 2/3, S = 3/4, j3 = tt/ 2, ^ = 4/3 
and /(£, x) = (3/25) ((4x 2 + 5|x|)/(3 + 4|x|))e^ 2t + (1/2) cos 2 t + 1. Using given information, we find 
that v x = 0.8856776719, v 2 = 0.02007036728, v 3 = 0.0060494642, v 4 = 1.202612652, A = 1.065248589 
and fi = 4.304419870. Also |/(£, x) — /(£, y)\ < (1/5) |x — y\. Thus the condition (Hi) is satisfied with 
L = 1/5 and Lfi = 0.8608839740 < 1. Therefore, by Theorem 3.1, problem (27) has a unique solution 
on [0,5/3], 


Example 4.2 Consider the following nonlocal boundary value problem 


D *x{t) = 48 (1 


sin 2 t) 


jgWj 

1+ |x(£)| 


3 r 


3 5 e ( 5 

x(o) = - el V 2 X l - 

w 2 \ 4 


2 

3’ 


7\ 4 5 T n (3 

— I == — 6 1 1 3 X l — 

4 / 5 \ 4 


t G 


0, 


(28) 
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Here q = 5/3, T = 7/4, 7 = 3/2, p = 5/6, a = e/y/2, ( = 5/4, 6 = 4/5, (3 = 11/13, £ = 3/4 
and f(t,x ) = (5(1 + sin 2 f)/48)(|x|/(l + |ar|)) + 3 1 2 + (2/3). Using the given data, we obtain V\ = 
-0.633695322, v 2 = 0.5982054854, v 3 = 0.1931118977, v 4 = 1.448388097, A = -0.8023161650 ^ 0. 
As \f(t,x) — f(t,y ) | < (5/24)|a; — y |, we have that (Hi) is satisfied with L = 5/24. Further, we have 
n 2 = 0.9828570350 < 1. Also 


\f(t,x)\ < ^(1 + sin 2 t) + 3t 2 + := <p(t), 

which implies that the condition (H 2 ) holds true. In consequence, the conclusion of Theorem 3.4 applies 
and problem (28) has at least one solution on [0,7/4], 


Example 4.3 Consider the following nonlocal boundary value problem 


D^x(t) 


®( 0 ) = 


1 

4 




2 7 

—='/*I i X 


l + \x(t)\J 




t G 



V3jl3 X 

e z 



(29) 


Here q = 4/3, T = 1/2, 7 = 2/y/n, p = 1/^3, a = 7/4, < = 1/4, <5 = 3/e 2 , /3 = 8/13, £ = 1/8 
and f(t,x) = ((f 1 / 3 + l)/4)(|x|/(l + |x|)) + (3/2 )t + (1/3). Using the previous information, we have 
vi = 0.5478797820, v 2 = 0.02539640314, v 3 = 0.6962686485, v 4 = 0.4808910650 and A = 0.2811532112. 
Choosing z(t) = (t 1 / 3 + l)/4, find that A* = 0.2768779852 and also 


\f(t,x) - f(t,y ) | < -(t s 


1) 


\x-y\ 


0.2768779852 + \x - y \ ' 


Therefore, all assumptions of Theorem 3.8 are satisfied. Hence the problem (29) has at least one solution 
on [0,1/2], 


Example 4.4 Consider the following nonlocal boundary value problem with both Riemann-Liouville 
and generalized Riemann-Liouville fractional integral boundary conditions 


D*x(t) = tan 


-1 


®( 0 ) 


4 s 

—=JX3 X 

V7 


( x 4 (t) + 3 x 2 (t) 

V iTRiJi 




t e 



(30) 


Here q = 5/4, T = 3/2, 7 = 4/^7, a = 5/V3, C = 1/2, 5 = tt/ 2, p = 2/7, (3 = 3/8, £ = 5/4 and f(t, x) = 
tan -1 ((x 4 + 3x 2 )/(l + |®|))(e( 3 / 2 ^ _t + 1) + 37 t. From the given constants, we have U\ = 0.9607949552, 
u 2 = 0.005043420754, u 3 = -1.895136694, u 4 = -0.378780447 and Ai = -0.3734883143 ^ 0. As 
f(t,x) < 4tt := L\ for all itR, therefore from Theorem 3.11, the problem 30 has at least one solution 
on [0,3/2], 

Example 4.5 Consider the following nonlocal boundary value problem subjected to both Riemann- 
Liouville and generalized Riemann-Liouville fractional integral boundary conditions 

1 


1 log 2 t 3 /7T\ , . log 3 _5_ _3_ / 7T \ 

l l(0) = 7T ( 2 ) • * w = 7T ^ ( 3 ) • 

Here q = 8/5, T = 7r, 7 = log2/\/3, a = 3/4, ( = 7r/2, S = log3/-\/8, p = b/y/f, (3 = 2>/\fe, £ = 7r/3 
and f(t,x) = (1/ (t 1//2 + 10) 2 )((10x 2 + 1) / (3 + |x|)) + e~^ + (1/3). By direct computation of given 
constants, we obtain U\ = 0.9607949552, u 2 = 0.2381638392, u 3 = 0.9635754531, u 4 = 3.121155944 and 
Ai = 3.228279714 ^ 0. In addition, we can find that Hi = 8.997039531. It is easy to see that 

\.f(t,x)\ < I x | + 


=-|*WI 


t e [o,?r] , 




D$x(t) = 


10x 2 (<) + 

(ti + 10) 2 V 3 + |x(f)| 
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Nonlocal Fractional Boundary Value Problems 


which leads to v := 1/10 < f2 1 1 = 0.1111476721 and M := 4/3 > 0. Applying the conclusion of 
Theorem 3.13, we get that the problem (31) has at least one solution on [0,7r]. 


Example 4.6 Consider the following nonlocal boundary value problem supplemented with both Riemann- 
Liouville and generalized Riemann-Liouville fractional integral boundary conditions 


12 


D^xft) = 

1 7 

x(0) = —^J 9 x 


(y/t + 1) / x 2 (t) sin 2 x(t) 


3(1 


\*m 

12 \ _ 3 

~5~ J ~ 16 


e * cos 2 t 


\ 

r 121 

j , t £ 

M 


(32) 


where q = 7/4, T = 12/5, 7 = l/\/3, a = 7/9, C = 8/5, <5 = 3/16, p = l/y/n, P = 1/y/e , £ = 11/15 
and f{t,x) = {{y/t + l)/12)((a; 2 sin 2 x)/(3(l + |x|)) + e _t cos 2 t). By the given values, we get u\ = 
0.1010372543, u 2 = 0.8090664711, u 3 = 0.6114216572, it 4 = 1.970342759, Ai = 0.6937587849 ^ 0. 
Since 

1/0,201 < ^ + 1^ :=p(t)4 > i(N), 

the condition (Hf) is satisfied. Also A! x — 0.4202876316, A' 2 = 0.7604168186. Clearly condition (26) is 
satisfied for N' > 3.560603169. Therefore, by Theorem 3.17, problem (32) has at least one solution on 
[0,12/5], 
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Abstract: In this paper, we investigate the uniqueness of an entire function of 
finite order sharing a small entire function with its high order forward difference 
operator. The results obtained extend some known theorems and also show the 
exact solutions of some certain difference equations. 

Key words and phrases: uniqueness; entire function; difference equation; 
differential equation; small function. 

2000 Mathematics Subject Classification: 30D35; 34M10. 

1 Introduction and main results 

In this paper, a meromorphic function always means it is meromorphic in the 
whole complex plane C. We assume that the reader is familiar with the standard 
notations in the Nevanlinna theory. We use the standard notations such as 
T(r,f),m(r,f),N(r,f),N(r,f) in value distribution theory (see [11, 18, 19]). 
And we denote by S(r, /) any quantity satisfying S(r, f) = o{T(r, /)}, as r — > 
oo, possibly outside of a set E with finite linear or logarithmic measure, not 
necessarily the same at each occurrence. A meromorphic function a is said to 
be a small function with respect to / if and only if T(r,a) = S(r,f). We use 
A (/) and er(/) to denote the exponent of convergence of zeros of / and the order 
of / respectively. We say that two meromorphic functions / and g share a value 
a IM (ignoring multiplicities) if / — a and g — a have the same zeros. If / — a and 
g — a have the same zeros with the same multiplicities, then we say that they 
share the value a CM (counting multiplicities) . We define the forward difference 
operator A / = f(z + 1) — f(z) and the high order forward difference operator 
A”/ - A” -1 (A/) by recurrence. Moreover, A”/ = £"= 0 C 3 n (-l) n ~ j f(z + j)- 

‘Corresponding author. This research was supported by the Fundamental Research Funds 
for the Central Universities (No. 2015QNA52) and NSF of China (No. 11601507). 
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In 1976, L. Rubel and C.C. Yang [7] studied the uniqueness of an entire 
function sharing two values with its derivative and they proved the following 
classical result. 

Theorem 1 Let f be a nonconstant entire function. If f and f share two 
distinct finite values CM, then f = f . 

In 1996, R. Briick [2] studied the uniqueness theory about an entire function 
sharing one value with its first derivative and posed the following interesting 
conjecture. 

Conjecture 1 Let f be nonconstant entire function satisfying that the super 
order cr 2 (/) < oo is not a positive integer. If f and f share one finite value a 
CM, then f' — a = c(f — a) holds for some nonzero constant c. 

It is well known that A / can be considered as the difference counterpart of 
/'. So regarding Theorem A and Conjecture, it is natural to ask that what can 
be said about the relationship between A / and / if they share one or two values 
CM. The difference analogue of the lemma on the logarithmic derivative and 
Nevanlinna theory for the difference operator have been founded recently (see 
[3, 8, 9]), which brings about a number of papers focusing on such uniqueness 
problems. The authors in [17, 16, 20], for example, obtained the following 
results by considering the special case of entire functions of order less than 1 or 
2 respectively. 

Theorem 2 [17] Let f be a transcendental entire function such that cr(/) < 1, 
n be a positive integer and g be a nonzero complex number. If f and A™/ share 
a finite value a CM, then A”/ — a = c(f — a ) holds for some nonzero complex 
number c. 

Theorem 3 [16] Let f be a transcendental entire function of order a(f) < 2 
and g 0 be a complex number that is not a period of f . If f and A™/ share 
the value 0 CM, then A]]/// reduces to a nonzero constant. 

Theorem 4 [20] Let f be a transcendental entire function such that cr(/) < 2 
and A (/) < <r(/). If f and A”/ share the value 0 CM, then f must be form of 
f{z) = Ae az , where A and a are two nonzero constants. 

In this paper, we deal with the general case of entire function of finite order 
and obtain the following results which extend Theorem 2 and Theorem 4. 

Theorem 5 Let f be a transcendental entire function such that a(f) < oo, let 
a ^ 0 be an entire function such that a(a ) < 1 and A (/ — a) < a(f). If f and 
A"/ share a CM, then a must reduce to a polynomial with degree at most n— 1 
and f must be form of 

f{z) = a + bae^ z , 

where b and ft are two nonzero constants such that = 1. 
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Theorem 6 Let f be a transcendental entire function such that A (/) < cr(/) < 
oo, let a ^ 0 be an entire function such that a(a ) < cr(f). If f and A"/ share 
a CM, then f must be form of f(z) = be l3z , where b and (3 are two nonzero 
constants such that (e? — l) n = 1. 

Theorem 7 Let f be a transcendental entire function such that A (/) < max{d(/)- 
1,1} < oo. If f(z) and A n f share the value 0 CM, then f must be form of 
f(z) = he ^ z , where h and /3 are two nonzero constants. 

2 Some lemmas 

Lemma 1 (see[3f) Let f be a transcendental meromorphic function with finite 
order a and rj be a nonzero complex number, then for each £ > 0, we have 

T(r,f(z + rj)) = T(r, /) + 0(r <7_1+£ ) + O(logr), 

i.e., T(r, f(z + ??)) = T(r, f) + S(r, /). 

Lemma 2 (see[3]) Let f be a transcendental meromorphic function with finite 
order a. Then for each e > 0, we have 

=0{r a - l+£ ). 

Lemma 3 (see[3]) Letrj be a nonzero complex number and f be a meromorphic 
function of finite order a. Let e > 0 be given, then there exists a subset E C 
(l,oo) with finite logarithmic measure such that for all z satisfying \z\ = r £ 

E U [0, 1], we have 

-r‘ T ~ 1 + e / fi Z + 1l) ^ r ^-l + e 

- m - e 

Lemma 4 (see [4]) Let f be a nonconstant meromorphic function of order a < 
oo, and let A' and X" be, respectively, the exponent of convergence of the zeros 
and poles of f. Then for any given e > 0, there exists a set E C (1, +oo) of 
\z\ = r of finite logarithmic measure, so that 

2 Mn + log + O{r 0+e ), (1) 

j\ z ) jv z ) 

or equivalently, 

f( z + v) 

Hz) 

holds for r E U [0, 1], where n Zj7) in (1) is an integer depending on both z and 
rj, /3 = max {a — 2, 2A — 2} if X < 1 and /3 = max {a — 2, A — 1} if A > 1 and 
X = max {A', A"}. 
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Lemma 5 ( see [5]) Suppose that P(z) = ( a+i/3)z n + ■ ■ ■ (a,fi are real numbers, 
|a| + \P\ 7 ^ 0 ) is a polynomial with degree n > 1, that A(z) ^ 0 is an entire 
function with a(A ) < n. Set g(z) = A(z)e p ( z \z = re l9 ,S(P,9) = a cos n9 — 
/3 sin n9. Then for any given e > 0, there exists a set Hi C [0, 2i r) that has the 
linear measure zero, such that for any 9 € [0, 2? r) \ (Hi U H 2 ), there is R > 0 
such that for \z\ = r > R, we have 
(i) if 5(P,9) > 0, then 

exp {(1 - e)S(P, 9)r n } < \g(re l9 )\ < exp {(1 + e)5(P, 9)r n }; 


(ii) if S(P,9) < 0, then 

exp {(1 + e)S(P, 9)r n } < \g(re l6 )\ < exp {(1 — e)S(P, 9)r n }, 
where H 2 — {9 £ [0, 2n); 5(P, 9) = 0} is a finite set. 


Lemma 6 (see [1]) Let g be a transcendental function of order less than 1, and 
h be a positive constant. Then there exists an e set E such that 


g'(z + v) n 

g(z + if) 


^ ^ — > 1, as z — > oo in C\E 

g(z) 


uniformly in p for \p\ < h. Further, the set E may be chosen so that if z £ E 
and \z\ is sufficiently large, the function g has no zeroes or poles in |£ — z\ < h. 


Remark 1 According to Hayman [12], an £ set is defined to be a countable 
union of open discs not containing the origin and subtending angles at the origin 
whose sum is finite. Suppose E is an e set, then the set of r > 1 for which the 
circle 5(0, r) meets E has finite logarithmic measure and for almost all real 9 
the intersection of E with the ray arg z = 9 is bounded. 


Lemma 7 (see [18]) Suppose that /i, fi, ■ ■ ■ , f n {n > 2) are meromorphic func- 
tions and gi , g 2 , ■ ■ ■ , g n are entire functions satisfying the following conditions: 

n 

(*) E fi e9i = °; 

j= i 

(ii) gj — gk are not constants for 1 < j < k < n; 

(Hi) For 1 < j < n, 1 < h < k < n, T(r, ff) = o{T(r, e 9h ~ 9k )}(r — >■ oo ,r fL E). 


Then fj = 0 (j = 1, 2, • • • ,n). 

Lemma 8 (see [6]) Let w be a transcendental meromorphic function with a < 
oo. Let r = {(fci, Ji), • • • , (km, jm)} be a finite set of distinct pairs of integers 
satisfying hi > ji > 0 for i = 1,2 , • • • , m. Also let e > 0 be a given constant, 
then there exists a set E C (l,+oo) that has finite logarithmic measure, such 
that for all z satisfying \z\ £ E U [0, 1] and for all ( k,j ) € F, one has 

w(k) < 1,1 lk-M.-1+e) 

wW(z) - ' 1 
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Lemma 9 (see [18]) Let f be a nonconstant meromorphic function in the com- 
plex plane and R(f) = p(f)/q{f), where p{f) = £fe=o d k f k andq(f) = 
are two mutually prime polynomials in f . If the coefficients a k, bj are smal- 
l functions of f and a k ^ 0, bj ^ 0, then 

T(r , R(f)) = max{p, q}T{r , /) + S(r, /). 


Lemma 10 Let g be polynomial of degree at lest two. Then 

n 


m(r,^2 

1= 0 


aj e g ( z+ J ')- ff(z) ) 


m(r, + S{r , e s( 2+n )-s( z )), 


where the coefficients aj are small meromorphic functions of e 9 ^ z+n ' , ~ 9 ^ z ' , . 
Proof. Set g(z) = aiz 1 + ai-\Z Z_1 + . . . +Oo, ai ^ 0, l > 2 and 11(2) = e laizI 1 . 

Then we get g(z + j) — g(z) = jlaiz 1 - 1 -\ , and then e 9 ^^ -9 ^ =bje 9la ‘ zl 1 , 

where a(bj ) <1 — 2. So we have 

n n n 

Y. aj e <l{zU) !I(Z) -y."3< JI "^ 

l=o l=o 1=0 

where a,j = ajbj are small function of H . Application Lemma 9 to the equation 
above gives our conclusion immediately. 


Lemma 11 Let f be a transcendental entire function such that 2 < a(f) < oo, 
also let a ^ 0 be an entire function such that a(a ) < <r(f) and A (/ — a) < <r(f). 
If the difference equation 


A n f-a = (f-a)e Q (2) 

holds, where Q is a nonconstant entire function, then Q is a polynomial such 
that deg Q = a(f) — 1. 


Proof. From our assumption and Lemma 1, it is obvious for us to get that 
Q is a polynomial and 

F:= f^ a = he 9 ( 3 ) 

holds, where g is a polynomial with degree l satisfying l = a(f) > 2, and h 
is an entire function originated from the canonical product of / — a satisfying 
A (h) = a(h) < cr{f). Set g(z) = aiz 1 + a/_i 2 Z_1 + . . . + ao and Q(z) = b s z s + 
a s _i 2 s_1 + . . . + bo respectively. Substitution (3) into (2) yields 


Q _ A n .f ~ a _ y-' C j , jNn-i F{z + j) A” a - a 


( 4 ) 


First of all, we estimate the first term Yj=o^n(~ l) n J F(z + j)/F(z) on the 
right side of (4). Employing the definition of F, it turns out that <j{F) = a(f) = 
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l > 2 and A (F) = <r(h) < cr(/). By applying Lemma 4 to F, for any given e > 0 
small enough, there exists a set E with finite logarithmic measure such that 


F{z+j) 

F{z) 


= e 


F(z) 


+0(rP+ e ) 


, as r — >• oo, not in E U [0, 1], 


( 5 ) 


where /3 = a(f) — 2 if a(h) < 1 or /3 = max{cr(/) — 2 ,a(h) — 1} if a(h) > 1. 
Combining the fact a(h) < a(f) = l, we get /? < a(f) — 1=1 — 1. By Lemma 
8, we see, for any given e > 0 small enough, that 

< r CT(/t) - 1+e = o(r i_1 ) (6) 

holds for \z\ = r ^ E. Thus from (3) and (6), we obtain 
F '{z) , h'(z) _ 

W )~ 9 { ) W) ~ (1 + o(1)) (7) 

as \z\ = r — > oo not in E. So from (5) and (7), we obtain 


h'{z) 

h(z) 


F j ) _ j la t z l 1 (l+o(l)) H JZ 

F(z) ~ ’ ^ 


Secondly, we estimate the second term (A n a — a)/F on the right side of (4). It 
is easy to see N := cr(A n a — a) < a (a) < cr(f) = l in a similar way by Lemma 
1, which gives, for any given e > 0, that 

M(r, A n a - a) < e rN+s (9) 


holds for all r large sufficiently. Let 5(6) = cos ((l — 1)6 + arg ai), 5(g,6 ) = 
cos (Id + arg ai) and z = re ld . It follows Lemma 5 that for any given e > 0, 
there exists a set H C [0, 27t) that has the linear measure zero, such that for 
any 6 € [0, 27t) \ H , there is R > 0 such that for \z\ = r > R, we have 

ex P{(! ~ e)\ai\6(g,6)r 1 } < \F(re lB )\ (10) 

if 5(g, 6) > 0. So by (10) and (9), we see (A"a — a)/F — ► 0, as z = re l9 — > oo 
such that 5(g, 6) > 0. By Lemma 3, for any for any given e > 0 small enough, 
we have 

_ r °(h)-l + e 

e < 

holds for all sufficient large r ^ E. 

Lastly, we take such z = re 1 6 that 6 e [0, 27 t) \ H;6(g,6) > 0 and consider 
three cases separately in the next section. 

Case 1 If 6(6) < 0, then 

| e ,-io l *'- 1 (l+o(l))| = e jl\a l \r l - 1 6(0)(l+o(l)) ^ 0) as r qq. 


h(z + c) 


h(z) 


< e 


^cr(h) — 1 + e 


(ID 
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By (4), (9), (11) and the equation above, we obtain e = (—1)" +o(l). It 
means <5 is bounded on such 9 and r E, which implies Q is a constant. And 
then by (3) and (4), we obtain 


k := e ® = 


(-l) n + E C 'n(-l) n " J ’ 

3 = 1 


h ( z + j) p g (z+j)-g{z) 

h(z) 


A n a - a 
h(z)e 9 ^ z l 


( 12 ) 


If A n a — a ^ 0, then by (11), (12), and the fact a((A n a — a)/h) < cr(e s ), we see 
^r l ( 1 + o(l)) + S(r,e 9 ) = m(r, e~ 9 ) + S(r, e 9 ) = m(r , A " h ^ a ) 

n n 

— S m(r, ji ^) J ) + X) TO ( r , esi^D-si 2 )) 

< r <T ( ,l )“ 1 + £ + =MJM r J-i(i + 0 (l)),r £ £, 

which is impossible. If A"a — a = 0, then by (12), we see 


k = 


(-l)" + E C n(-l) n " J ' 

7=1 


M*) 


(13) 


Employing representation <j(/i) < degg(z) = ^ and (11), we see 


h ( z + c a(z+.i)-a(z) 

h(z) 


— e Jl\ai\r l 1 <5(6>)(l+o(l)) 


holds for r ^ E. And then in this situation, (h(z + n) /h(z))e 9 ^ z+n ' > ~ 9 ^ is the 
only maximal magnitude of module term in (13) by taking such z that 6(9) > 0, 
which is also impossible. 

Case 2 If 6(9) > 0, then by (4), (8), (9) and (10), we obtain 

e \ b °\ r ° cos(argb s + s0)(l+o(l)) _ | e Q| _ (1 _|_ 0 (l))e rai l Oi I _ 1 ( l+ 0 ( 1 ) ) qq. 


It means s = l — 1 on such 9 and r ^ E, which yields s = l — 1. 

Case 3 6(9) = 0. Since the set {9 : 6(9) = 0} is just a finite set and S(g,0) is a 
continuous function of 9, so we can chose another 9 near 9, possibly outside of 
a set with the linear measure zero, such that 6(g, 9) > 0 and 6(9) ^ 0, and then 
this case can be transformed into case 1 or case 2. 


Using the similar method in Lemma 11, we can prove the following lemma. 

Lemma 12 Let f be a transcendental entire function such that 2 < cr(f) < oo 
and A (/) < a(f), let a ^ 0 be an entire function such that a(a) < cr(f) ■ If the 
difference equation A"/ — a = (/ — a)e ® holds, where Q is a nonconstant entire 
function, then Q is a polynomial such that degQ = <r(/) — 1. 

Lemma 13 Let a be an entire function of order less than 1. If a satisfies the 
difference equation A n a — a = 0, then a = 0. 
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Proof. Suppose on the contrary a ^ 0. Then by Lemma 6, we see 

i = — a = y ci(-i) n ~ j a[z J) -+ y c £(-i) n_ - # = (i - i) n = o 

j.—O j—0 

as r — > +oo, r ^ E e , where E e is an e set. It is impossible. 

Lemma 14 Let a be an entire function of order less than 1. Then a satisfies 
the difference equation A "a = 0 implies a is a polynomial of degree at most 
n — 1. 


Proof. Set Hi := A n ~ l a, j = 0, 1, , n. Then Hi(z + 1) - Hi(z) = A Hi = 
Hq = A"a = 0. If Hi is a nonconstant entire function, then it is easy to see 
that Zk = k € Z are some different zeros of Hi(z) — H i(0), which implies 


N(r, 


1 

H^-H^O) 


) > r(l + o(l)). 


So it (Hi) > 1, which is a contradiction. Thus Hi is a constant, and then 
0 = Hi = ( AH2 )' = A H' 2 . By a similar discussion, we see H ' 2 is a constant and 
then H '2 = 0. Repeating this process, we can obtain a ^ = H t [ n ^ = 0. Thus a 
is a polynomial whose degree is at most n — 1. 


3 The proofs of main theorems 

1. Proof of theorem 5. 

Since A n f and / share the function a CM, so there exists a polynomial Q by 
Lemma 1 such that 

A n f-a=(f-a)eQ. (14) 

It follows A(/ — a) < a(f) that 

/ — a = he 9 , (15) 

where g is a polynomial whose degree l satisfying l = a (/) > 1, and h is 
an entire function originated from the canonical product of f — a satisfying 
A (h) = a(h) < a(f) = l. By substituting (15) into (14), we can obtain 

n 

[A n a - a] + Y C&(-1 ) n ~ j h(z + j)e^ z+j) = h(z)e 9{z)+Q{z) . (16) 

3 = 0 

In what follows, we shall consider two cases separately to our discussion. 

Case 1 <j(f) > 2. We rewrite (16) as the following form 

n 

[A" a - a] + Y C 0 n (-l) n ~ J h(z + j) e 9< ~ z +^~ 9 ^ - h(z)e Q{z) ]e 9{z) = 0. (17) 

j= 0 
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By applying Lemma 11 to (14), we see degQ = l — l. Applying Lemma 7 to (17) 
and invoking the relation degQ = 1 — 1, it turns out that A n a — a = 0, which 
mans a = 0by Lemma 13. Thus we get a contradiction with our assumption. 
Case 2 l = deg g = a(f) < 2, in other worlds, er(/) = 1. Thus without loss of 
generality, we can rewrite (15) as the form of f — a = he^ z , where f3 is a nonzero 
constant. By (14), we see deg(Q) < cr(/) = 1, and then we shall consider two 
subcases in this case respectively as follows. 

Case 2.1 Q is a constant. Then we can rewrite (17) as the following form 

[A n a-a\ + [H n -he Q ]e 0z =0, (18) 

n 

where H n = C^(— 1 ) n ~^h(z + j)k^ , k = . It follows (18) and Lemma 7 

3=0 

that A “a - a = 0, which leads to a contradiction with our assumption similarly. 
Case 2.2 deg(Q) = 1. Set <3(2) =7 z + d, where 7 is a nonzero constant. By 
substituting Q{z) = 7 z + d, into (16), we see 

[A" a - a] + H n e 0z = e d he^ +l)z . (19) 

If /3 + 7 ^ 0, then by (19) and Lennna 7, we get h = 0, which is a contradiction. 
If [3 + 7 = 0, then (19) reduces to 

[A n a - a] + H n eP z = e d h. (20) 

Then by (20) and Lemma 7, we see 

n 

Hn = E Ci(-l) n - j h (z + j)hi = 0 (21) 

3 = 0 

and 

[A"o -a] = e d h. (22) 

Employing representation (21) and Lemma 6, it turns out that 

n h(z A- i) n 

0 = E C£(-l)"~ 3 ' , k j -> E Ci(-l) n ~ j k j = (k- l) n 

3 = 0 3=0 


as 2 —>■ 00 not in an e set. Thus we obtain k = = 1 from the equation above. 

n 

Substituting k = 1 into (21), we see H n = ^ C° n (— l)"“' 7 7i(2 + j ) = A n h = 0. 

3=0 

By Lemma 14 and the equation above, we see that h is a polynomial whose 
degree is at most n — 1. If a is a transcendental function, and we take 2 such 
that \z\ = r and \a(z)\ = M{r,a), then we have 


lirn e d 

z—>o o 


K z ) 

a{z) 


= 0 . 
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However, we have by (22) that 


ed h = A^a _ 1 = y C]n{ _ 1 )n -j<z±jl 

a a ^ a 

j = o 


- 1 -)> 


7=0 


C J n (-l) n ~ j - 1 = -1 


as z — > oo in z € {z : |a(z)| = M(r,a)}\E e , where E e is an £ set, which 
is impossible. Thus a is a polynomial and then deg(a) = cleg(A”a — a) = 
deg e d h = deg h, which leads to that a is a polynomial with degree at most 
n — 1. Furthermore we get A"a = 0 and —a = e d h from (22) and then / must 
be form of 

f(z) = a{z) + ba(z)e 0z , 

where b := —e~ d and /? are two nonzero constants such that = 1. 


2. Proof of Theorem 6. 

Using the same method as in Theorem 1, we see 

A"/ - a = (/ - a)e« (23) 

and 

f = he\ (24) 

where g is a polynomial of degree l satisfying Z = <j(/)>l,ftisan entire function 
originated from the canonical product of / satisfying A (h) = cr{h) < a(f) = l, 
and Q is a polynomial of degree at most l. From (23)-(24), we obtain 

n 

Y Ci(-l) n ~ j h(z + j)e 9( ~ z+j) = h(z)e g{z)+Q(z) + a(z) - a(z)e Q(z) . (25) 

3=0 

In the next section, we shall consider two cases separately. 

Case 1 cr(/) > 2. We rewrite (25) as the following form 

n 

Y C J n {~l) n ~ j h{z + j) e 9U+U-s(U _ h{z)e Q ( z) ]e 9{z) = a{z) - a(z)e Q{z) . (26) 
3=0 

From Lemma 12, we see degQ = l — 1 > 1. Then by (26) and Lemma 7, we 
obtain a — ae® = 0. Thus e® = 1 or a = 0, which is impossible. 

Case 2 l = degg = cr(f) < 2, in other words, a(f) = 1. Thus without loss of 
generality, we can rewrite (24) as the form of / = he^ z , where /3 is a nonzero 
constant. It is easy to see deg(Q) < l.We shall consider two subcases. 

Case 2.1 Q is a constant. Then by (26), we see = 1 and 

n 

Y Ci(-l) n -ih(z + j)kt - h(z) = 0, (27) 

3=0 

where k = . From (27), we see 

1 = Y c i(- l) n ~ 3 V ^ Z +J ') ^Y C n(~ l) n ~ j k j = (k- l) n (28) 

7=0 7=0 
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as z — ► oo not in an e set. It means (k — 1)" = 1 and then 

n 

£C£(- 1 )"-'V = 1 . (29) 

3=0 

By (27) and (29), we see 

n 

E Ci(-l) n - j k j [h(z+j) - h(z)\ = 0 . (30) 

3=0 

Set B(z) = Aft = h(z + 1) — h(z ), then from Lemma 1, it is easy for us to 
see u{B) < a(h) < 1. From the definition of B{z). Using the same method in 
Theorem 4 [20], we can proof B{z) = 0. That is h(z + 1) = h(z). So we get ft is 
a nonzero constant using the same method as in Lemma 14, and then / must 
be form of f(z) = be 0z , where b := ft and (3 are two nonzero constants such that 
( e ft - i)« = l. 

Case 2.2 deg(Q) = 1. Set Q(z) = jz + d, where 7 is a nonzero constant. Then 
(25) becomes 

n 

E Ci(-l) n ~ j k j h{z + j)e 0z - a = e d h{z)e {0+ ^ z - e d ae' iz . (31) 
3= 0 

If P + 7 7 ^ 0 and /? — 7 7 ^ 0, then by (31) and Lemma 7, we get a = 0 and ft = 0, 
which is a contradiction. If (3 — 7 = 0, then (31) becomes 

n 

{E C 3 n {-l) n ~ j h{z + j)k j ] + ae d }e 0z -a = e d e 20z , 

3= 0 

and we also get a contradiction by applying Lemma 7 to the equation above. 

If /3 + 7 = 0, then (31) becomes 

n 

(E Ci{-l) n - j h(z + j)k j }e 20z = ( e d h(z ) + a)e 0z - ae d , 

3=0 

we can get a contradiction in a same way. 

3. Proof of theorem 7. 

We shall consider the following three cases separately to our discussion. 

Case 1 u(f) < 1. By Theorem 2, we get A"/ = cf holds for some nonzero 
complex number c. Then by Lemma 6 , we get 

c = = e E c u- l ) n ~ j = a - ir = 0 

1 3=0 J[Z> 3=0 

as 2 — > 00 , possibly outside of a e set. Therefore c = 0, which is a contradiction. 
Case 2 1 < cr(f) < 2 and A (/) < 1. Then we can get our conclusion immedi- 
ately by Theorem 4. 
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Case 3 a(f) > 2 and A (/) < cr(f) — 1. Using the same method as in Theorem 
5, we see 


A"/ = fe Q 


(32) 


and 


/ = he\ (33) 

where g(z) = aiz 1 +ai_iZ l ~ 1 + . . . + o 0 , Q(z) = b s z s +a s _iZ s ~ 1 + . . . + b 0 , l > 2, 
s < k, are polynomials, h is an entire function originated from the canonical 
product of / satisfying A (h) = a (h) < a(f) — 1=1 — 1. From (32)-(33), we 
obtain 




3=0 


h{z + j) g( z +.j)-g(z) 

h{z) 


= e Q{z) . 


(34) 


Recall g(z + j) — g(z) = jailz 1 X (1 + o(l)). By (34), Lemma 1 and 10, we see 


\M r s 


m(r, e®) 


It means s = l — 1 and 


n . .. 

= m(r, E Cl(- l)-f ^) e 9U+U-9(U) 

3=0 

— m(r, e s ( z+n ) _£ 'Ul) + S(r, e s( 2 +«)-s( z )) ~ nl l a 6 r i-i 
|6 S | = nl\ai\. We can rewrite (34) as the following form 


E ^(- 1 ) n_i 


3=0 


H Z + j) jailz 1 - 1 {l+ott)) 
h{z) 


h(z + n) An nai iz l -t 

Hz) 


= e B e bl ~ lZ 


(35) 

where A n ,B are two polynomials with degree at most l — 2. Recalling (11) 
and taking any 0 such that 5(6) = cos ((l — 1)6 + argo;) > 0, then we get 
5(6) = cos ((l — 1)6 + argfe;_i) > 0 by (35), and then 


^IMr’-'Smi+oW) = e |6 J _ 1 |r'-*5(6»)(l +o(l)) 


That means 5(6) = 5(6). By the arbitrariness of 6 , we see arg a/ = argfy_i. 
Thus we obtain b s = nlcii, and then (35) becomes 


(J 3 H z + j) c 3a t lz l 1 (l+o(l)) _ & B ^ _ H z + n ) c A n -B^ c nlai 


3=0 


h(z 


(36) 

It is obvious <j(e B (l — (h(z + n)/h)e An B )) < max{a(h),l — 2} < l — 1. If 
e B — (h(z + n)/h)e An 0, then from (36) and Lemma 10, we see 

nl \ai\ r i-i ~ T(r, e B (1. - h ^ z + n \ A n -Byui ai z 1 -^ ~ (n-l)l\ai\ r i_^ 

7 T ’ h(z) 7 T 

which is impossible. If e B — (h(z + n)/h(z))e An = 0, then (36) becomes 


n— 1 


3=0 


1-3 H z + j) „jailz l 1 (H-o(l)) _ 


h(z) 


= 0, 


(37) 
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however ( h(z + n — 1 )/h(z))e^ n is the only maximal magnitude of mod- 

ule term in (37) when taking 6(9) > 0, which is impossible. 
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Global Attractivity for Nonautonomous Difference Equation 

via Linearization 
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Abstract. Consider the difference equation 

Xn+ 1 = f(n, Xn, ...,x n -k), n = 0, 1, ... , 

where k E {0, 1, . . .} and the initial conditions are real vectors. We investigate the asymptotic behavior of the solutions 
of the considered equation. We give some effective conditions for the global stability and global asymptotic stability of 
the zero or positive equilibrium of this equation. Our results are based on application of the linearizations technique. We 
illustrate our results with many examples that include some equations from mathematical biology. 

Keywords: attractivity, difference equations, discrete dynamical system, global, linear fractional, rational, stability 
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1 Introduction and preliminaries 

Consider the difference equation 

x n+1 = f(n,x n , ...,x n - k ), n = 0,1,... (1) 

where k £ {0, 1, . . .} and the initial conditions are real vectors in R. p ,p > 2. In many cases we investigate 
equation(l) by embedding equation(l) into a higher iteration of the form 

x n+i = F(n,x n+ i_ n = 0, 1, ... (2) 

where l £ {1, 2, . . see [4, 5, 8]. By linearizing equation (2) and bringing it to the form 

k 

Xn + 1 — ^ ' QiXn—ii (3) 

i—l—l 


where gi in general, depend on n and the state variables x we can prove very general attractivity 
and asymptotic stability results for both autonomous and nonautonomous difference equations. The 
functions gi are in general matrices but they can also be the scalars as well, see Section 3. This 
approach was used to get effective and applicable global asymptotic and global attractivity results for 
linear fractional difference equation, see [2] and quadratic fractional difference equation, see [3] with 
both constant and nonconstant coefficients. Furthermore, this approach produced global asymptotic 
and global attractivity results for nonautonomous difference equations with very general coefficients 
which can be discontinuous functions of n or state variables, see [4, 5, 8]. See [1, 7, 10, 11] for the case 
of monotone systems, where more precise results were obtained. 

In this paper we use method of linearization to extend some of the results about the global attractiv- 
ity and asymptotic stability of scalar equation from [4] to the case of vector equation (2). We illustrate 
our results with many examples that include some transition functions from mathematical biology such 
as linear, Beverton-Holt, sigmoid Beverton-Holt, etc., see [6, 7, 9, 11, 12] for related results. The rest of 
this section contains some definitions and preliminary results. Second section contains our main results 
on global attractivity in the case when the sum of the norms of gi is less than 1. The third section 

1 Corresponding author, e-mail: mkulenovic@uri.edu 
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gives some results on global attractivity in the delicate case when the sum of the scalar functions g t is 
1. The fourth section provides several examples which illustrate our results. 

Denote by ||x|| any norm in R p . 

Definition 1 The zero equilibrium of equation (3) is stable if for (Ve > 0)(3<5 > 0, N): 

||xj|| < 5,i = —k, . . . , 0 => ||x„|| < e, for all n> N. 

The zero equilibrium is asymptotically stable if it is stable and 

lim x n = 0. 

n—to o 

Lemma 1 Let I — Yli=o 9i be invertible for n = 1,2,..., where I is identity matrix. Then equation (3) 
has no nonzero equilibrium. 

Proof. Otherwise, equation (3) has the equilibrium x ^ 0. By pluging x n = x in equation (3) we get 

k 

(i -E^)* = °’ 

i = 0 


which implies x = 0, which is a contradiction. 

Remark 1 The matrix I — 9i is invertible if the condition 

k 

llEftIK 1 

i= 0 

is satisfied in which case we have 

k oo k 

^-E^)” 1 = EE^- 

i= 0 k—0 i= 0 

The condition (4) is implied by more applicable condition 

k 

E 11*11 <!• 

i—0 

Remark 2 Equation (1) admits the following generalized identity 

k k 

1 - ^2 9iK = ^2 9*@n-i - K)> 

2—0 2—0 

where K is an arbitrary vector. Generalized identity (7) implies 

k k 

\\x n +l ~ E^ll < E \\9i\Wn-i ~ K || . 

2—0 2—0 

Furthermore by taking K = 0 in equation (8), we obtain another useful inequality 

k k 

pn+ill - ^E INI < E llftll(ll^n-i|| - L), 

2—0 i—0 


where L is an arbitrary constant. 


□ 


(4) 

(5) 


( 6 ) 


(7) 


(8) 


( 9 ) 
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Lemma 2 Suppose that equation (1) has the linearization (3) and the functions gi : R p+l — > M pxp , 
where M pxp ,p > 1 is the set of all real p x p matrices, are such that 

k 

Y INI < !, 17 = 0,1,... 

*= 0 

Then if equation (1) has the zero equilibrium it is a stable fixed point. 


Proof. Assume that equation (1) has the zero equilibrium and the linearization (3). By taking 
K = 0 in equation (8) we have 


Pn+l|l < Y INIPn-i| 

2= 0 


Assume that £T =0 \\x~i\\ < 8. Take S = e. Then ||x_i|| < 5 for i = 0, 1, . . . . Hence 


Pill < Y INI II < <*X!lNI ^ 5 = e ’ 


2= 0 


i=0 


P2II < Y INIPi-*ll < INI <S = e 


i = 0 


2= 0 


and so by induction ||x n || < e for n > —k . 


□ 


2 Main results 

In this section we present our main results on global attractivity and global asymptotic stability of the 
equilibrium solutions of equation (1) which has the linearization (3). 

Theorem 1 Let l £ {1,2,...}. Suppose that equation (1) has the linearization (3) subject to the 
condition 

k 

Y INI < l,n = 0,l,... (10) 

2=1 — Z 

Let Mo = max{||x;_i||, . . . , p_fc||}. Then every solution of equation (1) is bounded. In particular 
pn|| < M 0 for n > k. 

Proof. Let L £ R. Then equation (9) implies 

k k 

\\x n+ i\\-L^2 INI < Y \\9iU\\xn-i\\- L), n = 0,1,... (11) 

2=1 — / 2=1 — / 

By taking L = Mq and n = 0 in equation (11), we obtain 

k 

Pill - Mo Y INI < IN-«ll(P*-ill - Mo) + • • ■ + INIKIP-fcll - M 0 ) < 0, 

2=1 — / 

which in view of equation (10) implies ||x/|| < Mo- By using induction, we obtain 
k 

\\x n+ i\\-M 0 Y llffill < Ilfli-ilKIPn+J-ill -M 0 ) + ... + ||pfc||(|p n _fc|| - M 0 ) < 0, n = 0, 1, . . . 

2=1 — Z 
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and so 


k 

\\x n+l \\<M 0 Y bill < M 0 , n = 0,1,... 
2=1 — / 


Thus ||f n+; || < M 0 for n > —k. 


□ 


Theorem 2 Let Z € {1,2,...}. Suppose that equation (1) has the linearization (3) where the functions 
9i ■ R k+1 -+ M pxp are such that 


k 

Y bill < a < !, n = 0,1,... 
2=1 — / 


( 12 ) 


Then 


lim x n = 0. 

n—too 


Proof. Let L £ R. Then every solution of equation (3) satisfies the inequality (11). Let 7 = l + k. 
Define Mjv = max{||^ 7 jv+/-i||, • • • , |b 7 jv-fc||} for N = 0,1,.... Observe that if ||x 7 jv+i-i|| = ... = 
||f 7 jv-fe|| = 0 for some N > 0, then by (11) with L = 0 we get that 

lb 7 jv+z+j|| = 0 , j = 0, 1, . . . 

and so lim IWOC x n = 0. 

Assume that Mjv > 0 for all N > 0. By using (11) with L = Mjv and n = jN we obtain 


k 

||abv+;|| - Yh bill-^iv < bi-ilKll^bv+z-ill - M N ) + . . . + bfclKll^bv-fcll - M N ) < 0 

2=1 — / 


and so 

k 

||x 7jv+ ;|| < Y / \\9i\\Mn < aM N < M n - 

2=1 — / 

Similarly, by taking n = 7 N + 1 in (11) we obtain 
k 

l|* 7 JV+«+i|| - Yh bill Mat ^ ll^zlldl^iv+zll - M N ) + ■ ■ ■ + bfclKll^bv-fc+ill - M N ) < 0 

2=1 — / 


and so 


k 

||®7 At+z+i|| < Y, bill-^iv < aM N < Mjv- 
2=1 — / 


Hence by induction we have that 


k 

||*7JV+i+j|| < Yh bill-^iv < aM N < M n . 
2=1 — / 


Thus 


Mn- i-i A oMm < IWjV) 


(13) 


and so the sequence {M/v}^ =0 is decreasing sequence bounded below by zero. Furthermore (13) implies 


M n < a N+1 M 0 ->• 0 


as 


N ■ 


oo. 
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Hence 


Therefore 


0 < lim aLjv-i < lim Mm = 0, j = 1 — l , .... k. 

N^oo N->oo 


lim x n = 0. 

n — >-oo 


□ 


Corollary 1 Suppose that equation (1) has the linearization (3), where l = 1 and the functions gi : 
R k+ 1 -> M pxp are such that 

k 

£ lift II ^ a < !) n = 0, 1, . . . . 

i= 0 

Then if equation (1) has a zero equilibrium it is globally asymptotically stable. 


Assuming that / is differentiable in some neighborhood of the equilibrium solution x, by applying 
Theorem 2 and Lemma 2 to the standard linearization of equation (1) about the equilibrium solution x 


^n+1 


= £ 


2 = 0 


df 

dx n — 


■(x,...,x)x n -i, n = 0,1, 


(14) 


where (x, . . . , x) is the Jacobian matrix evaluated at the equilibrium point, we obtain the following 
result, which is local in the nature because of the fact that the standard linearization is local. 


Corollary 2 Assume that f is differentiable in some neighborhood of the equilibrium solution x. The 
equilibrium x of equation (1) is locally asymptotically stable if 


Eli 


i = 0 



(x,...,x)\\ < a < 1. 


3 The case when t/j are scalar functions 

In this section we consider the case when all gi are scalar functions. In this case the linearization (3) is 
equivalent to p scalar equations of the form 

k 

x n+i = £ ftCi. n = 0,l,...;m = l,...,p. (15) 

i=l—l 


For instance, in the case of second order difference equation in R 2 , we have that vector equation 


x n + 1 
Dn+1 


= go 


+ g i 


x n—l 

Vn-1 


n = 0, 1, . . . 


go,gi > o 


(16) 


is equivalent to the system 


x n + 1 — go x n T gi x n—l 


(17) 


Dn+ 1 — goVn T giVn—1- 

The next results apply to a special linearization (3) of equation (1), where all g, are scalar functions. 
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Theorem 3 Let l G {1, 2, . . .}. Suppose that equation (1) has the linearization (3), where the functions 
gi : R fc+1 — » [0, oo ) are such that 

k 

gi > a > 1, n > 0. 

2=1 — Z 

Then if for some n > 0 

(a) x n +i- 1 ) • • • ,Xn-k > 0, then linin^oo x n = oo, componentwise; 

(b) x n +i- i, • • • ,x n -k < 0, then x n = — oo, componentwise. 

Proof. Proof follows from Theorem 2 in [4] applied to equation(15). □ 

A delicate case when 

k 

^2 9i = !, « = 0,1,.... (18) 

2=1 — Z 

is treated in the following three results. 

Theorem 4 Suppose that on some interval I equation (1) has the linearization (3), where the functions 
gi : M fc+1 — ► [0, oo) are such that (18) is satisfied. Then there exists A > 0 such that for n > 0 every 
positive gi satisfies 

A < gi < 1, n = 0, 1, . . . . (19) 

Proof. Proof follows from Proposition 3 in [4] applied to equation (15). □ 


Theorem 5 Suppose that on some interval I equation (1) has the linearization (3), where the functions 
gi : R fc+1 — ► [0, oo) are such that (18) is satisfied. Assume that there exists A > 0 such that 

gi -i > A. n = 0, 1, ... . (20) 


Then if x-k, ■■■ ,Xq G I 


where L G I p is a constant vector 


lim x n = L, 

n— >• oo 


Proof. Proof follows from Theorem 4 in [4] applied to equation (15). 


□ 


Theorem 6 Suppose that on some interval I C R. equation (1) has the linearization (3), where the 
functions gi : R fe+1 — > [0, oo) are such that (18) is satisfied. Assume that there exists A > 0 such that 
for some j G {2 — l, . . . , k — 1} 


9j > A, g j+1 > A, n = 0,1,.... 


If xi- 1 , . . . ,x- k G I, then 


where L G I p is a constant vector 


lim x n = L, 

n—too 


Proof. Proof follows from Theorem 5 in [4] applied to equation (15). 


( 21 ) 


□ 
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4 Examples 


In this section we present some examples that illustrate our results. 
Example 1 Every solution of the vector equation in R 2 


■ 


r a 

bn 


■ 

%n -\- 1 


]--\-X n 


%n 

Vn+ 1_ 



d 


Vn_ 


Cn 

1 + 2 /n J 



where a, d > 0, b n , c n > 0, xq, Vo > 0, n = 0, 1, . . converges to the zero equilibrium if max{a + U c , d + 
Ub} < 1 is satisfied, where Ub and U c are upper bounds of sequences {b n } and {c„} respectively. Indeed, 
in this case if ||x|| denotes the L\ norm we have 


ll5o|| 


1+X n 

Cn 


d 

l+2/i 


= max 


a 

1 + X n 


“b C n > 


d 

1 + Un 



< max{a + U c , d + Ub} < 1, 


that is U c < 1 — a, Ub < 1 — d, and the result follows from Theorem 2 and Corollary 1. Thus in this 
case the zero equilibrium is globally asymptotically stable. If we use L 2 norm we have that the zero 
equilibrium is globally asymptotically stable if max{a + Ub,d + U c } < 1 is satisfied. 


Example 2 Every solution of the vector equation in M 2 


^n+1 

2/n+l 


a 

l+x n 

C 


b 

d 

1 +V', 



X n 


y n_ 


, n = 0, 1, . . 


( 22 ) 


where a, b,c,d > 0, Xq, yo > 0, converges to the zero equilibrium if max{a + c,b + d} < 1 is satisfied. 
Indeed, in this case if ||ai|| denotes the L\ norm we have that 


boll 


a 

1 -\-x n 
C 


b 

d 

i+j/i 


= max 


a 

1 + x n 




< rnaxja + c,b + d} < 1 


and the result follows from Theorem 2 and Corollary 1. Thus in this case the zero equilibrium is globally 
asymptotically stable. If we use L 2 norm we have that max{a + b,c + d} < 1 implies that the zero 
equilibrium is globally asymptotically stable. 

Next, consider the positive equilibrium E(x, y). Then we have that the positive equilibrium E(x,y) 
of system (22) satisfies the system 


* = a i 

V = cx + dj^-g. 


(23) 


which implies 


x 

V 


1 -\-x—a 
l-\-x 

1 +V-d 

1 +y 


by 

cx. 


Thus the positive equilibrium exists if 


x > a — l,y > d — 1. 


(24) 


Linearizing system (22) about the positive equilibrium E gives the following system 


'U"n + 1 

y n + 1 


a 

(I ;*)(1 -x„) 

c 


b 

d 

(l+j/)(l+I/„) 


U n 

V n 


,« = 0,1,. 


(25) 


where u n = x n — x,v n = y n — y. By using Theorem 2 and Corollary 1 with Li norm, we obtain that 
the condition for global asymptotic stability of E{x, y) to be 


x > 


a + c — 1 
1 — c 


if c < 1 < a + c, 


V > 


b + d — 1 
1 - b 


if 


b < 1 < b + d. 
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If we use L 2 norm we obtain sufficient condition for global asymptotic stability of E(x,y) to be 

a + b — 1 _ c + d — 1 

x > — T ; — if 6 < 1 < a + 6, y > — if c < 1 < c + d. 


1-6 

Example 3 Every solution of the vector equation in 


r 


a 

b 


r -1 

^n+1 
Vn+ 1_ 

= 

1 -\-X n 
c 

1+ t 


X n 

Vn_ 


l+#n 

i+y„ . 



1 — c 


,n = 0, 1,..., 


(26) 


where a, b,c,d> 0, xo, yo > 0, n = 0, 1, . . converges to the zero equilibrium if max{a + c, 6 + d} < 1 is 
satisfied. Indeed, in this case if ||x||i denotes the L\ norm we have 


IMi = 


l + #n 

C 

1 +X n 


1 + 


T 


1 +Vn 


= max 


l+x n 1 + x n ’ 1 + y n 1 + y n 


< max{a + c,b + d} < 1 


and the result follows from Theorem 2 and Corollary 1. Thus in this case the zero equilibrium is globally 
asymptotically stable. 

In the case if || cc || 2 denotes the L 2 norm we have 


2 — 


l+x n l+y„ 
c a 

l+x n 1 +y n 


= max 


1 + x n + 1 + y n ' 1 + x n + 1 + 27 


< max{a + 6, c + d} < 1. 


In this case the condition for global asymptotic stability of the zero equilibrium becomes max{a + 6, c + 
d}< 1. 

Now, consider global attractivity of the positive equilibrium E(x,y) of system (26). The positive 
equilibrium of system (26) satisfies the system 


y = <•;(, • 


(27) 


Adding two eciuations in (27) we obtain 


+ y = (a + c) 


1 + x 


(6 + d) j 


+ 2 /’ 


which implies 


— (1 + x — a — c) = 


y 


: (6 + d — 1 — y) 


1 + x 1 + 2/ 

and so we obtain that the positive equilibrium satisfies 

x>a + c— l<t=>i/<6 + d— 1. 

Linearizing system (26) about the positive equilibrium E gives the following system 

a b 


(28) 


U n+l 
+1+1 


(l+x)(l+a;„ 

c 

(l+x)(l+a:„ 


(l+y)(l+Vn) 

d 

(l+y)(l+y„) 


,n = 0 , 1 ,..., 


where u n = x n — x,v n = y n — y- By using Theorem 2 and Corollary 1 with L\ norm, we obtain that 
the condition 

x > a + c — l,y > b + d — 1. (29) 

is sufficient for the global asymptotic stability of the positive equilibrium solution. The condition (29) 
contradicts condition (28). If we use L 2 norm we obtain sufficient condition for the global asymptotic 
stability of the positive equilibrium solution to be 

bx + ay < 1 — a — 6 

dx + cy < 1 — c — d. 
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Example 4 Every solution of the vector equation in R" 


x n _i_i — A n x n (30) 

where 


'%n 


an 

di2 

a \k 


l+x\ 

l+x 2 

l+x £ 

X 2 


«21 

d22 

d2k 

II 

1+x^ 

l+x 2 

l+x* 


ry.k 

_n_ 


dk l 

dk2 

dkk 


_ 1+X^ 

1+X^ 

l+x*_ 


where (lij > 0, i, j = 0, 1, . . . Xq, yo > 0, n = 0, 1, . . . , , converges to the zero equilibrium if 


IMi = 


= max 


/ a n 


l+x* 


dn 

di2 

a ik 




l+x\ 

d21 

d22 

1+x^ 

d2k 




l+x\ 

l+x 2 

l+x * 




dki 

dk2 

dkk 




_ 1+LC^ 

i+x 2 

1+X%_ 


1 


+ ...+ 

a kl 

dik i 

a 2fc 


l+aji > ' ‘ 

’ ’ l+a;i 1 1+®* ' ’ 



< max{an + & 2 i + . . . + ak 1 , • • • , Q>ik + & 2 k + • • • + a kk } 


= max 

l<j<n 


' a ij } < - 


which follows from Theorem 2 and Corollary 1. Thus in this case the zero equilibrium is globally 
asymptotically stable. 

Now, consider global attractivity of the positive equilibrium of system (30). The positive equilibrium 


satisfies the system 


where 


(Ai(®) 

hH 

II 

pi 


r an 

d!2 

a ik 

1+® 1 

«21 

l+x 2 

d22 

l+x 1 

d2k 

1+® 1 

l+x 2 

l+x 1 

dkl 

dk2 

dkk 

Li+s 1 

l+x 2 

1+s' 


Linearizing system (30) about the positive equilibrium E gives the following system 


All Ql2 


(l+x){l+x\ l ) 
d2l 

(l+x){l+x‘i) 

d22 

(l+x)(l+x} l ) 

(l+®)(l+®2) 

dkl 

dk2 

(l+x)(l+x 2 ) 

(l+x)(l+x^) 


&1 k 

(l+x)(l+as£) 

k 

(l+S)(l+a:£) 


« = 0,1,..., 


dkk I 


where u n = x n — x. By using Theorem 2 and Corollary 1 with Li norm, we obtain that the condition 


llsolli 


an a 12 


(l+®)(l+®i) 

d2i 

(l+®)(l+®2) 

d22 

(1+®)(1+®1) 

(l+®)(l+®2) 

a ki 

a k2 

(l+*)(l+a;i) 

{l+x)(l+xl) 


9 


aik 

(1+®)(1+®*) 
0*2 k 

(l+x)(l+x*) 


CLkk I 

(!+$)(!+<) J IL 


1319 


Arzu Bilgin et al 1311-1 322 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


< 


< 


maX { (l+x)(l+^) +■■■ 

max { 1^(011 + «21 + ■ 




I Ofcl a Ik I <±2k 

~ (l+x)(l+*i ) ’ • • • > {l+x)(l+x*) ” r (l+x)(l+x£) 
• • + 1) • • • ) 0-lk + 0,2k + • • • + Okk)} 


,r=-= max 

1+X 1 <j<n 


Qfcfc 

(l+x)(l+x*) 


} 


implies the global asymptotic stability of the positive equilibrium solution. By using Theorem 2 and 
Corollary 1 with L\ norm, we obtain that the condition for the global asymptotic stability of the positive 
equilibrium solution is 

k k 

1 + X > ^ Oij •£=> X > ^ CLij — 1 . 
i= 1 i — 1 


Example 5 The cooperative system 


- 


a 

c 

b 1 


- 

^n+1 
Vn+ 1_ 

= 

1 +Vn 
rJ 


Vn_ 


- 1 -\-X n 

Li 



(31) 


where a, 6, c, d > 0, xo, j/o >0 was considered in [1], The equilibrium solutions are the zero equilibrium 
Eq(0,0) and when a < l,d < 1 the unique positive equilibrium solution E+(x,y), is given as 


b y _ be — (1 — d)(l — a) 

1 — al + y’ ^ (1 — d)(b + 1 — a) 


when 

(1 — a)(l — d) < be. (32) 

The local stability of system (31) is described with the following result, see [1] 

Claim 1 Consider system (31). 

1. ) The positive equilibrium E + (x,y) of system (31) is locally asymptotically stable when (32) holds. 

2. ) The zero equilibrium Eo(0,0) of system (31) is locally asymptotically stable if be < (1 — a)(l — d); 

it is a saddle point if be > (1 — a)(l — d); it is a nonhyperbolic equilibrium if be = (1 — a)(l — d). 

The global dynamics of system (31) is described with the following result, see [1]: 

Theorem 7 Consider system (31). 

1. ) If a > 1 then liuin^oo x n = oo and liuin^oo y n = oo if d > 1 and linin^oo y n = jzzs, if d < 1. 

2. ) If d > 1 then limn^oo y n = oo and linin^oo x n — oo if a > 1 and linin^oo x n = if a < 1. 

3. ) The positive equilibrium E+(x,y) of system (31) is globally asymptotically stable when (32) holds. 

4-) The zero equilibrium E + {x,y) of system (31) is globally asymptotically stable when a < l,d < 1 
and 

be < (1 — a)(l — d ) (33) 

holds. 

Theorem 2 and Corollary 1 implies that any of two conditions max{a+c, b+d} < 1 or max{a+6, c+d} < 
1 provides the global asymptotic stability of the zero equilibrium. Both of these conditions imply (33) 
which is clearly the necessary and sufficient condition for the global asymptotic stability of the zero 
equilibrium.. 


10 


1320 


Arzu Bilgin et al 1311-1 322 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.7, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Linearizing system (31) about the positive equilibrium E(x,y ) gives the following system 


^n+1 


a 

b 

(l+5)(l+»n) 


U n 

_^n+l_ 


c 

_(l+$)(l+x„) 

d 


y n _ 


where u n = x n — x, v n = y n — y. By using Theorem 2 and Corollary 1 with L\ or L 2 norm, we obtain 
that the condition 

max I a + —— — , h d 1 < 1 or max j a H - — , — 1- d \ < 1 (34) 

\ l + x’l + y J \ l + yl + x J v ' 

implies that the positive equilibrium E(x, y) is globally asymptotically stable. Condition (34) implies 
condition (32) which is clearly the necessary and sufficient condition for the global asymptotic stability 
of the positive equilibrium. 


Example 6 Every solution of the vector equation in ]R 2 


*^n+ 1 
Vn+1 


‘ an 

cn " 


X n 
Vn _ 


' An 

Cn " 


*^n— 1 

Vn- 1. 

1+n 2 

bn 

1+n 3 

dn 


+ 

1+n 

Bn 

1+n 2 

Dn 


L 1 +n 2 

1+n 3 . 



. 1+n 

1 +n 2 J 



where a,b,c,d, A, B,C, D > 0,X-i,y-i,xo,yo > 0, n = 0,1,..., converges to the zero equilibrium if 
max{++ 2 32 i/ 3 ' 1 } + max{A + B , C \ D } < 1 is satisfied. Indeed, in this case if ||a;|| denotes the L\ norm 
we have 


and 


llffoll = 


bill = 


1+n 2 

bn 

1+n 2 1+n 3 


1+n 3 

an 


An 

1+n 

Bn 

1+n 


Cn 


1+n 

Dr 


1+n 2 J 


= max 


= max 


(a + b)n (c + d)n 
1 + n 2 ' 1+n 3 \ ~ 


< max 


cl + b 2(c + d) 
2 ’ 32 1 / 3 


(. A + B)n (C + D)n 


< max <A + B 


C + D 


1 + n ’ 1+n 2 

and the result follows from Theorem 2 and Corollary 1. Thus in this case the zero equilibrium is globally 
asymptotically stable. 


Example 7 The vector equation in R 2 


^n+1 

ax n 

X n 

a 

1 

%n— 1 

J/n+ 1_ 

1 + Xn 

y n _ 

1 + x n 

Vn- 1_ 


is equivalent to the system 

x n+l = T+i^ X n + T+k+-l 


(35) 


Un+l I +x n Vn H 0, 1, ... , 

where a > 0. Since 50+51 = a for all n = 0, 1, . . . we have the following result which proof follows from 
Theorems 2, 3, 5 and Corollary 1. 

Proposition 1 The following trichotomy holds for equation (35): 

(a) if a < 1 then the zero equilibrium of (35) is globally asymptotically stable. 

(b) if a = 1 then every nonnegative constant vector L is an equilibrium of (35) and every solution of 
(35) converges to some constant vector. 

(a) if a > 1 then every set of positive (resp. negative) initial conditions generates the solution which 
component-wise tends to 00 (resp. — 00 ). 

Proposition 1 can be extended to the case of corresponding vector equation in R p . 


Acknowledgements. M.R.S. Kulenovic is supported in part by Maitland P. Simmons Foundation. 
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Abstract 

We compute the direction of the Naimark-Sacker bifurcation for the difference equation 

x 2 

x n +i = p + - 2 n ' ■ where p is a positive number and the initial conditions X-± and xq are 

X n- 1 

positive numbers. Furthermore, we give the asymptotic approximation of the invariant 
curve. 
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1 Introduction and Preliminaries 

In this paper we consider the difference equation 


x n+ i = p + 


v n—l 


n = 0, 1, . . 


( 1 ) 


where the parameter a is positive number and the initial conditions t_i and .to are positive 
numbers. Clearly equation (1) has the unique equilibrium point x = p + 1. Linear fractional 
version of equation (1) 


x n+ i = p + 


%n— 1 


n = 0, 1, . . . . 


(2) 


was considered in [3], where we proved that the unique equilibrium x = p+ 1 of equation (2) is 
globally asymptotically stable. Introduction of quadratic terms into equation (2) changes local 
stability analysis and consequently the global dynamics as well. In particular, quadratic terms 
introduces the possibility of Naimark-S acker bifurcation and the existence of locally stable 
periodic solution, see [6] for several similar examples. 

The linearized equation of equation (2) at the equilibrium point x = p + 1 is 


Zn -\- 1 — 


with the characteristic equation 


p+ 1 


Zn 


p + i 


n = 0, 1, . 


A 2 - 


-A + 


p + 1 p+1 


= 0 , 


and the characteristic roots 


Since 


A± = 


1 =1= iy/2p~+l 
p + 1 


V p + i 

it is clear that that the equilibrium point x = p + 1 is asymptotically stable if p > 1, non- 
hyperbolic if p = 1 and unstable if p < 1. In all cases the eigenvalues are complex conjugate 
numbers which indicates the presence of the Naimark-S acker bifurcation at p = 1. We will 
prove that indeed the equilibrium point x = p + 1 is globally asymptotically stable if p > \/2 
and that the Naimark-S acker bifurcation takes the place at p = 1. Our tool in proving global 
asymptotic stability of equation (2) is the result in [3, 5]. We conjecture that the equilibrium 
point x = p + 1 is globally asymptotically stable if a > 1. Furthermore, we give some numeric 
values of parameter a with corresponding periodic solutions. Our bifurcation diagram indicates 
a complicated behavior and possible chaos for the values p < 1. 

Now, for the sake of completness we give the basic facts about the Naimark-Sacker bifur- 
cation. 

The Hopf bifurcation is well known phenomenon for a system of ordinary differential equa- 
tions in two or more dimension, whereby, when some parameter is varied, a pair of complex 
conjugate eigenvalues of the Jacobian matrix at a fixed point crosses the imaginary axis, so 
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that the fixed point changes its behavior from stable to unstable and a limit cycle appears. 
In the discrete setting, the Naimark-Sacker bifurcation is the discrete analogue of the Hopf 
bifurcation. 

The Naimark-Sacker bifurcation occurs for a discrete system depending on a parameter, A 
say, with a fixed point whose Jacobian has a pair of complex conjugate //(A), //( A) which cross 
the unit transversally at A = Ao- 

The following result is referred as the Neimark-Sacker bifurcation Theorem [1, 4, 7, 8, 11]. 


Theorem 1 (Naimark-Sacker bifurcation) Let 

F : M x M 2 — > M 2 ; (A, x) — >■ F(A, x) 

be a C A map depending on real parameter A satisfying the following conditions: 

(i) F{ A, 0 ) = 0 for A near some fixed Ao; 

(ii) DF( A, 0 ) has two non-real eigenvalues //(A) and fi( A) for A near Ao with | /y( A o) | = 1; 
(Hi) ^|/t(A)| = d(Ao) <0 at A = Ao (transversality condition); 

(iv) p k (X 0 ) / 1 for k = 1,2,3, 4. (nonresonance condition). 

Then there is a smooth X- dependent change of coordinate bringing F into the form 

F{X, x) = F(X, x) + 0(|| x || 5 ) 


and there are smooth function a(A), 6(A), and co(X) so that in polar coordinates the function 
F{ X,x) is given by 


fr\ _ ( |//(A)|r + a(A)r 3 \ 
\6j~ {e + u{X) + b{X)r 2 J ' 


(3) 


If a( Ao) < 0, then there is a neighborhood U of the origin and a 6 > 0 such that for | A — Ao | < 5 
and xq 6 U , then co-limit set of xq is the origin if X > Ao and belongs to a closed invariant C 1 
curve T(A) encircling the origin if X < Ao- Furthermore, T(Ao) = 0. 

If a( Ao) > 0, then there is a neighborhood U of the origin and a 6 > 0 such that for | A — Ao | < 5 
and xq G U , then a-limit set of xo is the origin if X < Ao and belongs to a closed invariant C 1 
curve T(A) encircling the origin if A > Aq. Furthermore, T(Ao) = 0. 


Consider a general map F(Ao,x) that has a fixed point at the origin with complex eigen- 
values //(Ao) = a(Ao) + */ 3(Ao) and //(Ao) = a(Ao) — i/3( Ao) satisfying a(Ao) 2 + /3(Ao) 2 = 1 and 
/3( Ao) / 0. Assume that 

F(A 0 ,x) = A(A 0 )x + G(A 0 ,x) (4) 

where A is Jacobian matrix of F evaluated at fixed point (0,0), and 


G(A 0 ,x) 


( <?i(A 0 , xi, x 2 )\ 
\g 2 (X 0 ,x 1 ,x 2 )) 


Here we donate //(Ao) = //, A(Ao) = A and G(Ao,x) = G(x). We let p and q be eigenvectors 
of A associated with // satisfying 

Aq = //q, p A = //p, pq = 1 
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and $ = (q, q). Assume that 

G ^ = ^(g 2 o- 2 + Zgnzz + g02 z 2 ) + 0(|, 3 ) 

and 

K 20 = (p 2 I - A)- 1 g 20 

Kn = (I - A) _1 gn . (5) 

Kq2 = (fi 2 I ~ A)~ 1 g 02 

Let 


G Q + \(K 20 e + 2Kutt + K 02 ? )) 

= \{g2oi 2 + 2gll£C + g02?) 

+ \ (g30^ 3 + 3g2lC 2 C + 3gl2&P + g03?) + 0(|?| 4 ), (6) 

D 

then 

a(A 0 ) = --Re(pg 2 iA). 

Corollary 1 ([9]) Assume a( Ao) 0 and A = Ao + r/ where 7] is a sufficient small parameter. 
If x is fixed point of F then invariant curve T(A) from Theorem 1 can he approximated by 



x + 2p 0 Re (qe ie ) + p 2 (Re (K 2O e 2 * 0 ) + K n ) , 


where 


d =f v WX)l 


Po 


A=Ao 



e s r . 


Here ” Re” represents the real parts of those complex numbers. 

The second section of the paper gives global asymptotic stability result for the values of 
parameter p > \[2 and the third section gives the reduction to the normal form and compu- 
tation of the coefficients of the Naimark-S acker bifurcation and the asymptotic approximation 
of the invariant curve. Our computational method is based on the computational algorithm 
developed in [9] rather than more often used computational algorithm in [10]. The advantage 
of the computational algorithm of [9] lies in the fact that this algorithm computes also the 
approximate equation of the invariant curve in Naimark-Sacker theorem, which is not provided 
by Wan’s algorithm. Here we give numeric and visual eveidence that the approximate equation 
of the invariant curve is accurate. See Figure 4. 


2 Global Asymptotic Stability 

We use the method of embedding [2], By substituting 
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in equation (1) we get: 


. . P L 

Sn+1 = P + [ h -n 

Xn-1 <_ 2 


Now by substituting for x n -i in the term of the last equation we we obtain 


x n+ i = p + 


P , P 


4 2 1 2 

Xn.-l x r).-2 x n-3 


( 7 ) 


From equation (7) we observe that p<x n <p + (1 + ^ + -%) 2 for n > 4. 
Also from (1) and (7) we have: 


Consequently 


which implies: 


X n + 1 - P = 


*£n — 1 




n-2 — 3 


1 


P P i 

— 1 £ 1 

-r , ^ .t-2 ^ ™2 

Xn-1 X n _ 2 X n _ 3 


PX n , X n 

X n + 1 — P 4 o 1 9 ' 

x n -l x n _ 2 


(8) 


Replacing x n in (8) by p + 


Zre-l 

Xn-2 


we obtain the equation 


x n+ i = p + b 


a 2 p + x r 


b n—l U/ n—2 


(9) 


Observe now that every solution of equation (1) is also a solution of equation (9), with initial 
values X- 2 , x_i and xo = P + (y^) 2 - 

Observe also that it is of the form x n +i = /(x„,x n _ i,x n _ 2 ) where : 


u \ , P , P +u 

f{u,V,w) = p-\ 2 4 2“ 




Theorem 2 If p > \/2 t/ien f/ie equilibrium of equation (1) is globally asymptotically stable. 


Proof. First we show that every interval I of the form \p, U\ where U > with p > 1 

is invariant for the function /. 

Let U > p then I = \p,li] is invariant if and only if for all u. v,w € I, f(u, v,w) € / that 


is: 


P 

p<p 4- + 


p4-t« 

w 2 


<U. 
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As p < u, v, w < U we have that: p < f(u , v,w) <p + l + l + ^. We also know that if U 
satishes: p + 1 + - K <U then we have 

1 p p z — 

f(u,v,w) < U. 


It follows that given p > 1 such U exists and therefore / is invariant for / where U > P ^ p t P i^ ■ 

In the following we may assume p > 1 and U = P ^ p t P i^ , so I is invariant by /. 

Next, we prove that I is an attracting interval, that is every solution of equation (8) must 
enter the interval I. Observe that given the initial values x-2,X-i and xq for equation (8), we 
have x n > p for n > 1. 

Now if X3 < U then x n G \pM\ for all n > 3 . Otherwise, from equation ( 4 ) given that 
x n ~2 , x n - 3 > p we have 

1 X n -l 

Tn < P + H 1 n i 


P 


that is if we set A = p + 1 + ^ 


+ 


%n— 1 

p 2 


Thus by induction we can conclude that 


x 7 


< A- 


1 - 


1 \n — 3 
pZ> 


1 - 


+ 


X 3 


V 1 


C v ' 


2 \n — 3 ' 


(10) 


It is straightforward to check that when X3 > U the right hand side of ( 10 ) is a decreasing 

sequence that converges to A ( 1 1 ). This limit is in fact U = . It follows that there 

1 T \P *-) 

P 

must exist k > 3 such that: a < xj~ <U Otherwise x n must converge to U which is impossible. 

Thus we have Xk~i,Xk~2 > P and Xk < U , hence Xk+ 1 G [a,U\ it follows by induction that 
x n G \pM\ for n > k. 

Consequently every solution of equation (8) must enter the interval \p,U\. 

Now that we have an invariant and attracting interval we check the conditions of Theorem 
A. 0.5 [ 3 ]: 


[ f(M,m,m) = M 
\ f (m,M,M) = m 


M = p + 
m=p + 


p 2 +p+M 

m z 

p +p+m 
M 2 


From the second equation we get 


M 2 = P 2 +P + m 
m — p 


( 11 ) 


On the other hand the system is equivalent to: 

J (M — p)m 2 = p 2 + p + M J Mm 2 = pm 2 + p 2 + p + M 

\ (m — p)M 2 = p 2 + p + m \ mM 2 = pM 2 + p 2 + p + m 
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By subtracting the second equation from the first we obtain: 

Mm{m — M) = p(m — M)(m + M) — (m — M) 
and given that m ^ M we have: 


Mm = p(m + M ) — 1 


which implies: 


Equations (11) and (12) yield 


M = 


pm. — 1 
m — p 


(pm — l) 2 p 2 + p + m 
(m — p) 2 m — p 


which implies: 


(pm — l) 2 = (p 2 + p + m)(m — p). 

This leads to the following quadratic equation: 

m 2 (p 2 — 1) — m(p 2 + 2 p) + p 2 (p + 1) + 1 = 0, 


which discriminant is 

A = (p 2 + 2 p) 2 - 4 (p 2 - 1 )(p 2 (p + 1) + 1) 

and 


(12) 


A = —4 p 5 - 3/ + 8p 3 + Ap 2 + 4 = (V2 - p)(Ap A + (3 + 4\/2 )p 3 + 3v^ p 2 + 2 p + 2^2). 

It is clear that when a > \J~2 there is no real solutions, and when p = \[2 there is one unique 
solution m = p + 1 = M . Consequently if a > \[2 the conditions of Theorem A. 0.5 [3] or 
Theorem 1 [5] are fully satisfied and therefore every solution must converge to the unique 
equilibrium (p + 1) □ 


Conjecture 1 The equilibrium point x = p + 1 of equation (2) is globally asymptotically stable 
if P > 1- 

Remark 1 It could have been easier to prove the fact if we restrict the set of solutions of 
equation (4) to the ones satisfied by equation (1) as the solutions must oscillate about the 
equilibrium (p+1) that is there exist k such that: p < Xk < p + 1 <U. 
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Figure 1: a) Phase diagrams when n = 10,000 and a) p = 1.02 b) p = 1.12 



Figure 2: Bifurcation diagrams in (p — x) plane. 
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Figure 3: Periodic orbit for a) p = 0.01 b) p = 0.15 c) p = 0.5901 (See Table 2). 


3 Reduction to the normal form 


If we make a change of variable y n = x n — x, then the transformed equation is given by 

(P + Vn + l) 2 


Vn + 1 — 


{P + Un—l + 1) 2 
8 


— 1, 71 = 0, 1, ... . 


(13) 
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a 

Period of the sol. 

Solution 

0.01 

8 

{0.877631,0.01,0.0101298, 1.03613, 10462.3, 1.01959 x 10 8 , 
9.49713 x 10 7 , 0.877631} 

0.15 

20 

{574.846, 2023.71, 12.5435, 0.150038, 0.150143, 1.1514, 
58.9583, 2622.2, 1978.22, 0.719138, 0.15, 0.193507, 1.81422, 
88.0493, 2355.59, 715.88, 0.242359, 0.15, 0.533058, 12.7789} 

0.5901 

19 

{0.804816, 0.597988, 1.14217, 4.23826, 14.3595, 12.0691, 
1.29653, 0.60164, 0.805431, 2.38228, 9.33854, 15.9565, 
3.50965, 0.638479, 0.623195, 1.5428, 6.71883, 19.5558, 9.06166} 


Table 1 : Periodic solutions for some values of p. 


Set 

u n = y n - 1 and v n = y n for n = 0, 1, . . . 
and write Eq.(l) in the equivalent form: 


Kn+l — 

_ {p + V n + l ) 2 
Vn+1 ~ (p + u n + l ) 2 

Let F be the corresponding map defined by: 


(14) 


- 1. 


( y+v+l ) 2 


- 1 


(15) 


\ (p+«+i) 2 

Then F has the unique fixed point (0, 0) and the Jacobian matrix of F at (0, 0) is given by 


J(xcf(0, 0) = 


0 1 

2 2 

p+ 1 p+1 


It is easy to see that 


0 


1 

2 2 
p+1 P+1 


+ Fj 


(16) 


where 


(p+»+l)~ | 2 u 2v i 

(p+U+1) 2 'p+1 P+l y 


The eigenvalues of Jacp(0,0) are p(p) and p(p) where 

i \ 1 + iyJ^P + 1 , ( 

= n — , w = 

p + 1 

One can prove that for p = po = 1 we obtain p(po)| = 1 and 


p+1 


1 


/ \ I iy/S 2/ \ 1 o , , , , j. 

+(Po) = ^ + ^-, +(Po) = -2 + ^-> P (po) = -1, P (Po) = ~ 2 ~ 2 


V3 
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from which follows that p k (po) 7 ^ 1 for k = 1,2, 3, 4. Furthermore, we get 


1 ( 1 Y i/2 d l#*(p)l 

i lf,(p)l = -V i(ytt) ’~ d v ~ 


P=P0 


= -4 <0 ' 


The eigenvectors of corresponding to p(p) and p(p) are q(p) and q(p), where 


r \ l 1 — W^P + 1 
q(p) = 1 p+i ■ 1 


Substituting p = po = 1 into (16) we get 


F( u )=A U +g “ 

v \v \ v 


(17) 


where 

A = J ac F (0, 0)| p=1 = 

Hence, for p = po system (14) is equivalent to 


-1 1 ) andG (u 


(v+2) 2 
, («+ 2 ) 


7 + U — V — 1 


( Un+l ) = A 

\Vn+lJ \Vn 


Tin \ ( Tin 

' V n 


(18) 


Define the basis of M 2 by <f> = (q, q), where q = q(po) ; then we can represent (u,v) as 
“)=*(?) = (qz + q*) = Ys (1 + <t/ 3) J (i - iV3) ^ 


By using this, we have 


G 


0 


+ |(-l + »V3) g -|(l+iV3) Z -l 


(19) 


Thus we obtain that 


= <S G (* (I- 

gn= gU (z 

ozoz \ 

** = £ g (• (; 


z = 0 


2=0 


and 


0 

\i (\/3 + 5 i) 

0 

1, 

0 

-\% (\/3 - 5z) 

/_ l _ n/3 \ 

K2 0 = (/i 2 /-A)~ 1 g 20 = * ^ 


(20) 


z=0 


K 


li 


= (i-A)- i gu = r l 


(21) 


k 0 2 = {jri - A)- l g m = K 


20 


10 


1344 


T. Khyatetal 1335-1346 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.8, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


By using K 20 , Kn and K 02 we have that 


“ Ssi G (* ft) + + K 


z = 0 


It is easy to see that pA = fj,p and pq = 1 where 


p = [75'l {3 - iV3 


and 


a(po) = -i?e(pg 2 i//) = < 0. 

2 Id 



( 22 ) 



Figure 4: Trajectories and invariant curve for a) p = 0.999 b) p = 0.99. 
Thus we prove the following result: 
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Theorem 3 Let x = p + 1. Then there is a neighborhood U of the equilibrium point x and a 
p > 0 such that for \p — 1| < p and xq,X-\ € U, then co-limit set of solution of Eq(l), with 
initial condition xq,X-i is equilibrium point x if p > 1 and belongs to a closed invariant C 1 
curve T(p) encircling the equilibrium point x if p < 1. Furthermore, T(l) = 0 and invariant 
curve T(p) can be approximated by 

x'i^ ^ fp + 1 + 2a/1 — p (a/ 3 sin 0 + cos 0) — (p — 1) (a/ 3 sin 28 — 2 cos 28 + 4) 

X 2 ) \ p + 1 + 4a/1 — p cos 8 — \ (p — 1) (a/ 3 sin 20 + 5 cos 28 + 8) 

Proof. The proof follows from above discussion and Theorem 1 and Corollary 1. □ 
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Abstract 

In this paper, we study the reverse order law for the Moore-Penrose inverse of an operator 
product T 1 T 2 T 3 . In particular, using the matrix form of a bounded linear operator we derive 
some necessary and su dent conditions for the reverse order law {TiT^Tf)^ = T^T\t\. 
Moreover, some nite dimensional results are extended to in nite dimensional settings. 

Keywords: Moore-Penrose inverse; Reverse order law; Bounded linear operator; Op- 

erator product; Hilbert space. 

AMS(MOS) Subject Classi cations: 47A05; 15A09; 15A24. 


1 Introduction 


Throughout this paper, “an operator” means “a bounded linear operator over Hilbert space” . 
Let H, I, J and K denote arbitrary Hilbert spaces. We use L(H, K) to denote the set of all 
bounded linear operators from HI to K. Especially, L(H)=L(H, H). For an operator T G L(H, K), 
the symbols R(T), N(T) and T* denote the range, the null-space and the adjoint of T, respec- 
tively. I denotes the unit operator over Hilbert space and O is the zero operator over Hilbert 
space. An operator T G L(H) is a Hermitian operator if and only if T* = T. An operator 
T G L(H) is an invertible operator if and only if there is a operator U G L(EI), such that 
TU = UT = I. If such operator U exists, we denotes it by T _1 . 

Recall that an operator X G L(K,H) is called the Moore-Penrose inverse of T G L(H, K), if 
X satis es the following four operator equations [16], 

(1) TXT = T, (2) XTX = X , (3) (TX)* = TX, (4) (AT)* = XT. 

‘This work was supported by the NSFC (Grant No: 11301397) and the Guangdong Natural Science Fund 
of China (Grant No: 2014A030313625) and the Training plan for the Outstanding Young Teachers in Higher 
Education of Guangdong (Grant No: SYq2014002) and the Student Innovation Training Program of Guangdong 
province, P.R. China (No. 201511349071). 
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Z.P.Xiong and Y.Y.Qin 


If such operator X exists then it is unique and is denoted by T'. It is well known that the 
Moore-Penrose inverse of T exists if and only if R(T) is closed [5, 8 ]. 

For a subset {i,j, ■■■ ,k} of the set {1,2, 3, 4}, the set of operators satisfying the equations 
(i), (j), ■■■, (k) from among equations (l)-(4) is denoted by T{i,j,--- ,k}. An operator in 
T{i,j, ■ ■ ■ , k} is called an {i,j, • ■ ■ , &}-inverse of T and is denoted by ,k \ For example, an 

operator X of the set T{1{ is called a {1 {-inverse or a (/-inverse of T and denoted by X = T^\ 
One usually denotes any {1, 3}-inverse of the set T{1,3{ as T^ 1,3 ^ which is also called a least 
squares (/-inverse of T. Any {1, 4}-inverse of the set T{1,4{ is denoted by T^ 1,4 ) which is also 
called a minimum norm (/-inverse of T. The unique {1,2,3, 4}-inverse of T is the Moore-Penrose 
inverse of T. We refer the reader to [1, 14] for basic residts on the generalized inverses of bounded 
linear operators. 

If s is a semigroup with the unit 1 and if a* £ s, i = 1,2,3, are invertible, then the equality 
(a\a 2 a 3 )~ 1 = a^a^ci^ 1 is called the reverse order law for the ordinary inverse. Let Xj, i = 
1,2,3, be three operators over Hilbert space such that the product T 1 T 2 X 3 is meaningful. If 
each of the three operators is invertible, then the product T 1 T 2 T 3 is invertible too, and the 
ordinary inverse of T 1 X 2 T 3 satis es the reverse order law (TiT^T ^) -1 = T^T^T^ 1 . However, 
this so-called reverse order law is not necessarily true for other kind generalized inverses. An 
interesting problem is, for given {i,j, • • • , fc}-inverses and operators Tj, i = 1, 2, 3, with T 1 T 2 T 3 
is meaningful, when 

(TiT 2 r 3 ){z,j, ••• , k} = T 3 {i,j, ••• ,k}T 2 {i,j,-- , k}Ti{i, j, ■ ■ • , k}7 


The reverse order laws for generalized inverses of operator product yield a class of interesting 
problems that are fundamental in the theory of generalized inverses of operator, see [ 1 , 10 , 21 ]. 
Theory and computations of the reverse order laws for generalized inverses of operator product 
are important subjects in many branches of applied science, such as nonlinear control theory, 
operator theory, operator algebra, global analysis and approximation theory, see [ 1 , 6 , 20 , 21 ], 
Suppose Tj , * = 1,2, 3, and are bounded linear operators over Hilbert space. The least squares 
technique (LS): 


nrin||(TiT 2 T 3 )y ]| 2 , 

is used in many practical scienti c problems. Any solution Y of the above LS problem can 
be expressed as Y = (TiX^T^ 1,3 ) . if the LS problem is consistent, then the minimum norm 
solution Y has the form Y = (TiT^T^ 1,4 ) . The unique minimal norm least square solution Y 
of the LS problem is Y = ( T 1 T 2 T 3 p . One such problem concerned with the above LS problem 
is, under what conditions, > fc ) = T^’" ,k ^T^’ ’^7 

Since the middle 1960s, the reverse order law for generalized inverses have attracted consid- 
erable attention, and a signi cant number of paper treat the su cient or equivalent conditions 
such that the reverse order law holds in some sense. It is a classical result of Greville [10], that 
(AB)t = if and only if R(A*AB) C R(B) and R(BB* A*) C R(A*), in this case when A 

and B are complex matrices. This result is extended to bounded linear operators on Hilbert 
space, by Bouldin [2] and Izumino [12]. In [13] the reverse order law for the Moore-Penrose 
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inverse is proved in rings with involutions. In [4] D.S.Cvetkovic-IIic studied this reverse order 
law in C*-algebra. Then, in [7], the reverse order law for the Moore-Penrose inverse is obtained 
as a consequence of some set equalities. The reader can nd some interesting and related results 
in [7, 15, 17, 18, 19, 22], 

In 1986, R.E.Hartwig [11] rst discussed the reverse order law for Moore-Penrose inverse of 
three matrices product. In the paper [9] D.S. Djordjevic et al., extended the results of [11] to the 
bounded linear operators on Hilbert space, using some algebraic method. In this paper, we revisit 
this reverse order law by applying the technique of matrix form of bounded linear operators [3] . 
Let T\ G L(J, K), T 2 G L(I,J) and T 3 G L(H, I) such that Ti, T 2 , T 3 and T 1 T 2 T 3 have closed 
ranges. Then using the technique of matrix form of a bounded linear operator [3] and the solving 
operator equations, we will revisit the following reverse order law (TiT^T^ = T^T^t} . Some 
new simpler equivalent conditions for this reverse order law are obtained. 


We rst mention the following results, which will be used in this paper. 

Lemma 1.1. [3, 7, 8] Let T G L(H, K) have a closed range. Let H\ and H 2 be closed and mutu- 
ally orthogonal subspace of H, such that H \ (J) H 2 = EL Let K\ and K 2 be closed and mutually 
orthogonal subspace ofK, such that K = K\ 0 Jy 2 . Then the operator T has the following matrix 
representations with respect to the orthogonal sums of subspaces H = Hi 0 H 2 = R(T*) 0 N(T) 
and K = K\ 0 IC 2 = R{T) 0 N(T* ) : 


(1) T = 


Tn 

O 


T 12 

o 


Hi 

H 2 


(jv(n) and T ' - 


T^E- 1 

Tf 2 E- 1 


where E = T\\Tfi + T^T^ is invertible on i?(T); 


( R{T) \ (HA 
\N(T*)J \H 2 ) ’ 


(2) T = 


Tn 

T 21 


O 

o 


. (R(T*)\ 
• \N(T)J 


K 1 

I<2 


and A = 


F-'T*! F~ l T 


12 


O 


o 


where F = T\ X T\ \ + T|, T 2 1 is invertible on R(T*); 


(KA (R(T*)\ 

{k 2 J ^ \n{t)J ’ 


(3) T 


( Tn OA (R(T*)\ 
\0 OJ ' \N(T)J 


where T\\ is invertible. 


( R{T) \ 

\N(T*) ) 


and A 


(Tii 0\ . ( R(T) \ ( R(T*)\ 

\0 OJ ' \N{T*) ) ^ \N(T) J ’ 


Lemma 1.2. [1] Let T G L(H, K) and N G T(K,EI) have closed ranges. Then, 


( 1 ) TAN = NoR(N) QR(T); 


(2) NT*T = N ^ R{N*) C R{T*). 


2 The triple reverse order law for Moore-Penrose inverse of op- 
erator product 

Let Ti G L(JJ, K), T 2 G L(I, J) and T 3 G L(H,I), such that Ti, T 2 , T 3 and T 1 T 2 T 3 have closed 
ranges. In this section, we will give necessary and su cient conditions for the triple reverse 
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order law of the Moore-Penrose inverse of the operator product T\T 2 T 3 . First of all let us de ne 

e = t\t u f = t 3 t\, p = et 2 f, q = ft\e , m = t 1 t 2 t 3 , g = (2.1) 

In terms of these, we get the following results. 

Theorem 2.1. LetT\ G L(J, K), T 2 G L(I,JJ) andT 3 G L(H, I), such that T\ , T 2 , T 3 andT\T 2 T 3 
have closed ranges. Then the following statements are equivalent: 

(1) (TiT 2 T 3 )t = Tfrjrf; 

(2) Q G P{1,2}, and T*T\ PQ, QPT 3 Tf are two Hermitian operators ; 

(3) MGM = G, and GMG = G, and {MG)* = MG, and ( GM )* = GM. 

Proof. (1)44- (3): Obvious. 


Next, we will prove (2)44- (3). From Lemma 1.1, we know that the operators Ti, T 2 , T 3 , T\T 2 T 3 
and T^T^Tl have the following matrix form with respect to the orthogonal sum of subspaces: 


/ r n T i2 \ / R( t 2 )\ ( R (7\)\ 

1 VO O ) • \N{T*)) ^ \N (T* )J ’ 


(2.2) 


t= /(T 1 11 )^- 1 OWi?(Ti)\ JR(T 2 )\ 

1 V( T l 12 )* £)_1 0/ ‘ \ N ( T l)J ^ \ N ( T 2)J ’ 

where D = T 1 11 (T 1 11 )* + T 1 12 (T 1 12 )* is invertible on f?(Ti). 


(2.3) 


m 1 OWf7(T*)\ JR(T 2 )\ 

2 Vo ’ 

t / (r 2 n ) _1 o\ . (r{t 2 )\ (r{t*)\ 

2 V o 0/ V^v ww 


where Tip is invertible. 


r. = ( T ? °\ • ( R ^ T 'A _ f r {^2 ) n \ 

3 V r 3 21 oy • \n(T 3 )J \N{T 2 )J 1 


t = (S-^Ti 1 )* S-\T$iy\ . /i?(T|)\ /f?(T 3 *)\ 

3 V O O ,T V^V WW’ 

where 5 = (T)] 1 )*^ 11 + (T 3 21 )*T 3 21 is invertible on i?(7J). 

Let M = T\T 2 T 3 and G = T.j T)j , then form (2.2)~(2.7), we have 

M _ T T T _ /T, 1 1 T] 1 Tjj 1 0\ . /f7(T 3 *)\ /i2(T0 \ 

M “ TlT2Ts “Vo oj • UcW UcW 


(2.4) 


(2.5) 


(2.6) 


(2.7) 


(2.8) 
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and 


G = t\t\t\ = 


S' _ 1 (T 3 11 )*(T 2 11 ) _ 1 (T 1 11 )*L ) _1 o 

o o 


(R(Ti) 
\N(T 1 *) 


(R(T*) 

\N(T 3 ) 


(2.9) 


According to the formulas (2.1)~(2.7), we have 


fTl 1 S~- 1 (T 3 n )’ * (T 2 1] 1 )■ 1 (T} 1 ) : * D~ 1 T[ 1 
Q ~ \^T| 1 s ,_ 1 (r 3 11 ) !,t (T 2 11 ) _ 1 (ri 11 )*D _ 1 T 1 11 


Tl 1 S~- 1 (T 3 n ) ‘ * (T$ 1 ) ■ " : 1 (T[ 1 ) * D~ 1 T{ 2 
T| 1 5” 1 (T 3 11 )*(T 2 11 ) _1 (T 1 11 )*A) _1 T 1 12 


and 


P = 


f(T")*D- ] Tl l T"T} ] S- l (T")* (T > 1 )*!)- 1 T , 1 1 Tj 1 Tl] 1 5 ’- 1 (T 2 1 )* 
V (T, 1 2 ) * D- 1 T/ 1 T 2 ' 1 P , 1 1 S “ 1 (T 3 1 1 ) * (T 1 12 )*P _ 1 T 1 11 T 2 11 T 3 11 5 ,_ 1 (T| 1 )* 


( 2 . 10 ) 


( 2 . 11 ) 


From (2.2), (2.6), (2.10) and (2.11), we get 


and 


T,*T, PQ = 


ii 

21 


12 

22 


, where 


n = (T 1 11 )*T 1 11 T 2 11 T 3 11 5 ,_ 1 (T 3 11 )*(T 2 11 )“ 1 (T 1 11 )*F) _ 1 r 1 11 , 


12 


= (7 1 , 1 1 ) 1 T 2 ‘ 1 T-l 1 S’” 1 (T 3 ! 1 ) * (T 2 ‘ 1 ) - 1 (T, 1 1 ) * 1 T] 1 2 , 


2i = (T 1 12 )*r 1 11 T 2 11 T 3 21 5“ 1 ( 7 3 1 )*( T 2 11 ) _1 ( T1 i 11 ) =,, ^~ lT i 11 > 


22 


= (T 1 12 )*r 1 11 T 2 11 T 3 21 5“ 1 ( J 3 11 ) =, '( T 2 11 ) _1 ( r i 11 ) =, ' z l~ lT ’i 12 ) 


QPF 3 T 3 * = 


n 

21 


12 

22 


, where 


11 = T3 1 1 5 " 1 ( Tg 1 1 ) * ( T 2 X 1 ) “ 1 ( T/ 1 ) * A) “ 1 T/ 1 T 2 : 1 T 3 X 1 ( Tg 1 1 ) * , 


12 = r 3 1 S’ ” 1 ( T 3 1 ) * ( T 2 1 ) “ 1 ( Ti 1 ) * D “ 1 Ti 1 T 2 1 T 3 1 ( T 3 2 1 ) * , 


p r 2 r 3 


21 = T 3 21 5" 1 (T 3 11 )*(T 2 11 )- 1 (ri 11 )’ ,, D- 1 Ti 11 T 2 11 r 3 11 (r 3 11 )*, 


22 = r 3 21 5 _1 (T 3 n )* (r ^ 1 ) -1 (Ti 1 )*f) _ 1 t 1 11 t 2 11 t 3 11 (t 3 21 )* . 


(2.12) 


(2.13) 


Combining (2.8) with (2.9), we know that G = A'P (i.e. T 3 r 2 T| = ( T 1 T 2 T 3 )1), if and only if 
(!) MGM = M, (II) GMG = G, (III) (MG)* = MG, (IV) (GM)* = GM. (2.14) 


From the formulas (2.10)~(2.13), we know that the statement (2) of Theorem 2.1 can be 
rewrited as 

(a) PQP = P, (b) QPQ = Q, (c) (Ti*TiPQ)* = T(T\PQ, (d) (QPT 3 T 3 )* = QPT 3 T 3 *. (2.15) 
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In the rest of this section, we will prove (2.14) is equivalent to (2.15). That is the conditions 
(2) in Theorem 2.1 is equal to the conditions (3) in Theorem 2.1. 


(I)-O'(a): From (2.8) and (2.9), we have 


MGM 


(TiT 2 T 3 ) (T*T* T \ ) (TiT 2 r 3 ) 

/ T n T n T n 5 -i ( T n ) * ( T n ) -i ( T n ) *^- r n r n Q \ 

V o o) 


(2.16) 


Then from (2.8) and (2.16), we know that the inclusion MGM = M is equivalent to 


Q—l j-y—lrj-illrjnllrjgill rjn\_ 1 rp\_ 1 rp\_ 1 


Ti To 


n's 


1 1 7"TT 1 1 T7~1 1 1 


(2.17) 


By the formulas (2.10) and (2.11), we have 


PQP = 


ii 

21 


12 

22 


, where 


12 = (T 1 11 )*T)~ 1 r 1 11 T 2 11 T3 11 5 _1 (T 3 11 )*(T2 11 ) _1 (T 1 11 )*Zl” 1 


1 t 1 11 t 2 11 t 3 11 s ,_1 


11\* 
3 ) 1 


T^T^Tg 


(T< 

11 1 


\Ti 


2i = (T 1 12 )*T>” 1 r i 11 T 2 11 T3 11 5” 1 (T 3 11 )*(T 2 11 ) _1 (T 1 11 )*T) 


Hi* n— l^ll^ll^ll iQj— 1 ^^7 


111* 
3 ) > 


22 


= (T 1 12 )*T~ 1 T 1 11 T 2 11 T3 11 5“ 1 ( T 3 li )*( T 2 il )“ i ( T i i )* £, ~ iT ’i iir 2 iiT 3 ii ‘5' i ( r 3 i ) 


ill \ * 


11\ — l/TTillx* T-\ — lrTiWrjiHr 


From (2.11) and (2.18), we know that the inclusion PQP = P is equivalent to 


( T [ 1 ) : * D ~ 1 Tl 1 T \ 1 T[ 1 S 1 ( T 3 


ii\* 


= (T 1 11 )*T)- 1 T 1 11 T 2 11 T 3 11 S , “ 1 (T3 11 )*(T 2 11 )” 1 (T 1 11 )*T)- 1 T ] llrTl11 


Tyrys-yTi 1 )*, 


(2.18) 


(2.19) 


' 21 \* 


( Tl 1 ) * D ~ 1 Tl 1 T£ 1 Tl 1 S ~ 1 ( T£ 1 ) 

= (T 1 11 )*T _1 T 1 11 T 2 11 T3 11 5 _1 (T3 11 )*(T 2 11 ) _1 (T 1 11 )*T) _1 T 1 11 T 2 11 T3 11 5 _1 (T| 1 )*, (2.20) 


( Tl' 2 ) * D ~ 1 Tl 1 1 Tl 1 S ~ 1 ( Tl 1 ) * 


12 \ * T~x — 1 rrill rrill rrill 0—1 


= (T{ )* D~ T{ P 


T.yS~ 


(T 3 11 ) =,, (T 2 ii )“ i (T 1 ii )*T)“ i T 1 ii T 2 ii T3 ii 5“ i (T3 il ) J,! , (2.21) 


ull\ — 1 /rpllx* 7~\ — 1 rri 1 1 rj~\ 1 1 rri 1 1 0—1 


11 \* 


( T : l 2 ) * D ~ i T ji 1 Tl i Tgi 1 S “ 1 ( T 3 2 1 ) * 

= (T 1 12 )*T) _1 T 1 11 T 2 11 T3 11 S'” 1 (T3 11 )*(T 2 11 ) _1 (T 1 11 )*T) _1 T 1 11 T 2 11 T3 11 5 _1 (T| 1 )*. (2.22) 


If the equation (2.17) holds, we have the equations (2.19)~(2.22) hold too. That is (I)=>(a). 
On the other hand, if the equations (2.19)~(2.22) hold, we have 


T 1 1 ( r 1 1 ) * ^ - 1 r 1 1 r n T n 5 - 1 ( r n ) * T 1 1 


= Ti 


1 n (T 1 11 )*T)" 1 T 1 11 T 2 11 T3i 1 S , - 1 (T3 11 )*(T 2 11 )- 1 (T 1 11 ) ,, 'T)" 1 T 1 11 T 2 11 T3 11 S , " 1 (T3 11 )*T3 11 , (2.23) 


1352 


Zhiping Xiong et al 1347-1358 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.8, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Triple reverse order law for Moore-Penrose inverse ■ ■ ■ 


7 


T , 1 1 (T, 1 1 ) * £T 1 T, 1 1 T ] 1 T : j 1 ,S '~ 1 (if 1 ) * if 1 

= T, 1 1 (T/ 1 ) * 1 T, 1 1 T 2 ‘ 'r] 1 1 (r| 1 ) * (T 2 * 1 ) - 1 (T, 1 1 ) * 1 T 1 , 1 1 T 2 * 1 T \ 1 S ~ 1 (if 1 ) 1 , (2.24) 

T l 2 ( r l 2 ) ^ - 1 T l 1 r n T n 5 - 1 ( r n ) * T i l 

= 'Tj ‘t;] ',S _1 (Tj] 1 )*(T 2 1 1 )“ 1 (T , 1 1 )*L>- 1 r , 1 ‘rj 1 S _1 (Tlj 11 )*^ 1 1 , (2.25) 

T i2 ( T i2) 1 T n T n T n 5 -i ( r |i ) * T 2i 

= TI 2 (TI 2 )* D-'T^T^T^ S^ 1 (T , 1 1 )*D- x Tl x T^Tl x S~ x (Tl x )*Tl x . (2.26) 

Combining (2.23), (2.24) with the de nition of S in (2.7), we have 
T 1 1 ( T 1 1 ) * D ~ 1 T i 1 1 T 'l 1 T 3 1 1 

= r, 1 1 (r, 1 1 ) * tt 1 t, 1 1 rj 1 1 s ~ 1 (7)| 1 ) * (r 2 ' 1 ) ~ 1 (t, 1 1 ) *zr 1 t, 1 1 t 2 ‘ 1 r] 1 . (2.27) 

Combining (2.25), (2.26) with the de nition of D in (2.3), we have 

t} 2 (tI 2 )*d~ 1 tYtYt1 1 

= Tl‘ 2 (t 1 2 )* D~ l Tl x T} 2 x S~ x (TY)* (T2 X )~ X (TY)* TY T.\ x 1 . (2.28) 

From the results in (2.27) and (2.28), we have 

= T, 1 1 Tl) 1 7)] 1 S _1 (7)] 1 )*(r 2 1 )~ 1 (7 1 , 1 1 )*L» _1 T, 1 1 T 2 ' 1 7)] 1 . (2.29) 


That is (a)=^(I). 


(Il)-t^(b): With the same method of the proof of (I)-t^(a), the condition GMG = G is easily 
seen to be equivalent to QPQ = Q. 


(III)'O-(c): From (2.8) and (2.9), we have 


MG = (TiTaTaXT^rt) 


/ T i i T n r n 1 ( T n ) * ( T n ) - 1 ( T i 1 ) , 1 

V ' o' 



(2.30) 


Since S and D are Hermitian operators, then the inclusion (MG)* = MG is equivalent to 
T 1 11 T 2 11 T3 1 S ,_1 (T 3 11 )*(T2 11 ) _1 (T 1 11 )*T) _1 = D~ 1 T 1 11 ((T2 11 ) _1 )*T3 11 5 _1 (T 3 11 )*(T2 11 )*(T 1 11 )*.(2.31) 


By the formulas (2.12), we have that the inclusion (T*T\PQ)* = T*T\ PQ is equivalent to 

( Tl 1 )’ * Tl 1 t \ 1 Tl 1 S ' " ] 1 ( Tl 1 y * (: r 2 r 1 )■ ~ 1 (: t[ 1 ) * u ~ 1 t \ 1 

= (T 1 11 )*Z?~ 1 T 1 11 ((T2 11 ) _1 )*T 3 11 5 _1 (T3 11 )*(T2 11 )*(T 1 11 )*T 1 11 , (2.32) 

(t\ 1 ) 1 t\ 1 t\ 1 s ~ 1 (t 3 ‘ 1 nr 2 ' 1 ) _ 1 (t, 1 1 ) * tt ^ 2 

= (T 1 11 )*.D _1 T 1 11 ((T2 11 )~ 1 )*T3 11 S _ \T 3 11 )*(T2 11 )*(T , 1 11 )*T 1 12 , (2.33) 
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(T^yr^T^T^s- 1 (t£ 1 )*(t£ 1 )~ 1 (t1 1 )*d~ ^ 

= (T 1 12 )*D -1 T 1 11 ((r2 11 ) _1 )*T3 11 S ,_1 (T 3 11 ) :,t (T2 11 )*(T 1 11 )*T 1 11 , (2.34) 

{Tl 2 y * 1 t \ 1 t \ 1 s ~ ] 1 {T ^ 1 ) : * yry 1 )■ 1 {t [ 1 y * d~ 1 rl 2 

= (yi 2 )*/)- 1 j , 1 11 ((j i 2 11 )- 1 )*j’ 3 11 5 , - 1 (j' 3 11 )*(2 n 2 11 )*(j , 1 11 )* j' 1 12 _ (2.35) 


If the equation (2.31) holds, we have the equations (2.32)~(2.35) hold too. That is (III)=^(c). 


On the other hand, if the equations (2.32)~(2.35) hold, we have 


T 1 11 (T 1 11 )*T 1 11 T2 11 T 3 11 iS -1 (T3 1 )*(T 2 11 ) -1 (T 1 11 )*.D -1 T 1 11 (T 1 11 )* 

= T 1 11 (T 1 11 )*T) _1 T 1 11 ((T2 11 ) _1 ) !,t T 3 11 iS l_1 (T 3 11 )*(T2 11 ) !,t (T 1 11 )*T 1 11 (T 1 11 )*, (2.36) 

T 1 11 (T 1 11 )*T 1 11 T2 11 T 3 11 S ,_1 (T 3 1 )*(T 2 11 ) _1 (T 1 11 )’ , ‘T) _1 T 1 12 (T 1 12 )* 

= T 1 11 (T 1 11 )*H _1 T 1 11 ((T2 11 ) _1 )*T 3 11 S' _1 (T 3 11 )*(T 2 11 )*(T 1 11 )*T 1 12 (T 1 12 )*, (2.37) 

t i 2 ( T i 2 ) * r n r n r n ( T n ) * ( T n ) -i ( T n ) * i T i 1 ( T i 1 ) * 

= T 1 12 (T 1 12 )’ l 'T) _1 T 1 11 ((T 2 11 )“ 1 )*T 3 11 S ,_1 (T 3 11 )*(T2 11 ) !,t (T 1 11 )*T 1 11 (T 1 11 )*, (2.38) 

T 1 12 (T 1 12 )*T 1 11 T2 11 T 3 11 S ,_1 (T 3 1 )*(T 2 11 ) _1 (T 1 11 )*T) _1 T 1 12 (T 1 12 )* 

= T 1 12 (T 1 12 )*H _1 T 1 11 ((T2 11 ) _1 )*T 3 11 S' _1 (T 3 11 )*(T2 11 )*(T 1 11 )*T 1 12 (T 1 12 )*. (2.39) 


Combining (2.36), (2.37) with the de nition of D = T 1 11 (T 1 11 )* + T 1 12 (T 1 12 )* in (2.3), we have 


T 1 11 (T 1 11 )*T 1 11 T2 11 T 3 11 £ -1 (T 3 11 )*(T 2 11 ) -1 (T 1 11 )* 

= T 1 11 (T 1 11 )*H~ 1 T 1 11 ((T2 11 ) _1 )*T 3 11 S ,_1 (T 3 11 )*(T2 11 )*(T 1 11 )*Z1. (2.40) 


Combining (2.38), (2.39) with the de nition of D, we have 


T 1 i2 (T 1 i2 )*T 1 li T 2 li T 3 il S" i (T 3 li ) !,t (T 2 ii )- i (T 1 11 )* 


= T 1 12 (T 1 12 )*T) _1 T 1 ii ((T 2 il ) _i )*T 3 i S ,_1 (T 3 il ) !,t (T 2 li )*(T 1 11 )*L> 


TX~ lnnll 


11\ — l\*r7-ill n— 1 //-j-j11\* /rrillx* /nrillx* ; 


(2.41) 


Finally, from (3.40), (3.41) and the de nition of D, we have 


n t/ 1 r 2 1 r 3 1 5 _ 1 ( r 3 1 ) * ( t 2 1 ) _ 1 ( t/ 1 ) * = ^“((r^ 1 )- 1 )*^ 11 ^ 1 ^ 11 )*^ 11 )*^ 11 )^. ( 2 . 42 ) 

Since D = (T 1 11 )(T 1 11 )* + (T 1 12 )(T 1 12 )* is invertible on R(T\), then (2.42) can be rewrited as 
T 1 11 T 2 11 T 3 11 S , - 1 (T 3 11 )*(T 2 11 ) _1 (T 1 11 )*T)" 1 = D -1 T 1 11 ((T 2 11 ) _1 ) !,t T 3 11 S ,_1 (T 3 11 )*(T 2 11 )*(T 1 11 )*.(2.43) 


That is (c)=^(III). 


(IV)4=>(d): With the same method of the proof of (Ill)-t^(c), we can get the result that the 
condition ( GM )* = GM is equivalent to (QPT 3 T 3 )* = QPT 3 T 3 without the proof. 
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From the above proof, the formulas (2.14) is equivalent to (2.15). We then complete the proof 
of the theorem. ■ 

Be the same as (2.1), Q = FT^E and P = ET 2 F, next we will derive some other equivalent 
conditions for the triple reverse order law ( T 1 T 2 T 3 )^ = pjTrjT-J. 

Theorem 2.2. LetT\ G L(J, K), T 2 G L(I,JJ) cmdT 3 G L(BI, I), such thatT\, T 2 , T 3 and T 1 T 2 T 3 
have closed ranges. Then the following statements are equivalent: 

(1) (TiT 2 T 3 )t = T^Tf; 

(2) Q G P{1,2} and TfT\PQ , QPT 3 Tf are two Hermitian operators; 

(3) Q G P{1} and P(T*T,P) = R(Q*) and RiT 3 TfP*) = R(Q ); 

(4) {PQ) 2 = PQ and R.(T;T x P) = R(Q*) and R(T 3 TfP*) = R(Q). 

Proof. (1)4=>(2): By the results in Theorem 2.1, we know that (l)<t^(2). 

(2)=^(3): According to the de nitions of the generalized inverses of operators, we have 


Q G P{1,2} 4Qg P{1}. (2.44) 

By the de nitions of the ranges of operators and the formula (2.44), we have 

R.(TfT\ P) = R(T{T\PQP) C R{T{TxPQ) C R,{T*T X P). (2.45) 

That is 

R.{T\T] P) = R(TfT\PQ). (2.46) 

If T]*Ti PQ is a Hermitian operator, then 

R(TfT\P) = R(TfT\PQ) = R{Q*P*T* X T X ) = P(Q*P*T 1 t Ti). (2.47) 

Since Q* P*t\t x = Q*P*, then from (2.44) and (2.47), we have 

RfT x T\P) = R{Q*P*T ] 1 T l ) = R{Q*P*) = R(Q*). (2.48) 

Similarly, if QPT 3 Tf is a Hermitian operator, we have 

R{TfT 3 P*) = R{TfT 3 P*Q*) = R(QPT 3 T 3 ) = R(QP) = R(Q). (2.49) 

Combining (2.44), (2.48) with (2.49), we have the result (2)=>(3). 

(3)=^(4): Obvious. 


(4)=>(2) : Firstly, we will prove that if the statement (4) in Theorem 2.2 is true, then PQP = 
P. Since P = PT 3 T 3 and R(T 3 Tf P*) = R(Q), then we have 

R(P) = R{PT 3 ) = R(PT 3 Tf P*) = R(PQ). (2.50) 
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Combining (2.50) with ( PQ ) 2 = PQ, we have 

PQP = P and ( QP ) 2 = QP. (2.51) 

Secondly, we will prove that if the statement (4) in Theorem 2.2 is true, then QPQ = Q. 
From the statement (4) in Theorem 2.2 and the de nitions of Q and P, we have 

R(Q*) = R(T*TiP) = R(T*PPP*T*T X ) = R(T*P PP*T\p ) 

= R{T;RPP*) = R(Q*P*). (2.52) 

Combining (2.52) with ( Q*P *) 2 = Q*P*, we have 

Q*P*Q * = Q* i.e. QPQ = Q. (2.53) 

Thirdly, we will prove that if the statement (4) in Theorem 2.2 is true, then TfT\PQ is a 
Hermitian operator. Since R(TfT] P) = R(Q*) and R(Q*P*) = R(Q *), then we have 

q* p * t * Ti P = T*T\P- (2.54) 

From (2.54), we have 

q* P* T *T ] PQ = TfTiPQ = (T*TiPQ)*. (2.55) 

Fourthly, we will prove that if the statement (4) in Theorem 2.2 is true, then QPT3T3 is a 
Hermitian operator. Since R(T-^T^P*) = R(Q) and QPQ = Q, then we have 

R(QP) = R(Q) and QPT 3 T£P* = TsT-^P*. (2.56) 

From (2.56), we have 

QPT :i T 3 P*Q* = T 3 T^P*Q* = (QPT 3 T 3 )* = QPT 3 I |. (2.57) 

Combining the formulas (2.51), (2.53), (2.55) with (2.57), we immediately obtain the result 
(4)=^>(2). We then complete the proof of the theorem. ■ 

Let us now see how some of the special cases come out of the conditions of Theorem 2.2. 

Corollary 2.1. Let T\ G L(JJ, K), T2 G L(I,JJ) and T 3 G L(H,I), such that T\, X2, T3 and 
T1T2T3 have closed ranges. If R(T- 2 ) C R(Tf) and RfTf ) C R(T 3 ), then 

(TiT 2 r 3 ) t = t\tIt\ ^ R.(T;T\T 2 ) c R(T 2 ) and R(T 3 TfTf) C R(Tf). 

Proof. According to the hypothesis R{T 2 ) C R(Tf) and R(Tf) C R(T 3 ) and the results in 
Lemma 1.2, we have 

Q = FT ] 2 E = T 2 f , P = ET 2 F = T 2 . (2.58) 
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=>: If (T\T 2 T 3 Y = T.j T 2 t \ , then from Theorem 2.1 and Theorem 2.2 , we have ( PQ ) 2 = PQ 


and R(T*T\P) = R(Q*) and R{T 3 T*P*) = R(Q). So, we get 

R.{T\T x T 2 ) = R({T ] 2 )*) C R(T 2 ) and R{T 3 TfTf) = R(t\) C i?(T 2 *). (2.59) 

4=: From (2.58), we have PQP = P and QPQ = Q. That is 

QeP{ 1,2}. (2.60) 

By (2.58), we also have 

T{TiPQ = TfT\T 2 T 2 and QPT 3 Tf = T 2 T 2 T 3 T 3 . (2.61) 

Combining the hypothesis R{TfTiT 2 ) C R(T 2 ) with results in Lemma 1.2, we have 

T 2 tIpt;T 2 t\ = T,T,T 2 *T 2 = (TiTiT 2 T 2 )*. (2.62) 


Combining the hypothesis R{T 3 TfT 2 ) C R(T 2 ) with results in Lemma 1.2, we have 

T 2 t T 2 T 3 T 3 *T 2 *(T 2 *) t = T 3 T 3 *T 2 *(T 2 *) t = (T 3 r 3 *T 2 *(r 2 *) t )* = T ] 2 T 2 T 3 Tf = {T ] 2 T 2 T 3 TfY ■ (2.63) 

According to the formulas (2.59), (2.60), (2.62), (2.63) and the statement (2) in Theorem 2.2, 
we immediately obtain the results of Corollary 2.1. ■ 

Corollary 2.2. Let T\ € L(J, K), T 2 € L(I,JJ) and T 3 6 L(H, I), snc/i that T 2 and T\T 2 T 3 have 
closed ranges. If T\T\ = I and T 3 T 3 = / (i.e. T\ and T 3 are invertible operators), then 

(TiT 2 T 3 ) t = T^TjTf 1 4^ RfT)T\T 2 ) C A(T 2 ) and R{T 3 TfTf) C i?(T 2 *). 

Corollary 2.3. Let Ti € L(J,]K), T 2 £ L(I,JJ) and T 3 £ L(H,I), such that T\ , T 2 , T 3 , T\T 2 T 3 
and t\T\T 2 T 3 T^ have closed ranges. If t\T\ = T\ and T 3 T 3 = T 3 , then 

(TiT 2 r 3 ) t = tIt\t\ ^ T 3 T 3 T 2 t|Ti = (t!TiT 2 T 3 tIY . 
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DIFFERENTIAL EQUATIONS ARISING FROM CERTAIN 
SHEFFER SEQUENCE 

T. KIM, D. V. DOLGY, D. S. KIM, H. I. KWON, J. J. SEO 


Abstract. In this paper, we study some differential equations arising from 
certain Sheffer sequence and investigate some identities for the Sheffer se- 
quence of polynomials which is related to the theory of hyperbolic differ- 
ential equations. 


1. Introduction 

A partial differential equation of the second-order 

Au x x T ^Bu x y A ClLyy -\- Du x T E'Uy T F = 0, 
is called hyperbolic if the matrix is 

= 0, (see [6]). 

The wave equation is an example of a hyperbolic partial differential equation. 
A sequence S n (x) is called a Sheffer sequence if the generating function has the 
form 

oo -f-k 

J 2S k (x)-=A(t)e * B <*>, 

k - 0 ' 

where 

A(t ) =A 0 + A\t + A 2 t 2 + • • • 

B(t) =Bit + B 2 t 2 H , with A 0 ^ 0, B 0 ^ 0 (see [12]). 

If f(t) is a delta series and g{t) is an invertible series, there exists a uniquen 
sequence S n {x) of Sheffer polynomials such that the orthogonality condition 
< g(t)f(t) k \S n (x) >= S Ui k holds, where S n> k is the Kronecker delta (see [8-11]). 

2010 Mathematics Subject Classification. 05A19; 11B83; 34A30. 

Key words and phrases. Sheffer sequence, differential equations. 
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In this paper, we consider the Sheffer sequence given by the pair ^ yA_ , 1 — (1 + t) 2 
namely 


F(t,x) 


VT=i 


'(71=1 




J2h n (x) — . 

' n! 

n=0 


(1.1) 


In [5], Erdelyi also considered a Sheffer sequence which is related to h n {x). 
Indeed, his sequence is given by g n (x) = -4/i„( x). Also, we note that 


h n (x) = xe 


' d ' 

dx 2 


(x 2n ~ 1 e x ) 


(see [5]). 


( 1 . 2 ) 


The polynomials h n (x) have applications to the theory of hyperbolic differential 
equations (see [1-4]). From (1.1), by replacing t by 1 — e~ 2t , we can derive the 
following equation: 


e t e *(e‘-l) = 


= Y J (-i) n K{x)-{e- 2t -iy 

L ' 71.1 


n = 0 

00 / m 


(1.3) 


= E E (— l)" +m /i„(a;)2 m S' 2 (n, m) 


m — 0 \n=0 


where 1 S 2 (n,m) is the Stirling number of the second kind. 

As is well known, the Bell polynomials are defined by the generating function 


e x(e * 1} = 'S^Bel n (x) t — (see [7]). 

n\ 


By (1.3), we get 


n=0 


\l=0 / 


e e 


00 / m 

= E E 

m = 0 \n— 0 


\n—0 

m 
n 


Bel n (x) 


r 


(1.4) 


(1.5) 


From (1.3) and (1.5), we have 


E (j Bd n(x) = E(- 1 )" +ro ^W 2 m S2(n,m), (to > 0). (1.6) 

n— 0 ' ' n=0 

In this paper, we study some differential equations arising from certain sheffer 
sequence and investigate some identities for the Sheffer sequence of polynomials 
which is related to the theory of hyperbolic differential equations. 
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2. Differential equations arising from certain Sheffer sequence 

Let 

F = F(t,x ) = (1 - f)-^e x ( (1-tra-1 ) 

Then, we have 


( 2 . 1 ) 


= dF{ ^ L = (i - t)-*e x ( (1 - tr M (V - 1 r 1 + \x(i - 1 )- §) 


dF 


( 2 . 2 ) 


F(2) = ~jT = (l (1_ + SH 1 - t)- f + ^- 2 (1 - i)- 3 ) F, (2.3) 

d 

,o, ( 15 . , 33 , 7 12 „ , 1 ,, 9\ 

f = \l( 1-t) + I X ( 1-< ) 2 + yz 2 (l - f)“ 4 + -z 3 (l - f) 2 J F 


Thus, we are let to put 


F(N) = (i) F(t ’ x) = ( e < n ) x ^ 1 - tr N -^ 

where N = 0, 1, 2, • • • . 

Taking the derivative of (2.4) with respect to t. we have 

F( JV + 1) = dF ^- = + \i)<N)x\ 1 - f)-^- 1 -^ F 


F, 


(2.4) 


^2=0 


N 


+ ^ (1) 
/ N \ 

= (^ N +2 i ) a ^ N ) xi ( i - t y 


\-N-l--ki 


2* F 


\i — 0 


+ (j2a i {N)x i (l-t)- N -^ > j Q(l-t) 


1 + ^^(l — *) 3 


(2.5) 


N 


N 


= 5Z ( N + ¥ + I) < N ) x \ l - t)- 1 *- 1 -* + ^ -ai(N)x i+1 ( 1 - t) 




2 1 ^ 


^ 2—0 
N 


2—0 


/ AT iV+1 \ 

= E + I* + s) + 53 F. 

\i—0 i= 1 ^ / 
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On the other hand, by replacing TV by TV + 1 in (2.4), we get 


/JV+l 

F (N+ 1 ) = J2 a.i{N + 1)^(1 - t) 

\ i—0 


-N-l-i 


F. 


( 2 . 6 ) 


Comparing the coefficients on both sides of (2.5) and (2.6), we obtain the fol- 
lowing recurrence relations: 


and 


ao(N + 1) — (TV + |)ao(iV), ajv+i(iV + 1) — — ajv(TV), 


Oi(N + 1) — -ai-i(N) + (TV + + y) a i(N), (1 < * < TV). 


In addition, we note that 

F = F w = ao(0)F. 

Thus, by (2.9), we easily get 

ao(0) = 1. 

For TV = 1 in (1.5) and (1.2), it is not difficult to show that 


(i(i-r' + ^(i-r 3 / 2 )f=.F (1) 

= (a 0 (l)(l - t ) _1 + ai(x)x(l - t) _3/2 j F. 


By comparing the coefficients on both sides of (2.11), we easily get 

a o(l) = ai(l) = ^. 


From (2.7), we can easily derive the following equations: 

2 


1 


aN+i(N + 1) = -ajv(TV) = ^ - ) aw-i{N — 1) 

JV+l 




JV+l 


«o(0) = ( - 


and 


« 0 (TV + 1) =(N + w)ao(N) = (TV + §)(TV - ±)a 0 (N -!) = •■ 


=(TV+§)(TV-§)- 


3 1 
2 ‘ 2 


«o(0) — (TV + |)jv+i 5 


where 


(x) n = x(x -!)■■■ (x- n + l), (n > 1), (x) 0 = 1. 


(2.7) 

(2.8) 

(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 


(2.13) 


(2.14) 


1362 


T. KIM etal 1359-1367 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.8, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Differential equations arising from certain Sheffer sequence 


5 


Mi)) = 


hi 

VI 

is given by 


n 

3 

§) 2 (1) 3 - 

• ( N ~h) N \ 

0 

1 

2 



0 

0 

I) 2 


0 

0 

o G) 3 •• 




: 0 


VO 

0 

0 0 

(hf / 


For i = 1, 2, 3 in (2.8), we have 


ai(N + 1) =ia 0 (AO + (N + l)ai(iV) 

= \ (ao (N) + {N+ l)a 0 (N - 1)) + (N + 1 )N ai (N - 1) 

= \ (ao(N) + (N + 1 )a 0 (N - 1) + (N + l)Na 0 (N - 2)) 
+ (N+l)N(N-l)a 1 (N-2) 


(2.15) 


N—l 

= 2 E] (-^ + l)fcOo(-^ r ~ k) + (N + l)jvfli(l) 

k—0 
1 N 
k—0 


a 2 (N + 1) — - E { N + l) fc a i(-^ - k) + (N + |) JV _ 1 02 ( 2 ) 
z fc= 0 
JV-l 

=2 EO^f)* 0 * (*-*)< 

k—0 

and 

- AT-3 

o>3(^ + 1) =- ^ (JV + 2)kCt2(N — k) + (iV + 2 )tv— 2 ^ 3 (3) 

k—0 
N - 2 

=2 E^-^W^-*)- 

fc = 0 
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Continuing this process, we have 

-j N — i+1 

ai(N+ 1) = - ^ (N+li + D^i-^N-k), (l<i<JV). (2.16) 

fc =0 

Now, we give explicit expressions for a* (N + 1), (1 < i < N). From (2.16), we 
note that 

N N 

ai(N + 1) = - E (IV + l)fc 1 oo(A^ — k\) = - E (N + 1)^ 1 (N — k\ — § ) at— fci , 


a 2 (N + l) = lYl (^+l) fc2 «i(^-fe) 


2 N - 1 N—k 2 — l 


E E (N + |) fc2 (N - k 2 )k 1 (N - k 2 - h - !)jv_fc 2 -fc l _i, 


A; 2 — 0 — 0 


3 iV — 2 iV — 2 — &3 iV — 2 — &3 — /c 2 


0 3 (JV+1)= - EE E 0V + 2) fe3 (lV- fc 3 + i) fe2 


A; 3 — 0 /c 2 — 0 /c i =0 


x (IV — fc 3 — fc 2 — l)fc 1 (N' — fc 3 — /c 2 — &i — |)Ar_fc 3 _fc 2 _fc 1 - 2 I 


4 N—3 N— 3— &4 A^— 3— /C4 — /C3 AT— 3— A 14 — £3 — k -2 


o 4 (iv+i)-(-j E E E E (^+1)^ 


k^—0 k$ — 0 /C2 — 0 


x (AT - fc 4 + l)fe 3 (AT - ki - k 3 - i)fc 2 (IV - fc 4 - fc 3 - fc 2 - 2) fcl 

X (IV — fc 4 — fc 3 — fc 2 — fci — ^)N-k i -k 3 -k 2 -k 1 -3- 


So, we can deduce that, for 1 < i < IV, 


a, (IV 4- 1) 


i AT— i+1 AT— i+1— ki N-i-\-l—ki /c2 * 


E E 

ki =0 ki i =0 


e n("+§<+§-<-E*i 


fei=0 !=1 


v 7/ JV+1— i— fc 3 ‘ 
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Therefore, by (2.21), we obtain the following theorem. 

Theorem 1. For N = 0, 1, 2 • • • , the following family of differential equations 

p(N) = (I) F{t,x) = f 

have a solution 

F = F(t,x) = (1 - f)" 1 / 2 ^ 1 -*)- 172 - 1 ), 

where 

oo(N)=(N- 1) n , 

/ -, \ i N—i N—i—ki N—i—ki k<2 i i 

a i(N) = \ 2 / e e e 


ki= 0 ki— 1=0 


kx= 0 1=1 


3=1 + 1 


X E 2 * X/ 1 kj' 


7=1 


From (1.1), we note that 


AT 


\-JV- 


2* F 


E hk+N(x)— = F m = ^ ai (iV)a; l (l-t) 

fe =0 \ i =0 / 

N co i co m 

= ^ a,i(N)x ^ + l — l ) ; |7 E ^ m ^rn\ 

i = 0 Z— 0 * m— 0 

TV °o / k / , \ 

^a,;(A0^E ( j(^+|* + /-l) ; /ife-;(a;) 

i — n f — n \ /— n \ / 


( 2 . 22 ) 


i— 0 /c— 0 \l=0 

oo / N k 


OO / I \ K / 1 \ 

E (EE ( i) ( N+ h i + l~ x ) ai{N)x l h k -i{x) 

k= 0 \i=0 1=0 ' ' 


k\ 

t k 

kV 


Thus, by comparing the coefficients on both sides of (2.22), we obtain the fol- 
lowing theorem. 

Theorem 2. For k, N = 0, 1, 2, • • • , we have 

N k ,,, 

EE J (n + if + 1- l) OiiNtfhk-iix) (2.23) 

i = 0 1=0 ' ' 

Letting k = 0 in (2.23), we obtain the following corollary. 
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Corollary 3. For TV = 0, 1, 2, • • • , we have 

N 

= y^aj(N)x l . (2.24) 

i=0 
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Hyers-Ulam stability of the first order 
inhomogeneous matrix difference equation 
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3001 6 Sejong, Republic of Korea 
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Abstract 

We prove Hyers-Ulam stability of the first order linear inhomogeneous matrix differ- 
ence equation Xi+i = A (i)xi +g{i ) for all integers i G Z. Moreover, we show Hyers-Ulam 
stability of the nth order linear difference equation as a corollary. 


1 Introduction 

Throughout this paper, we denote by C, N, No, and Z the set of all complex numbers, of all 
positive integers, of all nonnegative integers, and the set of all integers, respectively. Given a 
fixed positive integer n, let (C n , || • || n ) be a complex norrned space, each of whose elements is 
a column vector, and let C nxn be a vector space consisting of all (n x n) complex matrices. 
We choose a norm || • || nxn on C nxn which is compatible with || • || n , i.e., both norms obey 

||AB||nxn 5s || A ||nxn || B || nxn and ||Ax|| n U 1 1 Y\_ 1 1 jt.x -jt. 1 1 tC 1 1 n, (1-1) 

for all A, B G C nxn and x G C n . 

A matrix difference equation is a difference equation with matrix coefficients in which the 
value of vector at one point depends on the values of preceding (succeeding) points. 

In this paper, we prove Hyers-Ulam stability of the first order linear inhomogeneous matrix 
difference equation 


Xi + 1 = A (i)xi + g(i) (1.2) 

for all integers i G Z, where the transition matrices A(i) are nonsingular. More precisely, we 
prove that if a vector sequence {y)}iez of C n satisfies the inequality 


\Wi+i - A(i)y) - g(i)\\n < £j + 1 


for all * G Z, then there exists a solution to the first order matrix difference equation 

(1.2) such that the bound for \\y t — Xi\\ n depends on the sequence {eijyez and the transition 

°Key words and phrases: difference equation; matrix difference equation; Hyers-Ulam stability; Fibonacci 
difference equation; extended Fibonacci number; approximation. 

°2010 Mathematics Subject Classification: Primary 39A45, 39B82; Secondary 39A06, 39B42. 
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matrices A(i) only. Moreover, we investigate Hyers-Ulam stability of the nth order linear 
inhomogeneous difference equation of the form 

a(i + 1) = pi(i)a(i) + p 2 (i)a(i - 1) 4 b p n (i)a(i - n + 1) + r(i), (1.3) 

where Pj,r : Z — >■ C are given functions with p n (i) 0 for all i € Z. We refer the reader to 

[7, 8, 9, 12, 20] for the exact definition of Hyers-Ulam stability. 


2 Preliminaries 


In this section, we investigate the general solution to the first order linear inhomogeneous 
matrix difference equation (1.2) for all integers i € Z, where 


Xi 


/ xn \ 



/ an(i) 

ai2(i) ■ 

G'ln('i) 

\ 

Xi2 

€ C n 

and A (*) = 

fl21 (*) 

022 (i) ■ 

Q j 2n(S) 


\ X{n J 



\ a n \(i) 

On2 (i) ■ 

’ * ^nn (i) 

/ 


€ C nxn 


Throughout this paper, we use the following abbreviation. 


<h(n, m ) 


( 77.— 1 

j^[ A (k) = A (n — l)A(n — 2) • • • A(m) (for n > m), 

k=m 


l i 


(for n = m), 


( 2 . 1 ) 


where we set <h(n, m) := ($(m, n)) 1 = A (n) 1 A(n + 1) 1 • • • A (m — 1) 1 for n < m and I 
denotes the identity matrix. Sometimes, we use <l>(n) and $ -1 (m, n) instead of <b(n, 0) and 
(<&(m,n)) 1 , respectively. 

In the following lemma, we introduce some properties of $(n, m) without proof. 


Lemma 2.1 Given a fixed positive integer n, assume that every transition matrix A (i) € 
C nxn is nonsingular. It holds that 

(i) $(i + 1, k) = A(i)$(i, k); 

(■ ii ) <5 -1 (i, k + 1) = A(A:)<I> _1 (?', k); 

(Hi) A (k — l) _1< h _1 (i, k) = < h” 1 (i, k — 1) 

for all integers i,k € Z. 


In the following lemma, we give the general solution to the first order linear inhomogeneous 
matrix difference equation (1.2). 


Lemma 2.2 Given a fixed positive integer n, assume that every transition matrix A (i) € 
C nxn is nonsingular and the vectors g(i ) € C n are given. A vector sequence {xi}i<=z of C n 
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is a solution to the first order linear inhomogeneous matrix difference equation (1.2) if and 
only if the sequence {xiji^z is given in the form of 


i— 1 

<3?(z, 0)xo + ^ <£(?', k + 1 )g(k) ( for i > 0), 

k = o 
—i 

$~ 1 (0, i)x o — ^ $ _1 (i + k, i)g{i + k — 1) ( for i < 0), 

k = 1 


( 2 . 2 ) 


where xq € C n is an arbitrarily given vector. 


Proof. First, we assume that the sequence {xjjigz is given in the form of (2.2) and we 
prove that the sequence {xiji^z is a solution to the first order linear inhomogeneous matrix 
difference equation (1.2). 

If i is a nonnegative integer, then it follows from the first formula of (2.2) and Lemma 2.1 
(i) that 


Xi + 1 = $(* + 1, 0)x 0 + ^ <L(i + 1, k + 1 )g(k) 

k = 0 
i 

= A (i)<f>(i, 0).x 0 + ^ A(i)$(z, k + 1 )g{k) 


k = 0 
i— 1 


A(i) $>(i,0)x o + ^2®(i,k + l)g(k) + g(i) 


k = 0 


= A (i)xi + g{i) 


for any integer i > 0. 

If i = —1, then we use (2.2) to get 


— Xf) 


and 


Xi = x-i = 1 (0, — l)x 0 — ^0, -1)5(-1) = A(-l) 1 xq — A(— 1) 1 g(- 1). 


Hence, we have 


Xi+i = A (i)xi + g{i) 


for i = — 1. 

If i is an integer less than —1, then it follows from the second formula of (2.2) and Lemma 
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2.1 ( ii ) that 


— 2—1 

Xj+i = 4> -1 (0, % + l)x 0 - ^2 ^ _1 (* + 1 + k,i + 1 )g(i + k) 

k = 1 
— 2—1 

= A(i)3> _1 (0, i)x o — ^ A(*)$ -1 (* + k + 1, i)g(i + k ) 

fc=i 

—2 

= A(i)4> _1 (0, i)x 0 - X] A W $_1 (* + j,i)g{i + j - 1) 

7=2 

—2 

= A(i)4> _1 (0, i)xo — ^ A(?')<h~ 1 (* + k, i)g(i + k — 1) + A(i)<h -1 (i + 1, 

fc=i 

= A(i)x) + g(i) 


for all integers i < — 1. 

Now, we assume that the sequence is a solution to the first order linear inhomoge- 

neous matrix difference equation (1.2) and we prove that the sequence {xiji^z has the form 
of (2.2). We can easily show that the first formula of (2.2) holds for i = 0. We now assume 
that the first formula of (2.2) holds for some nonnegative integer i. Then, by using Lemma 
2.1 (i), we obtain 


x i+ i = A (i)xi + g(i) 


2—1 


A (i) I $(*, 0)x 0 + ^2 k + 1 )g(k) J + g(i) 

\ k = 0 / 

2—1 

$(i + 1 , 0)x 0 + ^ <h(i + 1 , k + l)g(k) + g(i) 
k = 0 
2 

$(i + 1, 0)x 0 + ^ <h(i + 1, k + 1 )g(k) 


k = 0 


by replacing i with i + 1 in the first formula of (2.2). 

Finally, we assume that the sequence {xt} is a solution to (1.2) and we will prove that xi 
is expressed by the second formula of (2.2) for every negative integer i. If we set i = — 1 in 
(1.2), then we get 


x 0 = A(-l)x_i + g(-l) or x_i = A(-l) x xo - A(-l) l g(- 1), 

which we obtain from the second formula of (2.2) by setting i = — 1. We now assume that Xi 
is expressed as the second formula of (2.2) for some negative integer i. Then, it follows from 
(1.2), the second formula of (2.2), and Lemma 2.1 (in) that 

Xi = A (i - l)xj_i + g(i - 1) 
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or 


Xi-i=A(i — 1) l Xi- A(i-l) 1 g(i — 1) 

= A(i — 1) _1 | / <I>“ 1 (0,i)xo — ^ <h _1 (i + k,i)g(i + k — 1)^ — A(* — 1)“V(?' — 1) 


k= 1 


= $ _1 (0,i — l)f 0 — ^ <I? _1 (i + k,i — 1 )g(i + k — 1) 
fc =0 
-i + 1 

= <1>~ 1 (0, i — l)x 0 — ^ + k — 1, * — 1 )g(i + k — 2), 

k = 1 

which is a consequence of the second formula of (2.2) provided we replace i with i — 1. 


□ 


Remark 2.3 Given a fixed positive integer n, assume that every transition matrix A (i) € 
C nxn is nonsingular and the vectors g(i ) € C n are given. If vector sequences {xi,h}iez and 
{xi,p}iez of C n are defined by 

f $(i, 0)x 0 (fori> 0), 
h * — \ 

\ d> _1 (0,i)xo (for i < 0) 


resp. 


%i,p • — 


< 


i - 1 

^2$(i,k + l)g(k) 
k = 0 
—i 

— ^ + fc, i)g(i + k — 1) 

fe=i 


(fori > 0), 
(fori < 0), 


then then the sequence {xi,h}iez is a solution to the homogeneous difference equation Xi+\ = 
A (i)xi corresponding to (1.2) and the sequence is a particular solution to the first 

order linear inhomogeneous matrix difference equation (1.2). 


3 Hyers-Ulam stability of x l+ \ = A (i)x{ + g{i) 

We now prove our main theorem concerning the Hyers-Ulam stability of the first order linear 
inhomogeneous matrix difference equation (1.2). Obviously, our theorem is a generalization 
and an improvement of [13, Theorem 2.1]. 


Theorem 3.1 Given a fixed positive integer n, let (C n , || • || n ) and (C nxn , || • || nxn ) be complex 
normed spaces, whose elements are column vectors resp. (n x n) complex matrices, with the 
property (1.1). Assume that every transition matrix A (i) € C nxn is nonsingular, the vectors 
g(i ) € C n are given, and that {£i}i e z is a sequence of nonnegative real numbers. If a vector 
sequence of C n satisfies the inequality 


\Wi+i ~ A (i)yi - g(i)\\ n < £i + 1 


(3.1) 
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for all i € Z, then there exists a solution {xiji^z to the first order linear inhomogeneous 
matrix difference equation (1.2) such that 


II Vi ~ Xi 



5>ii*( ^5 &) ||nxn + II*M)|| nxn \Wo - ^o||n 

k= 1 
—2 

^£ i+fe ||$- 1 (i + fc,7)|| nxn + ||$- 1 (0,i)|| nxn ||y o 

k = 1 


(. fori > 0), 


zolln (fori< 0). 


Proof. First, we assume that i > 0. In view of Lemma 2.2, the vector sequence {xi}i= 
defined by 


2—1 

Xi = $(i, 0)x 0 + ^2 k + l )9i k ) 

k = 0 


(3.2) 


satisfies the first order linear inhomogeneous matrix difference equation (1.2) for i > 0. 
We now apply the mathematical induction to prove that 


2—1 


m - $(*, 0)yo - k + l )9i k ) = ^ k ^> “ A ( fc “ l )Vk-i - d( k - !)) (3.3) 


k = 0 


k = 1 


for all integers i > 0. It is obvious that the equality (3.3) holds for i = 0. We assume that 
the equality (3.3) holds for some integer i > 0. Then, it follows from Lemma 2.1 (i) and (3.3) 
that 


m+\ - $(* + 1, 0)yo - ^2$(i + l,k + l)g(k) 

k = 0 

2 

= Vi+ 1 - A(?;)d>(z, 0)y 0 - ^2 a (*)^(l k + 1 )g(k) 

k = o 

= Vi+ 1 - A (i)yi - g{i) + A(i) I $ - <f*(f, 0)y 0 - ^ ^ k + l )s{ k ) j 

V k= 0 J 

2 

= ^ A (*) $ (*> k ) (' Vk - A(fc - l)yfe_i - g{k - 1)) + y i+1 - A(i)y) - g{i) 

k= 1 
i+1 

= X] ^(f + 1, &) (yfc - A(fc - l)y fc _i - <?(& - 1)) , 

fc=i 

which can be obtained from the equality (3.3) by replacing i with i + 1. Thus, we conclude 
by induction that the equality (3.3) holds for all integers i > 0. 
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Hence, it follows from (3.1) and (3.3) that 


i— 1 


Vi 


< 


$(*, 0 ) 2/0 - $ (*> k + l )H k ) 


k = 0 


22 ll$(*+)IUxn||$ - Mk - l)yfc-l - 9(k - 1)| 


k= 1 
i 

< 

fc=l 


for i > 0. In view of (3.2) and (3.4), we have 


(3.4) 


11$ - $(*,0)2/0 + $(*, 0)x 0 - Xi\\ n < y^£fc||$(i,fc)|lnxn 


\\Vi-XiWn < ^£fe||$(*,fc)||nxn+ ||$(*, 0 )|| nxn II 2/0 ~ X 0 \\n 
k= 1 


for all integers i > 0. 

Now, assume that i < 0. By Lemma 2.2, the sequence {xi}i=- 1 ,- 2 ,... dehned by 

—i 

Xi = $ _1 (0, i)x 0 — 22 $ _1 (* + k, i)g(i + k — 1) (3-5) 

k= 1 

satisfies the Hrst order linear inhomogeneous matrix difference equation (1.2) for i < 0. Using 
the mathematical induction, we prove that 

—i 

Vi ~ $ _1 (0,*)yo + ^$ -1 (i + k,i)g(i + k - 1) 
k= 1 
0 

= - 22 $ -1 (M)($fc - A(fc- 1)$,-! -g(k - 1.)) (3.6) 

k=i+ 1 

for all integers i < 0. It is obvious that the equality (3.6) holds for i = — 1. We assume that 
the equality (3.6) holds for some integer i < 0. Then, it follows from Lemma 2.1 (ii), (in), 
and (3.6) that 

-i + 1 

$-1 - $ -1 (0,i - 1 ) 2/0 + 22 $ X (* + k-l,i- 1 )g(i + k- 2) 

k= 1 

— i+1 

= $_i - A(* - 1) _1 $ _1 (0, i)yo + ^ A(i- l) -1 $ _1 (i + fe — 1,*)$* + k - 2) 

fc=i 

/ — i+1 

= A(* - 1) _1 ( A(i - l)$_i - $ _1 (°, i)yo + 22 ®~ 1 ( i + k~ 1 ,i)g(i + k- 2) 

\ fc=i 

= - A(z - 1) _1 ($ - A(i - l)$_i - g(i - 1)) 
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+ A(i-1) 1 (y i -$ 1 (0,i)y 0 + ^ <f> 1 (i + k - 1, i)g(i + k - 2) j 

V k = 2 / 

= - A (i- 1) _1 ($ - A (i - l)$_i - g(i - 1)) 
o 

- A (i - 1) _1 $ -1 (M)($fc - A (k - l)y k -i - g(k - 1)) 

k=i -\- 1 

0 

= - ^ A(i - 1) _1 $ _1 (M)($; - A(fe - l)y fc _i - g(k - 1)) 

k=i 

0 

= - ^$ -1 (M- l)(y fc - A (A: - l)yfc-i - g(k ~ 1)), 

k=i 

which can be obtained from the equality (3.6) by replacing i with i — 1. By induction, we 
conclude that the equality (3.6) holds for any integer i < 0. 

Therefore, by (3.1) and (3.6), we get 


m-<S> 1 (0,i)y o + ^2^ 1 (i + k,i)g(i + k- 1) 

k = 1 n 

0 

< ^2 ll^ _1 (M)||nxn||$c — A(fe — l)y k -i — g(k — l)|| n (3.7) 

/c=i+l 

0 

< ^ £ fc ||$ _1 (A;,7)|| n x„ 

/c=i+l 

for any integer i < 0. Taking (3.5) and (3.7) into account, we get 

o 

11$ - $ _1 (0,f)$o + $ _1 (0,i)zo - Xi\\n < ^ e fe ||$ _1 (A:, i)|| n xn 


||$ - Xi\\ n < Y, 1 (M)|| nxn +||$ HMLxJi/O-Xolln 

k=i-\-l 

—i 

= ^£ i+fc ||^ 1 (z + A,i)|| nxn + ||$- 1 (0,i)|| nxn ||$o-Xo||n 
k=l 

for all integers i < 0. □ 


4 Applications 

In this section, let n be a fixed positive integer. We assume that the nth order linear inhomo- 
geneous difference equation of the form (1.3) is given, where pj, r : Z — >• C are given functions 
with p n (i) / 0 for all i € Z. 

If we set 

n 

II Alloc = max > lend and ||x||oo = max Ixd 
1 <i<n^ 1 <j<n J 

j = 1 
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for all A € C nxn and x € C n , then these norms satisfy the conditions in (1.1). 

We now prove Hyers-Ulam stability of the nth order linear inhomogeneous difference 
equation (1.3). 


Theorem 4.1 Let n be a fixed positive integer and pi, . . . ,p n ,r : Z — >• C be given functions 
with p n {i) / 0 for all i € Z. Assume that a sequence {£i}i e z of nonnegative numbers is given. 
If a sequence {a{i)}i & z of complex numbers satisfies the inequality 

| a(i + 1) -pi(i)a(i) - p 2 (i)a(i - 1) Pn(i)a(i - n + 1) - r(i) \ < e i+1 (4.1) 

for all i € Z, then there exists a sequence {c(i)}i & z of complex numbers which is a solution 
to the nth order linear inhomogeneous difference equation (1.3) such that 


a(i ) — c(i) | < 


where &(i,k) and 
in (4.7). 


^SklMiMloo + l|^*(b 0)|| oo 1 1 2/o - ^olloo ( fori > 0), 

k=l 

< 

—i 

^£ i+fc ||4>' 1 (i + A:,i)|| oo + ||^* _1 (0, OH^Hyo - *o||oo ( fori < 0), 
w k = 1 

^~ 1 (i,k) are defined in (2.1) and (4.2), and where yo and xq are defined 


Proof. For any k G {1, 2, . . . , n — 1}, we define the complex numbers b}.(i) by 

h(i) = a(i - 1), 
b 2 (i) = h (i - 1), 
h (*) = b 2 (i - 1), 




b n - 1(*) 

= b n - 2 (i - 

1) 


for all i € Z. We further define 






( pi(i) 

p 2 {i) 

^3 

CO 

Pn-l(i] 

Pn{i) \ 


i 

0 

0 

0 

0 


0 

1 

0 

0 

0 

A(i) : = 

0 

0 

1 

0 

0 


V o 

0 

0 

1 

o / 



( a(i) \ 


/ r(i ) \ 


bi(i) 


0 

m ■= 

b 2 (i) 

and g(i) := 

0 


\ b n -i(i) ) 


V o ) 


(4.2) 


(4.3) 
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for all i € Z, where A(z) is an n x n matrix and yi,g(i) are n x 1 vectors. 

Using these notations and considering (4.1), the sequence satisfies the inequality 

Wm+i ~ A (i)yi - g(i)\\oc < £j+i 

for all i € Z. Moreover, by the assumption that p n (i ) 7 ^ 0 for all i £ Z, we can see that every 
A(i) is nonsingular. 

According to Theorem 3.1, there exists a solution {Ti}igz to the first order linear inho- 
mogeneous matrix difference equation ( 1 . 2 ) such that 


00 ^ \ 


If we set 


J2e k \Mi,moo + ll$(*>°)lloo||yo - xo\ 
k = 1 

^e i+fc ||4 > - 1 (i + /c,i)|| oo + ||4 > - 1 (0,i)|| 


(for i > 0 ), 


-xqIIoo (for i < 0 ). 


(4.4) 


k = 1 


Xj : = 


( x\ (i) \ 
X 2 (i) 

V ) 


(4.5) 


then it follows from ( 1 . 2 ) that 


xi (i + 1) = pi(i)xi(i) +P 2 (i)x 2 (i) + p^{i)xz{i) -\ 1- p n (i)x n {i) + r(i), (4.6) 

X 2 (i + 1) = xi(i), 

X 3 (i + 1) = x 2 (i), 


x n (i + 1) = x n -i (i) 

for all i € Z. Moreover, if we define c(i) := x\(i) for all integers i, then we have 

x\(i + 1 ) = c(i + 1 ), 
xi(i) = c(i), 

X 2 (i) = xi(i — 1) = c(i — 1), 


x n (i) = x n -i (i — 1) = • • • = x\(i — n + 1) = c(i — n + 1). 

Hence, by (4.6), the sequence {c(i)}i e z is a solution to the nth order linear inhomogeneous 
difference equation (1.3). 

Since 



( o(i) \ 


( c(* ) \ 


a(i — 1 ) 


c(* - 1 ) 

m = 

a(i — 2 ) 

and Xi = 

c(*- 2 ) 


V a(i - n + 1 ) ) 


\ c{i-n + 1 ) / 
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for all i € Z, we get 


|a(i) - c(i ) | < || m - Xi||oo 

for all i€Z. In view of (4.4), we complete the proof of this theorem. □ 

We now consider the second order linear homogeneous difference equation of the form 

a(i + 1) = pi(i)a(i) + p 2 (i)a(i - 1) (4.8) 

for all i£Z. The solution of (4.8) is called the (extended) Fibonacci numbers when p\(i) = 
p 2 (i) = 1, a(0) = 1, and a(l) = 1. 

If we substitute n = 2, pi(i) = 1, p 2 (i) = 1, and r(i) = 0 for all ieZ in Theorem 4.1, then 
we prove the following corollary concerning Hyers-Ulam stability of the Fibonacci difference 
equation. However, this corollary shows that Theorem 4.1 is not efficient when the transition 
matrices A (i) are constant, i.e., A (i) = A for all i € Z. Nevertheless, we introduce this 
corollary because its proof includes some new properties of the extended Fibonacci numbers. 
(In general, it is reasonable to apply [21, Theorem 5] when the transition matrices A (i) are 
constant.) 


Corollary 4.2 Assume that a sequence {si}i<=z of nonnegative numbers is given. If a se- 
quence {a(i)}i G z of complex numbers satisfies the inequality 

\a(i + 1) — a(i) — a(i — 1)| < £j+i (4.9) 


for all i G Z, then there exists a sequence {c(i)}i G z of complex numbers which is a solution 
to the Fibonacci difference equation, i.e., the difference equation (4.8) with pi(i) = p 2 (i) = 1 
such that 


«(*) 


c{i ) I < < 


^e fc F(* - k + 1 ) + F(i + l)||y 0 - x 0 ||oo 
k = 1 
—i 

'Y^ J £i+kF{k + 1) + F(-i + l)||y 0 - ®o||oo 
k= 1 


(for i> 0), 


(for i < 0), 


where F(i) denotes the ith extended Fibonacci number and 

1 1 2/o - ^olloo = max { |a(0) - c(0)|, |a(-l) - c(-l)|}. 


Proof. If we set 

A:= ( 1 J ) “ d A ( a(i-l) ) ' 
then it follows from (4.9) that 

WfJi+i ~ Ay) || oo — &i + 1 


for all i€Z. 
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According to Theorem 4.1, there exists a sequence {c(i)}j e z of complex numbers which 
is a solution to the Fibonacci difference equation (4.8) with p\(i) = P 2 (i) = 1 such that 


K*) - C WI < S 




i—k I 


+ II A* 


k= 1 


£i + k 1 1 A loo + || A ' 

l, k= 1 


-folloo (for i > 0), 

/o-*o||oo (for i < 0), 


where y t and x t are defined in (4.7) for all isZ. 

Here, we introduce some (extended) Fibonacci numbers explicitly. 

. . . , F(- 4) = 2, F(- 3) = -1, F{—2) = 1, F{- 1) = 0, 
F(0) = 1, F(l) = 1, F( 2) = 2, F(3) = 3, F( 4) = 5, ... 


(4.10) 


(4.11) 


and we prove that 


F(i)F(i — 1) < 0 (4.12) 

for any integer i < —2. If the relation (4.12) were not true, then there would exist an integer 
io < —2 such that F(io)F(io — 1) > 0. Then we would have 

-1 = F(—2)F(—3) 

= F(-3) 2 + F(-3)F(-4) 

= F(-3) 2 + F(-4) 2 + F(—4)F(—5) 


= F(- 3) 2 + F(-4) 2 + • • • + F(i 0 ) 2 + F(i 0 )F(i 0 - 1) 

> 0 , 

which is a contradiction. 

We now prove that 


\F(i)\ = \F(-i-2)\ 


(4.13) 


for any t £ Z. First, we apply the induction to prove that the equality (4.13) holds for all 
integers i > 0. In view of (4.11), it is obvious that the equality (4.13) holds for i £ {0, 1, 2}. 
Assume that (4.13) holds for all integers 1 < i < io, where io is an integer not less than 2. In 
view of (4.11) and (4.12), we further have 


|F(i 0 + l)| = |F(io) + F(i 0 -l)| 

= |F(i 0 )| + |F(i 0 -l)| 

= |F(-*o-2)| + |F(-i 0 -l)| 
= | — F(— io — 2) + F(— io — 1)| 
= |F(-i 0 -3)|, 


which can be obtained from (4.13) by replacing i with io + 1. Hence, we conclude that the 
equality (4.13) holds for all integers i > 0. 
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Now, we apply an induction to prove that the equality (4.13) holds for all integers i < 0. 
In view of (4.11), we easily see that the equality (4.13) holds for i £ {—1, —2}. Assume that 
(4.13) holds for all integers in < i < —3, where in is an integer less than —2. Then, by (4.12) 
and (4.13), we have 


TO) -1)1 = |F(i 0 + l)-F(*o)| 

= |F(io + l)| + |F(i 0 )| 

= |F(— i 0 — 3)| + |-F(— — 2)| 
= \F (— io — 3) + F{ in — 2)| 
= |F(-z 0 - 1)|, 


which we can obtain from (4.13) by replacing i with in — 1. Thus, the equality (4.13) holds 
for all integers i < 0. 

Moreover, we apply the mathematical induction to prove 


( Hi) F{i- 1) \ 

V Hi- 1) F[i — 2) ) 


(4.14) 


for any i £ Z. Obviously, the equality (4.14) holds for i £ {0, 1}. Assume that (4.14) holds 
for some integer i > 0. Then, we get 


A* +1 = A l A = 


F(i) F(i- 1) 
F(i - 1) F(i - 2) 


1 1 
1 0 


( F(i) + F{i-1) F(i) \ 
V F(i - 1) + F(i - 2) F(i- 1) J 


( F(i + 1) F(i) \ 

V F(i) F(i-l)J’ 


which can be obtained from (4.14) by replacing i with i + 1. Similarly, we prove that the 
equality (4.14) holds for all negative integers i. 

Using (4.13) and (4.14), we prove that 


A* 


OO 


F(i + 1) (for i > 0), 
F(—i + 1) (for i < 0). 


(4.15) 


It is obvious that the first equality of (4.15) is true for i £ {0, 1}. Assume that i > 2. Then, 
considering (4.14) and the fact that i — 2 > 0, we have 

1 1 A* 1 1 qo = max {|F(*)| + | F(i - 1)|, \F(i - 1)| + | F(i - 2)|} 

= max {F(i) + F(i — 1 ),F(i — 1) + F(i — 2)} 

= max {F(i + 1), F(z)} 

= F(i + 1) 


for any integer i >2. 

Now, we prove the equality (4.15) for i < 0. It follows from (4.13) and (4.14) that 
||A‘L = max {|T(i)| + | F(i - 1)|, | F(i - 1)| + | F(i - 2)|} 

= max { \F(—i - 2)| + \F(-i - 1)|, \F(-i - 1)| + |F(-z)|} 

= max {F(—i — 2) + F(—i — 1 ),F(—i — 1) + F(— z)} 

= max {F(— i), F(— i + 1)} 

= F(-i + 1) 
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for any integer i < 0. 

Finally, by (4.10) and (4.15), we have 

®o||oo (for i > 0), 

£o||oo (for i < 0), 

□ 

According to [16, Theorem 5.1], the following formula is true: 

i 

J2 F (k) = F(i + 2) -2 (4.16) 

k= 1 

for all i € No, where F(i) denotes the ith extended Fibonacci number with the initial values, 
F(— 1) = 0, -F(O) = 1, and F( 1) = 1. 

Remark 4.3 Let e be an arbitrarily given positive number. Assume that a sequence {a(i)}i e z 
of complex numbers satisfies the inequality 

|a(i + 1) — a{i) — a(i — 1)| < e 

for all i € Z. According to Corollary 4.2 and (4.16), there exists a sequence {c(i)}i & z of 
complex numbers which is a solution to the Fibonacci difference equation such that 

F(i + 2)e - 2e + F{i + l)||y 0 - £o||oo (for i > 0), 

||yo-£o||oo (for i = 0), 

F(—i + 3)e- — 3e + F(—i + l)||yo - ®o||oo (for i < 0), 

where F(i) denotes the itli extended Fibonacci number with the initial values, i ? (— 1) = 0, 
F(0) = 1, and F(l) = 1, and 

||yo - ^olloo = max { |a(0) - c(0)|, |a(-l) - c(— 1)| }. 

In particular, under strong additional conditions that a(— 1) = c(— 1) and a(0) = c(0), 
the last inequality reduces into 

F{i + 2)e — 2e (for i > 0), 

0 (for i = 0), 

F(—i + 3)e — 3e (for i < 0). 


a(i) — c(*)| < 
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Remark 4.4 The Hyers-Ulam stability of the Fibonacci functional equation has been inves- 
tigated in [1, 10, 11, 14, 15], while Hyers-Ulam stability of the linear difference equations has 
been investigated in [1, 2, 3, 5, 17, 18, 19]. It should be remarked that many interesting the- 
orems have been proved in [4, 6] concerning the linear (or nonlinear) recurrences. Especially, 
Hyers-Ulam stability of the first order matrix difference equations with constant matrix has 
been proved in [21] in the domain Nq. 
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Abstract 

We present here several self adjoint operator Ostrowski type inequali- 
ties to all directions. These are based in the operator order over a Hilbert 
space. 
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inequality. 

1 Motivation 

In 1938, A. Ostrowski [12] proved the following important inequality: 

Let / : [a, b\ — > ffi. be continuous on [a, b] and differentiable on (a, b) whose 
derivative /' : (a, b) — > M is bounded on (a, b), i.e. , ||/ , || 00 := sup \f (t)\ < 

t£ ( a,b ) 

+oo. Then 

— f f (t) dt — f (x) 
b- a J a 

for any x € [a, b ]. The constant \ is the best possible. 

In this article we present self adjoint operator Ostrowski type inequalities 
on a Hilbert space in the operator order. 

2 Background 

Let A be a selfadjoint linear operator on a complex Hilbert space (iL; (•,•)). 
The Gelfand map establishes a *— isometrically isomorphism $ between the set 

1 


< 


1 

4 


( b-af 


(b ~ a) H/'l 
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C(Sp(A)) of all continuous functions define! on the spectrum of A, denoted 
Sp (A), and the (7*-algebra C* (A) generated by A and the identity operator 
1 h on H as follows (see e.g. [10, p. 3]): 

For any f.q £ C (Sp (A)) and any a, 8 £ C we have 

(i) $(<*/ + &) = <*$ (/)+£$ fo); 

(ii) $ (fg) = $ (/) $ (g) (the operation composition is on the right) and 

$ ( 7 ) =($(/))*; 

(iii) ||$(/)|| = ||/|| := sup |/(0I ; 

tESp(A) 

(iv) $(/ 0 ) = 1 h and 3>(/i) = A, where f 0 (t) = 1 and /i (t) = t, for 
t £ Sp (A) . 

With this notation we define 

f(A) :=$(/), for all/ eC{Sp(A)), 

and we call it the continuous functional calculus for a selfadjoint operator A. 

If A is a selfadjoint operator and / is a real valued continuous function on 
Sp (A) then f (t) > 0 for any t € Sp (A) implies that / (A) > 0, i.e. / (A) is a 
positive operator on H . Moreover, if both / and g are real valued continuous 
functions on Sp (H) then the following important property holds: 

(P) f (t) > g (t) for any t £ Sp {A), implies that / (A) > g (A) in the operator 
order of B ( H ) (the Banach algebra of all bounded linear operators from H into 
itself). 

Equivalently, we use (see [8], pp. 7-8): 

Let U be a selfadjoint operator on the complex Hilbert space ( H , (•,•)) with 
the spectrum Sp(U) included in the interval [m,M] for some real numbers 
m < M and {-Ea}a be its spectral family. 

Then for any continuous function / : [m,M] — > C, it is well known that 
we have the following spectral representation in terms of the Riemann-Stieljes 
integral: 

rM 

( f(U)x,y)= f (X)d((E x x,y )) , 

J m — 0 

for any x,y £ H. The function g x/y (A) := (E\x,y) is of bounded variation on 
the interval [ m,M ], and 

9x, v (m - 0) = 0 and g XtV ( M ) = (x, y ) , 

for any x,y £ H. Furthermore, it is known that g x (A) := (E\ x,x) is increasing 
and right continuous on [to, M] . 

We have also the formula 

j-M 

(f(U)x,x)= / f (X)d{{E x x,x)) , Vx£H. 

J m— 0 

2 
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As a symbol we can write 

i-M 

f(U)= f (A) dE\. 

•J m — 0 

Above, to = min{A|A € Sp(U)} := min Sp(U), M = max{A|A G Sp(U)} := 
max Sp(U). The projections {Aa} A 6R , are called the spectral family of A, with 
the properties: 

(a) E x < E X ' for A < A'; 

(b) E m _ o = 0 h (zero operator), Em = 1 h (identity operator) and Ex+o = 
Ex for all AeK. 

Furthermore 

E x := tp x (U), V A G K, 
is a projection which reduces U , with 

, . f 1, for — oo < s < A, 
for A < s < +co. 

The spectral family {£A}a<=r determines uniquely the self-adjoint operator U 
and vice versa. 

For more on the topic see [If], pp. 256-266, and for more detalis see there 
pp. f 57-266. See also [7]. 

Some more basics are given (we follow [8], pp. 1-5): 

Let ( H ; (•,•)) be a Hilbert space over C. A bounded linear operator A defined 
on H is selfjoint, i.e., A = A* , iff (Ax,x) G ffi, V x G H, and if A is selfadjoint, 
then 

\\A\\= sup \{Ax,x)\. 

x£H:\\x\\=l 

Let A, B be selfadjoint operators on H. Then A < B iff (Ax,x) < (Bx,x), V 
x G H. 

In particular, A is called positive if A > 0. 

Denote by 

V := < ip (s) := akS k \n > 0, ctk G C, 0 < k < n i . 

I fc=o J 

If A G B ( H ) is selfadjoint, and ip (s) G V has real coefficients, then ip (A) is 
selfadjoint, and 

MA)|| = max{|<p (A) | , A G Sp{A)} . 

If Lp is any function defined on R we define 

Ma := sup{|v?(A)| , A G Sp(A)} . 


3 
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If A is selfadjoint operator on Hilbert space H and tp is continuous and given 
that <p{A) is selfadjoint, then ||</?(A)|| = || y?|| 4 . And if ip is a continuous real 
valued function so it is \<p\, then ip (A) and \ip\ (A) = |y>(A)| are selfadjoint 
operators (by [8], p. 4, Theorem 7). 

Hence it holds 


that is 


111^(^)111 = HMIL = sup{|KA)||, A GSp(A)} 
= sup {|<p (A) | , A G Sp(A)} = \\<p\\ A = ||¥>(A)|| , 

|||^(A)||| = |MA)||. 


For a selfadjoint operator A G B (if) which is positive, there exists a unique 
positive selfadjoint operator B := \JA G B ( H ) such that B 2 = A, that is 

= A. We call B the square root of A. 

Let A G B(H), then A* A is selfadjoint and positive. Define the ’’operator 
absolute value” \A\ := \/A*A. If A = A*, then |A| = 

For a continuous real valued function ip we observe the following: 




|</?(A)| (the functional absolute value) = 


\ip(\)\dE x = 


t m — 0 


r M 


' m — 0 


\J (ip ( X)) 2 dE\ = \J (ip (A)) 2 = \<p(A)\ (operator absolute value), 


where A is a selfadjoint operator. 

That is we have 

|y>(A)| (functional absolute value) =\ip(A)\ (operator absolute value). 


3 Main Results 

Let A be a selfadjoint operator in the Hilbert space H with the spectrum 
Sp (A) C [m, M\, to < M; to, M G ffi. 

In the next we obtain Ostrowski type inequalities in the operator order of 
B (if) (the Banach algebra of all bounded linear operators from H into itself). 
We mention 

Theorem 1 ([2], p. 498) Let f G C 1 ([to, M]), to < M, s G [ m, M ]. Then 

1 r M 

— / / (f) dt — f (x) 

M - to J m 


< 


(. s — to) 2 + (M — s) 2 

2 (M - to) 


ll/'l 


( 1 ) 


4 
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By applying property (P) to (1), we obtain in the operator order the following 
inequality: 

Theorem 2 Let f £ C 1 ([ m,M ]). Then 

( 2 ) 


< ( i A - mlH)~ + (M\ h - A f \ , 

“I 2 (M — to) j U 1 


We mention 

Theorem 3 ([1], p. 191, Cerone-Dragomir) Let f : [ m,M } —> M. be a con- 
tinuous on [m,M] and twice differentiable function on ( m,M ), whose second 
derivative f" : ( m,M ) — > R is bounded on ( m,M ). Then 


nj m 


" / (M) — / (m) \ / m + M 


M — m 


< ( 3 ) 


( g -^) 2 , 1 
(M - m) 2 4 


1 


+ ^ ^(M-m) 2 ||/"|| 00 < 


nr 


(M — m) , 


V s € [to, M\ . 


By applying property (P) to (3), we obtain in the operator order the following 
inequality: 


Theorem 4 All as in Theorem 3. Then 


f{A)~ 


1 


M — TO 


J M 1 H - ( 


/ (M) — f (to) 


M — TO 


A - 


TO + M 


H 

( 4 ) 


1 

< 

“ 2 


(A-(^±m) 1 H ) 2 l t ' 

(M — to) 2 4 


+ ^1J7 H M - TO ) 2 ||/" 1 


< 


ii r 


(M - to) 1^. 


We mention 

Theorem 5 ([3], p. 14) Let f : [m,M\ — > M be 3-times differentiable on 
[m,M], Assume that f" is bounded on [to, M\. Let any s £ [to, M]. Then 




5 
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f (M) — f (m) 

2 (M - to) 


s 2 — (to + M) s + 


to 2 + M 2 + AmM ^ 

6 1 


J \ 


( 5 ) 


< 


ii r 


■Z(s), 


where 
Z(s ) = 


(M — to)' 


mMs 4 — -m 2 M 3 s + -m 3 Ms 2 — mM 2 s 3 — -m 3 M 2 s + - mM 3 s 2 

o o o o 


I „,2 If 2 2 2 ir 3 5 1 71 J- 5 , 1 6 , 3 2 4 , 3 2 4 , 1 n ,r2„4 

+?7i M s — mMs — -ms — -Ms + -s + -to s + -M s + -M m — 

2 2 6 4 4 3 

\ ]m 3 s 3 — ^-M 3 s 3 — ^ M 3 m 3 + -^-to 4 s 2 + tx M 4 s 2 + (!-M 4 ?n 2 — 

OOO 1 Z 1 Z o 


1 


1 


TO 


M 6 


— Mm 3 toM 5 to 5 s M 5 s + — — h 

15 15 6 6 20 20 

Using (P) property and (5), (6) we derive 


( 6 ) 


Theorem 6 Let f : [to, M] — > ffi. be 3-times differentiable on [to, M]. Assume 
that f" is bounded on [m, M] . Then 


f{A)~ 


1 


M — TO 

\ 

r (M) ~ r (m) 

2 ( M — to ) 


rm*) ( 


/ (M) — f (to) 


M — • 


A - 


TO + M 


LH 


A 2 — (to + M) A + 


to 2 + M 2 + 4 mM \ 
6 


H 


( 7 ) 


< 


nr 


■Z(A), 


where 


Z (A) = 


(. M — to )' 


mAh A 4 — -m 2 M 3 A + -m 3 MA 2 — mM 2 A 3 — -m 3 M 2 A+ 

OO O 


-mM 3 A + m 2 M 2 A 2 — m 2 MA 3 — -toT 5 — -MA 5 + -A 6 + ^-m 2 A 4 + 
3 2 2 6 4 


7 M 2 A 4 + ( ^M 2 m 4 J l ff - ^m 3 A 3 - ^M 3 A 3 - ( 7 M A m 3 J l ff + 


1 


f2„,4 


1 


to 4 A 2 + AM 3 A 1 + [ ^M 4 to 2 ) lff- 


f4 A 2 


12 


12 


1 


»-4™2 


15 


15 


1 


1 


—Mm b Iff - -mM 5 l ff - -to 5 A - -M b A + 


6 


6 


m 


M 6 


20 


ITT 


• ( 8 ) 
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Let / € AC ([to, M ]) (absolutely continuous functions on [to, M]), 0 < a < 1. 
Denote the right Caputo fractional derivative by Df_f (see [4], p. 22) and the 
left Caputo fractional derivative by D“ t / (see [4], p. 78), V t G [m,M\. 

We need 


Theorem 7 ([4], p. 44) Let 0 < a < 1, / € AC([m,M}), and ||-D“-/|| 0Oi[mit] 

\\ D *tf Woo, [t,M] < 00 ’ V t G K M ]' Tften 


1 


M — m 


pM 

/ f(z)dz-f (t) 

J m 


< 


l 


(M - to) T (a + 2) 
1 


{ II- d ?-/L,k.] « - “)" +1 + »£." /IL.K.M! (" - ‘)“ +1 J 


r (a + 2) 
V t g [to, m] . 


max 


{IIA-/I 


< 

(9) 


oo ,[m,t] ’ II 


/iioo,[t,M]}(^-^r. (io) 


By property (P) and Theorem 7 we derive 

Theorem 8 Let 0 < a < 1, f G AC ([to, M]), and there exists K > 0, such 
that 

1^/llocKt] ’ ll^/lloc,[t,M] <K, Vte [to, M] . (11) 

Then 

I / 

1 


M-' 


A' 


(M - to) T (a + 2) 


[ f(z)dz\l H -f(A) 

' J m J 

{ (T - to 1 h )“ +1 + ( Ml H - T) a+1 } 


< 


K 


V (a + 2) 

We mention the Fink ([9]) inequality 


(M — m) a 1 h- 


( 12 ) 

(13) 


Theorem 9 Let f( n 11 be absolutely continuous on [m,M] and G L ^ (to, M), 
n G N. TTien 


n-1 „M 

f(s) + Y / Fk(s)- w -- m , 
k—1 J m 


f (t) dt 


< 




(n + 1)! ( M — m) L 


(M - s) n+1 + (s - m) n+1 , V s G [to, M] , (14) 


where 

F k (s) := 


— k\ ( f( k ^ (to) (s — m) k — f( k (M) ( s — M) k 


k\ 


M — TO 


(15) 
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n— 1 

If n = 1 , then ^ = 0. 

k = 1 

Inequality (If) is sharp, in the sense that is attained by an optimal f for 
any s € [m, M] . 

By property (P) and Theorem 9 we obtain 

Theorem 10 Let be absolutely continuous on [m, M] and f ^ (m, M), 

neN. Then 


n—1 


f(A) + Y,F k (A)- 


k — 1 


M — ' 


■ f M f(t)dt) 1 ff 
J m J 


< 


(16) 


f(n 


(n + 1)! (M — m) L 


(M 1 H - A) n+1 + (A - ml ff ) 


n+1 


where 


F k (A) := 


- fc\ ( Z^- 1 ) (m) {A - ml H ) k - / (fc_1) (Af) (A - Miff)* 


fc! 


M — m 


(17) 


Ifn= 1, f/ierc J] (A) = Off. 

fc=i 


We use here the sequence {7?^ (t) , k > 0} of Bernoulli polynomials which is 
uniquely determined by the following identities: 


B ' k (1) = k B k _ i (f) , k > 1, (f) = 1 

and 

B k (t + 1) - B k (t) = kt k ~\ k> 0. 

The values B k = B k (0), k > 0 are the known Bernoulli numbers. 
We mention 


(18) 


Theorem 11 ([3], p. 23) (see also [5]) Let f : [m,M] — > K. be such that 
n € N, is a continuous function and f ( n ' > ( t ) exists and is finite for all 
but a countable set oft in ( m,M ) and that f € L^ ([m, M]). 

Dentote by 

A n {s):=f(s)- 


r M 


Ft 1 / it r \ h — 1 

E ( .Z 


k — 1 

V s S [m, M] . 


fc! 


M- 


M / / (*) 

M -m 

/(fe-D ( M) - / (fc_1 ) (m) 


(19) 
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Then 


|A„(s)| < 


(M — to)” [ /(n !) 2 

(2 n)\ 


\B2n\+Bl 


s — m 
M — m 


)jll /(n, IL’ (20) 


V n € N; V s € [m, M] . 

Using the (P) property and Theorem 11 we derive: 

Theorem 12 All terms and assumptions as in Theorem 11. Denote by 

/ 

1 


An (A) :=f(A)~ 


M — m 


r f(t)dt\ i H ~ 

J m J 


n— 1 

E 

k = 1 


(M — m) 

k\ 


k - 1 


-Bk 


A ~m ^f) [ /(fe_1) (M) - /(fc_1) (m) ] • (21) 


Then 


|A„(A)|< 


(M- 


n! 


(? r !) 2 


\ V(2») ! 


B2n I Iff + ^n 


A — min 
M — m 


( 22 ) 


VneN. 

Denote by (see [3], p. 24) 


16A’ 


-7A 4 +^A 3 -A 2 + A, 0< A< i 


h ( A ) : { _W + 9A 4 + 3 A 2 - i A < A < 1 


(23) 


which is continuous in A € [0, 1]. 
Also denote by 

B := 


A — ml# \ 
M — m J 


and 


h 


A — min 


= h (B) = 


M — m 

fB 5 - 7 B 4 + y5 3 - B 2 + ±1 H , 0 h<B< §1 H , 

:?3 


\-fB 5 + 9B 4 - ™f.+3B 2 -±l H , Alff<S<lff. 
We mention 


(24) 


Theorem 13 ([ 3], p. 25) All terms and assumptions as in Theorem 11, case 
of n = 4. For every s £ [m, M] it holds 

|A 4 (a)|< (M 24 m)4 / 4 (A)|/W 
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where I 4 (A) is given by (23) with 


Furthermore we have that 




V s € [to, M\ . 


Using property (P) and Theorem 13 we find 
Theorem 14 All terms and assumptions are according to Theorem 11-13. Then 

where I 4 is 9 iven b V (W- 

Furthermore we have that 

< 28 > 

Next we follow [6]. 

Let (P n ) ngN be a harmonic sequence of polynomials, that is P' n — P n -i, 
Po = 1. Let / : [m,M] -4 R be such that is absolutely continuous for 

some n € N. Setting 


(-lf(n-fc) 
M — m 


Pk (m) / (fe - 1} (to) - P k (M) f( k ~V (M)] , fc = 1, ..., ri- 


fe (f, s) = 


i — to, if t G [to, s] 
i — Af, if i € (s, M], 


we get that 


I r n-l ] 1 p M 

~ /(s) + ^(- 1 ) fc P fc (s)/ W (s) + ^^ -TT— / / (*) d* = (31) 

77/ lvl 777- / -v-y-, 

L fe=i fc=i J 


/ -i\n— 1 

— — r / P „_1 (i) k (t, s) / (n) (f) fit, 

n (M - to) 

V s £ [to, M\. The above sums are defined to be zero for n = 1. 
For the harmonic sequence of polynomials 

P k (t) = ~' s) , fe>0 
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identity (31) collapses to the Fink identity, see [9]. 

We may rewrite generalized Fink identity (31) as follows: 

n— 1 

/ 00 = X (~l) fc+1 p k («) / (fc) (s) + (33) 

k=l 

X { ~ L) U — - k) \Pk (M) (M) - P k (m) /<*-*> (m)l + 

' M — m J 

k= 1 

pM / -| \ I - 1 

— — — / f{t)dt+^— / P„_i (t)k(t,s) f {n) (t)dt, 

M -to J m M - to 

V s £ [to, M], neN, when n = 1 the above sums are zero. 

Next we integrate the representation formula (33) against projections P s to 
derive the operator representation formula: 

n— 1 

/(VL) = ^(-l) fe+1 P fe (A)/W(YL) + (34) 

k= 1 

X ( ~ 1} (n ~ fc) |p fc (M) /<*-*> (M) - P fc (to) f( k ~V (m)l + 

lk=l 

pM / -i \H+1 p M / pM \ 

ST. L f{t)dt \ 1 h+J ^L\L F '- l{t)k{t .*)7 W W<#J <JE.- 

The sequence of polynomials 

p k ^ = M m 2 M ) ’ - °’ ( 35 ) 

is also harmonic. 

We mention 


Theorem 15 ([6]) Let f : [ m,M ] — * ffi. 6e swc/i that f^ n ^ zs absolutely con- 
tinuous for some n € N and /(") € L p ([to, M]), 1 < p < oo. TTien 
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\Pn—l lloo, [m,M] 




r s 

r M 


/ 

(t — m) p dt+ (M — t) p 

dt 

J m 

J s 

_ 


~ (s - m) p,+1 + (M - s) p,+1 ~ 


i,M\ 

p' + 1 



Therefore we obtain 

ll-Pn-l (’) k (•, s)|| p /,[ m)M ] < 1 1 Pn—1 1| co, [m,M] 


(M — s) p + (s — m) 
})' + 1 


p +i 


(38) 


Hence we have 


Theorem 16 Let f : [m, M] — > K. be such that f( n ^ is absolutely continuous 
for some n € N and f (") € L p ([m, M]), 1 < p < oo. Then 


/ w + E (- 1 )* Pk f (k) w + E ^ - 


*:= i 


v fc— l 


n 

M — m , 




/ (i) rf* 


< 


' |/(n) 
M-i 


oo,[m,M] 


(M — s) P + (5 — m) 

+ 1 


p +1 


(39) 


V s € [m, M], where ^ ^ = 1. 

We get the following operator inequality: 

Theorem 17 Let / : [m, M] — > ffi. 6e such that is absolutely continuous 

for some n € N and f (") £ L p ([m, M]), 1 < p < 00 . Then 


/ (4) + E (-1)" (A) /<*> (T) j + ( E J 1«- 

[ M f(t) dt) 1 H 
J m J 


k = 1 


V/c=l 


■ |/(n) 
M-5 


*11 Pn — 1 lloo, [m,M] 


{ M1 h - H) p ' +1 + (H - ml H ) p ' +1 


p’ + 1 


(40) 


ic/iere 1 + T = i_ 


Proof. By (P) property and (39). 
We give 


12 
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Corollary 18 (to Theorem 16) (see also [6]) We have 


n-l ( 

/(») + £ () 


fc= l 


fc! 


( m + M 
[ S 2- 


f (k) (s) + 




\k—l / 

m) [ n 

k\2 k 


k) 


/(fe-i) (to) — (— l) fe / (fe-1) (M) 


n 

M — m 


r M 


/ (i) dt 


< 


/ /(") p (M-to)"- 2 \ 

"(M — s) p,+1 + (s — m) p,+1 " 

^ 2 n ~ 1 (n — 1)! J 

p' + 1 

V s € [m, M], where ^ ^ = 1. 



Proof. Set Pk ( t ) = ^ (t — m + M ) k , > 0, in Theorem 16. ■ 

We finish with the operator inequality: 


(41) 


Corollary 19 (to Theorem 17) We have 


n ~ 1 t i\fc 

f(A) + Y. { ] 


k=l 


k\ 



f (k) (A) + 


(M — rti) k 1 (n — k) 


\k—l 


k\2 k 


f (k ~ 1} (m)-(-l) fc / (fc_1) (M) 




n 

M — TO 


r f(t)dt\ i H 

J m J 


< 


/ /(") p (M-m) n ~ 2 \ 

" (Ml i/ - A) p ' +1 + (A - ml H ) p ' +1 ' 

^ 2 n_1 (n — 1)! J 

p’ + 1 


where ± + A = i. 


(42) 


Proof. By Corollary 18 and (P) property. ■ 
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Abstract 

We present here several integer and fractional self adjoint operator 
Opial type inequalities to many directions. These are based in the oper- 
ator order over a Hilbert space. 
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1 Motivation 

In 1960, Z. Opial ([9]) proved the following famous inequality that motivates 
our work here. 

Let / € C 1 ([0, h]) be such that / (0) = / (h) = 0, and / (t) > 0 in (0, h). 
Then 

\f{t)f(t)\dt<^j^ (f (f)) 2 dt. 

The constant | is the best. 

In this article we present integer and fractional self adjoint operator Opial 
type inequalities on a Hilbert space in the operator order. 


2 Background 

Let A be a selfadjoint linear operator on a complex Hilbert space (iL; (•,•)). 
The Gelfand map establishes a *— isometrically isomorphism $ between the set 
C (Sp(A)) of all continuous functions defined on the spectrum of A, denoted 
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Sp(A), and the C'*-algebra C* (A) generated by A and the identity operator 
1h on H as follows (see e.g. [6, p. 3]): 

For any f.q £ C (Sp (Yl)) and any a, B € C we have 

(i) d>(a/ + /3 5 ) = a$(/)+/3$( 5 ); 

(ii) d> ( fg ) = $ (/) $ ( g ) (the operation composition is on the right) and 

*( 7 ) = (<*> (/))*; 

(hi) ||$(/)|| = ||/|| := sup |/ (t) \ ; 

tESp(A) 

(iv) $(/ 0 ) = 1 H and $(/i) = A, where f 0 (t) = 1 and fi{t) = t, for 
t € Sp (A) . 

With this notation we define 

f(A) :=$(/), for all f£C(Sp(A)), 

and we call it the continuous functional calculus for a selfadjoint operator A. 

If A is a selfadjoint operator and / is a real valued continuous function on 
Sp (Yl) then f (t) > 0 for any t £ Sp (Yl) implies that / (A) > 0, i.e. / (A) is a 
positive operator on H . Moreover, if both / and g are real valued continuous 
functions on Sp (Yl) then the following important property holds: 

(P) / (t) > g (t) for any t € Sp (Yl), implies that / (A) > g (y!) in the operator 
order of B ( H ) . (the Banach algebra of all bounded linear operators from H into 
itself). 

Equivalently, we use (see [5], pp. 7-8): 

Let U be a selfadjoint operator on the complex Hilbert space ( H , (•,•)) with 
the spectrum Sp(U) included in the interval [m,M] for some real numbers 
to < M and {-Ea} a be its spectral family. 

Then for any continuous function / : [to, M] — > C, it is well known that 
we have the following spectral representation in terms of the Riemann-Stieljes 
integral: 

pM 

( f(U)x,y)= f (X)d({E x x,y )) , 

J m— 0 

for any x,y £ H. The function g xy (A) := ( E\X,y ) is of bounded variation on 
the interval [to, M], and 

9x, y (m - 0) = 0 and g XtV (M) = (x, y ) , 

for any x,y £ H. Furthermore, it is known that g x (A) := (E\x,x) is increasing 
and right continuous on [to, M] . 

We have also the formula 

j-M 

(f(U)x,x)= / f (X)d((E x x,x )) , Vx£H. 

J m— 0 
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As a symbol we can write 

i-M 

f(U)= f (A) dE\. 

•J m — 0 

Above, to = min{A|A € Sp(U)} := min Sp(U), M = max{A|A G Sp(U)} := 
max Sp(U). The projections {AaIasr , are called the spectral family of A, with 
the properties: 

(a) E x < E X ' for A < A'; 

(b) E m _ o = 0 h (zero operator), Em = 1 h (identity operator) and Ex+o = 
Ex for all AeK. 

Furthermore 

E x := tp x (U), V A G K, 
is a projection which reduces U , with 

, . f 1, for — oo < s < A, 
for A < s < +co. 

The spectral family determines uniquely the self-adjoint operator U 

and vice versa. 

For more on the topic see [8], pp. 256-266, and for more detalis see there 
pp. f 57-266. See also [4], 

Some more basics are given (we follow [5], pp. 1-5): 

Let ( H ; (•,•)) be a Hilbert space over C. A bounded linear operator A defined 
on H is selfjoint, i.e., A = A* , iff (Ax,x) G ffi, V x G H, and if A is selfadjoint, 
then 

mil = sup \{Ax,x)\. 

x£H:\\x\\=l 

Let A, B be selfadjoint operators on H. Then A < B iff (Ax,x) < (Bx,x), V 
x G H. 

In particular, A is called positive if A > 0. 

Denote by 

V := < ip (s) := akS k \n > 0, ctk G C, 0 < k < n i . 

I fc=o J 

If A G B ( H ) is selfadjoint, and ip (s) G V has real coefficients, then ip (A) is 
selfadjoint, and 

Mmil = max{|<p(A)| , A G Sp{A)} . 

If Lp is any function defined on R we dehne 

IML : = sup{|v?(A)| , A G Sp(A)} . 


3 


1400 


Anastassiou 1398-1411 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.8, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


If A is selfadjoint operator on Hilbert space H and tp is continuous and given 
that <p{A) is selfadjoint, then ||</?(A)|| = || y?|| 4 . And if ip is a continuous real 
valued function so it is \<p\, then ip (A) and \ip\ (A) = |y>(A)| are selfadjoint 
operators (by [5], p. 4, Theorem 7). 

Hence it holds 


that is 


111^(^)111 = HMIL = sup{|KA)||, A GSp(A)} 
= sup {|<p (A) | , A G Sp(A)} = \\<p\\ A = ||¥>(A)|| , 

|||^(A)||| = |MA)||. 


For a selfadjoint operator A G B (if) which is positive, there exists a unique 
positive selfadjoint operator B := \JA G B ( H ) such that B 2 = A, that is 

= A. We call B the square root of A. 

Let A G B(H), then A* A is selfadjoint and positive. Define the ’’operator 
absolute value” \A\ := \/A*A. If A = A*, then |A| = 

For a continuous real valued function ip we observe the following: 




|</?(A)| (the functional absolute value) = 


\ip(\)\dE x = 


t m — 0 


r M 


' m — 0 


\J (ip ( X)) 2 dE\ = \J (ip (A)) 2 = \<p(A)\ (operator absolute value), 


where A is a selfadjoint operator. 

That is we have 

|y>(A)| (functional absolute value) =\ip(A)\ (operator absolute value). 


3 Main Results 

Let A be a selfadjoint operator in the Hilbert space H with the spectrum 
Sp (A) C [m, M], to < M; to, M G ffi. 

In the next we obtain Opial type inequalities, both integer and fractional 
cases, in the operator order of B (if) (the Banach algebra of all bounded linear 
operators from H into itself). 

Let the real valued function / G C([m,M]), and we consider 

g(t)= f f (z) dz, V t G [to, M ] , (1) 

J m 

then g G C ([m, M]) . 


4 


1401 


Anastassiou 1398-1411 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.8, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


We denote by 



:= $ (5) 


We understand and write that (r > 0) 


9(A). 


g r (- A) = W ) 



( 2 ) 


Clearl y (/m 1 H /) is a self adjoint operator on H , for any r > 0. 

All of our functions in this article will be real valued. From [3] we mention 
the following basic version of Opial inequality: 

Theorem 1 Let f € C 1 ([ m,M ]) with f (m) = 0. Then 

j 1 / (t)\ \f'(t)\dt < J (/' (t)f dt, V As [to, M] . (3) 

When f (t) = t — m, t € [m,M], inequality (3) becomes equality. 

By applying properties (P) and (ii) to (3) we obtain 
Theorem 2 Let f € C 1 ([ m , M\) with f (m) = 0. Then 

[ A \ff'\<\(A-ml H )( [ A (f'A. (4) 

•J ml h " \J min J 

We mention 


Theorem 3 ([3]) Let f € C 1 ([m, M]) with f (m) = 0, and 1 < p < 2. TTien 


[ X 1/ WI P I/' (*)| P dt < K (p) (A - m) ( (/' (f)) 2 ^ 

J m \ J m J 


where 


K (p) 


2 1 V 

P = 2 , 

_ / \ 2p— 2 

~^{l) I~ P ’ 1<P< 2, 


V A € [m, M] , 

(5) 

( 6 ) 


with 

I= f 0 { 1 + 2 ^v z ] { i+ (p~^ z y p - ldz - 

For p = 1, equality holds in (5) only for f linear. 

By applying properties (P) and (ii) to (5) we derive 
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Theorem 4 Here all are as in Theorem 3. It holds 

[ A \ff'\ P <K{p){A-ml H )([ A (ff) . 

J min yymlff I 

We mention 

Theorem 5 ([7]) Let f € C 1 ([m, Mj) with f (to) = 0, and p, q > 1. Then 

I \f(t)\ P \f'(t)\ q dt<(-^\(X-m) p f \f (t)\ p+q dt, V A € [to, M] . 
Jm \P + qJ Jm 


( 7 ) 


( 8 ) 


By applying properties (P) and (ii) to (8) we find 

Theorem 6 Let f € C 1 ([to, M]) with f (to) = 0, and p,q> 1. Then 
rA 


\f\ P \n<(-rA{A-ml H f(r I /' 

tI# \P + <7/ \^J min 


P+9 


(9) 


We mention 

Theorem 7 ([11]) Let p > — 1. Let / € C 1 ([to, M]) , and f (m) = 0. 77ien 

£ ^ 1/ (t) f 0 01 dt < £ (A p+1 - mt p ) (/' (t)) 2 dt (10) 

i_ f X ( AfP+ 1 - mt*) (/' (t)) 2 dt, V A G [to, M] . (11) 

^ i -*■ J m 


2VP 


(inequality (11) is our derivation). 

By applying properties (P) and (ii) to (10), (11) we obtain 
Theorem 8 Let p > — 1. Let f £ C 1 ([to, M]) and f (m) = 0. TTien 


r- 4 I 

i f tn - 




( A (. Mv +1 -m(id) p )(f') 2 ). (12) 

train / 


We mention 


Theorem 9 ([1], p. 20) Let q(t) be positive continuous and non-increasing 
function on [ m,M ]. Further, let f € C 1 ([to, M\), and f (to) = 0. Let l > 0, 
w > 1. JTien 

J q(t)\f (t)\ W dt< (X-m) 1 J q(t)\f (t)\ l+w dt, (13) 

V A e [to, M] . 
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By applying property (P) and (ii) to (13) we obtain 
Theorem 10 All as in Theorem 9. Then 

[ A 9 \ft l/'f < ( (A - ml H ) 1 [ A q \f\ l+w . (14) 

Jml H \1 + Wj J mlH 

We mention 

Theorem 11 (see [1], p. 68) Let q(t) positive, continuous and non-increasing 
on Further let fi,f 2 G C 1 ([m,M]) with fi(m) = fi (to) = 0. Let 

l >0, w > 1. Then 


q (t) l/l (t) h ( t)\ l [|/l (t) f 2 (t)\ W + | f[ ( t ) h (t)\ W ] dt < 


2(1 + w) 
V A € [m, M] . 


(A — rn) 


2 l+w 


q (t) \(f[ (t)f l+w) + (f' (t)) 2(i+u,) l dt, (is) 


By applying property (P) and (ii) to (15) we obtain 
Theorem 12 All as in Theorem 11. Then 

nA 


f q\hf2\ l [\hfT+\m w )< 

J miff 


2 (l + w) 
We mention 


W (A-ml H f +w 


(f[? (l+w) + (f'f l+w) 


(16) 


Theorem 13 ([10], p. 308) Let f € C n ([m,M\), n € N, /W (m) = 0 ; for 
i = 0, 1, 2, ...,n — 1. Then 


( t ) 


dt < 


(A — to) 


n r \ 


j (/ (n) (t)) 2 dt, V A G [to, M) . (17) 


Using properties (P) and (ii) on (17) we derive 
Theorem 14 All as in Theorem 13. Then 

(A-ml H ) n / rA 


/•/ 


(n) 


< 




(18) 


We mention from [10], p. 309 
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Theorem 15 Let fi,f 2 € C n ([ m,M ]) such that f[ k ^ (to) = ( to ) = 0, for 

k = 0, 1, n — 1, n G N. Then 



+ f 2 (f)f[ n \t) 


dt < 


B (A — m) r 


[(/!"’ w) 2 + (/<"’(<))’ 


where 


B = 


1 


2n\ \ 2n — 1 

Using (19) and properties (P) and (ii) we obtain 


dt, V A G [m, M], (19) 

( 20 ) 


Theorem 16 All as in Theorem 15. Then 

nA 


' Tali 


hf, 


(n) 


An) 


< 


B (A — mlnY 


hf r 

(/i (n) ) 2 + (/ 2 (n) ) ; 


( 21 ) 


Here we follow [2], p. 8. 


Definition 17 Let v > 0, n := [v] (integral paid), and a := v — n (0 < a < 1). 
Let f G C ([to, M\) and define 

W7) (7 = [ Z (z~ tr 1 f (*) dt, (22) 

r (v) Jm 

all to < z < M , where T is the gamma function, the generalized Riemann- 
Liouville integral. We define the subspace Clf, ([to, M]) of C n ([m, M[); 

C v m ([to, M]) := {/ G C n ([to, M\) : G C 1 ([to, AT])} . (23) 

So let f G Clf, ([to, M])’ we define the generalized v -fractional derivative (of 
Canavati type) of f over [m,M] as 

D”mf ■■= (JT-J {n) ) • ( 24 ) 

Notice that 

(j™ a f {n) ) (z) = £ (z - t)~ a / (ra) (t) dt (25) 

exists for f G (7^ ([to, M}), all m < z < M. 

Also notice that D^f G C ([to, M]) . 
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We need 


Theorem 18 ([2], p. 15) Let f € C^([m,M]), v > 1 and /W (to) = 0, 
i = 0, 1, n — 1, n := [v] . Here A £ [m, M], and l = 1, n — 1. Let p, q > 1 : 

p + q =1 - Then 


/ (0 M \{D v m f){w)\dw < 


2 i (A — to) ~ 


(t/p — Ip — p+2) 


r(z/- Z) ((z/£> — Ip — p + 1) (up — Ip — p + 2)) p \Jm 

Using (26), properties (P) and (ii) we get 
Theorem 19 All as in Theorem 18. Then 

pA 


\( D U) ( w)\ q dw 


(26) 


f {l) \m)\ < 


2 i (A — ml] {)' 


/ml, 

(vp — Ip — P+2) 


, w/ w -T / \( D mf)\ 9 ■ (27) 

r (v — l) {{yp — Ip — p + 1) {vp — Ip — p + 2 )) p \Jmi H J 

We need 

Theorem 20 ([2], p. 26) Let 7d 7 2 > 0, v > 1 6e such that v — 7 l5 v — 7 2 > 1 
and / £ C^([m, M]) with f^(m) = 0 , i = 0,1 1, n := [i/]. Idere 

A £ [to, M]. Let q be a nonnegative continuous functions on [to, M], Denote 


Then 


Q (A) := ( ? > V A £ [to, Af] . 

[ q(w)\D% (f){w)\\D% {f){w)\dw< 

J m 

K {D v m f (w)) 2 dw j , 


(28) 


(29) 


where 


K (?, 7i, 72,^. A, to) := 


Q(A) 


^6 r(^-7 1 )r(* / -72) 

(A-to) 2 ^ 71 " 7 ^ 

(^ - 7i - §) 1 72 ~ |) ® (^ - 2 7l - 2 72 - 1) 4 ' 

Using (30) and Remark 3.4 of [2], p. 26, and properties (P) and (ii) to obtain 


(30) 
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Theorem 21 All terms and assumptions as in Theorem 20. Then 

[ A q\D% (f)\\D% (f)\ < 


K(q,7i,T2,v, A,m) ( [ {D v m ff ] * 

\Jrn 1 H / 


(31) 


where 


K (q, 71 . 72 )^; A m) := 


Q{A) 




(■ A - ml H ) 


2 ^- 71 - 72-5 


(" - 7i ^ |) 5 (^ - 72 - |) 5 (to 2 7l - 2 72 - |) ; 


(32) 


We need 


Theorem 22 ([2], p. 30) Let 7 > 0, v > 1, v — 7 > 1, let q be a nonnegative 
continuous function on [ m,M ]. Let f € C^([m,M]) with /W ( 7 n) = 0, i = 
0, 1, n — 1, n := [ 1 /]. iei A € [m, M]. Call 


and 

Then 

p\ 


Q(A):=(/ (g(w )) 2 (w - mf 1 ' 27 1 efrej , 

QW 

V 2 ( 2 z/ - 2 7 - l)r (z/ - 7 ) ' 


^ (q,j,u,X,m) := 


(33) 


(34) 


?(w) l-Dm/MI l^/MI dw < A' (< 7 , 7 , u,X,m) ^ J {{D v m f) (w)) 2 dwj . 

(35) 

Using (33)-(35) and properties (P) and (ii) we derive 
Theorem 23 All as in Theorem 22. Denote by 

Q(A ) 


K (<?, 7 , v,A,m) := 


v /2(2i/-2 7 -l)r(i/- 7 )‘ 


(36) 


Then 


q\Df n f\\D v m f\<K(q, 1 ,v,A,m)\ {(D^f)) 2 . (37) 


> mlp 


> ml l 


We need 
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Theorem 24 ([2], p. 92) Letv > 1, 7 X , 7 2 > 0, such thatv— -y 1 > 1, v—^ 2 > 1, 
and / 1 , fi G ([to, M)) with f[ l) (to) = / 2 W (to) = 0, i = 0, 1, n- 1, n := [ 1 /]. 
.Here A G [m,M], Let A Q ,A/ 3 ,A„ > 0. Set 


P (A) := 


Then 


(A — TO )( 1/Aa-TlAQ+1 ' A ' 3-72A ' 3+1 ) 


H a - 7 -^ + vAp - + 1 ) (r (v - 7 X + l)) Aa (r (^ - 7 2 + 1 )) A,S 

(38) 


pA _ 


ICHA) H | A “ ITO/ 2 ) Hr K^/i) Hr 1 ' + 

du> < 


ITOA) HI A/3 IGHH) HI Aa IHH) H r 


pW 


i^/iii^ A “ +v) + ii^aC + iirniir 3 + 11^/211 


1/ 1 1 2 ( A a A ^ 

00 


(39) 


all m < A < M. 


Using (39) and properties (P) and (ii) we derive 
Theorem 25 All here as in Theorem 24 ■ Set 

_ m ^^ f l( I/A a _ ')'l A a+ l/A /3 _ ')'2^/3 + 1 ) 


p(A) := 


H« - 7 1 A q + vAp - ^ 2 Ap + 1) (r [v - 7 ! + 1)) A “ (r (v - 7 2 + 1 )) A/3 

(40) 


Then 


r 

' m If 


\{D^h)\ Xa \{D^f 2 )\^ \(DMi) \ K 


\(D^f 1 )r\(DZlf 2 )\ Xa \(D l ) n ,h)\ K 


P(A) 


U' 3 im^i foir“ \tn v uir- 1 < 

+ W m f ilH + W m f 2 \\ ^ + ||^/ 2 ||^ a “ +a ^ 


(41) 


We give 

Definition 26 ([2], p. 270) Letv > 0, n := \v\ (ceiling ofv), f G AC n ([m, M}) 
(i.e. is absolutely continuous on [to, M], that is in AC ([m, M])). We 

define the Caputo fractional derivative 

Wmf) (*) := r , 1 , [~ (z - H ” 1 '” 1 f (n) (t) dt , (42) 

T{n-v) J m 

which exists almost everywhere for z G [m, M]. 

Notice that D° m f = f, and D? m f = / (n) . 

We mention 
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Theorem 27 ([2], p. 39 7) Let v > 7 +I, 7 > 0. Call n := \v\ and assume f € 
C n ([to, M]) such that f ^ (to) = 0, k = 0,1, n — 1. Let p,q> 1 : | + ^ = 1, 
to < A < M. Then 



\( D 2mf ) HI \( D * m f ) HI dw < 


(pis — PT-P+2) 

(A — m) p 

( (/2) T ( 1 / - 7 ) ((pi/ — P7 — p + 1) (pi/ - P 7 - p + 2)) 7 


l-^m/HH™ 


2 

9 


(43) 

Note: By Proposition 15.114 ([2], p. 388) we have that D” m f, D) m f € 
C ([to, M]). 

Using (43) and Properties (P) and (ii) we give 


Theorem 28 All as in Theorem 27. Then 

pA 




> ml f- 




(py — pry — P+2) 


( f/2) r (i/ - 7 ) ((pi/ - P7 - p + 1) (pi/ - P7 - p + 2)) J 



(44) 


We need 


Theorem 29 ([2], p. 398) Let v > 2, k > 0, v > k + 2. Call n 
f € C n ( [to, M ]) : /W) (to) = 0, j = 0, 1, ..., n — 1. Let p, g > 1 : 
m< A < M. Then 


:= [" i/] and 



| (Hm/) H| 1(^+7) H|d«;< 


(A — to) 


2(pt/ — pfc — p+1) 


2 (r ( 2 / — fc)) (pis — pk — p + 1) P \Jm 
Using (45) and Properties (P) and (ii) we find 
Theorem 30 All as in Theorem 29. Then 

nA 


I D *mf ( w )\ 9 dw 


' ml j- 


I(n7/)||(^77)|< 


(45) 


(A - ml H y 


2(pv — pk — p+l) 


2(T(is — k)) (pis — pk — p + 1 ) p \Jmi H 


\Dl m f\ q 


(46) 
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We need 

Theorem 31 ([2], p. 399) Let > 0, v > 1, v — 7 i > 1; i = 1,...,/, n := 
\v\, and f e C"([m, M]) such that f^ (m) = 0, k = 0, 1, ...,n — 1. idere 

to < A < M; q± (A) , g 2 (A) continuous functions on [to, M] such that q\ (A) > 0, 

q 2 (A) > 0 on [to, M\ , and r* > 0 : ^ =1 ?y = r. Let Si, > 1 : ^ + p- = 1 and 

s 2 , s' 2 > 1 : t" + 7 T = 1, and p > s 2 . 

Denote by 

Qi (A) ■= ( [ (<7i ( w )) s 1 dw\ 


and 


Qi (A) := / (g 2 M) p " dw 

\^J m y 

p- S 2 


(7 := 


ps 2 


(47) 

(48) 

(49) 


Then 


p x i 

/ <7i (w)JJ l-D*™/ (w)| r> dw < 

i= l 


Qi (A) Q 2 (A) J] 


( r (^ - 7i)) r ‘ (^ - 7i - 1 + O’) 

(A-TO)( E - l(iy ~ 7 -~ 1)r ’ +<Tr )+^ / 

((Ei=i( zy -7,-l)nsi) +rsicr + l) sl ' 


qi (w) \D" m f (w)\ p dw 


(50) 


Using (50) and properties (P) and (ii) we obtain 
Theorem 32 All here as in Theorem 31. Set 


Q i (^) := 


(9i ) Sl 


(51) 


and 


Then 


Qi {A) := 


( 92 )" 


'mli 


9i 


/ml 


H < 


H i= 1 


(52) 


13 


1410 


Anastassiou 1398-1411 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 23, NO.8, 2017, COPYRIGHT 2017 EUDOXUS PRESS, LLC 


Qi (A) Q 2 (A) J] 


i—1 


(r {v - 7i)) r< {v - li - 1 + o-f* 


Ei = 1 {v - 7* - !) TiSi) + rsia + l) 


Q2 | D: m f\ p 


(53) 


One can give many more operator Opial type (both integer and fractional) 
inequalities. 

We choose to stop here. 
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Numerical solution of the generalized Hirota-Satsuma coupled 
Korteweg-de Vries equation by Fourier Pseudospectral method 

Abdur Rashid*} Dianchen Lu} Ahmad Izani Md.Ismaih and Muhammad Abbas' 


Abstract 

In this paper, an approximate solution of the generalized Hirota-Satsuma (HS) coupled Korteweg- 
de Vries (KdV) equation by the use of Fourier pseudospectral method is presented. A time discrete 
scheme is constructed by approximating the time derivative using forward difference formula, while 
the pseudospectral method is used in the space direction. The stability and convergence of the scheme 
are investigated using the energy method. The numerical results reveal that the Fourier pseudospec- 
tral method is a convenient, effective and accurate method to solve the generalized HS coupled KdV 
equation. 

Key words: Generalized Hirota-Satsuma coupled Korteweg-de Vries equation, Fourier pseudospec- 
tral method, Stability, Convergence. 


1 Introduction 


The generalized HS coupled KdV equations are as follows [1, 2]: 


du 1 d 3 u du d , 

at = 2d^- 3u ^ + 3 iS (m,> ' 

x en ,te [o, t], 

(1.1) 

dv d 3 v dv 

at = +3u &? 

xefi,te [0, T], 

(1.2) 

dw d 3 w dw 

~dt = “&A + 

xefi,te [0, T] 

(1.3) 

with initial conditions 



u(x, 0) = f(x), v(x, 0) = g(x), 

w(x,0) = h(x), x € O, 

(1.4) 

and boundary conditions 



u(—L,t) = u(L,t) = 0, v(—L,t) = v(L,t) = 0, 

w(—L,t ) = w(L,t) = 0, t € [0,T], 

(1.5) 


where O = [— L,L\ . Hirota-Satsuma [1] introduced generalized the HS coupled KdV equations in 1976 
and these equations are models of shallow water waves. The equations (1.1)-(1.5) have travelling wave 
solutions and multiple soliton solutions. 

The equations (1.1)-(1.5) have attracted the attention of many researchers and a lot of work has 
already been carried out on solution methods. For example, the homotopy perturbation method (HPM) 
by Ganji and R.afei [3], homotopy analysis method (HAM) and Adomian’s decomposition method (ADM) 
by Abbasbandy [4] , modified extended tanh function method by Ali [5] , direct algebraic method by Zhang 
Huiqun [6]. R.ong Jihong et al. [7] used bifurcation theory technique. The auxiliary function method 
was used by Yang Feng and Hong-Qing [8], analytical technique by Ganji et al. [9], homogenous balance 
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method by Adel Raly et al. [10]. Jacobi elliptic functions expansion method by Baojin Hong [11]. 
Travelling wave solutions of the above equations investigated by Zuo and Zhang [12], Xie and Ding [13], 
Feng and Li [14]. A differential transform method (DTM) and reduced differential transform method 
(RDTM) was used by Reze and Malek [15], Hirota’s bilinear method and pfaffian techniques by Junchao 
Chen et al. [16], while the Lie group method was applied by Mina B. et al. [17]. 

1.1 A brief review of Fourier pseudospectral method 

In the last two decades spectral methods have been extensively used in the field of numerical solution 
of nonlinear partial differential equations. The use of spectral methods for solving partial differential 
and integro-differential equations have the advantage that its accuracy is higher than other standard 
numerical methods. Spectral methods retain the exponential rate of convergence when the solutions of 
the problems is sufficiently smooth. Spectral methods have three different categories namely Galerkin 
method, collocation method and tau method. The pseudospectral method is a type of spectral method 
which is easy to apply for nonlinear partial differential equations with periodic boundary value problems. 
For a more detailed discussion of spectral methods, please see ([18, 19, 20, 21, 22]). 

The Fourier pseudospectral method involves two steps. First, the discrete representation of the 
solution is constructed by using trigonometric polynomial to interpolate the solution at collocation points. 
Second, the equations for the discrete values of the solution are obtained from the original equations. 
This second step involves finding an approximation for the differential operator in terms of the discrete 
values of the solution at collocation points. For detailed, please see ([18, 19, 23, 26]). 

1.2 The main aim of the paper 

In this paper, a Fourier pseudospectral method is applied to solve the generalized HS coupled KdV 
equation. A finite difference method is used in the time direction and Fourier pseudospectral method in 
the space direction. The stability of the time discrete scheme and convergence of the approximate solution 
is investigated by the energy method [29]. Numerical results are shown to demonstrate the efficiency of 
the method. It should be noted that Darvishi et al. [27] solved the same equation by pseudospectral 
method and transformed the partial differential equation to ordinary differential equations. They found 
the numerical solution by using classical fourth-order Runge-Kutta method. There is no proof of stability 
and convergence. In our paper, we follow the approach of [23, 28]. 

The outline of the paper is as follows. In section 2 we present some preliminaries which will be used 
in next two sections. Section 3 is related to stability of the scheme for generalized Hirota-Satsuma (HS) 
coupled Korteweg-de Vries (KdV) equation. Convergence of the approximate solution is proved in section 
4. Numerical results are presented for the applicability of the method section 5. Finally the conclusion 
is given in section 6. 


2 Preliminaries 


The inner product and norm are defined by (u,v) = f n u(x)v(x)dx and ||it|| 2 = (u,u) respectively. The 
maximum norm is denoted by ||u||oo- The periodic Sobolev space is defined by [23]: 


H 1 = ju G L' 2 (R) : ~ G L 2 (R)| , 


Hp = { u G 77 1 (R) : u(x — L) = u( x + L)}. 


The Sobolev norm and semi-norms are defined by [23]: 


Ml = (u,u) 1/2 , \\u\\ H l 


S» 2 ) ,/2 . 


M k = \u\ H k = ( / {D 0 u) 2 dx) 1/2 . 

\0\—k 


We define t n = nr, n = 0, 1, ..., N, where r = T/N is the step size in time direction. The equation 
(1.1)— (1.3) is evaluated at the point (x, t n ), n = 0, 1, . . . , N . We denote u n = u(x, t n ), v n = v(x, t n ) and 
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w n = w(x,t n ), then equation (1.1), (1.2) and (1.3) can be written as: 

/l F)~.n fj \ 

U " +1 + ^ (2 + 3 d~ X ^) + ^ ^ 

/ f ) 3 f)v n \ 

vn+1 = vn+T (r^ n+Sun ^) + ^ ^ 

/ f)in n \ 

” n+ =”" + T (-a?”” + 3 " n ar) +Tfl; ’ (2 ' 3) 

where Kf, BJf, anc l ^3 are residual of the equation (2.1), (2.2) and (2.3) respectively. Furthermore 

|i?"| < CiT, |i ?2 I < C 2 r and |f? 3 | < C 3 r for some positive constants Ci, C 2 and C 3 . By ignoring the 

small terms f?™, R!f and i? 3 in the above equations, the time discrete scheme for the equation (2.1), (2.2) 
and (2.3) can be obtained as: 

/ 1 f) 3 ajrn a \ 

U n+1 = Un + T {- 2 ^ un - Xr-toT + 3^(V»^)J , (2.4) 

yn+i = v n + T l- — V n + 3U n —) , (2.5) 

w n+1 = W n + T l -Q^ wn + 3Un -faT ) » (2.6) 

where U n = U(x,t n ), V n = V(x,t n ) and IF” = fF(a;,t„). We present a lemma, which will be useful for 
the proof of stability and convergence. 

Lemma 2.1 ([24]). If m > 1, and u,v £ there exists a constant C independent of u,v and N, 

such that 

IML < ciMLIML- 


3 Stability 

Assume U n (x,t) to be the approximate solution of u n (x,t), V n (x,t) to be the approximate solution of 
v n (x,t) and W n (x,t) be the approximate solution of w n (x,t). For simplicity we denote u n = u n (x,t.) 
and similarly for other variables. Let 

u n = u n - U n , v n = v n - V n , w n =w n - W n . 


Subtracting (2.4) from (2.1), (2.5) from (2.2) and (2.6) from (2.3) results in 


-U+ 1 = ~n 


V n+1 = v n + T [ -ff-^v n ] + 3r [ u 


t d 3 
2 fa 3 


u n — 3 r u 


,du n 

dx 


- U 1 


dU n 

dx 


+ 3 T^-(v n w n -V n W n ). 
ox 


d 3 


dx 3 

d 3 


t dv n 

dx 


- XT 


dV r 


w n+ = w n + T [ ——^w n ] + 3r [ u 
dx 6 


t dw n 

dx 


- U‘ 


dx 
n dW" 

dx 


(3.1) 

(3.2) 

(3.3) 


Taking the inner product of (3.1), (3.2) and (3.3) with u n+1 , v n+1 and w n+l respectively. By applying 
Cauchy-Schwartz inequality, algebraic and Young’s inequalities, we have 


(1 + 3t)||u 


n+ 1 1 | 2 


+ T 


da 


n+1 


dx 


< \\u n \\ 2 + r 


+ 3r \\v n w n — F”TF”|| 2 . 


(1 + 3t)||i: 


71+1 || 2 


+ T 


dv 


n+1 


dx 


< Wt + r 


d 2 u n 
dx 2 

2 

— 3 r 

d 2 v n 

dx 2 

2 

+ 3 r 


dn-_ dU- 

dx dx 


dx dx 


(3.4) 


(3.5) 
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(1 + 3r ) Hw 11 


dw n+1 

dx 


<||^|| 2 + r 


d 2 w n dw n dW n 

i Q_ ..." TTn wtv 

C\ 9 r oi U, ~ Ly _ , 

OX Z OX OX 


Now we are going to estimate nonlinear terms of (3.4), (3.5) and (3.6). Again we apply Cauchy-Schwartz 
inequality and lemma 2.1, we get 

n du n Trn dU n n du n n dU n n dU n Trn dU n 

u ^ U n —~ = u n - u n -—+u n — U' n —~ 

ox ox ox ox ox ox 

/ du n dU n \ dU n 

= u "(i ^-^-) + ^-( un -u n ) 

\ ox ox J ox 


du n 

dU n 

dU n 

dx 

dx 

dx 


( dv n dU n 


where C4 = 


|u rl ||oo) ) we obtain 


.„a«” „„ae” 

75T sc ‘( W +ll “ 11 J 

Similarly we can apply Cauchy-Schwartz inequality and lemma 2.1, we get the estimation of nonlinear 
terms of (3.4), (3.5) and (3.6), we have 

\\v n w n - V n W n \\ 2 < C 5 (||u n || 2 + 1 1 •55” 1 1 2 ) 


dw n dW" 

dx dx 


<C 7 \\u n \\ 2 + 


where C 5 = (||^||oo, ||« n ||oo), C 6 = (||^^||oo, IMU), where C 7 = (^"Hoo, HW^Iloo)- Substituting 
the value of above values into (3.4), (3.5) and (3.6). Further more C = max(C < 4, C5, Ce, Cs). We get 


(l-3r) ||S" +1 || 2 


du n+1 

dx 


I dv n+1 1 


I dw n+l I 


~ / dv n 2 dv n 2 dm n 

<(1 + 3 r)C ||^|| 2 + +||^|| 2 + + ||u»"|| 2 + 

dx dx dx 


\\u n+1 \\ 2 m + \\v n+1 \\ 2 m + \\ti n+1 \\m < ( ) (ll 5 ”!!^ + ll^ll^ + \^ n \\m) 


(1 + 3r)C 
1 - 3 t 


|5 n " 1 H^ + l|5 n " 1 ||^ + IK" 1 H m) 


(l + 3r)C 
1 - 3t 


|S°II^ + 11^11^ + 11^11^) 


C(l + 3r) 
1 - 3t 


= lim 


C{l + ^)\ n+1 Ce^ 
1-iFFI J 
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Therefore 


\- H i + \\v--\\- Hl + ||w" +1 ||hi < V / ^fll-°ll 2 -, -lII^II 2 .. 


rra+ 1 1 | 2 , ii~ra+l i|2 


l u ”ll/r 1 + ll tr lljY 1 + W w °\\ 2 h^j 

Theorem 1. Let uq, Vo and w o belong to H 1 ( fi). Further, let u n , v n and w n be the solution for initial 
boundary value problem (1.1)-(1.5) and U n , V n and W n be the solution of the time discrete scheme 
(2.f)-(2.6). If t < 1/3 then solution of the discrete scheme is stable in H 1 norm 


4 Convergence 

In this section we consider the convergence of of approximate solution of generalized HS coupled KdV 
equation. Define 

U n = u n - U n , V n =v n - V n , W n = w n - W n . 

From equations (2.1)-(2.3) and (2.4)-(2.6), we obtain 

„ t r) 3 J7 n / Ov n 07 J n \ 0 

U n+l = U n + + 3r _ u n ^f- - 3 T-f- (v n w n - V n W n ) + tRI, (4.1) 

2 ox 6 \ ox ox ) Ox 


V n+1 = yn + T _ 


d 3 V n \ ( dv n 0V n 
Ox 3 ) +3T \ Un ~fa~ Un ~fa 


tRV, 


W^ = W- + r ) + 3r(u^-U” dWr 


tR 


3 • 


dx 3 J ' “ C dx “ dx 
Taking the inner product of (4.1), (4.2) and (4.3) with U n+1 , V n+1 and W n+1 respectively, yields 


(4.2) 

(4.3) 


1, 


||C/" +1 || 2 <din| 2 - 


||^ +1 || 2 < J||^|| 2 + 


T ( 

0 2 U n 

2 

+ 

ou n+ 1 

2 V 

Ox 2 

Ox 

T ( 

Q2yu 

2 

+ 

Qyn+l 

2 

Ox 2 

Ox 


\\W 


n+l||2 


< xl|W "|| 2 + - 


d 2 W r 


dx 2 


0W n+1 


dx 


+ T\Rf\\\U n+1 \\ + G l + G 2 


+ T\RZ\\\V n ^\\ + G 3 , 


+ r|^|||IF” +i ||+G 4 , 


(4.4) 

(4.5) 

(4.6) 


where 


G] = —3 r u 


U nd p,U n+1 ) , G 2 = 3r^ ( 
\ ox ox J ox \ 


v n w n _ yn W n, 


C 3 = r I . G 4 = 3r („»^ - U^.W^ 

OX ox ) \ ox ox 


By using the algebraic inequality and lemma 2.1, we get 
|Gr| <3r 


„0u n 

_ ou n 

2 ~ ( 

0u n 

u n — 
Ox 

-t/"— 

OX 

+ \\u n+1 \\ 2 <c 8 1 

Ox 


W n+1 1 | 2 , 


|G 2 | < 3r || v n w n - V n W n \\ 2 + \\U n+1 \\ 2 < G 9 (||u Il || 2 + ||^|| 2 ) + \\U n+1 \\ 2 , 

| 2 \ 


|G 3 | < 3r 

|G 4 | < 3 r 


dv n 0U n 

u n -U'G 

Ox Ox 

0w n n 0W n 
U Ox Ox 


||^” +1 || 2 <G 10 ||t? 


rail 2 


dv n 


Ox 


w 


ra+1 1| 2 


\w 


ra+1 1| 2 


0w n 

Ox 


\W 


ra+1 1| 2 


(4.7) 

(4.8) 

(4.9) 

(4.10) 


where Gg, Gg, Gio and Gn are constants independent of r and N. Let M = max(Gg, Gg, Gio, Gn) 
Putting the values of (4.7) and (4.8) in to (4.4). Also substituting the values of (4.9) and (4.10) in to 
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(4.5) and (4.6) respectively. By using the same technique as in the previous section, we can obtain a 
equation similar to (3.7). 


Let 


(l-3r) \\U n+1 f 


dU n+1 


dx 


r n+1 || S 


dV n+1 


dx 


\W 


n+1 || 2 


dW n+1 


dx 


( 

dU n 

l|EHI 2 + 

dx 


\\V 


n || 2 


dV n 


dx 


\\W 


n II 2 


dW n 


dx 


+ T'!? 2 |i?"| 2 + T$ 2 \R%\ 2 + T'd 2 |i?3 | 2 . 


\\u n+1 \\^ + \\v n+1 \\h + \\w n+1 \\ 2 m< 


(1 


[(I 


U n f H X + ||^|| 2 ffl 


v ^ 3t J 1 

+ (rt? 2 |i?"| 2 + T'd 2 |i ?2 | 2 + ri? 2 |i?”| 2 )] 


E n+1 = \\U n+1 \\ 2 m + \\V n+l \\ 2 m + \\W n+1 \\ 2 m 

R n =Td 2 {\Rl\ 2 + \R%\ 2 + \R%\ 2 ) 

Then equation (4.11) is written as 


=.n+ 1 / | (! + 3 r)M 


E n+L < 


1 - 3r 


+ Td 2 R n 


\\W n \\l r 


< ^ n_1 + r^R 11 - 1 + rd 2 R n 


(4.11) 


< f (1 + 3t)M ^ ^o + t ^2^ f (1 + 3 t)M } 


1 - 3r 


3=0 


1-3 r 


Since E° = 0, we obtain 


E n+1 < (n + 1 )ti? 2 ^ 


j=o 

Finally, using the result of (3.8) we get 

\\u n -U n \\ + \\v n -V n \\ + \\w n -W n \\ < (n + l)rz9 2 e 6 ^ t |.R"| < 

Theorem 2. Let u n , v n and w n be the solution for initial boundary value problem for (1.1)-(1.5) and 
let U n , V n and W n be the solution of (2.f)-(2.6) time discrete scheme. If the conditions of Theorem 1 
holds. Then the time discrete solution is convergent in H 1 and the convergence rate is 0(r). 


5 Numerical Results 


In this section, we present numerical results to show the efficiency and accuracy of the method, mentioned 
in previous section. We define maximum error ||£’(u)|| 00 , ||£ l (u)|| 00 and ||Ll(u;)|| 00 as follows 


Halloo 

\\E(v)\\oo 

PMIloo 


= 0 <j<N ^ ~ U ( Xj ’ ^ I* 

= max \v(xj.t) — V(xo.t)\. 
o <j<N J 

= max \w(xj.t) — W(xd.t)\. 
o <j<N J 


where u,v,w are the exact solutions of (1.1)— (1.5) and U,V,W are the approximate solutions. 
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5.1 Example 1 

Consider the generalized HS coupled KdV equations (1.1)— (1.5) with the initial conditions [25]: 


u(x, 0) = — — — f 2a 2 tanh 2 (aa;), 

O 


v(x, 0) = 


4a 2 (P + a 2 ) ( c 0 


3ci 


Cl 


— tanh(a;r) 


w(x, 0) = co + citanh(ax) 


where Co, Ci, a and (3 are arbitrary constants. For practical computation we choose the parameters as 
Co = 1.5, ci = 0.1, a = 0.1, (3 = 1.5 and N = 64. 

The absolute error of the U, V and W are given in Table-1, Table-2 and Table-3 respectively. The 
results of the present method are compared with the results of methods already available in the literature 
i.e. , Reza and Malik [15], Xie and Ding [13] for the variable U, V and W at different values of t. We 
observe that the absolute error is less than 0.2 x 10 -6 . The numerical results of the present method are 
better than the results obtained by Reza and Malik [15], Xie and Ding [13]. The space-time graphs of U, 
V and W are given in Figure-1, Figure-2 and Figure-3 respectively. The graph of exact and approximate 
solution are plotted in Figure-1 to Figure-3 at different values of t. 


Table 1: Comparison of numerical results of pseudospectral (present) method for Example-1 with the 
results obtained from Reza and Malik [15], Xie and Ding [13] for the variable U at different values of t. 


t 

DTM ([15]) 

R.DTM ([15]) 

DTM ([13]) 

Present Method 

0.1 

3.290e-06 

6.719e-10 

6.739e-10 

2.541e-06 

0.4 

5.252e-05 

1.711e-07 

1.719e-07 

3.345e-07 

0.7 

1.597e-04 

1.593e-06 

1.603e-06 

6.144e-07 

1.0 

3.227e-04 

6.574e-06 

6.625e-06 

8.363e-07 


Table 2: Comparison of numerical results of pseudospectral (present) method for Example-1 with the 
results obtained from Reza and Malik [15], Xie and Ding [13] for the variable V at different values of t. 


t 

DTM ([15]) 

R.DTM ([15]) 

DTM ([13]) 

Present Method 

0.1 

8.559e-ll 

3.320e-13 

8.828e-ll 

1.430e-08 

0.4 

1.698e-10 

8.490e-ll 

3.818e-08 

2.234e-08 

0.7 

8.793e-10 

7.951e-10 

5.028e-07 

5.933e-08 

1.0 

3.389e-09 

3.306e-09 

2.689e-06 

7.474e-08 


Table 3: Comparison of numerical results of pseudospectral (present) method for Example-1 with the 
results obtained from Reza and Malik [15], Xie and Ding [13] for the variable W at different values of t. 


t 

DTM ([15]) 

R.DTM ([15]) 

DTM ([13]) 

Present Method 

0.1 

5.349e-08 

2.075e-10 

4.385e-ll 

6.095e-08 

0.4 

1.061e-07 

5.306e-08 

1.896e-08 

7.780e-08 

0.7 

5.496e-07 

4.969e-07 

2.497e-07 

9.188e-08 

1.0 

2.118e-06 

2.066e-06 

1.335e-06 

8.989e-08 
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Space-time graph of numerical solution u 




Figure 1: The left figure shows the space-time graphs of U, while the right figure shows the graph of U 
for different values of t. 


Space-time graph of numerical solution v 




n3 

~o 


Figure 2: The left figure shows the space-time graphs of V, while the right figure shows the graph of V 
for different values of t. 


Space-time graph of numerical solution w 


5 




CL 

CL 

ra 

-o 


Figure 3: The left figure shows the space-time graphs of W, while the right figure shows the graph of W 
for different values of t. 
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5.2 Example 2 

We consider the generalized HS coupled KdV equations (1.1)— (1.5) with the initial conditions [25]: 


. . (3 8 a o . 9 / \ 

u(a;,0) = ; I- 4a tanh (ax), 

O 


u(a;,0) = — 


4 a 2 (3a 2 cq — 2/?C2 + 4a 2 C 2 ) 


4a 2 

C2 


tanh 2 (aa;) 


w( x, 0) = cq + C 2 tanlr 2 (aa;) 


where Co, Ci, C 2 , a and (3 are arbitrary constants. We choose the arbitrary constants for practical 
computation as, Co = 1.5, Ci = 0.1, C 2 = 0.5, a = 0.1, f3 = 1.5 and N = 64. 

The absolute error of U, V and W are given in Table-4, Table-5 and Table-6 respectively, we compare 
the results of the present method with R.eza and Malik [15], Xie and Ding [13] for the variable U, V and 
W at different value of t. The results are already available in the literature. We observe that the absolute 
error is less than 0.2 x 10 -6 . The numerical results of the present method are comparatively better than 
the results obtained from R.eza and Malik [15], Xie and Ding [13]. The space-time graphs of U, V and W 
are given in Figure-4, Figure-5 and Figure-6 respectively. The graph of exact and approximate solution 
are shown in Figure-4 to Figure-6 at different value of t. 


Table 4: Comparison of numerical results of pseudospectral (present) method for Example-1 with the 
results obtained from R.eza and Malik [15], Xie and Ding [13] for the variable U at different values of t. 


t 

DTM ([15]) 

R.DTM ([15]) 

DTM ([13]) 

Present Method 

0.1 

4.279e-09 

1.660e-ll 

2.495e-05 

3.762e-09 

0.4 

8.490e-09 

4.245e-09 

1.146e-04 

4.677e-09 

0.7 

4.396e-08 

3.975e-08 

2.293e-04 

5.366e-09 

1.0 

1.694e-07 

1.653e-07 

3.744e-04 

7.595e-09 


Table 5: Comparison of numerical results of pseudospectral (present) method for Example-1 with the 
results obtained from Reza and Malik [15], Xie and Ding [13] for the variable V at different values of t. 


t 

DTM ([15]) 

R.DTM ([15]) 

DTM ([13]) 

Present Method 

0.1 

8.559e-ll 

3.320e-13 

8.828e-ll 

1.430e-08 

0.4 

1.698e-10 

8.490e-ll 

3.818e-08 

2.234e-08 

0.7 

8.793e-10 

7.951e-10 

5.028e-07 

5.933e-08 

1.0 

3.389e-09 

3.306e-09 

2.689e-06 

7.474e-08 


Table 6: Comparison of numerical results of pseudospectral (present) method for Example-1 with the 
results obtained from R.eza and Malik [15], Xie and Ding [13] for the variable W at different values of t. 


t 

DTM ([15]) 

R.DTM ([15]) 

DTM ([13]) 

Present Method 

0.1 

5.349e-08 

2.075e-10 

4.385e-ll 

6.095e-08 

0.4 

1.061e-07 

5.306e-08 

1.896e-08 

7.780e-08 

0.7 

5.496e-07 

4.969e-07 

2.497e-07 

9.188e-08 

1.0 

2.118e-06 

2.066e-06 

1.335e-06 

8.989e-08 
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Space-time graph of numerical solution u 




Figure 4: The left figure shows the space-time graphs of U, while the right figure shows the graph of U 
for different values of t. 


Space-time graph of numerical solution v 




Figure 5: The left figure shows the space-time graphs of V, while the right figure shows the graph of V 
for different values of t. 


Space-time graph of numerical solution w 




Figure 6: The left figure shows the space-time graphs of W, while the right figure shows the graph of W 
for different values of t. 
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6 Conclusion 

In this paper, the generalized Hirota-Satsuma (HS) coupled Korteweg-de Vries (KdV) equation is solved 
numerically using the Fourier pseudospectral method. The time derivative of discrete scheme is approx- 
imated by the forward finite difference formula while the pseudospectral method is used in the space 
direction. The stability and convergence of the discrete scheme are proved by energy estimation method. 
The obtained solution is presented graphically at various time levels. The numerical results reveal that the 
Fourier pseudospectral method is convenient, effective and accurate to solve the generalized HS coupled 
KdV equations. 
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